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Abstract. This paper presents some new propositions related to the fractional order -difference operators,
for the case of general quadratic forms and for the polynomial type, which allow proving the stability of
fractional order h-difference systems, by means of the discrete fractional Lyapunov direct method, using

general quadratic Lyapunov functions, and polynomial Lyapunov functions of any positive integer order,
respectively. Some examples are given to illustrate these results.

1. Introduction

Fractional calculus, the study of integrals and differences of any order, is a topic of growing interest. Basic
information on fractional calculus, concepts, ideas and their applications can be found e.g. in [17, 18,27-29].
Dynamical systems are one of the most active areas because of their applications in various fields of science
and engineering, and many authors have focused on the stability of the nonlinear fractional systems, see
for instance [1, 4, 5, 9, 10, 19-21, 31, 33-36]. Due to the lack of geometrical interpretation of the fractional
derivatives and the differences, it is difficult to find a valid tool to analyze the stability of the fractional
equations, and to our knowledge there are few works on the stability of solutions for either fractional
differential equations, see [19, 20, 34, 35] or fractional difference equations, see [1, 4, 5, 9, 10, 21, 31, 36].

This paper will focus on the stability of the fractional order h-difference systems. The fractional order
h-difference operators are special operators of the discrete fractional calculus, which were initiated by Miller
and Ross [23] in 1988. Since then there has been a great deal of interest in the discrete fractional calculus.
The basic theory of the discrete fractional calculus can be found in [2, 3, 6, 8, 11-13, 15, 16, 24-26, 32] and
other sources. The calculus of fractional h-differences was given for instance in [6, 15, 24-26, 32].

So, in order to prove the stability of the fractional order h-difference systems, it is not an easy task
to directly extend the normal Lyapunov stability results to the fractional cases since the Leibniz law is
complicated and does not hold generally. Matignon [22] proposes an explicit stability condition for a
linear fractional differential systems. The articles [19, 20] present the fractional Lyapunov direct method
to the fractional order differential systems, for the applications of this method, see [33-35]. However, it
is a difficult task to find an appropriate Lyapunov function by means of this method. Some authors have
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proposed Lyapunov functions to prove the stability of the fractional order systems. For the application of
this method, we refer to [1, 4, 5, 9, 10, 21, 31, 36].

In [21], we consider the stability of nabla (g, h)-fractional difference equations by Lyapunov direct
method combining with the comparison lemma. In our present paper, we use a different method to show
these comparison lemmas, that allow using general quadratic Lyapunov functions to analyse the stability
of the fractional order h-difference systems. We also give some new propositions for the fractional order
h-difference systems, which enable us to build polynomial Lyapunov functions of any order to determine
the stability of such systems. As a consequence, we give a sufficient condition for these systems to be stable
or asymptotically stable. Finally, some examples are given to illustrate our main results.

2. Preliminary Definitions

Let (hIN), := {a,a+ h,a +2h,---}, where h > 0, 2 € R. We use the notation ¥, denotes the set of real
valued functions defined on (hIN),. Let o(t) = t + h for t € (hN),. For the convenience of the readers, we
will list some relevant results here.

Definition 2.1. (See [24, Definition 2.1]). For a function y € Fymn,, the forward h-difference operator is defined as

y(o(t) — y(b)

Bi)(t) = T

, t € (N),. 1)

and the h-difference sum is given by
tq
WA Y = ) y(shh, te (iN),,
s=i;
where, by convention, (,A;y)(@) = 0.

Definition 2.2. (See [6, Definition 2.6]). For arbitrary t, v € R, the h-factorial function is defined by

I(f+1)

W) _ v
£ =n ——,
h It +1-v)

)

where T is the Euler gamma function with + +1 ¢ Z_ U {0}, and we use the convention that t;lv) =0, when { +1—-v
is a nonpositive integer, and 1 + 1 is not a nonpositive integer.

Definition 2.3. (See [6, Definition 2.8]). For a function y € Fyn,, the fractional h-sum of order v > 0 is given by

t
v

Ay = % Z(t — o(sh)\" Vy(sh), t e (N)giun, 3)

—a
5=y

and (,A%y)(t) = y(t), o(sh) = (s + 1)h.

Definition 2.4. (See[24, Definition 2.6]). Letv € (n—1,n], and set u = n—v, wheren € INy. The Riemann-Liouville
like fractional h-difference operator , A} of order v for a function y € F), is defined by

i
%WAZZHU — o) y(sh), t € (MN)arn W

s=3

@A) = (AL GA, YD) =
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Lemma 2.5. (See [24, Theorem 2.8]). Let v € (n —1,n], and u = n — v, where n € INy. The following formula is
equivalent to (4):

t
v

h -
Carn® = LT ;(t —a(sh) " Vy(sh), v e (n—1,m), t € (N)arpn, -

Aly)®), v=n, t € (iN).

Lemma 2.6. (See [24, Definition 2.9]). Let v € (n —1,n], and set u = n — v, where n € INy. The Caputo like
h-difference operator ,A;  of order v for a function y € Funy, is defined by

W0 = &, G0 = 5o )Za—a(sh))(“ Y(ay)sh), t € (MN)se. (6)

Lemma 2.7. (See [24, Proposition 2.11]). Let v € (n —1,n], and yu = n—v, where n € Ny. The following formula is
equivalent to (6):

%7(717\/)

Z (t— G(Sh))(" v-1) Z(_l)r+1 (7:)]/((1’ + S)h), vemn-1,n),te (hN)a+yhr
=4 r=0

hl—n
A0 = AT =) &
(AI)®), v=n, t € (EN),.

(7)

The following corollary appears in Mozyrska et al [24, Corollary 4.2].
Corollary 2.8. (See [24, Corollary 4.2]). Let v € (0, 1]. The following formula holds

(t - a) " y(a)

(ﬂAZ,*y)(t) = (aAZ}/)(t) - T(1—v)

t € (MN)zt1-vyn- (8)

Lemma 2.9. The following properties are useful in this paper:
Delta difference of the h-falling factorial function (See [15, Lemma 3.2])

Au(t = sh)” = —v(t — o(sh)" ™, )
(t=sh—h)\")~(t=sh)""
h

where ;A (t — sh)(v)
Summation by parts (See [4, Property 2.3])

t
-1 W Lyy-1

Y sl + W) = 1 (e - Z YEMAH), € (MN)sauy (10)

—4a
5=y h

3. General quadratic Lyapunov functions for stability

In this section, we will demonstrate stability of the fractional order h-difference systems by finding a
general quadratic Lyapunov functions, using the discrete fractional Lyapunov direct method.
Consider the following nonlinear vector fractional order h-difference equations

{ (A 00 = f(tx(t+vI)), t € (MN)peqaoopn, "
x(a) = xp € R",
and
GALX)() = f(t, x(t + VD)), t € (HN)asqoyn, ”
A (B)l=ar@-vn = B "x0 € R”,
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where f @ (hN)grq-vn X R* — R is continuous with respect to x, x : (kIN), — R”, and v € (0,1]. By
Schauder’s Fixed Point Theorem, it is easy to show that equations (11) and (12) has a solution which exists
in (hIN),, we could refer to [13, Theorem 6.11].

The constant vector x,, is an equilibrium point of the nonlinear vector fractional order h-difference equation
(11) (or (12)) if and only if (A xeg)(H) = f(t, Xeq(t + vH)) = 0 ((2A)Xeq)(t) = f(t, Xeq(t + vH)) in the case of the
Riemann-Liouville vector fractional h-difference equation) for all t € (FIN)q(1-y)p-

Assume that f(t,0) = 0 so that the trivial solution x = 0 is an equilibrium point of the fractional order
h-difference system (11) (or (12)). Note that there is no loss of generality in doing so because any equilibrium
point can be shifted to the origin via a change of variables.

First, we present the following simple definitions and important facts.

Definition 3.1. The equilibrium point x = 0 of the system (11) (or (12)) is said to be
(a) stable, if for each € > 0, there exists 6 = 6(¢) > 0 such that ||x(a)|| < 6 implies ||x(a + kh)|| < & for all k € Np.
(b) attractive, if there exists 6 > 0 such that ||x(a)|| < 0 implies limy_,. x(a + kh) =
(c) asymptotically stable, if it is stable and attractive.

The fractional order h-difference system (11) (or (12)) is called stable (asymptotically stable) if their
equilibrium point x = 0 is stable (asymptotically stable).

Definition 3.2. Let V : (hIN), X R" — R be a continuous scalar function. V is a Lyapunov function if it is a locally
positive-definite function, i.e. V(t,0) =0, V(t,x) > 0, Vx € U\ {0} with U being a neighborhood region around x = 0.

Definition 3.3. (See [14, Definition 3.2]). A function ¢(r) is said to belong to the class K if and only if ¢ €
CII0, p), R,], $(0) = 0, and ¢(r) is strictly monotonically increasing in r.

Definition 3.4. A real valued function V(t, x) defined on (hIN), X S,, where S, = {x € R" : ||x|| < p}, is said to be
positive definite if and only if V(t,0) = O for all t € (hIN), and there exists ¢(r) € K such that p(r) < V(t,x), |lxl| =1,
(t,x) € (MN), X Sp.

Definition 3.5. A real valued function V(t, x) defined on (hIN), X S,, where S, = {x € R" : ||x|| < p}, is said to be
decrescent if and only if V(t,0) = 0 for all t € (hN), and there exzsts o(r) € ’K such that V(t,x) < ¢(r), lIxll = r,
(t,x) € (AIN), X S,,.

Now, let us recall that the Z-transform of a sequence {y(1)},cN, is a complex function given by Y(z) =

ZIylz) = Yo L (k), where z € C is a complex number for which this series converges absolutely. The
Z-transform of (pa is defined as

Zige =Y () - 2< ()5

k=0

where
Palm) =( el )= (—1>”( o )

The convolution of @, and x is defined as
. S (n-s+a-1
(Parx)(m) =) | ( e )x(s>.
s=0

The following relations hold for the Z-transform, Z[x(n) = y(n)]l(z) = Z[x(m)](z)Zly(m)](z), Zly(n — 1)](z) =
%Z[y(n)](z) for |z| > R, where R is the radius of convergence of Z[y(n)](z).
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Proposition 3.6. (See [26, Proposition 16]). For v € (0,1], a € R, let y(n) := (,A] x)(@ + (1 — v)h + nh), where
n € Ny. Then

z 1-v
ZWE =1"(>=) l-DXE -z@), (13)

z
where X(z) = Z[X](z), and Z(n) = x(a + nh).

Proposition 3.7. (See [26, Proposition 24]). For v € (0,1], a € R, let y(n) := (;Ayx)(a + (1 — v)h + nh), where
n € Ny. Then

2116 = {(-5) "x@ - 2@, 14
where X(z) = Z[X](z), and %(n) = x(a + nh).

Lemma 3.8. (Diagonalization of a real symmetric matrix [7, p. 54]). Let P € R™" be a real symmetric matrix.
Then it may be transformed into a diagonal form by means of an orthogonal transformation, that is to say, there is an
orthogonal matrix B € R™" and a diagonal matrix A € R™" such that

P = BABT.

Now, we give the following lemmas for the Caputo fractional order h-difference, which will be useful
for proving the stability of the system (11).

Lemma 3.9. Assumev € (0,1], x, y € R, (tA] x)(#) > (A y)(#), t € (WN)asq-vyn. Then we have x(t) — y(t) >
x(a) — y(a) for t € (hIN),.

Proof. 1t follows from (,A] x)(f) > (A} y)(t), that there exists a nonnegative function M(-) satisfying

h,x
@Ay, )0 = (A, y)(E) + M(E). (15)
Taking the Z-transform of the equation (15), and using the Proposition 3.6, we get

h‘”(%)l_v[(z ~ 1)X(z) - zx(a)] = h‘V(Z_Ll)H[(z ~ 1Y) - zy@)] + M),

where X(z) = Z[x](z), Y(z) = Zl[yl(z). 1t follows that

z
z—1

X(2) = Y(2) + hvé(%)vM(z) + ——(x(a) - y(a)). (16)

Applying the inverse Z-transform to the equation (16) gives
x(t) = y(t) + 1" (@y » M)(n — 1) + (x(a) - y(a)),

n +Z_ 1) (-1)" _nv ) It follows from M(t) > 0 and h'(p, * M)(n — 1) > 0 that

x(t) — y(t) = x(a) — y(a). The proof is complete. [J

where ¢,(n) =

Proposition 3.10. (See [4, Lemma 3.2]). Forv € (0,1], and y € R, the following inequality holds

(D) Y < 2yt + V)AL Y)(E), t € (HN)asq—pi- (17)

Proposition 3.11. For v € (0,1], and y € R", the following relationship holds

%aAZ,*(yT(t)Py(f)) < YTt +vi)PGA, ®), t € (N)asa-nis (18)

where P € R" X R" is a constant, square, symmetric, and positive definite matrix.
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Proof. Since the matrix P is symmetric, using Lemma 3.8, there exists an orthogonal matrix B € R™", and a
diagonal matrix A € R™" such that

SV OPY() = 3y OBABy() = 3 (BTy(0) ABTy(0).

Set x(t) := BTy(t), then we have

SAL T OAX() = 3(A ZAux (t)—ZAu (A0, (19)

Applying Proposition 3.10 to the equality (19), and remembering the positivity hypothesis of the matrix P
we have that A; > 0, then

= AV (T OAX() < Z/\,,x (t + VI AL x)(B),

that is,

%HAZ,*(xT(t)Ax(t)) < xT(t + Vh)AGA;, X)) (20)

Then, replacing x(t) = BTy(t) in the inequality (20), we have

%aAZ,*((BTy(t))TA(BTy(t))) < (BMy(t + vh) " Acdy; (BT y(D)). (21)

Rearranging and using BABT = P in the inequality (21), we get

1
Sal, (YT (OPY(®) < y' (t+VIPGA] Y)(E).
The proof is complete. [

Lemma 3.12. Let x = 0 be an equilibrium point of the system (11). If there exists a positive definite and decrescent
scalar function V(t, x), class-K functions y1, y», and y3 such that

y1le@®Il) < VE, x(0) < yallx@ll), t € (hN),, (22)
and

ALV x(8)) < =pa(llx(t + vi)ll). (23)
Then the system (11) is asymptotically stable.
Proof. From the equations (22) and (23), we have

WA}, V) x(1) < =y3(yy (V(E+vh, x(t+ VR)),

where y;! denotes the inverse of y». It is evident that y3 o ;! is a discrete class K function.
Considering a fractional difference equation

@Ay, L)t (1) = =ya(yy (UGt +vh, x(t + vi)).

Similar to the proof of [4, Theorem 2.10], we could show that V(t, x(t)) < U(t, x(t)). Then, as the proof of [4,
Theorem 2.9], we could obtain lim;_,. U(t, x(f)) = 0. Since y is a class K function, and y1(|[x()|]) < V (¢, x(¢)),
it follows that lim;_,. x(t) = 0. The proof is complete. [
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Theorem 3.13. Assume x = 0 is an equilibrium point of the system (11), if the following condition is satisfied

xT(t + vi)PF(t, x(t + vh)) <0, t€ (HN)gs-vyn,
then the system (11) is stable. Also, if

xT(t + vi)PF(t, x(t + vh)) <0, t€ (HN)gsa-vy, Vx £ 0,
then the system (11) is asymptotically stable.

Proof. Let us propose the following Lyapunov function, which is positive definite
V(t,x(t) = %xT(t)Px(t).
Using Proposition 3.11, we obtain
WA}, V() < xT(t+ VR)PGA], x)(8) = x" (¢ + VR)Pf(t, x(t + vh)) <0,
by Lemma 3.9, we have
V(t, x(t)) < V(a, x(a)),
that is,
L r L r
=x" (H)Px(t) < =x" (a)Px(a).
2 2
Since BABT = P, we obtain
%xT(t)BABTx(t) < %xT(a)BABTx(a).
Set y(t) := BTx(t), then we have
1 1
SY OAY®) < Sy @AY (@),

Since A is a diagonal matrix, it follows that

n n
Z AiyA(t) < Z iy (a).
i=1 i=1
Hence, we have

Aminll YOI < Amaxl Y@,

where Apin = min{|A;| : 1 < i < n}, Apax = max{|A;] : 1 <i < n}.
Since B is an orthogonal matrix, and y(t) = BTx(t), we have

Aminllx(t)l|z < Amax”x(a)”2~

1161

(24)

According to the definition of stability in the sense of Lyapunov, we see that the system (11) is stable in the

sense of Lyapunov.
If

XL (t+ VI)PF(t, x(t + 0h)) < 0, t € (HN)gy(1ovy, Vx # 0,

similar to the above step, we can show that the system (11) is stable. Using Proposition 3.11, we have
(A}, V), x() < xT(t+ vh)P(,A} x)(t) < 0, that is, the fractional order h-difference of V function is negative
definite. Given the relationship between positive definite functions and class-K functions in [30]. As a

result, the system (11) is asymptotically stable from Lemma 3.12. The proof is complete.
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In what follows, we will present results concerning the Riemann-Liouville fractional order h-difference,
which are important to prove the stability of the system (12).

Lemma 3.14. Assume v € (0,1], x, y € R, (A x)(t) = (A y)(t), t € (MN)as -y, and x(a) < y(a). Then we have
x(t) = y(t) = x(a) — y(a) for t € (1N),.

Proof. 1t follows from (,A;x)(f) > (oA} y)(f) that there exists a nonnegative function M(-) satisfying
(A 2)(1) = (2B y)(E) + M(). (25)

Taking the Z-transform of the equation (25), and using the Proposition 3.7, we get

z(zh_zl )_VX(Z) —zh™"x(a) = z(

It follows that

Zh_z - ) Y() - 2hy(@) + M().

X(2) = Y(2) + %(K)VM(z) +(

_Z
z—1 —

—) (@) - y(@). 26)
Applying the inverse Z-transform to the equation (26) gives
x(t) = y(t) + B (py * M)(n = 1) + @, (1) (x(a) = y(a)),

n+v-—
n

I (@, * M)(n — 1) > 0 that x(t) — y(t) > x(a) — y(a). The proof is complete. []

where ¢, (n) = 1 ) = (—1)”( —nv ) < 1. It follows from ¢,(n) > 0, x(a) < y(a), M(t) = 0, and
Similar to the proof of [31, Lemma 2.10], we have the following Proposition 3.15.

Proposition 3.15. For v € (0,1], and y € IR, the following inequality holds
GATYA®) < 2y(t+vh)A YD), t € (HN)ara—v- 27)

Proof. If v =1, we have

2 2
<Awmn=mwmgzzﬁﬂ%;gg

and

2p7(t+ 1) = 2yt + Iy() YA+ R — Y20
I = I :

2y(t + v GALYI(E) = 2y(t + m)(Any)(H) =

So, the inequality (27) holds for v = 1.
If v € (0, 1), it follows from Corollary 2.8 that

(t—a) " y(a)

(A0 = GO - 7=
Then, we have

(t—a) (@)

(E+ VGAT (O = y{E+ VGO — y(t + VD)~ =,

and

(t—a) ()

(.50 = (A0 ~ — =5
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Since ;A,y*(t + vi) = 0, and using the summation by parts formula, we obtain

2y(t + vy, )0 = GAy Ly
h'H’ 1

h

=59 Z (t = o () syt + vi) - y(sh))

LAY
(t _ Sh)(fv) v 1

= =Ty o)~y 1+ gy X (e o) -y b=t

( )h V) tv-1

T T-v) (y(“‘Vh) y(a) ) Z (t = o(sh)| ™" 1)(y(t+vh) —y(sh))z.

Then, we arrive at

2yt + vh)GAY(E) — ALY
t-a) ™y

(t-a),"v'@
= 2y(t + V) GA] () + 2yt + vh) g —— - ) [, 570 + W]
B (t-a) "y (t-a)” 2(a) (—a)h 2
=2t T T Ay Ty (y(t +vh) - y(@))

+v1

1 V) Z (t = a(sh) ™Dyt + vh) - y(sh))

(t_a)h V) 2(t+Vh) h +v 1 o .
Ir-v) Ty Z (t = a(sh)), ( (t + vh) — y(sh))

> 0.
So, we have (aAZyz)(t) < 2y(t + vh)(.A)y)(t). The proof is complete. [

Proposition 3.16. For v € (0,1], and y € R", the following relationship holds

1 v

el OPY(®) <y (E+VIPGAY)(E), € (N)asqp, (28)
where P € R" x R" is a constant, square, symmetric, and positive definite matrix.
Proof. The proof is similar to Proposition 3.11, so we omit the details. O

Lemma 3.17. Let x = 0 be an equilibrium point of the system (12). Assume there exists a positive definite and
decrescent scalar function V(t,x), class-K functions y1, y2, and y3 such that

yilllx@®l) < V(E x(8) < y2(llx@l), £ € (hN),, (29)
and

@AV, x(1) < =ys(llx(t + vA)l). (30)
Then the system (12) is asymptotically stable.

Proof. The proof is similar to Lemma 3.12, so we omit the details. [
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Theorem 3.18. Assume x = 0 is an equilibrium point of the system (12), if the following condition is satisfied

xT(t + vi)PF(t, x(t + vh)) <0, t € (HN)zs1-vyn,
then the system (12) is stable. Also, if

xT(t + vi)PF(t, x(t + vh)) <0, t€ (HN)gsa-vy, Vx £ 0,
then the system (12) is asymptotically stable.
Proof. Let us propose the following Lyapunov function, which is positive definite

V(t,x(t) = %xT(t)Px(t).
Using Proposition 3.16, we have

GATV)(B) < xT(t+vh)P(AX)(E) = x" (F+ VI)Pf(t, x(t + vh)) < 0, (31)
and by Lemma 3.14, we have

V(t, x(t)) < V(a, x(a)),

that is,

1 r L r

Ex (B)Px(t) < Ex (a)Px(a).
Similar to the proof of Theorem 3.13, we have

/\min”x(t)”2 < /\max“x(a)llz-
According to the definition of stability in the sense of Lyapunov, we obtain the system (12) is stable in the
sense of Lyapunov.

If

xT(t + vh)PF(t, x(t + vh)) <0, t€ (HN)gsa-vy, Vx # 0,
similar to the above step, we can show that the system (12) is stable. Using Proposition 3.16, we have
WALV, x(1) < xT(t+ vh)P(,A}x)() < 0, that is, the fractional order h-difference of V function is negative

definite. Given the relationship between positive definite functions and class-K functions in [30]. Then,
from Lemma 3.17, the system (12) is asymptotically stable. The proof is complete. [

4. Polynomial Lyapunov functions for stability

In this section, we will introduce several propositions, which generalize the Lemma 2.10 in [31] and
Lemma 3.2 in [4], which are very important to show the Lyapunov stability for the fractional order k-
difference systems.

Proposition 4.1. Forv e (0,1], y € R, y(t) > 0, t € (hIN),, and | € {2k + 1,k € IN1}, the following inequality holds

WAL YO < Iy E+ V)AL Y)(E), t € (IN)gravpn. (32)
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Proof. We need to equivalently prove
A, )0 = Iy~ (E+ vh)GA] y)(b) < 0.
For v = 1, the inequality (33) can be written as
(By)(®) = Iy~ (E+ v (Auy)(E) < 0.

We will show the inequality (34) holds by induction. When I = 3, we have

3520+ O — (AnP)E) =3y2(t+h)y(t+h; yi vy (t+h;l y(t)

_ 2P+ ) = 3R+ Iy () + v ()
- .

According to Proposition 3.10, we have

(Any?)(t) = 2y(t + B)(Ary)(t) <O,
that is,

2°(+ 1) = By (E+ Iy () YA+ My () — 22 (B)y(E + h)
h - h '

Using the inequality (35), and y(t) > 0, we have

Y1) = 22Oyt + h) + v+ Wyt y(t)(y(t +h) -

1165

(33)

(34)

(35)

y()

3Y(E+ I (Ary)® = (Ary)(E) = - -

So, we obtain

(AnyP)() < 3y2(t + B)(Any)(D).

Assume the inequality

(Any“)(®) = ky (¢ + )(Aiy)(E) < 0

is true for k = 3, 5,- - -, I, we will show the following case k = I + 2 is true, that is,

(Any"™)(t) < (L + 20yt + h)(Any) ().

Then, we have

(1 + 2)y" 1t + W) Ay () = Ay ) (D)

=+ Z)y’”(t +h) y(t +h) —y(t) B yl+2(t +h) - yl+2(f)
h h
I+ Dy2(E + 1) — (L+ 2y (E+ h)y(t) + y*2(t)

p .
From the induction assumption, we have

I+1

(Ah]/HTl+l)(t) < (T + 1)]/”71 (t + h)(Ah]/)(t)/

that is,

(L + Dyt + h) — (L + 2y (t + hyy(t) . YLt + )y (t) — 2y (t + Ry = (D)
h - h .

(36)
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Using the inequality (36), and y(t) > 0, we have

I+1 _ oy blyg I+2

1+1 1+1 2
y®O(y'* t+1) -y ®)
= p > 0.

So, we obtain
(Any)(t) = Iy7L(E+ vi)(Any)(E) <0, 1€ {2k +1,k € Ny).

For v € (0,1), we prove the inequality (33) by induction. First, we show the case I = 3 holds. Using a
summation by parts formula, we have

BY2(t+ v A, (B = (A, 170

_3yA(t hhh
- yrélw Z(t—a(sh) D(Any)(sh) -

-1

Z (= o(sh) () sh)

r(1

312 (¢ Wh  (t — sh) (=) (sh) |t +v Fv-1 »
= yrgfiz)) [ 5 Z yis —v Z (1}_0(5;1))1(1 Dy(sh)]

=4
5=}

s=4

—sh V). 3 AN h+v 1
‘ S)” Sl g Z‘a—a(sh))(“y(sm]

h
ra- v)[

3(t—a), P+ V@) 3y + vh)hv

_ -3
=2h7"y(t + vh) — Ta—v) T =

Z (t = o(sh) ™V y(sh)

(t_“)h "y (@) hv iy (—v—1)
Td—v) T Ta-v) Z‘ (t - o(sh) "y sh).

It follows from Proposition 3.10 that

(A}, Y20 < 2y(t + Vi) A, Y)(D).
Applying a summation by parts formula, we have
2y(t + v A}, W) = A 7))
Lyy—1
_ 2y(t+vh)h ' (=)
=Ty L o e -

—a
“h

h+v 1

T Z (t = o(sm) " (ArP)(sh)

_a (=v) AN %ﬂ/—l
_ 2y(t+vh)h[(f shly Yy i Y = osh) " Vy(sh)

F(l - 1/) h s=4
V) 2 +v 1
- Fis V)[ Sh)h Sl Z (t = o))

2(t - a)};”y(t +vi)y@) 2yt + vhhy "
T(1-v) CT(1-v)

= IVyA(t + vh) — Z (t = a(sh) D y(sh)

_71



X. Liu et al. / Filomat 35:4 (2021), 1155-1178 1167

(t— a)h V) v2(a) - L1 .
Ti-v)  T(-v) ; (t=o(sh), "y (sh) 2 0,

that is,

217"y (t + vh)

At - )TN VYY) R+ vy s (cr1)
5 o e T Z (t = a(sh)S " Vy(sh) -
2= a) Y+ v 2yt + vy “Z”i 1(

- (-v-1)
I(1-v) T(1-v) a(sh)), "~y (sh).

iy

Using the inequality (37), and y(t) > 0, we have
BYP(t+ V)AL YO = () v

(t = )R+ V(@) (¢ + vy s

—v—1)
> Ty Ty Z (t — a(sh) "V y(sh)

+v-1

Y = otsh) A

2(t —a) "yt +v)A@)  2y(t + vh)hy
- T(1-v) CT(1-v)

h

t
-1

(t - a);(;/)f(a) hv (=v=1)
e RS Z“ (t = o(sh) VP (sh)

+v1

_ A
= M Z (t - Sh ( . Dy(Sh)(y(t + Vh) a y(Sh)>2 2 0

Ry e+ v~ y@)

F(l V)
So, we obtain
(@i, 1)) = BY*(E + VR)(A,, Y)(E) < O.
Now, we assume the inequality
(@A Y0 < Ky (E+ v GA] y)(b)
is true for k = 3,5, - - -, I, we will show the following k = [ + 2 case is true, that is,
A, Y0 < (+ 2y (E+ V) GA, y)()

Using summation by parts formula, we have

1+ 2yt + Vi) A y)(E) - <HA;,*y’+2><t>

1+2 I+1 t Wh " +V71
- iﬂyu_( ;V) Z (t = (s, (M)l = £ )Z (t = o) By )h)

[+ 2y (¢ hh(t—h) V)(h) Loy fHv-1 B
i TS

s=j
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—sh) l+2 h t+v-1
1h 1/)[(15 s ) (sh) Z (t— o sh));l v-1) l+2(sh)]
v 142 (I+2)(t - a)h_v)yl“(t +vhya)  (t-a) Vy2(a)
AR Ta-v) * oy
2+ iy .

1"(1 _ V) Z (t G(Sh))( V_l)y(sh) + F(l — V) S_Zﬂ (t — U(Sh))z_v_l)ylﬂ(sh).

From the induction assumption, we have

GO, Y20 < (S5 + 1)y (4 vGAT))

Using a summation by parts formula, we get

(555 + 1)y (€ vy 00 — Yy 200
_G 1)(3; i (Vt)+ il Zl( — o) i)sh) - ¢ R S
B ?(y _ (Vt)+ Vh)h[(t - Sh)’;l V)y(sm Ty hilu ~ o(sh)), VI Vy(sh)]
h_ V)[(t - Sh) el +Zvll(t —a(sh), "y T sh)
_ l;lh " vl — (5 + 1><t—r11”_>v; (t + vh)y(a)
- 1r)(yl_(t>+ - 21(t ooy + ?ﬁ;) :;H(a)
s

V> Z (t—a(sh), "y F I (sh) 2 0,
that is,
(I + DIy 2 (t + vh)

3=y Y@ 143+ vy

(~v-1)
= T(1-v) " T(1-v) S; (t=a(sh)), " y(sh) o)
Z(t - ﬂ) y%(t + Vh)y 2 ( ) t + Vh)hV ( v-1) I+1+
i Ta—v) - Z (t = o)y ).

7!;

Using the inequality (38), and y(t) > 0, we obtain

L+ 2y (¢t + vh) (D] y)(E) — (D] y2)(E)
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JANRYE.
ptv-1

(t—a) "y V@) Y+ vk o
= T(1-v) T TTa o) ;(t‘O(Sh))h y(sh)

+v-1

2t - )y E vy E @) 2y (v (o)t
- T - iy ;a—o(sh»h yEshy

(t - a)(—v)yl+2(a) L -1 i
r(’i —y Tra iv) Z (t = ash))" Dy 2 (sh)

t-a) Y@, M2
= ﬁ(y (t+vh) - y* ()

t
-1

h » . .
" Ta tv) ; (£ = o(sh)SVy(shy(y'F (¢ + vh) -y’ (sh))” > 0.

So, we obtain
WA, Y = Iy (E+v)GAL y)(E) <0, 1€ 2k +1,k € Ny).
The proof is complete. [
Proposition 4.2. Forv € (0,1], y € IR, and m € Ny, the following inequality holds
WA Y70 < 2"y 0+ V)AL (@), t € (HMN)ara-uie (39)

Proof. To prove the inequality (39), we start by iterating m times, and using Proposition 3.10, which results
in

WA 7)) <207 (E+ V)AL Y )(E)
< 22" (v VGAL ) <
<2 (E+ vy (Vi) - P+ V)GA) Y )(E),
which is equivalent to
(@A, 7)) < 2"y 2D+ Vi) GA] YD)
The proof is complete. [

Theorem 4.3. Assume x = 0 is an equilibrium point of the system (11). Then the following statements are satisfied:
(i) For xi(t) > 0 (i =1,2,--- ,n), t € (hN),, and | € {2k + 1,k € INy}, if the following condition is satisfied

XNt + Vi) filt, x(t +0h) <0, t € (MN)ar vy,
then the system (11) is stable. Also, if
XN+ vh) filt, x(t+ 0h)) <0, t € (MN)geqa—vyn, YX; # 0,

then the system (11) is asymptotically stable.
(ii) For m € Ny, if the following condition is satisfied

X0+ vh) fit, x(t + o) <0, t € (IN)grap,
then the system (11) is stable. Also, if
XD+ Vi) fit, x(t + 0h) < 0, t € (IN)gsqaopn, V; # O,

then the system (11) is asymptotically stable.
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Proof. (i) Let us propose the following Lyapunov function, which is positive definite

n I t
V(t, x() = Z xT()

i=1
Using Proposition 4.1, we obtain

n

WA} V)(b) < Z X7 (E+ V) GA] X)) = Z XN+ vh) fi(t, x(t + vh)) < 0.
i=1

i=1
Hence, by Lemma 3.9, we have
V(t, x(t)) < V(a,x(a)),

that is,

30 g5

L =
— | T £ l
i=1 i=1
According to the definition of stability in the sense of Lyapunov, we obtain the system (11) is stable in the

sense of Lyapunov.
If

XN+ vh) filt, x(t+ 0h)) <0, t € (MN)ge(1—vyn, ¥X # 0,

similar to the above step, we can show that the system (11) is stable. Using Proposition 4.1, we have
(,,AZ/*V)(t,x(t)) <Y xﬁ’l(t + vh)(aAZ/*x,-)(t) < 0, that is, the fractional order h-difference of V function is
negative definite. Given the relationship between positive definite functions and class-K functions in [30].
It follows from Lemma 3.12 that the system (11) is asymptotically stable.

(ii) The proof is similar to the previous one, by Proposition 4.2 and the positive definite Lyapunov
function:

na2 (¢
Vi) =Y xlzns )

i=1

The proof is complete. [
Proposition 4.4. Forv € (0,1], y € R, y(t) 2 0, t € (hN),, and | € {2k + 1,k € N1}, the following inequality holds

GALY)(E) < Iy U+ V) AY)(E), € (IN)aravpn (40)

Proof. We need to equivalently prove

GATYD(E) = Iy~ (E + vh) ALY < 0. an)

For v = 1, we can show as in the proof of Proposition 4.1. For v € (0, 1), we show the inequality (41) by
induction. When / = 3, using Lemma 2.5, we have

3Y2(E+ vh)GAY)(E) — (A1)

h Y
e Z(t — a(sh) P (3y2(E + viy(sh) — v (sh)
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¢
-1

2 (t = a(sh)" Byt + vinyy(sh) = v (sh)).

11

_ -3
=2h7"y(t + vh) + )

It follows from Proposition 3.15 that

(@AY < 2y(t + vy y)(D).

Using Lemma 2.5, we have

2y(t +viGALY(E) = ALY

h+V

T Z(t = a(sh) "D (2y(t + vhyy(sh) — y*(sh)

h+v 1
yA(t+ vh) + o) (2t + vyy(sh) - y3(sh) 2 0,
that is,
W Liy-1
2hV At + vh) > T ; (t = osh)) "~V (2y(t + vh)yA(sh) — 4y (t + vi)y(sh)). (42)

Using the inequality (42), and y(t) > 0, we have

BYA(t+ Vi) AT Y)(E) = ATy ()
tv-1

e - Z (t = o) (2t + vh)y(sh) — 42(¢ + viy(sh)

h+v 1

Z (t = olsh) "D (3y3(t + viyy(sh) — v (sh)

_71

Lyy—1
hot -
o v Z (t = o(sh) "V y(sh)(yP(t + vh) + yA(sh) = 2y(t + vi)y(sh))
h+v 1
h

= Z (t = a(sh)\ P y(sh)(y(t +vh) + y(sh))

_71

So, we obtain
ALY )(B) = By (t + vh)GALY)(E) < 0.
Now, we assume the inequality
ALY < Ky (E+ v AT y)(B)
is true fork = 3, 5, - - -, I, we will show the following k = [ + 2 case is true, that is,

ALY *)(E) < (1 + 2y (E+ vh) ATy
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Using Lemma 2.5, we have

(1 +2)y" (¢ + Vi) (A y)(t) — GAYYR)(E)

L+ 2)yL(t + vi)h § - ~ ), L
TP )yr( (v>+v ) Z-(t o(sh); "y (sh) - Z(t = (), Y h)
Fv-1
= (L + DY+ vh) + ) SZ: (t- a(sh)),g_V—l)[(l +2)y" 1t + vh)y(sh) — yl+2(sh)].
From the induction assumption, we have
l+1 l
GAE 0 = (S + 1)y AT
By Lemma 2.5, we have
l L1
(Ll + 1)y (4 vh) A y)(t) ~ Gy =B
- L4y
B ( = + 1r( v()t+1/h Z(t—U(Sh))( v— Dy(sh) Z‘(t_o.(sh))( v=1) 1+1+1(Sh)
h+v 1
I+1 11

= vy Tt + vh) tr 2 (t = ash)\™ 1>[(l 1 + 1)y (t+ vi)y(sh) - y 2+ (sh)] 2 0,

2

that is,

t
-1

Z (t= o) 0 = A+ 3y (¢t +viy(sh) + 2y (t+ vy = )] (43)

Iyt + vh) >
y o (t+vh) > ()

Using the inequality (43), and y(t) > 0, we have
I+ 2>yl“<t VALY = ATy )

+V1

) Z (t = o) = 1+ 3)y™ (¢t + vhy(sh) + 2y (¢ + vy 2+ (sh)]

h+v 1
Z (t = a(sh) V[ + 20yt + vhy(sh) - y 2]
Z (t = o) Dy (sh)(y 1t + vi) + v (sh) — 2y (¢ + vy F (sh)

7]1

r( V)

h+v 1

2 (£ = olsh)C Vy(sh(y' (¢ + vh) - y'F () > 0,

s=§

So, we obtain
GATY)(E) = Iy (E+ vi)GATY)(E) <0, 1€ {2k+ 1,k € Ny).

The proof is complete. [
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Proposition 4.5. Forv € (0,1], y € R, and m € Ny, the following inequality holds
(ALY < 27y 0+ VIGATY)®), € (N)a-vyi (44)

Proof. To prove the inequality (44), we start by iterating m times, and using Proposition 3.15, which results
in

GALYP () < 207" (E+ v GALY (D)
< 222" (E+ vy (VI GAL T < -
< 22"+ vy (4 vh) - P (V) GATYE (),

which is equivalent to
GALY ) < 2"y 2D (E+ VA
The proof is complete. [

Theorem 4.6. Assume x = 0 is an equilibrium point of the system (12). Then the following statements are satisfied:
(i) For xi(t) 20 (i =1,2,--- ,n), t € (hIN),, and | € {2k + 1,k € IN1}, if the following condition is satisfied

X7t + V) filt, x(E+ 0h)) O, t € (IN)as(a-v,
then the system (12) is stable. Also, if
XN+ vh) filt, x(t+ 0h)) <0, t € (MN)geqa—vyn, YX; # 0,

then the system (12) is asymptotically stable.
(ii) For m € INy, if the following condition is satisfied

X0+ vh) fit, x(t + 0h) <0, t € (IN)grapi,
then the system (12) is stable. And if
XD+ Vi) fit, x(t + 0) < 0, t € (IN)gsqaopn, V; # O,
then the system (12) is asymptotically stable.
Proof. (i) Let us propose the following Lyapunov function, which is positive definite
okt
V(t, x() = ; #
Using Proposition 4.4 gives us

n

WALV)(E) < Z AN+ V) AT () = Z AN+ Vi) filt, x(E + vh)) < 0.

i=1 i=1
By Lemma 3.14, we have
V(t, x(t)) < V(a, x(a)),

that is,
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According to the definition of stability in the sense of Lyapunov, we obtain the system (12) is stable in the
sense of Lyapunov.
If

XN+ vh) filt, x(t+ 0h)) <0, t € (MN)geqa—vy, YXi # 0,

similar to the above step, we can show that the system (12) is stable. By Proposition 4.4, we have
ALV, x(1) < Y xg_l(t + vh)(.Ajx;)(t) < 0, that is, the fractional order h-difference of V function is
negative definite. Given the relationship between positive definite functions and class-K functions in [30].
It can be concluded from Lemma 3.17 that the system (12) is asymptotically stable.

(ii) The proof is similar to the previous one, by Proposition 4.5 and the positive definite Lyapunov
function:

noo,2"
2 ()

V(t,x(t))zz -

i=1

The proof is complete. [

5. Numerical Results

Now, we give some numerical examples to illustrate the application of the results established in the
previous sections.

Example 5.1. Consider the following fractional order h-difference system

{ (A, 1)) = —x1(t +vh), x1(a) = 0.1,

(A, x2)(t) = —xa(t +vh), x2(a) =0.2, (45)

wherev = 0.5,a =0,h =1, t € (hIN)s11-vy, and this difference system has a trivial solution x(t) = (x1(t), x2())T = 0.
We can see that

xT(t + vh)Pf(t, x(t + vh)) = (x1(t + vh), xo(t + vh))P[ :28 I ZZ; ] = —(x1(t + vh) + x2(t + vh))*> <0,
1 1
where P = 111

Thus, from Theorem 3.13, the origin of the system (45) is stable, as it can be seen from Figures 1 and 2.

Example 5.2. Consider the following fractional order h-difference system

{ (aAle)(g z —3x28(t + vi)x1 (t + vh), x1(a) = 0.1, (46)

AIx)(t) = —3x3(t + vh)xa(t + vh), x2(a) = 0.2,

wherev = 0.5,a = 0,h = 1,t € (hIN)a4(1-v)n, and this difference system has a trivial solution x(t) = (x1(t), x ()T = 0.
We can see that
338t + vh)xy (t + vh)

xT(t + vh)Pf(t, x(t + 0h)) = (x1(t + vh), xo(t + vh))P __2% 2t + vyt + vh)

1 1
= —Ex;6(t + V)3 (t + vh) — Exg(t +vi)x3(t +vh) <0,

10
0 1f
Thus, from Theorem 3.18, the origin of the system (46) is stable, as it can be seen from Figures 3 and 4.

where P =
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Figure 1: Stability of x; for v = 0.5.
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Figure 3: Stability of x; for v = 0.5.
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Figure 2: Stability of x; for v = 0.5.
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Figure 4: Stability of x, for v = 0.5.

Example 5.3. Consider the following fractional order h-difference system

{ (A} x1)(t) = =xJ(t + vh), x1(a) = 0.4,

(@AY xX)(t) = —x2(t +vh) = xp(t +vh), x2(a) = 0.2,

1175

(47)

where v = 0.5, x;(t) 20 (i =1,2),a=0,h =1, t € (hIN)asq-v, and this difference system has a trivial solution

x(t) = (xa(b), x2(£))" = 0.
We can see that

X2+ vh)(.A)

h,*

ot + vh) (a2 x2)(t) = X5t + V) (=23 (t + vh) — xo(t + vh)) = —x3(t + vh)x3(t + vh) — x3(t + vh) < 0.

Thus, from Theorem 4.3 (i), the origin of the system (47) is stable, as it can be seen from Figures 5 and 6.

x1)(H) = 2 (t + vh)(—x3(t + vh)) = —x3(t + vh) < 0,
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: : : -005

. . .
0 50 100 150 200 0 50 100 150 200
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Figure 5: Stability of x for v = 0.5. Figure 6: Stability of x for v = 0.5.

Example 5.4. Consider the following fractional order h-difference equation

{ AL = =1 (t +vh) = 33+ vh), (A2 Olcgraon = K04, s

(A}, x2)(t) = —x3(t+vh), (A %) ()l=arvn = B1770.2,
wherev = 0.5, xi(t) >0( =1,2),a=0,h =1, t € (hIN)ss1—v, and this difference equation has a trivial solution
x(t) = (x1(t), x2())" = 0.

We can see that
X (E+ V) GA X1 )(E) = x3(t + vh)(=x1(t + vh) — x3(t + Vh)) = —x3(t + vh) — X3 (t + vh)x3(t + vh) <0,
ot + V) (A x2)(t) = x5t + Vi) (=3 (t + vh)) = —x3(t + vh)x5(t + vh) < 0.

Thus, from Theorem 4.6 (i), the origin of the equation (48) is stable, as can be seen from Figures 7 and 8.

0.4 ‘ ‘ ‘ 02
035 018
0.6
03
0.14
025 012
X, 1 201
015 0.08
0.06
01
0.04
0.05 ook
0 0 : ‘
0 50 100 150 200 0 50 100 150 200

t t

Figure 7: Stability of x for v = 0.5. Figure 8: Stability of x for v = 0.5.
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6. Conclusion

This paper presents some new propositions, which allow the application of general quadratic Lyapunov
functions to the stability analysis of the fractional order h-difference systems by means of the discrete
fractional Lyapunov direct method. In addition, this work gives a generalization of Lemma 2.10 in [31] and
Lemma 3.2 in [4], that allows establishing a broader family of Lyapunov functions to determine the stability
of the fractional order h-difference systems. As a result, we give the sufficient conditions for these systems
to be stable or asymptotically stable. In addition, some examples are given to show the established results.
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