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The Approximation by the Pertinent Euler-Lagrange-Jensen
Generalized Quintic Functional Maps in Quasi-Banach Spaces
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Abstract. The purpose of this paper is to approximate a given map by the pertinent Euler-Lagrange-Jensen
generalized quintic functional map, and by the Euler-Lagrange-Jensen alternative generalized quintic
functional map. The obtained results are extensions of certain stability results from Banach spaces to
quasi-Banach spaces. The obtained results are supported by the examples.

1. Introduction and preliminaries

For a given map ϕ : X → Y, many authors have been interested in approximating ϕ by certain map
Q : X→ Y which has certain better properties. This is the main idea of the so-called Ulam-Hyers stability [2],
[13]. In [14] Mohiuddine et al. approximated the map ϕ : X → Y, where X is a real normed space and
Y is a real Banach space, by the map Q : X → Y satisfying the following pertinent Euler-Lagrange-Jensen
generalized quintic equation

(h + 1)5
[
hQ

(hx + y
h + 1

)
+ Q

(x + hy
1 + h

)]
+ hQ(hx − y) −Q(hy − x)

−h2(h2 + 1)
[
32Q

(x + y
2

)
+ Q(x − y)

]
− 2(h2

− 1)(h4
− 1)Q(x) = 0 (1)

for all x, y ∈ X, where h ∈ R \ {−1, 0, 1, 2} is a fixed number. Similarly, the authors also approximated
ϕ : X → Y by Q : X → Y satisfying the following Euler-Lagrange-Jensen alternative generalized quintic
equation

(h + 1)5
[
hQ

(hx + y
h + 1

)
+ Q

(x + hy
h + 1

)]
+ (h − 1)5

[
hQ

(hx − y
h − 1

)
−Q

(hy − x
h − 1

)]
−(h2 + 1)

[
h2

(
Q(x + y) + Q(x − y)

)
+ 2(h2

− 1)2Q(x)
]

= 0 (2)

for all x, y ∈ X, where h ∈ R \ {−1, 0, 1} is a fixed number.
The quasi-normed space is one interesting generalization of the normed space [10], [11]. The difference

of a quasi-norm compared to a norm is the modulus of concavity κ ≥ 1, see Definition 1.1.(3) below. This
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Research supported by the project SPD2020.01.02 of Dong Thap University, Vietnam
Email addresses: nvdung@dthu.edu.vn (Nguyen Van Dung), nguyenthithanhly@dthu.edu.vn (Nguyen Thi Thanh Ly)



N. V. Dung, N. T. T. Ly / Filomat 35:4 (2021), 1215–1231 1216

fact causes that a quasi-norm is not necessarily continuous, and the inequality does not necessarily hold for
more than two points. It is important to emphasize that the standard basic results of Banach space theory
such as the Uniform Bounded Principle, Open Mapping Theorem and Closed Graph Theorem, which
depend only on completeness, apply to quasi-normed spaces. However applications of convexity such
as the Hahn-Banach Theorem are not applicable, see [10, page 1102]. The most important quasi-normed
spaces are Lp-spaces with 0 < p < 1 with the following quasi-norm [11, page 16]

‖ f ‖ =
( ∫

Ω

| f (x)|pdµ(x)
) 1

p
. (3)

Note that Lp-spaces with 0 < p < 1 are non-normable spaces. There have been also quasi-normed spaces
with non-continuous quasi-norms, for example see [12, Example 3].

There have been results for the stability of functional equations in quasi-Banach spaces, see [3, Chap-
ter 20], [6], [7], [8], [9, Chapter 10], [15] for example. However, in these papers, the authors assumed that
every quasi-Banach space is a p-Banach space. Note that the calculations in p-Banach spaces are much more
easier than that in quasi-Banach spaces since every p-normed space is continuous and the inequality (4)
also holds for finite elements, that is

‖

n∑
i=1

xi‖
p
≤

n∑
i=1

‖xi‖
p.

Recently, results for the stability of functional equations in quasi-Banach spaces which are not assumed
to be p-Banach spaces have been studied [4], [5], [6]. The key technique in these results is an explicit version
of the Aoki-Rolewicz theorem which states that for a given quasi-norm, there exists an equivalent p-norm,
see Theorem 1.2 below.

In this paper, we continue to approximate a given map by the pertinent Euler-Lagrange-Jensen gener-
alized quintic functional map, and by the Euler-Lagrange-Jensen alternative generalized quintic functional
map. The obtained results are extensions of the main ones of [14] from Banach spaces to quasi-Banach
spaces, and they are supported by the examples.

Now we present basic notions and properties which are useful in the next section.

Definition 1.1 ([1], Definition 3; [11], pages 6-7). Let X be a vector space over the field K (R or C), κ ≥ 1 and
‖.‖ : X→ R+ be a function such that for all x, y ∈ X, r ∈ K,

1. ‖x‖ = 0 if and only if x = 0.

2. ‖rx‖ = |r|.||x‖.

3. ‖x + y‖ ≤ κ(‖x‖ + ‖y‖).

Then ‖.‖ is called a quasi-norm in X, the smallest κ is called the modulus of concavity, and (X, ‖.‖, κ) is called a
quasi-normed space. For a quasi-normed space (X, ‖.‖, κ), without loss of the generality we can assume that κ is the
modulus of concavity. The quasi-norm ‖.‖ is called a p-norm, and (X, ‖.‖, κ) is called a p-normed space if for some
p ∈ (0; 1] and all x, y ∈ X,

‖x + y‖p ≤ ‖x‖p + ‖y‖p. (4)

The sequence {xn} is called convergent to x if lim
n→∞
‖xn − x‖ = 0, written lim

n→∞
xn = x.

The sequence {xn} is called Cauchy if lim
n,m→∞

‖xn − xm‖ = 0.

The quasi-normed space (X, ‖.‖, κ) is called a quasi-Banach space if each Cauchy sequence is convergent. The
quasi-normed space (X, ‖.‖, κ) is called a p-Banach space if it is p-normed and quasi-Banach.

Theorem 1.2 ([12], Theorem 1). Let (Y, κ, ‖.‖) be a quasi-normed space, p = log2κ 2, and

|||x||| = inf
{( n∑

i=1

‖xi‖
p
) 1

p : x =

n∑
i=1

xi, xi ∈ Y,n ≥ 1
}
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for all x ∈ Y. Then, |||.||| is a p-norm on Y, that is for all x, y ∈ Y,

|||x + y|||p ≤ |||x|||p + |||y|||p. (5)

Moreover, for all x ∈ Y,

1
2κ
‖x‖ ≤ |||x||| ≤ ‖x‖. (6)

and if ‖.‖ is a norm, then p = 1 and |||.||| = ‖.‖.

Lemma 1.3 ([14], page 3). Suppose that

1. X and Y are vector spaces.

2. Q : X→ Y is a map satisfying (1).

Then for all x ∈ X,n ∈N and m = h − 1, we have

Q(x) =

m−5nQ(mnx) if |m| > 1,m , −2
m5nQ(m−nx) if |m| < 1,m , 0.

One of the main results of [14] is as follows.

Theorem 1.4 ([14], Theorem 3.1). Suppose that

1. X is a real normed linear vector space and (Y, ‖.‖) is a real Banach space.

2. ϕ : X→ Y is a map satisfying∥∥∥∥(h + 1)5
[
hϕ

(hx + y
h + 1

)
+ ϕ

(x + hy
h + 1

)]
+ (h − 1)5

[
hϕ

(hx − y
h − 1

)
− ϕ

(hy − x
h − 1

)]
−(h2 + 1)

[
h2

(
ϕ(x + y) + ϕ(x − y)

)
+ 2(h2

− 1)2ϕ(x)
]∥∥∥∥ ≤ c (7)

for all x, y ∈ X, where c > 0 and h ∈ R \ {−1, 0, 1} are constant.

Then there exists a unique map Q : X→ Y such that

1. Q satisfies the Euler-Lagrange-Jensen alternative generalized quintic functional equation (2).

2. For all x ∈ X,

‖ϕ(x) −Q(x)‖ ≤
c

31h2(h2 + 1)
·

h4 + 15h2 + 17

h4 + 14h2 + 16
. (8)

3. For all x ∈ X, Q(x) = lim
n→∞

Qn(x) where Qn(x) = 2−5nϕ(2nx).

2. Main results

First, we give an example to show the limitation of the assumption of Banach spaces in Theorem 1.4.

Example 2.1. Consider the following space

X = Y = L
1
2 [0, 1] =

{
x : [0, 1]→ R : |x|

1
2 is Lebesgue integrable

}
with ‖x‖ =

( ∫ 1

0
|x(t)|

1
2 dt

)2
for all x ∈ L

1
2 [0, 1]. Let a ∈ R and define ϕ : X → Y by ϕ(x)(t) = x5(t) + a for all x ∈ X

and all t ∈ [0, 1]. Then we have
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1. (Y, ‖.‖, κ) is not normable. Then it is not a Banach space.

2. All assumptions of Theorem 1.4, except for the assumption of Y being Banach space, are satisfied.

Proof. (1). It follows from [12, Examples 1 & 2] that Y is a quasi-normed space which is not normable. Then
it is not a Banach space.

(2). It is clear that X is a real vector space. For all x, y ∈ X, we have

∥∥∥∥∥(h + 1)5
[
hϕ

(hx + y
h + 1

)
+ ϕ

(x + hy
h + 1

)]
+ (h − 1)5

[
hϕ

(hx − y
h − 1

)
− ϕ

(hy − x
h − 1

)]
− (h2 + 1)

[
h2

(
ϕ(x + y) + ϕ(x − y)

)
+ 2(h2

− 1)2ϕ(x)
]∥∥∥∥

=

( ∫ 1

0

∣∣∣∣∣(h + 1)5
[
h
(hx(t) + y(t)

h + 1

)5

+ ha +
(x(t) + hy(t)

h + 1

)5

+ a
]

+ (h − 1)5
[
h
(hx(t) − y(t)

h − 1

)5

+ ha −
(hy(t) − x(t)

h − 1

)5

− a
]

− (h2 + 1)
[
h2

(
(x(t) + y(t))5 + (x(t) − y(t))5 + 2a

)
+ 2(h2

− 1)2(x5(t) + a)
]∣∣∣∣∣ 1

2

dt
)2

=

( ∫ 1

0

∣∣∣∣∣[h(hx(t) + y(t)
)5

+
(
x(t) + hy(t)

)5]
+

[
h
(
hx(t) − y(t)

)5
−

(
hy(t) − x(t)

)5]
− h2(h2 + 1)

[
(x(t) + y(t))5 + (x(t) − y(t))5

]
− 2(h2 + 1)(h2

− 1)2x5(t)

+ (h + 1)6a + (h − 1)6a − 2h2(h2 + 1)a − 2(h2 + 1)(h2
− 1)2a

∣∣∣∣ 1
2
dt

)2

=

( ∫ 1

0

∣∣∣∣∣h[(hx(t) + y(t)
)5

+
(
hx(t) − y(t)

)5]
+

[(
x(t) + hy(t)

)5
−

(
hy(t) − x(t)

)5]
− h2(h2 + 1)

[
(x(t) + y(t))5 + (x(t) − y(t))5

]
− 2(h2 + 1)(h2

− 1)2x5(t)

+ (h + 1)6a + (h − 1)6a − 2h2(h2 + 1)a − 2(h2 + 1)(h2
− 1)2a

∣∣∣∣ 1
2
dt

)2

=

( ∫ 1

0

∣∣∣∣2h
(
h5x5(t) + 10h3x3(t)y2(t) + 5hx(t)y4(t)

)
+ 2

(
x5(t) + 10h2y2(t)x3(t) + 5h4y4(t)x(t)

)
− 2h2(h2 + 1)

(
x5(t) + 10x3(t)y2(t) + 5x(t)y4(t)

)
− 2

(
h6
− h4
− h2 + 1

)
x5(t)

+ 2a
(
h6 + 15h4 + 15h2 + 1 − h4

− h2
− h6 + h4 + h2

− 1
)∣∣∣∣ 1

2
dt

)2
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=

( ∫ 1

0

∣∣∣∣[(2h6 + 2 − 2h2(h2 + 1)
)
− 2

(
h6
− h4
− h2 + 1

)]
x5(t) +

[
20h4 + 20h2

− 20h2(h2 + 1)
]
x3(t)y2(t)

+
[
10h2 + 10h4

− 10h2(h2 + 1)
]
x(t)y4(t) + 30h2(h2 + 1)a

∣∣∣∣ 1
2
dt

)2

=

( ∫ 1

0

∣∣∣∣30h2(h2 + 1)a
∣∣∣∣ 1

2
dt

)2

= 30h2(h2 + 1)a.

It follows that∥∥∥∥∥(h + 1)5
[
hϕ

(hx + y
h + 1

)
+ ϕ

(x + hy
h + 1

)]
+ (h − 1)5

[
hϕ

(hx − y
h − 1

)
− ϕ

(x − hy
1 − h

)]
− (h2 + 1)

[
h2

(
ϕ(x + y) + ϕ(x − y)

)
+ 2(h2

− 1)2ϕ(x)
]∥∥∥∥∥

= 30h2
(
h2 + 1

)
a.

This proves that (7) holds. Then all assumptions of Theorem 1.4, except for the assumption of Y being
Banach space, are satisfied.

Now, we investigate the stability of the map satisfying the pertinent Euler-Lagrange-Jensen generalized
quintic equation (1) in quasi-Banach spaces.

Theorem 2.2. Suppose that

1. X is a real vector space and (Y, ‖.‖, κ) is a real quasi-Banach space.

2. ϕ : X→ Y is a map satisfying

‖(h + 1)5
[
hϕ

(hx + y
h + 1

)
+ ϕ

(x + hy
1 + h

)]
+ hϕ(hx − y) − ϕ(hy − x) (9)

−h2(h2 + 1)
[
32ϕ

(x + y
2

)
+ ϕ(x − y)

]
− 2(h2

− 1)(h4
− 1)ϕ(x)‖ ≤ c

for all x, y ∈ X, where c > 0 and h ∈ R \ {−1, 0, 1, 2} are constant.

Then there exists a unique map Q : X→ Y such that

1. For all x ∈ X,

‖ϕ(x) −Q(x)‖ ≤
( 2C(m)

||m|5p − 1|

) 1
p

(10)

where m = h − 1, p = log2κ 2, and

C(m) =
cp

|m|p
·

(
1 +

|(m + 1)2(m2 + 2m + 2)|p

|m6 + m4 + 4m3 + 7m2 + 5m + 2|p

)
.

2. For all x ∈ X, Q(x) = lim
n→∞

Qn(x) where

Qn(x) =

m−5nϕ(mnx) if |m| > 1,m , −2
m5nϕ(m−nx) if |m| < 1,m , 0.
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3. Q satisfies the pertinent Euler-Lagrange-Jensen generalized quintic functional equation (1).

Proof. By replacing x = 0, y = 0 in (9), we obtain

c ≥ ‖(h + 1)5
[
hϕ(0) + ϕ(0)

]
+ hϕ(0) − ϕ(0) − h2(h2 + 1)

[
32ϕ(0) + ϕ(0)

]
− 2(h2

− 1)(h4
− 1)ϕ(0)‖

= |h6
− 6h5 + 16h4

− 20h3 + 16h2
− 7h + 2|.‖ϕ(0)‖. (11)

Since m = h − 1, we have

h6
− 6h5 + 16h4

− 20h3 + 16h2
− 7h + 2

= (m + 1)6
− 6(m + 1)5 + 16(m + 1)4

− 20(m + 1)3 + 16(m + 1)2
− 7(m + 1) + 2

= m6 + m4 + 4m3 + 7m2 + 5m + 2. (12)

Therefore, from (11) and (12), we obtain

|m6 + m4 + 4m3 + 7m2 + 5m + 2|.‖ϕ(0)‖ ≤ c.

Note that m6 + m4 + 4m3 + 7m2 + 5m + 2 > 0 for all m. Then we have

‖ϕ(0)‖ ≤
c

|m6 + m4 + 4m3 + 7m2 + 5m + 2|
. (13)

Since h ∈ R \ {−1, 0, 1, 2}, then m ∈ R \ {−2,−1, 0, 1}. Now we consider following two cases.
Case 1. |m| > 1 and m , −2.
By replacing y by x in (9) we obtain

c ≥ ‖(h + 1)5
[
hϕ(x) + ϕ(x)

]
+ hϕ(hx − x) − ϕ(hx − x) − h2(h2 + 1)

[
32ϕ(x) + ϕ(0)

]
− 2(h2

− 1)(h4
− 1)ϕ(x)‖

= ‖

[
(h + 1)6

− 32h2(h2 + 1) − 2(h2
− 1)(h4

− 1)
]
ϕ(x) + (h − 1)ϕ(hx − x) − h2(h2 + 1)ϕ(0)‖

= ‖ − (h − 1)6ϕ(x) + (h − 1)ϕ(hx − x) − h2(h2 + 1)ϕ(0)‖
= ‖m[ϕ(mx) −m5ϕ(x)] − (m + 1)2(m2 + 2m + 2)ϕ(0)‖. (14)

It follows from (14), (5) and (6) that

|||m[ϕ(mx) −m5ϕ(x)]|||p − |||(m + 1)2(m2 + 2m + 2)ϕ(0)|||p

≤ |||m[ϕ(mx) −m5ϕ(x)] − (m + 1)2(m2 + 2m + 2)ϕ(0)|||p

≤ ‖m[ϕ(mx) −m5ϕ(x)] − (m + 1)2(m2 + 2m + 2)ϕ(0)‖p.
≤ cp.

This implies that

|m|p|||ϕ(mx) −m5ϕ(x)|||p ≤ cp + |(m + 1)2(m2 + 2m + 2)|p|||ϕ(0)|||p

≤ cp + |(m + 1)2(m2 + 2m + 2)|p‖ϕ(0)‖p. (15)

Then, using (13), (15), we have

|||ϕ(mx) −m5ϕ(x)|||p ≤ C(m)

that is

|||m−5ϕ(mx) − ϕ(x)|||p ≤
C(m)

|m|5p . (16)
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By using (16) and (5) we have

|||ϕ(x) −m−5nϕ(mnx)|||p

≤ |||ϕ(x) −m−5ϕ(mx)|||p + |||m−5ϕ(mx) −m−10ϕ(m2x)|||p + · · · + |||m−5(n−1)ϕ(mn−1x) −m−5nϕ(mnx)|||p

≤

(
1 + |m|−5p + · · · + |m|−5(n−1)p

)C(m)

|m|5p

=
1 − |m|−5pn

|m|5p − 1
C(m). (17)

For each n ∈N and x ∈ X, put

Qn(x) = m−5nϕ(mnx). (18)

We shall prove that {Qn(x)} is a Cauchy sequence. For i, j ∈N, i > j, using (6), (17) and (18), we obtain

0 ≤
1
2
‖Q j(x) −Qi(x)‖p ≤ |||Q j(x) −Qi(x)|||p

= |||m−5 jϕ(m jx) −m−5iϕ(mix)|||p

= |m|−5 jp
|||ϕ(m jx) −m−5(i− j)ϕ(mi− j.m jx)|||p

≤ |m|−5 jp.
1 − |m|−5p(i− j)

|m|5p − 1
C(m)

=
|m|−5 jp

− |m|−5pi

|m|5p − 1
C(m). (19)

Note that |m| > 1. Then taking the limit in (19) as i, j→∞, we obtain

lim
i, j→∞

‖Q j(x) −Qi(x)‖ = 0.

This proves that {Qn(x)} is a Cauchy sequence in (Y, ‖.‖, κ). Since (Y, ‖.‖, κ) is a quasi-Banach space, the exists
the map Q : X→ Y defined by

Q(x) = lim
n→∞

Qn(x), x ∈ X. (20)

Next, we will prove that Q(x) satisfies (10). Indeed, from (17) and (18), we have

|||ϕ(x) −Qn(x)|||p ≤
1 − |m|−5pn

|m|5p − 1
C(m). (21)

Taking the limit in (21) as n→∞, using (5) and the continuity of p-norm |||.|||, we obtain

1
2
‖ϕ(x) −Q(x)‖p ≤ |||ϕ(x) −Q(x)|||p

= |||ϕ(x) − lim
n→∞

Qn(x)|||p

= lim
n→∞
|||ϕ(x) −Qn(x)|||p

≤
C(m)

|m|5p − 1
.

This implies that (10) is proved.
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Now, we prove that Q satisfies (1). Replacing x by mnx and y by mny in (9) and using (6), (18), we have

c ≥

∥∥∥∥(h + 1)5
[
hϕ

(hmnx + mny
h + 1

)
+ ϕ

(mnx + hmny
1 + h

)]
+ hϕ(hmnx −mny)

−ϕ(hmny −mnx) − h2(h2 + 1)
[
32ϕ

(mnx + mny
2

)
+ ϕ(mnx −mny)

]
− 2(h2

− 1)(h4
− 1)ϕ(mnx)

∥∥∥∥
= |m|5n

∥∥∥∥(h + 1)5
[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
1 + h

)]
+ hQn(hx − y) −Qn(hy − x)

−h2(h2 + 1)
[
32Qn

(x + y
2

)
+ Qn(x − y)

]
− 2(h2

− 1)(h4
− 1)Qn(x)

∥∥∥∥
≥ |m|5n

∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
1 + h

)]
+ hQn(hx − y) −Qn(hy − x)

−h2(h2 + 1)
[
32Qn

(x + y
2

)
+ Qn(x − y)

]
− 2(h2

− 1)(h4
− 1)Qn(x)

∣∣∣∣∣∣∣∣∣∣∣∣.
It implies that∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5

[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
1 + h

)]
+ hQn(hx − y) −Qn(hy − x)

−h2(h2 + 1)
[
32Qn

(x + y
2

)
+ Qn(x − y)

]
− 2(h2

− 1)(h4
− 1)Qn(x)

∣∣∣∣∣∣∣∣∣∣∣∣
≤ |m|−5nc. (22)

Note that |m| > 1. Then taking the limit in (22) as n→ ∞, using (20) and the continuity of p-norm |||.|||, we
obtain ∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5

[
hQ

(hx + y
h + 1

)
+ Q

(x + hy
1 + h

)]
+ hQ(hx − y) −Q(hy − x)

−h2(h2 + 1)
[
32Q

(x + y
2

)
+ Q(x − y)

]
− 2(h2

− 1)(h4
− 1)Q(x)

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
h lim

n→∞
Qn

(hx + y
h + 1

)
+ lim

n→∞
Qn

(x + hy
1 + h

)]
+ h lim

n→∞
Qn(hx − y)

− lim
n→∞

Qn(hy − x) − h2(h2 + 1)
[
32 lim

n→∞
Qn

(x + y
2

)
+ lim

n→∞
Qn(x − y)

]
−2(h2

− 1)(h4
− 1) lim

n→∞
Qn(x)

∣∣∣∣∣∣∣∣∣∣∣∣
= lim

n→∞

∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
1 + h

)]
+ hQn(hx − y) −Qn(hy − x)

−h2(h2 + 1)
[
32Qn

(x + y
2

)
+ Qn(x − y)

]
− 2(h2

− 1)(h4
− 1)Qn(x)

∣∣∣∣∣∣∣∣∣∣∣∣
≤ lim

n→∞
|m|−5nc

= 0.

It follows that∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
hQ

(hx + y
h + 1

)
+ Q

(x + hy
1 + h

)]
+ hQ(hx − y) −Q(hy − x)

−h2(h2 + 1)
[
32Q

(x + y
2

)
+ Q(x − y)

]
− 2(h2

− 1)(h4
− 1)Q(x)

∣∣∣∣∣∣∣∣∣∣∣∣ = 0.

This proves that Q satisfies (1).
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Case 2. |m| < 1 and m , 0.
By replacing y and x by m−1x in (9), then using the similar argument as in Case 1, we have

|||ϕ(x) −m5ϕ(m−1x)|||p ≤ C(m). (23)

By using (5) and (23), we have

|||ϕ(x) −m5nϕ(m−nx)|||p

≤ |||ϕ(x) −m5ϕ(m−1x)|||p + |||m5ϕ(m−1x) −m10ϕ(m−2x)|||p

+ · · · + |||m5(n−1)ϕ(m−(n−1)x) −m5nϕ(m−nx)|||p

≤

(
1 + |m|5p + · · · + |m|5(n−1)p

)
C(m)

=
1 − |m|5pn

1 − |m|5p C(m). (24)

For each n ∈N and x ∈ X, put

Qn(x) = m5nϕ(m−nx). (25)

We shall prove that {Qn(x)} is a Cauchy sequence. For i, j ∈N, i > j, using (6), (24) and (25), we obtain

0 ≤
1
2
‖Q j(x) −Qi(x)‖p ≤ |||Q j(x) −Qi(x)|||p

= |||m5 jϕ(m− jx) −m5iϕ(m−ix)|||p

= |m|5 jp
|||ϕ(m− jx) −m5(i− j)ϕ(m j−i.m− jx)|||p

≤ |m|5 jp.
1 − |m|5p(i− j)

1 − |m|5p C(m)

≤
|m|5 jp

− |m|5pi

1 − |m|5p C(m). (26)

Note that |m| < 1,m , 0. Then taking the limit in (26) as i, j→∞ and we obtain

lim
i, j→∞

‖Q j(x) −Qi(x)‖ = 0.

This proves that {Qn(x)} is a Cauchy sequence. Since (Y, ‖.‖, κ) is a quasi-Banach space, the exists the map
Q : X→ Y defined by

Q(x) = lim
n→∞

Qn(x), x ∈ X. (27)

Next, we will prove that Q(x) satisfies (10). Indeed, from (24), we have

|||ϕ(x) −Qn(x)|||p ≤
1 − |m|5pn

1 − |m|5p C(m). (28)

Taking the limit in (28) as n→∞, using (5), (20) and the continuity of p-norm |||.|||, we obtain

1
2
‖ϕ(x) −Q(x)‖p ≤ |||ϕ(x) −Q(x)|||p

= |||ϕ(x) − lim
n→∞

Qn(x)|||p

= lim
n→∞
|||ϕ(x) −Qn(x)|||p

≤
C(m)

1 − |m|5p.
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This implies that (10) holds.
Now, we prove that Q satisfies (1). Replacing x by m−nx and y by m−ny in (9) and using (6), (25),

we obtain

c ≥

∥∥∥∥(h + 1)5
[
hϕ

(hm−nx + m−ny
h + 1

)
+ ϕ

(m−nx + hm−ny
1 + h

)]
+ hϕ(hm−nx −m−ny)

−ϕ(hm−ny −m−nx) − h2(h2 + 1)
[
32ϕ

(m−nx + m−ny
2

)
+ ϕ(m−nx −m−ny)

]
−2(h2

− 1)(h4
− 1)ϕ(m−nx)

∥∥∥∥
= |m|−5n

∥∥∥∥(h + 1)5
[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
1 + h

)]
+ hQn(hx − y) −Qn(hy − x)

−h2(h2 + 1)
[
32Qn

(x + y
2

)
+ Qn(x − y)

]
− 2(h2

− 1)(h4
− 1)Qn(x)

∥∥∥∥
≥ |m|−5n

∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
1 + h

)]
+ hQn(hx − y) −Qn(hy − x)

−h2(h2 + 1)
[
32Qn

(x + y
2

)
+ Qn(x − y)

]
− 2(h2

− 1)(h4
− 1)Qn(x)

∣∣∣∣∣∣∣∣∣∣∣∣.
It implies that∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5

[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
1 + h

)]
+ hQn(hx − y) −Qn(hy − x)

−h2(h2 + 1)
[
32Qn

(x + y
2

)
+ Qn(x − y)

]
− 2(h2

− 1)(h4
− 1)Qn(x)

∣∣∣∣∣∣∣∣∣∣∣∣
≤ |m|5nc. (29)

Taking the limit in (29) as n→∞, using (27) and the continuity of p-norm |||.|||, we obtain∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
hQ

(hx + y
h + 1

)
+ Q

(x + hy
1 + h

)]
+ hQ(hx − y) −Q(hy − x)

−h2(h2 + 1)
[
32Q

(x + y
2

)
+ Q(x − y)

]
− 2(h2

− 1)(h4
− 1)Q(x)

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
h lim

n→∞
Qn

(hx + y
h + 1

)
+ lim

n→∞
Qn

(x + hy
1 + h

)]
+ h lim

n→∞
Qn(hx − y) − lim

n→∞
Qn(hy − x)

−h2(h2 + 1)
[
32 lim

n→∞
Qn

(x + y
2

)
+ lim

n→∞
Qn(x − y)

]
− 2(h2

− 1)(h4
− 1) lim

n→∞
Qn(x)

∣∣∣∣∣∣∣∣∣∣∣∣
= lim

n→∞

∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
1 + h

)]
+ hQn(hx − y) −Qn(hy − x)

−h2(h2 + 1)
[
32Qn

(x + y
2

)
+ Qn(x − y)

]
− 2(h2

− 1)(h4
− 1)Qn(x)

∣∣∣∣∣∣∣∣∣∣∣∣
≤ lim

n→∞
|m|5nc

= 0.

It follows that∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
hQ

(hx + y
h + 1

)
+ Q

(x + hy
1 + h

)]
+ hQ(hx − y) −Q(hy − x)

−h2(h2 + 1)
[
32Q

(x + y
2

)
+ Q(x − y)

]
− 2(h2

− 1)(h4
− 1)Q(x)

∣∣∣∣∣∣∣∣∣∣∣∣ = 0.
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This proves that (1) holds.
By the above two cases, Q satisfies (1), and (10) holds.
Finally, we prove the uniqueness of the such map Q. Suppose that P : X→ Y is also a map satisfying (1)

and (10). By Lemma 1.3 we have

Q(x) =

m−5nQ(mnx) if |m| > 1,m , −2
m5nQ(m−nx) if |m| < 1,m , 0

(30)

P(x) =

m−5nP(mnx) if |m| > 1,m , −2
m5nP(m−nx) if |m| < 1,m , 0.

(31)

Note that Q and P satisfy (10). By using Theorem 1.2 , we have

|||Q(x) − P(x)|||p ≤ |||ϕ(x) −Q(x)|||p + |||ϕ(x) − P(x)|||p (32)
≤ ‖ϕ(x) −Q(x)‖p + ‖ϕ(x) − P(x)‖p

≤


4C(m)

|m|5p − 1
if |m| > 1,m , −2

4C(m)

1 − |m|5p if |m| < 1,m , 0.

By using (30), (31) and (32) we have

|||Q(x) − P(x)|||p =

|m|−5np
|||Q(mnx) − P(mnx)|||p if |m| > 1,m , −2

|m|5np
|||Q(m−nx) − P(m−nx)|||p if |m| < 1,m , 0

≤


|m|−5np

4C(m)

|m|5p − 1
if |m| > 1,m , −2

|m|5np
4C(m)

1 − |m|5p if |m| < 1,m , 0.
(33)

Taking the limit in (33) as n → ∞ we obtain |||Q(x) − P(x)||| = 0 for all x ∈ X. Then Q = P. This proves the
uniqueness of the map Q which satisfies (1), and (10) holds.

Since every normed space is a quasi-normed space with the modulus of concavity κ = 1, we have the
following corollary. Note that in the case of normed space (Y, ‖.‖) we have |||.||| = ‖.‖. So there is no coefficient
2 in the right side of (10).

Corollary 2.3 ([14], Theorem 2.1). Suppose that

1. (X, ‖.‖X) is a real normed space and (Y, ‖.‖) is a real Banach space.

2. ϕ : X→ Y is a map satisfying (9).

Then there exists a unique map Q : X→ Y such that

1. Q satisfies the pertinent Euler-Lagrange-Jensen generalized quintic functional equation (1).

2. For all x ∈ X, m = h − 1,

‖ϕ(x) −Q(x)‖ ≤
C(m)

||m|5 − 1|

where

C(m) =
c
|m|
·

(
1 +

(m + 1)2(m2 + 2m + 2)

|m6 + m4 + 4m3 + 7m2 + 5m + 2|

)
.
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Next, we investigate the stability of the map satisfying the Euler-Lagrange-Jensen alternative generalized
quintic equation (2) in quasi-Banach spaces.

Lemma 2.4. Suppose that

1. X and Y are vector spaces.

2. Q : X→ Y is a map satisfying (2).

Then for all x ∈ X,n ∈N we have Q(x) = 2−5nQ(2nx).

Proof. By replacing x = 0, y = 0 in (2), we obtain

0 = (h + 1)5[hQ(0) + Q(0)] + (h − 1)5[hQ(0) −Q(0)] − (h2 + 1)[h2
(
Q(0) + Q(0)

)
+ 2(h2

− 1)2Q(0)]

=
[
(h + 1)6 + (h − 1)6

− 2(h2 + 1)[h2 + (h2
− 1)2]

]
Q(0)

= 30h2(h2 + 1)Q(0).

Note that h , 0. So we have

Q(0) = 0. (34)

By replacing y by x in (2) and using (34) we get

0 = (h + 1)5
[
hQ

(hx + x
h + 1

)
+ Q

(x + hx
h + 1

)]
+ (h − 1)5

[
hQ

(hx − x
h − 1

)
−Q

(hx − x
h − 1

)]
−(h2 + 1)

[
h2

(
Q(x + x) + Q(x − x)

)
+ 2(h2

− 1)2Q(x)
]

= (h + 1)6Q(x) + (h − 1)6Q(x) − (h2 + 1)
[
h2

(
Q(2x) + Q(0)

)
+ 2(h2

− 1)2Q(x)
]

=
[
(h + 1)6 + (h − 1)6

− 2(h2 + 1)(h2
− 1)2

]
Q(x) − h2(h2 + 1)Q(2x)

= 32h2(h2 + 1)Q(x) − h2(h2 + 1)Q(2x)

= h2(h2 + 1)
[
25Q(x) −Q(2x)

]
.

This implies that

Q(2x) = 25Q(x). (35)

For each n ∈N, by using (35), we obtain

Q(2nx) = 25Q(2n−1x)

= 25.25Q(2n−2x)
= · · ·

= 25nQ(x).

This proves that Q(x) = 2−5nQ(2nx).

Theorem 2.5. Suppose that

1. X is a real vector space and (Y, ‖.‖, κ) is a real quasi-Banach space.
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2. ϕ : X→ Y is a map satisfying

∥∥∥∥(h + 1)5
[
hϕ

(hx + y
h + 1

)
+ ϕ

(x + hy
h + 1

)]
+ (h − 1)5

[
hϕ

(hx − y
h − 1

)
− ϕ

(hy − x
h − 1

)]
−(h2 + 1)

[
h2

(
ϕ(x + y) + ϕ(x − y)

)
+ 2(h2

− 1)2ϕ(x)
]∥∥∥∥ ≤ c (36)

for all x, y ∈ X, where c > 0 and h ∈ R \ {−1, 0, 1} are constant.

Then there exists a unique map Q : X→ Y such that

1. Q satisfies the Euler-Lagrange-Jensen alternative generalized quintic functional equation (2).

2. For all x ∈ X, p = log2κ 2,

‖ϕ(x) −Q(x)‖ ≤
c

30h2(h2 + 1)

[2(1 + 30p)

(25p − 1)

] 1
p
. (37)

3. For all x ∈ X, Q(x) = lim
n→∞

Qn(x) where Qn(x) = 2−5nϕ(2nx).

Proof. By replacing x = 0, y = 0 in (36), we obtain

c ≥ ‖(h + 1)5[hϕ(0) + ϕ(0)] + (h − 1)5[hϕ(0) − ϕ(0)] − (h2 + 1)[h2
(
ϕ(0) + ϕ(0)

)
+ 2(h2

− 1)2ϕ(0)]‖

= |(h + 1)6 + (h − 1)6
− 2(h2 + 1)[h2 + (h2

− 1)2]|.‖ϕ(0)‖
= 30h2(h2 + 1)‖ϕ(0)‖.

Note that h , 0. So we have

‖ϕ(0)‖ ≤
c

30h2(h2 + 1)
. (38)

By replacing y by x in (36) we get

c ≥

∥∥∥∥(h + 1)5
[
hϕ

(hx + x
h + 1

)
+ ϕ

(x + hx
h + 1

)]
+ (h − 1)5

[
hϕ

(hx − x
h − 1

)
− ϕ

(hx − x
h − 1

)]
−(h2 + 1)

[
h2

(
ϕ(x + x) + ϕ(x − x)

)
+ 2(h2

− 1)2ϕ(x)
]∥∥∥∥

=
∥∥∥∥(h + 1)6ϕ(x) + (h − 1)6ϕ(x) − (h2 + 1)

[
h2

(
ϕ(2x) + ϕ(0)

)
+ 2(h2

− 1)2ϕ(x)
]∥∥∥∥

=
∥∥∥[(h + 1)6 + (h − 1)6

− 2(h2 + 1)(h2
− 1)2

]
ϕ(x) − h2(h2 + 1)ϕ(0) − h2(h2 + 1)ϕ(2x)

∥∥∥
= ‖32h2(h2 + 1)ϕ(x) − h2(h2 + 1)ϕ(0) − h2(h2 + 1)ϕ(2x)‖
= h2(h2 + 1).‖25ϕ(x) − ϕ(0) − ϕ(2x)‖.

Note that h , 0. So this implies that

‖25ϕ(x) − ϕ(0) − ϕ(2x)‖ ≤
c

h2(h2 + 1)
. (39)
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By using Theorem 1.2 and (39), we obtain

1
2
‖25ϕ(x) − ϕ(2x)‖p ≤ |||25ϕ(x) − ϕ(2x)|||p

≤ |||25ϕ(x) − ϕ(2x) − ϕ(0)|||p + |||ϕ(0)|||p

≤ ‖25ϕ(x) − ϕ(2x) − ϕ(0)‖p + ‖ϕ(0)‖p

≤
cp

h2p(h2 + 1)p + ‖ϕ(0)‖p. (40)

It follows from (38) and (40) that

1
2
‖ϕ(x) − 2−5ϕ(2x)‖p ≤ |||ϕ(x) − 2−5ϕ(2x)|||p ≤ 2−5p(1 +

1
30p)

cp

h2p(h2 + 1)p. (41)

For each n ∈N and x ∈ X, put

Qn(x) = 2−5nϕ(2nx). (42)

Using (5), (41) and (42), we have

|||ϕ(x) −Qn(x)|||p

= |||ϕ(x) − 2−5nϕ(2nx)|||p

≤ |||ϕ(x) − 2−5ϕ(2x)|||p + |||2−5ϕ(2x) − 2−5.2−5ϕ(2.2x)|||p + · · · + |||2−5(n−1)ϕ(2n−1x) − 2−5nϕ(2nx)|||p

≤

(
1 + 2−5p + · · · + 2−5(n−1)p

)
2−5p(1 +

1
30p)

cp

h2p(h2 + 1)p

≤
1 − 2−5pn

1 − 2−5p 2−5p(1 +
1

30p)
cp

h2p(h2 + 1)p

≤
1 − 2−5pn

25p − 1
(1 +

1
30p)

cp

h2p(h2 + 1)p. (43)

Now, we will prove that {Qn(x)} is a Cauchy sequence in (Y, ‖.‖, κ). Indeed, for i, j ∈ N and i > j, by
using (6) and (43) we obtain

0 ≤
1
2
‖Q j(x) −Qi(x)‖p ≤ |||Q j(x) −Qi(x)|||p (44)

= |||2−5 jϕ(2 jx) − 2−5iϕ(2ix)|||p

= |2|−5 jp
|||ϕ(2 jx) − 2−5(i− j)ϕ(2i− j.2 jx)|||p

≤ 2−5 jp.
1 − 2−5p(i− j)

25p − 1
(1 +

1
30p)

cp

h2p(h2 + 1)p

≤
2−5 jp

− 2−5pi

25p − 1
(1 +

1
30p)

cp

h2p(h2 + 1)p.

Taking the limit in (44) as i, j→∞, we obtain

lim
i, j→∞

‖Q j(x) −Qi(x)‖ = 0.

Hence, {Qn(x)} is a Cauchy sequence in (Y, ‖.‖, κ). Since, (Y, ‖.‖, κ) is a quasi-Banach space, there exists
Q : X→ Y such that for each x ∈ X,

Q(x) = lim
n→∞

Qn(x). (45)
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Using (6), (43), (45) and the continuity of |||.|||, we obtain

1
2
‖ϕ(x) −Q(x)‖p ≤ |||ϕ(x) −Q(x)|||p = |||ϕ(x) − lim

n→∞
Qn(x)|||p

= lim
n→∞
|||ϕ(x) −Qn(x)|||p

≤ lim
n→∞

1 − 2−5pn

25p − 1
(1 +

1
30p)

cp

h2p(h2 + 1)p

= (
1 + 30p

30p )
cp

h2p(h2 + 1)p(25p − 1)
.

This implies that (37) holds.
We will prove that Q satisfies (2). By replacing x by 2nx and y by 2ny in (36) then multiplying two sides

of the inequality by 2−5n and using inequality (6), we obtain

c ≥

∥∥∥∥(h + 1)5
[
hϕ

(h2nx + 2ny
h + 1

)
+ ϕ

(2nx + h2ny
h + 1

)]
+ (h − 1)5

[
hϕ

(h2nx − 2ny
h − 1

)
− ϕ

(h2ny − 2nx
h − 1

)]
−(h2 + 1)

[
h2

(
ϕ(2nx + 2ny) + ϕ(2nx − 2ny)

)
+ 2(h2

− 1)2ϕ(2nx)
]∥∥∥∥

≥ 25n
∥∥∥∥(h + 1)5

[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
h + 1

)]
+ (h − 1)5

[
hQn

(hx − y
h − 1

)
−Qn

(hy − x
h − 1

)]
−(h2 + 1)

[
h2

(
Qn(x + y) + Qn(x − y)

)
+ 2(h2

− 1)2Qn(x)
]∥∥∥∥

≥ 25n
∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5

[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
h + 1

)]
+ (h − 1)5

[
hQn

(hx − y
h − 1

)
−Qn

(hy − x
h − 1

)]
−(h2 + 1)

[
h2

(
Qn(x + y) + Qn(x − y)

)
+ 2(h2

− 1)2Qn(x)
]∣∣∣∣∣∣∣∣∣∣∣∣.

This implies that∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
h + 1

)]
+ (h − 1)5

[
hQn

(hx − y
h − 1

)
−Qn

(hy − x
h − 1

)]
−(h2 + 1)

[
h2

(
Qn(x + y) + Qn(x − y)

)
+ 2(h2

− 1)2Qn(x)
]∣∣∣∣∣∣∣∣∣∣∣∣ ≤ 2−5nc. (46)

Taking the limit in (46) as n→∞, using (45), the continuity of p-norm |||.|||, we obtain∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
hQ

(hx + y
h + 1

)
+ Q

(x + hy
h + 1

)]
+ (h − 1)5

[
hQ

(hx − y
h − 1

)
−Q

(hy − x
h − 1

)]
−(h2 + 1)

[
h2

(
Q(x + y) + Q(x − y)

)
+ 2(h2

− 1)2Q(x)
]∣∣∣∣∣∣∣∣∣∣∣∣

=
∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5

[
h lim

n→∞
Qn

(hx + y
h + 1

)
+ lim

n→∞
Qn

(x + hy
h + 1

)]
+ (h − 1)5

[
h lim

n→∞
Qn

(hx − y
h − 1

)
− lim

n→∞
Qn

(hy − x
h − 1

)]
−(h2 + 1)

[
h2

(
lim
n→∞

Qn(x + y) + lim
n→∞

Qn(x − y)
)

+ 2(h2
− 1)2 lim

n→∞
Qn(x)

]∣∣∣∣∣∣∣∣∣∣∣∣
= lim

n→∞

∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
hQn

(hx + y
h + 1

)
+ Qn

(x + hy
h + 1

)]
+ (h − 1)5

[
hQn

(hx − y
h − 1

)
−Qn

(hy − x
h − 1

)]
−(h2 + 1)

[
h2

(
Qn(x + y) + Qn(x − y)

)
+ 2(h2

− 1)2Qn(x)
]∣∣∣∣∣∣∣∣∣∣∣∣

≤ lim
n→∞

2−5nc

= 0.
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It follows that∣∣∣∣∣∣∣∣∣∣∣∣(h + 1)5
[
hQ

(hx + y
h + 1

)
+ Q

(x + hy
h + 1

)]
+ (h − 1)5

[
hQ

(hx − y
h − 1

)
−Q

(hy − x
h − 1

)]
− (h2 + 1)

[
h2

(
Q(x + y) + Q(x − y)

)
+ 2(h2

− 1)2Q(x)
]∣∣∣∣∣∣∣∣∣∣∣∣ = 0.

This proves that Q satisfies (2).
Proving the uniqueness of Q is similar to the proof of Theorem 1.2 where Lemma 1.3 is replaced by

Lemma 2.4.

Similarly, we also have the result in normed spaces. This result is [14, Theorem 3.1]. In fact, the assumption
of (X, ||.||) being a normed space is superfluous. We need only X is a vector space.

Corollary 2.6 ([14], Theorem 3.1). Suppose that

1. (X, ‖.‖) is a real normed space and (Y, ‖.‖) is a real Banach space.

2. ϕ : X→ Y is a map satisfying (36).

Then there exists a unique map Q : X→ Y such that

1. Q satisfies the Euler-Lagrange-Jensen alternative generalized quintic functional equation (2).

2. For all x ∈ X,

‖ϕ(x) −Q(x)‖ ≤
c

15h2(h2 + 1)
.

Finally, we give an example to support our results. The example also shows that our results are proper
generalizations of the given ones in [14].

Example 2.7. Consider the given spaces X, Y and the map ϕ in Example 2.1. Then we have

1. (Y, ‖.‖, κ) is a real quasi-Banach space with κ = 2.

2. Theorem 2.5 is applicable to X, Y, ϕ but Theorem 1.4 is not.

3. ϕ is approximated by the map Q : X→ Y defined by Q(x) = x5, x ∈ L
1
2 [0, 1].

Proof. (1). It follows from [12, Examble 1] that (Y, ‖.‖, κ) is a quasi-Banach space with κ = 2.
(2). It follows from (1) and Example 2.1.(2) that all the assumptions of Theorem 2.5 are satisfied. Hence,

Theorem 2.5 is applicable to X and ϕ.
However, it follows from Example 2.1.(1) that Y is not a Banach space. So Theorem 1.4 is not applicable

to given X, Y and ϕ.
(3). We find that Q(x) = lim

n→∞
2−5nϕ(2nx) = lim

n→∞
2−5n

(
(2nx)5 + a

)
= lim

n→∞
(x5 + 2−5na) = x5.
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