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Abstract. In this paper, authors study the concept of (s, m)—exponential type convex functions and their
algebraic properties. New generalizations of Hermite-Hadamard type inequality for the (s, m)-exponential
type convex function 1 and for the products of two (s, m)—exponential type convex functions ¢ and ¢ are
proved. Some refinements of the (H-H) inequality for functions whose first derivative in absolute value at
certain power are (s, m)-exponential type convex are obtain. Finally, many new bounds for special means
and new error estimates for the trapezoidal and midpoint formula are provided as well.

1. Introduction

Theory of convexity also played significant role in the development of theory of inequalities. Many famously
known results in inequalities theory can be obtained using the convexity property of the functions. Hermite—
Hadamard’s double inequality is one of the most intensively studied result involving convex functions.

This result provides us necessary and sufficient condition for a function to be convex. It is also known as
classical equation of (H-H) inequality.

The Hermite—-Hadamard inequality assert that, if a function ¢ : J € R — R is convex in | for a;,a, € | and
1 < ap, then

l 2
o(2r)s [ yooar < HOTHED, W

T m-m

Interested readers can refer to [1]-[8].

Definition 1.1. [9] A function ¢ : [0, +c0) — R is said to be s—convex in the second sense for a real number
s € (0,1] or ¢ belongs to the class of K2, if

P01+ (1 =x)602) < XY (61) + (1= x) ¢ (62) )
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holds Y 61,0, € [0,+0) and x € [0,1].

An s—convex function was introduced in Breckner’s article in [9] and a number of properties and connections
with s—convexity in the first sense are discussed in [5]. Usually, convexity means for s—convexity when s = 1.
Dragomir et al. proved a variants of Hadamard'’s inequality in [3], which holds for s—convex functions in
the second sense.

G. Toader introduced the class of m—convex functions in [10].
Definition 1.2. [10] A function i : [0,a,] = R, ay > 0, is said to be m—convex, where m € (0, 1], if
P (X6 +m(1—x)02) < x¢p(01) + m(1 - x) ¢ (62) 3)
holds ¥ 01,0, € [0,a,] and x € [0, 1]. Otherwise 1 is m—concave if (—) is m—convex.
In a recent paper, Eftekhari [4] defined the class of (s, m)—convex functions in the second sense as follows:
Definition 1.3. A function ¢ : [0, +c0) — R is said to be (s, m)—convex for some fixed real numbers s,m € (0,1], if
P (X0 +m (1= x)02) < ¢ (01) + m(1—x) ¢ (62) (4)
holds Y 61,0, € [0,+0) and x € [0,1].

Regarding recently published papers in the field of integral inequalities about their refinements and gen-
eralizations pertaining convex, harmonically convex, exponentially, convex, co-ordinated convex interval—
valued and preinvex class of functions using some useful fractional integral operators or quantum calculus,
please see [11]-[36] and references therein.

Motivated by above results and literatures, we will give first in Sect. 2 the concept of (s, m)-exponential
type convex function and we will study some of their algebraic properties. In Sect. 3, we will prove
new generalizations of Hermite-Hadamard type inequality for the (s, m)-exponential type convex function
¢ and for the products of two (s, m)—exponential type convex functions ¢ and ¢. In Sect. 4, we will be
obtain some refinements of the (H-H) inequality for functions whose first derivative in absolute value at
certain power are (s, m)-exponential type convex. In Sect. 5, some new bounds for special means and error
estimates for the trapezoidal and midpoint formula will be provided. In Sect. 6, a briefly conclusion will
be given as well.

2. Some algebraic properties of (s, m)—exponential type convex functions

In this section, we will give a new definition, which is called (s, m)—exponential type convex function and
we will study some basic algebraic properties of it.

Definition 2.1. A nonnegative function ¢ : | — ‘R, is said (s, m)—exponential type convex for some fixed s,m €
(©,1], if

YO +m (1= 1) 6:) < (@~ 1) (61) +m (17 ~ 1) ¢ (62) 5)
holds Y 61,0, € J and x €[0,1].
Remark 2.2. Form = s = 1, we get exponential type convexity given by Iscan in [6].

Remark 2.3. The range of the (s, m)—exponential type convex functions for some fixed m € (0,1] and s € [In2.5,1]
is [0, +00).
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Proof. Let 0 € | be arbitrary for some fixed m € (0,1] and s € [In2.5,1]. Using the definition 2.1 for y =1,
we have

P(0) < (€8 = DP(O) = (¢° — 2)1p(6) > 0 => 1h(6) > 0.
O

Lemma 2.4. Forall x € [0,1] and for some fixed m € (0, 1] and s € [In2.5, 1] the following inequalities (e’* —1) > x*
and (e1% — 1) > (1 — x)* hold.

Proof. The proof is evident. [

Proposition 2.5. Every nonnegative (s, m)—convex function is (s, m)—exponential type convex function for some
fixedm € (0,1] and s € [In2.5,1].

Proof. By using Lemma 2.4, for some fixed m € (0,1] and s € [In2.5,1], we have
Y (x01+m(1-x)02) < x°¢ (61) + m(1 — x)*¢ (62)
< (@ -1 (61) +m (e<1—X>s - 1) U (6,).
O

Theorem 2.6. Let 1, ¢ : [a1,a,] — R.If ¢ and ¢ are (s, m)—exponential type convex functions for some fixed
s,m € (0,1], then

1. P + ¢ is (s, m)—exponential type convex function;
2. For nonnegative real number c, cy is (s, m)—exponential type convex function.

Proof. By definition 2.1 for some fixed s, m € (0, 1], the proof is obvious. [

Theorem 2.7. Let ¢ : [0,a2] — ] be m—convex function for a; > 0 and some fixed m € (0,1] and ¢ : ] — R is
non-decreasing and (s, m)—exponential type convex function for some fixed s € (0, 1]. Then for the same fixed numbers
s,m € (0,1], the function ¢ o : [0,a2] — R is (s, m)—exponential type convex.

Proof. For all 01, 0, € [0,az] and x € [0, 1], and for the some fixed numbers s, m € (0,1], we have
(poh)(x61 +m(1—x)62) = p( (x61 + m(1 = x) 02)) < p(xy (61) + m(1 — x) (62))
< (€ = 1) (¢ o) (01) +m (e = 1) (¢ o ) (62).
O

Theorem 2.8. Let 1; : [a1,a2] — R be an arbitrary family of (s, m)—exponential type convex functions for the same
fixed s,m € (0,1] and let 1p(0) = sup,; i(0). If A = {0 € [a1,a2] : P(0) < +oo} # 0, then A is an interval and 1 is
(s, m)—exponential type convex function on A.

Proof. For all 01,0, € A and x € [0, 1], and for the same fixed numbers s,m € (0, 1], we have
P (x61 +m (1 - 1) 02) = sup i (xO1 +m (1 - x) 62)
< sup [ e =1 (61) +m (e(l_X)S - 1) Vi (92)]
< (e =1)supy;(61) + m (e(l_X)s - 1) sup ¥; (62)

= (" = 1) P (01) +m (e = 1) P (62) < +oo.

This shows simultaneously that A is an interval, since it contains every point between any two of its points,
and that 1) is (s, m)—exponential type convex functionon A. [
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Theorem 2.9. If the function  : [a1,a2] — R is (s, m)—exponential type convex for some fixed s, m € (0,1], then ¢
is bounded on [a1, mas].

Proof. Let L = max {4}({11), Y (’%) } and x € [a1,a>] be an arbitrary point for some fixed m € (0,1]. Then there

exists x € [0,1] such that x = xa; + (1 — y)az. Thus, since e* < ¢® and e!"Y < ¢° for some fixed s € (0, 1], we
have

Y) = Y+ (L= a2) < @ = D (@) +m (40— 1) g (2)

m
<@-1)L+m@E-1)L=m+1)LEe*-1) =

We have shown that ¢ is bounded above from real number M. Interested reader can also prove the fact that
Y is bounded below using the same idea as in Theorem 2.4 in [6]. [

3. New generalizations of (H-H) type inequality

Let’s find some new generalizations of Hermite-Hadamard type inequality for the (s, m)—exponential type
convex function ¢ and for the products of two (s, m)—exponential type convex functions ¢ and ¢. Throughout
the paper the space Li([a1,4;]) denotes the space of integrable functions over [a1, a5].

Theorem 3.1. Let ¢ : [a1,may] — R be (s, m)—exponential type convex function for some fixed s,m € (0,1] and
a1 < may. If Y € Li([a1, may]), then

1 a + mﬂz) < 2 i

(es_l)‘/’( 2 )= - J, VO ®)

< (ﬂ) [¢(a1) + Y(mas) + m (4) (‘%) ; 1/}(112))].

S

Proof. Let denote, respectively,
a
61 = xay +m(l =), 62= (=) +xa, Vyel01].
Using (s, m)—exponential type convexity of i, we have
a; +maz\ 64 +m92)
i

_ ([Xﬂl +m(l = x)az] + [(1 - X)a1 + m)(ﬂz])
=y .

< (e2 = 1) [pGear +m(1 = x)a2) + Y((1 = )1 + myxaz)|

Now, integrating on both sides in the last inequality with respect to x over [0, 1], we get
ay; + map s
() <

1 1
x[ f PO + m(l— Qa)dy + fo (1= O + mym) dx]

gz - Ay
- (mﬂz ap) f Yoo,
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which completes the left side inequality. For the right side inequality, using (s, m)—exponential type con-
vextyi of 1, we obtain

2 My

)

(may — ay) a
1 1
= f Ora + m(1 - Oa)dy + f (L = 01 + mxas) dy
0 0
! (1-x)
< SX _ 1 =X)s _ 1 d
<[ [(e Y @) +m e )w(@)]x
1
)

- (%) [IP(M) T () + m (4; (%) ; zp(az))],

e = 1) ¢ (may) + m (e(l_*')s - 1) ¥ (a—l) ]d}(

m

which give the right side inequality. [
Corollary 3.2. By choosing m = s = 1 in Theorem 3.1, we get (Theorem 3.1, [6]).

Theorem 3.3. Assume that ¥, ¢ : [a1,ma] — R are respectively, (s1,m) and (sy, m)—exponential type convex
functions for the same fixed m € (0,1] and for some fixed s1,s, € (0,1], where s; < s, and a1 < may. If P, P are
synchronous functions and ¥, ¢, PP € Li([a1, may]), then

1 may 1 may 1 ity
), MO Gy ), MO0 Gy [ w00
< A(s1,52)My(ar,a2) + B(s1,52)Ny(as, az), )

where

Mu(a1,a2) := P(ar)Pp(a1) + m*P(a2)p(@z), Ny(ar, a2) := mp(ar)d(az) + ¥(a2)P(ar),
and

12451 4+55-1 s51(e2 1) +52(e" = 1)
A(51/SZ) = - 7
S1+ 52 5152

52 . pS1 52_1+ 51_1
B(s,5,) 1= —— _sE@-DsE-1) o

Sy — S 5152

Proof. Let denote, 0 = ya; + m(1 — x)a, for all x € [0,1]. Using the property of the (s;,m) and (s, m)-
exponential type convex functions ¢ and ¢, respectively, we have

Pxa +m(1 - )a) < (€ = 1) P @) +m (e ~1) P (a)
and
o(xar + m(l — )az) < (€ = 1) P (a1) + m («3(1_’()52 - 1)41) (a2) .

Multiplying above inequalities on both sides, we get

Y(xar + m(l — x)ax)p(xar + m(l — x)az) < [(es”( -Dp(@m)+m (e(l_)")s1 - 1) Y (az)]
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X[ (€ = 1) ¢ @) + m (02 = 1) ¢ (a2) |
= (@ = 1) (@ = D))
o @ = 1) (79~ 1) Plan)paz) + @ = 1) (7 ~1) Y(a)p(ar)]

+m? (e(l_X)Sl - 1) (6(1_X)SZ - 1) P(az)p(az). 8)
Applying Chebyshev integral inequality (see [37]), we obtain

1
f Orm + m(l = Va)b(ear +m(l - Vas)dy
0

1 1
> [y s m = oed- [ g +m - g
0 0

Changing the variable of integration, we get

1 1mMay may
VOO > f vEMo- f o(6)d6,

(may —a1) J,, - (ma

which completes the left side inequality. For the right side inequality, integrating on both sides of the
inequality (8) with respect to x over [0, 1], we have

My may
! Y(O)I6 - —

a (m&lz - ﬂl) ap ¢(6)d9

(may — ay)

1
< [ fo (@~ 1) (@ 1>dx]¢<a1>qb(a1>
1
( [ - )dx) P@)d ()
1
" (f(; (e —1) (6(1—)()51 - 1) d)() ll)(ﬂz)(P(ﬂl)]
1
+m2[f (fz(l"‘)s1 - 1) (6(1_X)52 - 1) d)(]lp(az)cp(az).
0

= A(Sll SZ)Mm(alr 112) + B(sll SZ)Nm(alr 112)/
which give the right side inequality. [

+m

4. Refinements of (H-H) type inequality

Let obtain some refinements of the (H-H) inequality for functions whose first derivative in absolute value
at certain power is (s, m)—exponential type convex.

Lemma 4.1. Suppose 0 < k < 1 and a mapping  : [al, ‘%] — R is differentiable on (al, k) with 0 < a < ap. If
Y el [al, k] then

¢(a1)+1l)<ﬂ72) k %2 a; — kay
)t [ om(e)

m

xfol 1 -209 (v + -0 2)ar.
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Proof. Using the integrating by parts, we have

(aZ ;kkal)fl (1-20¢ (Xal =0 a_z)dx

az—kal){l 2x0) ¢ )(a1+(1 X)

flll) xay + (1 - x) %)

a (_2) dX}

611—7

— kaq % (a1) - ?2 1 ap
( ){ kﬂ1—ﬂ2 ka1 —a Jo 1/} X+ (1 B X) ?)d)(}

apy — klll k al) + l,U 1 ar
( ){ a; — kay az—km 0 IP Ko+ (1 )?)d;(}

Y (@) + ¥ (%)
az—kalfl ¥ (6)do,

which completes the proof. [

Lemma 4.2. Suppose 0 < k < 1 and a mapping ¢ : [kay,a2] — R is differentiable on (kay,az) with 0 < a1 < ay. If
Y’ € Ly [kay, az], then

P (kar) + P (a2) — kay
2 — f ¥(6)a0 = ( ) (10)

1
x f @x Dy (kA= x)ar + xas)dy.
0

Proof. Using the integrating by parts, we have

—k 1
(”2 ) [ ev- 0w aa- v e
ap — kﬂl)

X

ap — klll ap — ka1

1,11 k(1= )x)as + xaz) ) d)(}

ap — ka1 ){ P (@) + ¢ (kar)

ar — kay ap — ka

f k(- X)ﬂ1+)(ﬂz)d)(}

{(2)( DYk —x)ar + xaz)|!

ﬂz—kll1 ¢(ﬂ2)+¢(kal)
Jree a2_ka1fo 0 (=0 + x|

3 Hlf(kﬂl) + 1 (a2) 1 :
a 2 a apy — kﬂl £ ¢(6) d@,

which completes the proof. [

Lemma 4.3. Suppose 0 < k < 1 and a mapping  : [kay,a,] — R is differentiable on (kay, az) with 0 < a; < ap. If
Y’ € Ly [kay, ap], then

P (kay) + ¢ (a2) — kay
k+1 (k+1)(a2—ka1) f P (6)db = ( k+1 ) (11)

1
x f @x - Dy (kA= x)ar + xas) dy.
0
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Proof. Using the integrating by parts, we have
2okn) (D - + e
k1 ) ), WX ¥ X)ar + xa

_ az—kﬁﬁ
| k+1
{(2)( Dy k1= x)ar + xa) !

ap — kﬂl

Yy k(1 - x)ar + xan) ) d)(}

ap — kﬂl

_ (ﬂz—kﬂl){lp(kﬂl)-l-l?b(ﬂlz) 2

k+1 ay — kay aZ_kﬂl]Q‘ llf(k(l—)()a1+)(a2)d)(}
k

:w(a;{):;}b(gZ)_k-’_lL w(k(l—)()al + xao) dy

— lib (kal) + l/) (ﬂz) 2 )

- k+1 T k+ 1) (a2 —kar) Ji, ¥ (0)do,

which completes the proof. [

Lemma 4.4. Suppose 0 < k < 1 and a mapping ¢ : [al, ‘%] — R is differentiable on (al, ‘%) with 0 < ap < ap. If
Y ely [al, ’%] , then

az_ka ]‘1 ¥ (6)do 4}(111+€l2)_(112—kk111) 12)

1 1 4

x{f xy’ (Xﬁh +(1=-x %)d)( - f 1 ()(al +(1-yx) f)d;{}_

0 }

Proof. Using the integrating by parts, we have

—k 1 1 , 4

(”%){f Xy’ ()(a1 +(1-x) %)d}(—f Y ()(al +(1-y) f)d}(}
" }

(a2 —kay
S\ ok

X{;(lp()(a1+(1—)()‘%) 1—f1 ¢(Xa1+(1—)()”72)d ¢(Xﬂ1+(12—)()%) 1}
0o Jo * 3

a X~ a
al—f a; —

R [
“Ea Ve 1>—¢(”1§k”2))}

az_ka f 0 (0)do - lp(a1+a2)’

m

a
111—?

which completes the proof. [

Lemma 4.5. Suppose 0 < k <1 and a mapping 1 : [kay,a2] — R is differentiable on (kay, a,) with 0 < ay < ap. If
Y’ € Ly [kay,a2], then

1 2 kll1+112 _
" kallP(@)d@ ll)( > )—(ﬂz kay)

(13)
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1 1
o [ wa-pasmacs [0 k0=
0 2
Proof. Using the integrating by parts, we have

1 1
(ﬂz—klh){‘fo —X¢'(k(1—X)ﬂ1+Xﬂ2)dX+j: P k- x)m +Xﬂz)d)(}
t k(- x) @ + xaz)
-l

ap — ka1

(=Ddx

_ (az—kal){_xl’b(k(l — X))t + xa)

ar — ka1

J

ll/ k(1= x)ay + xa2)

ay — kaq
= (ap — kay)
1[1(!1 ) l;b ka1+az
{ﬂng—(;lzlz ap — ka f Y k(1= x)ar + xaz)dx + 2112 - kle )}
kai + ap
az—kﬂl kay 17[) G)de I]b( )

which completes the proof. 0O

Theorem 4.6. Suppose 0 < k < 1 and a mapping  : ( , mk] — R is differentiable on ( ) with 0 < a; < ap. If
—exponential type convex on (0, %] for g > 1and gt + p~! = 1, then for some fixed s, m € (0,1], the

following inequality holds:
ap — kﬂl 1 %
(=)= &

)

K ! 6)do
2 _uz—ktllﬁ 170()

v ()

X {(?)(W (@) +m

‘w(al)w(%)

q
I", we have

uz—ka f y(0)d0

ay

1
ap — kﬂl _ p r {fl
T )( [T —2x dx) |

1

|
()L e o]
{

Ll[ 1)|ll) (‘11)| +m( (1-x)s _ 1)

- () ) )

which completes the proof. [

‘%”*‘P(“Z)

1

Y (th +(1-x) %)r dx}q

IA

IN

X

()]}
v(2)

I

1)|£] +m
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Theorem 4.7. Suppose 0 < k < 1 and a mapping 1 : (O, :fk] — R is differentiable on (0, :”fk) with 0 < a; < ap. If
—exponential type convex on (O, L~ k] for q > 1, then for some fixed s,m € (0, 1], the following inequality

holds:

e T S e
‘ > _“2—k01L Y (0)do S( o )(E) (15)
X{(Z(S—Z)es+E;esi—52—2s—4)( 1))q+m¢'(%{)q)}q'

4 , we have

Proof. From Lemma 4.1, power mean inequality and (s, 1)

— f v (©)do
5 () -

g e
-
{

-

‘lﬁ(ﬂl”’#’(%)

IA

(Xa1+(l X)— )‘dx}

}$

’ a q
(Xal +1-x) f) dx

IA

IN

==

v ()

X

o

flll—le [(es)f 1)|¢ (a1) ) +m( 1-x)s 1)
0

ay —ka1)

1

I

v ()

1))'1 +m

2(s—2)e°+8e% —s* —25—4
X
252

which completes the proof. [

Theorem 4.8. Suppose 0 < k < 1 and a mapping ) : (O, %] — ‘R is differentiable on (O, ’%2) with 0 < @y < ap. If
)—exponential type convex on (O, %] forq>1and gt +p~! = 1, then for some fixed s,m € (0,1], the
following inequality holds:

Y (6)do

)

‘IP (kay) + ¢ (a2) _ 1 "
2

ap — ka1 kay

X {(%)(Ilp’ (kay)|" +m

a; — kay 1 ’
(%527 "
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I , we have

Proof. From Lemma 4.2, Holder’s inequality and (s, m)

Y (kay) + 1 (a2) 1 2
‘ 2 - az—kal f\:l w(@)d@‘

2= )( 2x - 11 dx){ '(k(l—)()ﬂ1+2(az)|qd)(}q
0

=
) [ e )
1

ol (] + -

() ) (=2 o

which completes the proof. [

1

IA
==

IA

X

Jo
)

[m (e -

q)}él

Theorem 4.9. Suppose 0 < k < 1 and a mapping ¢ : ( ”—2] — R is differentiable on (0 ”—2) with 0 < a1 < ap. If

/' m

+m

—exponential type convex on ( ] for q > 1, then for some fixed s,m € (0, 1], the following inequality

holds:

Y (kay) + ¢ (ﬂz)
‘ 5 ka ﬂ P (0)do| <

2(s—2)e° + 8¢ —5% — 25—
X
252

Proof. From Lemma 4.2, power mean inequality and (s, 1)

Ll eved 1 "y
1
“(==){ [ |
( kal)(f ox =1l dX) 5{ 01 '(k(l—x)a1+)(az)|qd;(}q
=)o
|
(

( kal)( ) -4 | a7
o (@)}

+m

4 , we have

IA

IA

TrmEr -1)

X

1
f 2x -1 { e(l X)s _ )

apy — kal)

o 2(s—2)e° + 8¢z —s2 — 25 —
252

which completes the proof. [
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Theorem 4.10. Suppose 0 < k < 1 and a mapping  : (0, ”—2] — R is differentiable on (O, %2) with 0 < a; < ap. If

m

—exponential type convex on (0, ’%] forq > 1and g + p~' =1, then for some fixed s, m € (0,1], the
P (kay) + 1) (a2)

following inequality holds:
klll
k+1 (k+1)(a2—ka) ft,b(@)d@ ( ) (1%
1
q

() {2l ot (2}

Proof. From Lemma 4.3, Holder’s inequality and (s, m)

W (kar) + ¥ () 2 :
‘ k+1  (k+1) (@ — kay) f;w(e)de‘

e [ {
N
(e (157

which completes the proof. [

+m

q
I', we have

}3

+m(eX —1)
v @))

Theorem 4.11. Suppose 0 < k < 1 and a mapping ¢ : ( %] — R is differentiable on (O ‘1—2> with0 < a; < ay. If
—exponential type convex on ( ] for q > 1, then for some fixed s,m € (0, 1], the following inequality

1

ey

! (ka1)|q +m

holds:

lll(kﬂ1)+lp(ﬂ2) 2 2 112—](111
‘ k+1  (k+1) (a2 —ka) fklwe)d@‘s( k+1 ) 1)

(2 w2

Proof. From Lemma 4.3, power mean inequality and (s, m)

¥ (kay) + ¢ (a2) 2 ’
k+1 C(k+1) (a2 — kay) f: ¢(9)d9‘

N

4 , we have

k(1= x)m +xaz)1d)(]

( ) \ -X)m +Xﬂz)|qd)(}q
<) ([ o) U - {(e-1)
I\T [(2(5—2)e +8¢3 —s2—25—4
S R

()

+m X —-1)

o)}

o

! (ka1)|q +m




S. I. Butt et al. / Filomat 35:6 (2021), 1803-1822 1815

which completes the proof. [

Theorem 4.12. Suppose 0 < k < 1 and a mapping 1 : (0, ,f—z] — Ris dzﬁ‘erentiable on (O, ]f—i) with0 < a; < ap. If

—exponential type convex on ( § km] for g > 1and gt + p~! = 1, then for some fixed s, m € (0,1], the
following inequality holds:

)|q+m

az—kalf Y (0)d6 - l’b(aﬁ-az)

1 (2 ) (=2 et -l )
G frer (=)o ) (=)

Proof. From Lemma 4.4, Holder’s inequality and (s, m)

az—ka f Y (0)d6 - w(‘ll*‘h)s

ay

([ e
5= ([ (-
(1) f;(@f«

(”2;"”1)[(,911)”((“:*)(

() e (2)

which completes the proof. [

q
‘I', we have

qu);]

Y’ (Xa1+(1 X) k)

Y’ (xm +(1-%x) %)

a +([ ] ([
+m (70 1)
(@)
o))
==

+m (e(l"‘)s - 1)

1)|‘7 +m

Theorem 4.13. Suppose 0 < k < 1 and a mapping  : ( , km] — R is differentiable on (0, ,ffn) with0 < a; < ap. If

is (s, m)—exponential type convex on (0, Iffn] for g > 1, then for some fixed s,m € (0, 1], the following inequality
holds:

< (112 —kka1)(%)1_; N 21)
- llj,(liz_;)q(Zes—5;—225—2))‘17

ol (57 |

az—ka £ Y (0)do — 1/)(”1"'“2)
“

252

gfef—ei 1
(ﬂl)‘( S _§)+m

(2(5—1)65—52+2)+

i
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4 , we have

Proof. From Lemma 4.4, power mean inequality and (s, m)

llz—ka fl ¥ (6)d6 - ¢(“1+“2)S(az—kkal)
{ | d;(+f:
(az—kal){( de) q(ﬁlx‘¢/(Xﬂ1+(11_X)%)q
o fm)l ﬁ( f dx)q}

|
(
(=5

d)(}
%
d)()

Y’ (xal +(1—x)af) Y’ (m +(1 —x)%)

(xa1+(1 X)— )

+m (e(l_")s - 1)

()

o
kil
5

(o
flldx)lq (fé{(esx

+ m (08 '1/;
f (22w (2
e

1
"(2e3 —s—2\\"
25 !

which completes the proof. [

Theorem 4.14. Suppose 0 < k < 1 and a mapping | : (0, %2] — R is differentiable on (O, %2) with 0 < a1 < ap. If
)—exponential type convex on (0, ’%] forq > 1and g~ + p~' =1, then for some fixed s, m € (0,1], the
following inequality holds:

2 kay +a 1 % e —s—1 , L (a q %
o e ] (ot o)

kay
o3 o (52 e (2 (3= |

Proof. From Lemma 4.5, Holder’s inequality and (s, m) ’|", we have

klll + ap <
2

2¢<6)d6—¢(

kﬂl

o ([

ay — kﬂl

1

=

k(1= x)a + Xa2)|q d;()z + (fl 1dx);(
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1 1
< (a2 - km)[( X’”d)() i ((6(1’”5 -1)
+(f11d)();(f (( (1-0s _ 1 )
;
eml (2

+(1); af 2 -5-2)
2 ! 25

which completes the proof. [

S)(_l)

«%)) )]

’1

)|+ m (e - 1)

+1’I’l

)

Theorem 4.15. Suppose 0 < k < 1 and a mapping ¢ : ( %] — R is differentiable on (O ‘1—2> with0 < a; < ay. If
—exponential type convex on ( ] for q > 1, then for some fixed s,m € (0, 1], the following inequality

1 kai + a»
i [l vos-u()
2" -2 —25—2 2(s—1)e° —s*+2\| , (a2 7\
X{(( 252 ) +m( 2s? ) (E))
2t —s-2\, 265 —2e3 —s\ |, (az\|\"
“(Fle vt enFE== )l G ) )

2s
Proof. From Lemma 4.5, power mean inequality and (s, 1)

ka1 + a»
2

holds:

-1
14

< (a2 — kay) (%) (23)

4 , we have

< (le - kﬂl)

1 2
ay —kay Jy,, lp(e)de_l/’(
1
x{ _
0
1
S(ﬂz—kﬂﬂ{(‘fo‘ )(d)()
1 1_% 1 %
+(f; ld)() ( ) ) }
< (ap — kay) (]:de) (fo'lx(((l)( )’I,ll (kul( +m e —1)
1_% q 1
+(ﬁ11d;(] x(ﬁl((e(l—x)s_l) ,(%) )d)()q}
- -tan(3) {((ze_i%) o7 e[ + ’”(2(5 e 2)
2e2 —23% —5 ,(a q %
(2wt n (2 )

which completes the proof. [

¥ k(1= x) a1 + xap)| dx +

(k@ - ) a1 + xar)| dx}

1-1

[

¥ k(=0 + xa) dx)q

+m (e -1)
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5. Applications

Let consider the following two special means for positive real numbers a; # a,:

1. The arithmetic mean:
a +ap
5
2. The generalized logarithmic mean:

Alay, a2) =

I+1 _ al+1

! ! ]I;le%\{—l,O}.

Lo 5 = D e —an

Dragomir et al. [3], have proved that fors € (0,1), where1 <[ < %, the function (x) = X, x > 0 is s—convex
function. Then from Proposition 2.5, it is also s—exponential convex function for some fixed s € [In2.5, 1).

Using Sect. 4, we have

Proposition 5.1. Let 0 < a; <ay, 0 <k < 1and q > 1 such that p~* + qg~' = 1. Then for some fixed s € [In2.5,1),
wherel <1 < %, we have

Is
s (2 k ls( Q) Is(ay — kay)
‘ﬂ(al'(k) ) ap — kay Lig\m K| = kP2

1 1 _
% 1 P(eS—s—l)liﬂ% ailsfl)q,(aﬁ)(ls 1)q '
p+1 s k
Proof. Consider the s—exponential convex function P (x) = x*, x > 0 and using Theorem 4.6, we have the required
result. [J

(24)

Proposition 5.2. Let 0 <a; <ap, 0 <k < 1and q > 1. Then for some fixed s € [In2.5,1), where1 < < %, we have

Is
s (2 k s ( Q) Is(ay — kay)
‘ﬂ(al,(k) ) ﬂz—kﬂl LZS o k =

40

(Is=1)q
1L (Is-1)g (@42
A (ll1 , (?) ) .

Proof. Using Theorem 4.7, we get the required result. []

(25)

==

2(s—2)e° + 8¢ —s2 — 25— 4
X
252

Proposition 5.3. Let 0 < a; <ay, 0 <k < 1and q > 1 such that p~ + qg~' = 1. Then for some fixed s € [In2.5,1),
where1 <1< %, we have

Is(ay — ka
[ (k) = £ )] < 22 (26)
1 1
1 \V(e—-s-1y 1 (s-1)g (s=1)q
><(P+1)( s )ﬂq((k‘”)s 7,0, ).

Proof. Using Theorem 4.8, we obtain the required result. [

Proposition 5.4. Let 0 <a; <ap, 0 <k < 1and q > 1. Then for some fixed s € [In2.5,1), where1 < < %, we have

Is(ay — kaq)
40-3)

1
s 2 H
o (2 (s—2)e° + 8¢z — 5% — 25 — 4)” a ((kal)(ls—l)q ,a(zls—l)’i)_

|&7l ((kal)lS ,alzs) - L5 (kay, 612)| < (27)

252
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Proof. Using Theorem 4.9, we have the required result. [

Proposition 5.5. Let 0 < a; <ay, 0 <k < 1and g > 1 such that p~! + g7! = 1. Then for some fixed s € [In2.5,1),
where1 <1< %, we have

< \/—ls(az — kay) (28)

|2 (A (G 5) - £ G, ) b

+

1 1
» e —s—1\7 _1 _ _
2 s

Proof. Using Theorem 4.10, we get the required result. [

Proposition 5.6. Let 0 < a; <ap, 0 <k < 1and q > 1. Then for some fixed s € [In2.5,1), where 1 < I < <, we have
2 s s Is(ay — ka
‘k - (A (k)" 45) = L5 (kar, 22))| < % (29)

1
(s—2)e° + 82 —s2—25s—4\" _ o
(P 2 (o).

Proof. Using Theorem 4.11, we obtain the required result. [

Proposition 5.7. Let 0 <a; <ay, 0 <k < 1and g > 1 such that p~' + g7! = 1. Then for some fixed s € [In2.5,1),
where1 <1< %, we have

|-£§2 (kay, az) — A® (k01,ﬂ2)| < Is (az — kay) o

ol 2 e

1 s . |
Ly (-1 (22 =52 (Us-1)q [ 2¢° — 2e2 — s ),,
" (2) ((kal) 2s ta s :

Proof. Using Theorem 4.14, we have the required result. [

Proposition 5.8. Let 0 < a; <ay, 0 <k < 1and q > 1. Then for some fixed s € [In2.5,1), where 1 < 1 < L, we have

|25 (kay, a2) = A (kar, a2)] < Is (a2 — k) o

1
1\ 2¢° —s% —25—2 g (@25 —2)e° —s2+2\\"
1 (Is-1)q (Is-1)q
% (2) { ((kal) ( 252 ) T ( 252

s s 1
1) [202 —s5—2 _1)q [26° — 2e2 — q
+((ka1)(’s 1)q(—32 2: )+a(215 1)‘7( e _2562 S))q}.

Proof. Using Theorem 4.15, we get the required result. [

At the end, let consider some applications of the integral inequalities obtained above, to find new bounds
for the trapezoidal and midpoint formula.

Fora, >0,let U : 0= xo < x1 <...< Xn-1 < Xn = a2 be a partition of [0, a2].
We denote, respectively,

T(U, ) = Z (IP(XI +t,b(x1+1))h” MU, ) = Z ¢(XZ+X”1)h1,

i=0
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and
f: 2 Yx)dx =T (U, ) + R(U, ¥), f: 2 P()dx = MU, ) + R(U, ),

where R(U, ¢) and R*(U, ) are the remainders terms and h; = xi1 — xifori =0,1,2,...,n - 1.

Using above notations, we are in position to prove the following error estimations.

Proposition 5.9. Suppose a mapping ¢ : (0,a,] — R is differentiable on (0, a,) with ay > 0. If Ilp’ Tis s—exponential
type convex on (0,az] for g > 1 and q' + p~' = 1, then for some fixed s € (0,1], the remainder term satisfies the
following error estimation:

IR(U, )| < %(pil) (es == 1)5 .
n-1 )

x Yl ool + |y Geal']'
i=0

Proof. Using the Theorem 4.6 on subinterval [x;, xi+1] of closed interval [0, 42], foralli =0,1,2,...,n—1 and
m =1, we have

‘(1#()(1-) + yb(xiu))h s
X

1( 1 V' (e—s—1\}
2 SE(p+1)( s ) (33)

P(x)dx

i

k[ [ Gl + [ Gas)] |-

Summing inequality (33) over i from 0 to n — 1 and using the property of modulus, we obtain the desired
inequality (32). O

Proposition 5.10. Suppose a mapping ¢ : (0,a,] — R is differentiable on (0,a,) with a, > 0. If |1,b’)q is s—
exponential type convex on (0,ay] for g > 1, then for some fixed s € (0, 1], the remainder term satisfies the following
error estimation:

2-1 s S _ 2 _me_a\t
|R(‘LI,1P)|S(%) (Z(S 2)e+E;eSZ sonod (34)
n—1 1
< Ym0l + v el

i=0

Proof. Applying the same technique as in Proposition 5.9 but using Theorem 4.7. [

Proposition 5.11. Supposeamapping ¢ : (0,a,] — R is differentiable on (0, ay) with a, > 0.If [y’ Tis s—exponential
type convex on (0,az] for g > 1 and g™' + p~' = 1, then for some fixed s € (0,1], the remainder term satisfies the
following error estimation:
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|R*((Hl ll))‘ p (p i 1);" (es _;; - 1)3 (35)
n-1 H

x Y ][0 0ol + [ G|’
i=0

n—-1

+ (%); Z hlz[ |y’ ()(z')|‘7 (—265 _22:% — S) +

=0

, 208 —s—2\]'
Y ()(z'+1)|‘7 (%)] .

Proof. Applying the same technique as in Proposition 5.9 but using Theorem 4.12. [J

Proposition 5.12. Suppose a mapping ¢ : (0,a,] — R is differentiable on (0,a,) with a, > 0. If ¢/ Tis s—
exponential type convex on (0,az] for q > 1, then for some fixed s € (0, 1], the remainder term satisfies the following
error estimation:

-3
IR (U, )] < (%) (36)
n—-1 _ s 2 \ s 2 3 %
| Ll ool (=2 oy (=) )
i=0

Y (Xi+1)|q (262 ;ss - 2‘) }q]

Proof. Applying the same technique as in Proposition 5.9 but using Theorem 4.13. [

+Ehf{

i=0

v ()| (es — %) +

S

6. Conclusion

In this article, authors showed new generalizations of Hermite-Hadamard type inequality for the new
class of functions, the so—called (s, m)—exponential type convex function ¢ and for the products of two
(s, m)—exponential type convex functions ¢ and ¢. We have obtained refinements of the (H-H) inequality
for functions whose first derivative in absolute value at certain power are (s, m)—exponential type convex
and founded new bounds for special means and for the error estimates for the trapezoidal and midpoint
formula. We hope that our new ideas and techniques may inspired many researchers in this fascinating
field.

Acknowledgements

The authors would like to thank the editor and anonymous reviewer for their careful reading of the
manuscript and their valuable comments and suggestions which helped us in improving the quality of the
manuscript.

References

[1] Alomari, M., Darus, M. and Kirmaci, U. S., Refinements of Hadamard-type inequalities for quasi—convex functions with applications to
trapezoidal formula and to special means, Comput. Math. Appl., 59 (2010), 225-232.

[2] Chen, E X. and Wu, S.H., Several complementary inequalities to inequalities of Hermite—Hadamard type for s—convex functions, J.
Nonlinear Sci. Appl., 9(2) (2016), 705-716.

[3] Dragomir, S. S. and Fitzpatrik, S., The Hadamard’s inequality for s—convex functions in the second sense, Demonstratio Math., 32(4)
(1999), 687-696.



[4]
[5]
[6]
(71
(8]
[9]
[10]
[11]
[12]
[13]
[14]

[15]
[16]

[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]

[36]
[37]

S. I. Butt et al. / Filomat 35:6 (2021), 1803-1822 1822

Eftekhari, N., Some remarks on (s, m)—convexity in the second sense, J. Math. Inequal., 8 (2014), 489-495.

Hudzik, H. and Maligranda, L., Some remarks on s—convex functions, Aequationes Math., 48 (1994), 100-111.

Kadakal, M. and 1§can, i, Exponential type convexity and some related inequalities, J. Inequal. Appl., 2020(1) (2020), 1-9.

Kashuri, A. and Liko, R., Some new Hermite—Hadamard type inequalities and their applications, Stud. Sci. Math. Hung., 56(1) (2019),
103-142.

Omotoyinbo, O. and Mogbodemu, A., Some new Hermite—Hadamard integral inequalities for convex functions, Int. J. Sci. Innovation
Tech., 1(1) (2014), 1-12.

Breckner, W. W., Stetigkeitsaussagen fiireine Klasse verallgemeinerter konvexer funktionen in topologischen linearen Raumen, Pupl. Inst.
Math., 23 (1978), 13-20.

Toader, G., Some generalizations of the convexity, Proceedings of The Colloquium On Approximation And Optimization, Univ.
Cluj-Napoca, Cluj-Napoca, (1985), 329-338.

Set, E., Noor, M. A., Awan, M. U. and Gozpinar, A., Generalized Hermite—Hadamard type inequalities involving fractional integral
operators, J. Inequal. Appl., 169 (2017), 1-10.

Xi, B. Y. and Qi, F,, Some integral inequalities of Hermite—Hadamard type for convex functions with applications to means, J. Funct. Spaces
Appl., 2012 (2012), Article ID 980438, 1-14.

Zhang, X. M., Chu, Y. M. and Zhang, X. H., The Hermite—Hadamard type inequality of GA—convex functions and its applications, ].
Inequal. Appl., 2010 (2010), Article ID 507560, 1-11.

Du, T. S., Wang, H., Khan, M. A. and Zhang, Y., Certain integral inequalities considering generalized m—convexity on fractal sets and
their applications, Fractals, 27(7) (2019), 1-17.

Liao, J. G.,, Wu, S. H. and Du, T. S., The Sugeno integral with respect to a—preinvex functions, Fuzzy Sets Syst., 379 (2020), 102-114.
Zhang, Y., Du, T. S.,, Wang, H. and Shen, Y. |, Different types of quantum integral inequalities via (at, m)—convexity, ]. Inequal. Appl.,
2018 (2018), Article ID 264, 1-24.

Awan, M. U., Noor, M. A,, Du, T. S. and Noor, K. I, New refinements of fractional Hermite-Hadamard inequality, Rev. R. Acad. Cienc.
Exactas Fis. Nat., Ser. A Mat.,, RACSAM, 113 (2019), 21-29.

Khan, M. B., Noor, M. A., Noor, K. I. and Chu, Y. M., New Hermite—Hadamard—type inequalities for (hy, hp)—-convex fuzzy—interval—
valued functions, Adv. Differ. Equ., 2021 (2021), Article ID 149, 1-20.

Kara, H., Budak, H., Ali, M. A,, Sarikaya, M. Z. and Chu, Y. M., Weighted Hermite-Hadamard type inclusions for products of
co-ordinated convex interval-valued functions, Adv. Differ. Equ., 2021 (2021), Article ID 104, 1-16.

Ali, M. A., Budak, H., Abbas, M. and Chu, Y. M., Quantum Hermite-Hadamard-type inequalities for functions with convex absolute
values of second qb—derivatives, Adpv. Differ. Equ., 2021 (2021), Article ID 7, 1-12.

Jung, C. Y., Yussouf, M., Chu, Y. M., Farid, G. and Kang, S. M., Generalized fractional Hadamard and Fejér—-Hadamard inequalities for
generalized harmonically convex functions, ]. Math., 2020 (2020), Article ID 8245324, 1-13.

Park, C., Chu, Y. M., Saleem, M. S., Mukhtar, S. and Rehman, N., Hermite-Hadamard-type inequalities for n—convex functions via
W—Riemann—Liouville fractional integrals, Adv. Differ. Equ., 2020 (2020), Article ID 602, 1-14.

Chu, Y. M., Awan, M. U,, Talib, S., Noor, M. A. and Noor, K. I., Generalizations of Hermite—Hadamard like inequalities involving
X—Hilfer fractional integrals. Adv. Differ. Equ., 2020 (2020), Article ID 594, 1-15.

Nwaeze, E. R., Khan, M. A. and Chu, Y. M., Fractional inclusions of the Hermite—Hadamard type for m—polynomial convex interval-valued
functions, Adv. Differ. Equ., 2020 (2020), Article ID 507, 1-17.

Feng, B., Ghafoor, M., Chu, Y. M., Qureshi, M. L, Feng, X., Yao, C. and Qiao, X., Hermite-Hadamard and Jensen’s type inequalities for
modified (p, h)—convex functions, AIMS Math., 5(6) (2020), 6959-6971.

Zhou, S. S., Rashid, S., Noor, M. A., Noor, K. I, Safdar, F. and Chu, Y. M., New Hermite-Hadamard type inequalities for exponentially
convex functions and applications, AIMS Math., 5(6) (2020), 6874-6901.

Yang, X., Farid, G., Nazeer, W,, Yussouf, M., Chu, Y. M. and Dong, C. F.,, Fractional generalized Hadamard and Fejér-Hadamard
inequalities for m—convex function, AIMS Math., 5(6) (2020), 6325-6340.

Igbal, A., Khan, M. A., Mohammad, N., Nwaeze, E. R. and Chu, Y. M., Revisiting the Hermite—Hadamard fractional integral inequality
via a Green function, AIMS Math., 5(6) (2020), 6087-6107.

Qi, H., Yussouf, M., Mehmood, S., Chu, Y. M. and Farid, G., Fractional integral versions of Hermite—Hadamard type inequality for
generalized exponentially convexity, AIMS Math., 5(6) (2020), 6030-6042.

Khurshid, Y., Khan, M. A. and Chu, Y. M., Conformable integral version of Hermite—Hadamard—Fejér inequalities via n—convex functions,
AIMS Math., 5(5) (2020), 5106-5120.

Guo, S., Chu, Y. M., Farid, G., Mehmood, S. and Nazeer, W., Fractional Hadamard and Fejér—-Hadamard inequalities associated with
exponentially (s, m)—convex functions, J. Funct. Spaces, 2020 (2020), Article ID 2410385, 1-10.

Zhou, S. S., Rashid, S., Jarad, F., Kalsoom, H. and Chu, Y. M., New estimates considering the generalized proportional Hadamard
fractional integral operators, Adv. Differ. Equ., 2020 (2020), Article ID 275, 1-15.

Baleanu, D., Kashuri, A., Mohammed, P. O. and Meftah, B., General Raina fractional integral inequalities on coordinates of convex
functions, Adv. Differ. Equ., 2021(82) (2021).

Mohammed, P. O., Abdeljawad, T., Zeng, S. and Kashuri, A., Fractional Hermite—Hadamard integral inequalities for a new class of
convex functions, Symmetry, 12 (2020), 1485.

Kashuri, A., Igbal, S., Butt, S. I., Nasir, ., Nisar, K. S. and Abdeljawad, T., Trapezium-type inequalities for k—fractional integral via new
exponential-type convexity and their applications, ]. Math., 2020 (2020), Article ID 8672710.

Awan, M. U,, Noor, M. A, Noor, K. I, Safdar, E., On strongly generalized convex functions, Filomat, 31(18) (2017), 5783-5790.
Rafig, A., Mir, N. A. and Ahmad, F.,, Weighted Chebysev—Ostrowski type inequalities, Appl. Math. Mech., Engl. Ed., 28(7) (2007),
901-906.



