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Abstract.

We examine the existence and multiplicity of positive solutions for a class of nonlinear semipositone
fractional differential equations involving integral boundary conditions. The results are obtained in terms

of different intervals of the parameters by means of the Leray-Schauder and Guo-Krasnoselskii fixed point
theorems. Examples are included to verify our main results.

1. Introduction

Fractional Calculus has been recently applied in various areas of engineering, science, finance, applied

mathematics, and bio engineering. However, many researchers remain unaware of this field. Monographs
[4, 8,11, 17, 18] are excellent source for the theory and its applications.

Among all subjects, the existence of positive solutions of singular nonlinear semipositone fractional

differential equations has been widely studied by many authors in recent years, see for example [2, 5-
7,9,12-15,19-24].

Namely, Luca and Tudorache [13] considered the following system

D*u(t) + uf(t,u®),vt) =0 in (0,1),n-1<a<n
DPo(t) + Ag(t,u(t),v(t)) =0 in (0,1),m—-1<B<m
u0)=0, 0<j<n-2, ul)= [ usdHe),
o) =0, 0<j<m—-2, o(1)= [ v(s)K(s),

where f,g: [0, 1] X [0, +00), X[0, +00) —> (=00, +00) are sign-changing and continuous. They presented two
intervals for parameters y and A such that the above problem has at least one positive solution. But the

existence of positive solutions is not treated when the nonlinearities f and g are singular at + = 0 or/and
t=1
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Then, in [16], Henderson and Luca investigated the existence of positive solutions for a system of semiposi-
tone coupled fractional boundary value problems

D*u(t) + uf(t,u®),vt) =0 in (0,1),n-1<a<n
DFfo(t) + Ag(t,u(t),o(t)) =0 in (0,1),m-1<B<m
ud0)=0, 0<j<n-2, ul)= [ o(s)dH(s),
oD(0) =0, 0<j<m—-2, o(1) = [ u(s)dK(s),

for f,g : (0,1) X [0, +00), X[0, +00) —> (—00,+00) sign-changing continuous functions satisfying —p(t) <
ft,u,v) < a1()p1(t,u,v) and —pa(t) < g(t,u,v) < ax(t)Ba(t,u,v) for all t € (0,1), u,v € [0,+00), with
pi,ai € C((0,1),[0,00)) and B; € C([0,1] X [0,00) X [0,00),[0,09)), 0 < [ pi(s)d(s) < o0, 0 < [ ay(s)d(s) < o0,
i=1,2.

More recently, in [19], Toumi and Wanassi discussed, in the scalar case, the existence of positive solu-
tion for the following problem

u?0)=0, 0<j<n-2,u(l)= /\fol u(s)ds, v

{D“u(t) + puf(t,u() =0, te(0,1),
where f : (0,1) X [0, +0), X[0, +00) —> (=00, +00) is sing-changing continuous function which may be
singular at f = 0 or/and ¢t = 1 and satisfies —p(t) < f(t,u) < q(t)g(t,u) with p,q € C((0,1),[0, >)) and
g € C([0,1] X [0, ), [0, 0)). The authors derived a new condition on p and g such that the existence of
positive solutions is proved. However, by developing asymptotic conditions on the nonlinearity f, they
obtained sufficient conditions to confirm the existence of multiple solutions, solely for p = 1.

Motivated by the above cited works, the purpose of this paper focuses on the study of the existence
of positive solutions for the following singular boundary value problem with fractional order involving
semipositone nonlinearities

D*u(t) + u1f(t,u®),v(t)) =0 in (0,1), n-1<a<n
DPo(t) + wag(t, u(t),o(t)) =0 in (0,1), m—=1<B<m
u0)=0, 0<j<n-2, ul)=A [ us)ds,
oD0)=0, 0<j<m=-2, v(1)= Ay fol v(s)ds,

()

depending on the real parameters p1, p > 0, wheren,m e N,n,m >3,0 < A1 <a,0 <Ay < B, D? denotes the
Riemann-Liouville derivative of order 6 and f, g € C((0, 1) X [0, +0) X [0, +0), (=00, +00)) are sign-changing
which may be singular at t = 0 or/and t = 1. In particular, we improve the existing results in the case
when the nonlinear terms satisfy more general conditions than those given in [13, 16, 19]. Moreover, by
using the positivity of the related Green’s function, existence and multiplicity results are derived, through
the well-known Leray-Schauder and Krasnoselskii fixed point theorems, from the construction of suitable
cones on Banach spaces. Such a construction follows by using adequate properties of the associated Green’s
function.

The paper is organized as follows. In Section 2 we recall some properties of the Green’s function and
lemmas which are needed later. Section 3 is devoted to establish existence of one or two positive solutions
for (2). In the last Section, some examples are given to illustrate our main results.

2. Preliminaries

In this section, we present the main tools that we will use throughout the paper.
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Definition 2.1. The Riemann-Liouville fractional integral of order a > 0 for a measurable function f : (0, +c0) — R
is defined as

1 t
I“f(t) = — t—s)* L f(s)ds, t >0,
£t mnﬁ( Y1£6)
where T is the Euler Gamma function, provided that the right-hand side is pointwise defined on (0, +c0).

Definition 2.2. The Riemann-Liouville fractional derivative of order o > O for a measurable function f : (0, +o0) —
R is defined as

D*f(t) = ﬁ(%)" fo (t—s)”*“*lf(s)ds=(%)”lﬂfaf(t),

provided that the right-hand side is pointwise defined on (0, +00). Here n = [a] + 1, [a] denotes the integer part of
the real number a.

In [2, 3, 19], a careful study of the linear problem has done and, in particular, of Green’s function. In the
same way, we continue and generalize our study based on this function. To this end, we recall the explicit
expression of the Green’s function related to problem (2) and its positive properties which usually are the
basic tool in the construction of the cone and the discussion of positive solutions of the considered problem.

Lemma 2.3. ([3]) Letn >3, n—1<a <nand A € (0,a). Let y € C([0, 1]). Then the boundary value problem

D%u(t) + y(f) = 0in (0, 1), 3)

u)=0, 0<j<n—2 u(l)=A [ u(s)ds,

has a unique solution
1
u(t) = f Gaa(t, s)y(s)ds,
0
where Gy (t,s) is the Green function given by
11 =) Y a = A+ As) — (@ = A)((t —s)T)* 7t
Gor(ts) = P9 )= (@= (¢t =35)") "

(a =) (a) ’
forall t,s €[0,1], with (t —s)* = max(t —s,0), s,t € [0,1].

The positive properties of the Green’s function will be of fundamental importance in many of our
arguments. Hence, we state the following proposition.

Proposition 2.4. ([3])) Let n —1 <a < n,n >3 and A € (0,a). Then G, defined by (4) satisfies the following
assertions:

i) G,y is nonnegative continuous function on [0,1] X [0,1] and Gy a(t,s) > 0, forall t,s € (0, 1).
.e _ao)a-1
ii) Gga(t,s) < nuKu(s) for all t,s € [0,1], where K,(s) = S(lr(‘;)) and 1, = 5.
iii) Ga(t,5) < Nat* 'ka(s) for all t,s € [0, 1], where ko(s) = S5k~
iv) Gaa(t,s) = navi, 177 Ku(s), Yt s € [0, 1], where vi, | = 4.

v) Let O € (0, %), s € [0, 1], then minsepg1-0] Gaa(t, 5) = YaKa(s), where

0 A
_Ga—l‘
a—1+a—)\)

ya:(
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In the sequel, we state a key lemma in which it is improved the results given in Lemma 2.3. More precisely,
a weaker condition on the linear term was assumed to prove the existence and uniqueness of solutions of
the linear problem.

Lemma2.5. ([2]) Letn>3,n—-1<a<nand A € (0, ).
Let (1 — ™ p(t) € C(0,1) N L(0, 1). Then the boundary value problem

{D“w(t) +p(t) =0in (0, 1), (5)

w?0)=0, 0<j<n-2, wl)=A7A fol w(s)ds,

has a unique solution w(t) = fol Gaa(t,s)p(s)ds € C([0, 1]) satisfying

ta—l

w(t) < ﬂa@

1
[ a-or s, vico.
0

The proofs of our results are based on the nonlinear alternative of Leray-Schauder type and the Krasnosel-
skii’s fixed point theorem.

Theorem 2.6. ([1]) Let X be a Banach space and Q) C X closed and convex. Assume U is an open subset of Q with
0 € Uandlet S : U — Q be a completely continuous operator. Then either

(1) S has a fixed point in U, or

(2) there exists u € dU and 6 € (0,1) such that u = 6S(u).

Theorem 2.7. ([10]) Let P be the cone of a real Banach space E and )y, (), two bounded open balls of E centered at
the origin with Q) C Q. Suppose that T : P N ( Qy\ Qy) —> P is completely continuous operator such that either
(i) |Tx|| = ||x|l, x € PN dQy and ||Tx|| < ||x]|, x € PN IQy , or
(ii) |Tx|| < ||x|l, x € P N 3Q and ||Tx|| > |Ix]|, x € P N Q.
holds. Then the operator T has at least one fixed point in P N ( o\ ).

3. Main results
This section is devoted to give existence results for the nonlinear boundary value problem (2). We shall

prove existence and multiplicity results for some suitable values of positive real parameters y; and 5.
In the sequel we need the following notations. For a function b € C(0, 1) and a real @ > 0, we denote

1
@alb) = fo ka($)Ib(s)lds,

where k, is given by Proposition 2.4 (iif) and for each 0 € [0, %), we denote

1-6
o) = K, (s)|b(s)lds,
) f@ (5)Ib(s)ids

where K, is given by Proposition 2.4 (ii).
Hereinafter, we adopt combinations of the following hypotheses:

(Hy) Thefunctions f, g € C([0, 1]X[0+00)X[0, 00), (=00, +00)) and there exist functions p1, p» € C([0, 1], [0, +o0))
such that p1(t), p2(t) # 0 on any subinterval of (0, 1) and satisfying

f(t,u,v) = —p1(t) and g(t, 1, v) > —po(t) forany t € [0,1] and u,v € [0, +00).
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(Hz) The functions f,g € C((0,1) X [0 + o) X [0, 00), (=00, +00)), and there exist functions p1,p2, q1,92 €
C((0,1), [0, +0)) such that p1(t), p2(t), g1 (), g2(t) # 0 on any subinterval of (0,1) and k1, hy € C([0, 1] X
[0, +00) X [0, +00), [0, +00)) such that

—p1() < f(t,u,0) < (Ot u,0),  —pa(t) < g(t, u,0) < g2(ha(t, u, v)

forallt € (0,1), u,v € [0, +00).
(Hs) £(t,0,0)> 0, g(t,0,0)>0 forallte[0,1].
(Ha) @alpr), 9p(p2), 921, P5(g2) € (0, +00).

Remark 3.1. It is clear that (H,) implies that
0 < OQ(p1), §(p2), $(a1), §(q2) < oo for each 0 € [0, )

In fact, for 6 € [0, %), we have

1-0 1 1
0< (1)5(;71) = fe Ky(s)pi(s)ds < fo Ka(s)pi(s)ds < fo ka(s)p1(s)ds = @a(p1) < o0.

Similarly for gbg(pz), dY(q), ng (q2)-

In this work, we intend to prove the existence of positive solution (u,v) of problem (2), that is (1,v) €
C([0,1]) x C([0, 1]) satisfying problem (2) and u(t) > 0 or v(t) > 0 Vt € (0, 1]. To overcome the difficulty of
positivity, we consider an auxiliary (intermediary) boundary value problem which will help us, combining
with the assumptions imposed on f and g, to obtain positive solutions of the nonlinear problem.
Therefore, consider the following auxiliary problem

Dx(t) + pa (f(t, [x(t) — wi (D], [y(t) —w2(O]) + p1(£)) =0, 0 < £ < 1,
DPy(t) + wa(g(t, [x(t) —wi (I, [y(t) —w2()]") + p2(H)) =0, 0 < t <1,

. 6
A0 =0,0<j<n-2, x(1) = A [ x(s)ds, ©)
YO =0,0<j<m—2, y(1)=A; [, y(s)ds,
where
. | x@t)—w(t), ifx(t)-w(t)=0
[x(t) - w®]" = { 0, if x(t) — w(t) < 0,
and (w;, wy) is the unique solution of the boundary value problem
D“wl(t) + [lel(t) =0, 0<t<1,
Dﬁwz(t) + yzpz(t) =0, 0<t<l1,
W0)=0, 0<j<n-2, wil)=A [ wi(s)ds,
WP0)=0, 0<j<m—2, wy(1) =1, [ wa(s)ds.
By Lemma 2.5, w; and w, satisfy
wl(t) < #1nata71(P(!(p1)r Yt e [0/ 1]/ (7)
w2(t) < [U2T7[3tﬁ_1(Pﬁ(p2)/ Vt e [0/ 1]/ (8)

We shall prove that there exists solution (x, y) for the boundary value problem (6) such that x(t) > w(t) or
y(t) > wy(t) for any t € (0,1]. Then, it is easy to verify that (x — w;, ¥ — w;) represents a positive solution of
boundary value problem (2).

So, we will concentrate our study on the boundary value problem (6). We consider the Banach space
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E = C([0,1]) X C([0, 1]) endowed with standard norm H(x, y)” = ||x]| + ||y|| where ||x|| = maxg<<1 [x(f)|, x € E.
We define the cone P by

P={(x,y) €E:x(t) > 0, y(t) > 0,x(t) > vt~ ||xll, y(t) > v~ ||y||, vt € [0, 11},

where v = min(v}, MV:; Az) and v}, A v*ﬁ A, are given by Proposition 2.4 (iv).
Forr > 0, let
Q= (@ y) € P: |ty <7

Next, we define the operator T : E — E as follows

T(x, y)() = (T1(x, (B, Tolx, y)(B), VY t€[0,1],

where

1
Ti(x, y(t) = fo Ga,1, (8 8)(f(s, [x(s) = wr(s)]", [y(s) — wa(s)]") + pa(s))ds,

and

1
Ta(x, y)(t) = p2 f(; Gp, (5, 8)(g(s, [x(s) = wi(s)]", [y(s) — w2(s)]") + pa(s))ds,
with G, 5, and Gg,, are defined by (4).

It is clear that if (x, y) is a fixed point of operator T, then (x, y) is a solution of problem (6).
Lemma 3.2. If (Hy) and (Hy) or (Hy) and (Hy) hold. Then T : P — P is completely continuous.

Proof. The operators T; and T are well defined. To show this, let (x,y) € P with [|(x, y)ll = M. Then we
obtain
[x(s) —w1(8)]" < x(s) < [l < [|(x, W) =M, Vs e[0,1]

[y(s) —wa()]" < y(s) < lyll < llx, Il =M, Vs €[0,1].

If (H;) and (Hy) hold, then we conclude that T;(x, y)(t) < co and Ta(x, y)(t) < co for all f € [0, 1]. If (H) and
(Hy) are satisfied, we obtain for all ¢ € [0, 1]

1
T, y)(t) < W fo Ka(s)(f(s, [x(s) = wi(s)]", [y(s) — w2(s)]") + pa(s))ds

IA

1
f17a fo Ka(8)(q1(8)h1(s, [x(s) — w19, [y(s) — wa(s)]) + pi(s))ds
1 1aL(@2(q1) + P(p1)) < o0,

IA

where

L=1+ max hy(t, u,v).
te[0,1],u,0€[0,M]

Similarly
Ta(x, y)(t) < oo
In addition, by Proposition 2.4 (iv) we deduce that

Tl(xl ]/)(t) 2 Vta_lllTl(xl ]/)”/ TZ(x/ ]/)(t) 2 Vtﬁ_lnTZ(xl ]/)”/ te [O/ 1]

Then T(Q) C Q. By using standard arguments, we conclude that T : P — P is a compelety continuous
operator. []
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Now, we prove the following existence results.

Theorem 3.3. Assume that conditions (Hy), (Hz) and (Hy) hold. Then there exist y(l’, yg > 0 such that problem (2)
has at least one positive solution for every 0 < p1 < uf and 0 < pp < p1d.

Proof. Let p € (0,1). Using (H;) and (H3), we deduce that there exists Ry € (0, 1] such that

f(t/ ul U) 2 pf(t/ 0/ 0)/ g(t/ u/ U) Z pg(t/ 0/ O)/ Vt € [0/ 1]/ ulv € [Ol RO] (9)
Define
M, = te[O,lli,I;g)e([O,Ro]{ f(t,u,0) +p1(t)} > ggﬁ{pf(t, 0,0) +p1(t)} > 0,

2 = tem’lﬂ%m]{g(t, u,v) +pa(t)} 2 g}gﬁ{pg(t, 0,0) +p2(t)} > 0,

and
0 Ro Ro

gy = ———— _
' A Migl(1) 4nM(1)
Let uy € (0, /fl’] and p, € (0, yg]. Define the set U = {(x,y) € P, |I(x, y)ll < Ro}. We suppose that there exist

(x,y) € dU and 6 € (0,1) such that (x, y) = 6T(x, y), thatis x = 6T1(x, y) and y = 5Ta(x, y).
Then

0_
;s Hp =

[x(t) — w1 ()] < x(t) < Ro,
[y(t) — w2 ()] < y(#) < Ro.
Therefore by Proposition 2.4, for all t € [0, 1], we have

x(t) = 0T1(x, y)(t)

IN

1
Th(x, y)(#) = fo Ga(t, 5)(f(s, [x(s) = wi(5)]", [y(s) — wa(s)]") + p1(s))ds

IA

1
R
H1MaMy f Ko(s)ds = pnaMigi(1) < ZO,
0

1
y(t) = 0Ta(x, y)(t) < Talx, y)(b) = Hzfo Gp(t,5)(g(s, [x(s) — wi(s)]', [y(s) — wa(s)I') + pa(s))ds

IA

1
R
[,lzr]ﬁsz Kﬁ(S)dS = ‘Uﬂ]ﬁMz(Pg(l) < IO
0

Thus, ||x|| < % and |lyl| < %. Then Ry = ||(x, y)I| < %, which is a contradiction. Hence, by Theorem 2.6, we

deduce that T has a fixed point (x1, 1) € ucPp.
Now, by (9), we have

x1(t) = Ti(xr, 1)
1
> f Galt,5)(pf(5,0,0) + pr($))ds
0

1
> [ Gut s =i, Vie 1)
0

or

yi(t) To(x1, y1)

1
” f Galt, 5)(pg(s,0,0) + pa(s))ds
0

\%

1
> f Galt, )pa(s)ds = walt), Vi€ (0,1],
0
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Thus, x1(t) > wi(t), y1(t) > wo(t) for all t € (0,1]. Let u(t) = x1(t) —wi(t) and v(t) = y1(t) —w(t) for all t € [0, 1].
Then, u(t) > 0 or v(t) > 0 for all t € (0,1]. So, (u(t), v(t)) is a positive solution of problem (2). [

Theorem 3.4. Suppose that conditions (H,) and (H,) are satisfied. In addition, suppose that there exists 6 € (0, 3)
such that

. . f(t,u,0) . . g(t,u,v)
foi= lim min ——— =400 0F goo:= lim min ———= =+
uto—+oo te[91-0] U + U uto—+ootel9,1-0] U+ 0

Then there exist uj, w5 > 0 such that for any 0 < py < uj and 0 < pp < p; problem (2) has at least one positive
solution.

2 o 23 2
Proof. We choose r > max{1, ==£F 2y —”’“Pf(p 2)}

withM; =1+ max h(t,u,v),i=1,2.
te[0,1],u,0€[0,r]

Let u1 € (0, uj] and us € (0, 5] . Then, for any (x, y) € JdQ, and s € [0, 1], we have

and we put u] = min{1 tand p; = min{1

— r S
7 20 M (g (p1)+3(q1) ’ 2nﬁMz(¢j§(pz)+¢2(Qz))}

[x(s) —w1()]" < x(s) < [lxll < 7,

[y(s) —wa(s)]" < y(s) < llyll < .
Therefore, by Proposition 2.4 (ii) we obtain for any (x, y) € dQ, and t € [0, 1],

1
Ti(x,®) < wna fo Ka(s)(q1(s)h (s, [x(s) = wi(s)]', [y(s) — wa(s)]) + pa(s))ds

IA

1
tneMs f Ka(8)(@1(5) + pr()ds
0
1M1 (Pa(p1) + Po(qr))
r

IN

IN

2/

and, similarly to the calculation of T;(x, y)(t), we get

1
To(x, y)(t) < ,uzflﬁfo Kp(5)(q2(s)ha(s, [x(s) — wi(s)]", [y(s) — wa(s)]) + pa(s))ds
< yZnﬁMz((Pg(Pz) + ¢2(¢72))
r
E.
Thus

TG, )| = T2 || + | T2 w)|| < [|x )|, for all (x, y) € 902 (10)

; _ 8 8
On the other hand, by hypothesis, for A = max{ylvm LT 107590

ft,u,v) > A(u+v)org(tuv)>Au+v),Vtel[d,1-6],u+v=B.
Now, choose

} there exists B > 0 such that

4B 4B

R = max{Zr, W’ W

}.

First, we suppose that fo, = oo, thatis, f(t,u,v) > A(u +v) forallt € [0,1 - 0], u+v > B. So, for any
(%, y) € dQg, we get ||x]| + ||y” = R. Thus, we deduce that ||x|| > % or “y” > %
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Assume that ||x|| > % Then, by (7), for (x, y) € Qg and ¢ € [0, 1], we have

x()—wi(t) = x(t) — pnat* palpr)

x(t)

=
2 avyo

120 fR(m))

_ T]a(Pa(pl))
vr

v

NaPa(p1)
> x(t)(

> x(H)(1

> @20.

Then, fort € [6,1 — 0], we obtain
x(t)

x(t) —wi(t) = =7 > 27 |

[x() — w1 ()]

1\

ZG‘HR > B.
So
[x(t) — w1 (D] + [y(t) — w2 (O] = [x(t) — w1 (O] = x(t) — w1 (t) = B.
Therefore, for any (x, y) € dQg, t € [0,1 — 0], we deduce
f(t, [x(@®) —wi (O], [y(t) — w2 ()]) = A([x(t) — w1 (D] + [y(t) — w2 (D) = Alx(t) — wi ()] > gx(t). (11)

Using (11) and Proposition 2.4 (v), we obtain for any (x, y) € JQg,
andte€[6,1- 0],

1-6
T, () =2 wya f@ Ka(s)(f(s, [x(s) — wi(s)I", [y(s) — w2(s)]") + pa(s))ds

1-0
lulyaé ‘L‘ Ky (s)[x(s) — w1(s)]"ds

Yag$AO AR = R.

v

Thus,

T2 ) = |
Then

Iyl = |

If Hy( > £, then by the same manner, we prove again relation (12).
Now, we suppose that g, = oo, that is, g(t,u,v) > A(u +v) forall t € [0,1 - 0], u+v > B. So, for any
(x,y) € 9Qg, we get I|x|| + ||y|| = R. Thus, we deduce that [|x|| > £ or [|y|| > &.

If ||x|| > %, then for any (x, y) € dQr we obtain in a similar manner that x(t) — wy (t) > % forallt € [0,1] and

(x,y)||, forall (x,y) € IQk.

(x,y)||, forall (x,y) € Q. (12)

1-6
Ta(x, () = payp fe Ks(s)(g(s, [x(s) = wi(s)]', [y(s) — w2 (s)]") + pa(s))ds

\%

A (-0
H2Yp> fe Kg(s)[x(s) — wi(s)]"ds

V a_
mypg 0 P(DAR = R.

\%
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Therefore

||T2(x, y)” > ) (x,y)||, forall (x,y) € IQg.

Hence

(T, )| = [|x w)||, for all (x, y) € IO (13)

If ||y|| > X, then by the same manner, we prove again relation (13). Therefore, by Theorem 2.7 and
inequalities (10) and (12) or (10) and (13), we conclude that T has a fixed point (x, y) € Qr\Q,, that is

r <yl <R (14)

Now, since H(x, y)” > r, then ||x|| > § or ||y|| >3
First, if ||x|| > 5, then, by (7), we obtain for ¢ € [0,1]
.
x(t) - wl(t) = x(t) - Hlnata_l(f)a(pl) 2 ta_l[VE - na(Pa(pl)] > 0.

By the same manner if ||y|| > 5 we get, by (8),

y(t) — wa(t) > tﬁ‘l[vg —nppp(p2)1 20, te0,1].

Let u(t) = x1(t) —w1(t) and v(t) = y1(t) —wa(t) forall f € [0, 1]. Then (u(t), v(t)) is a positive solution of problem
(2) with u(t) > t*"'[v} — na@a(pr)] and v(t) > t#71[v5 — ngep(p2)] forall t € [0,1]. O

Theorem 3.5. Suppose that conditions (H) and (Hy) hold. In addition, if we have

(A1) there exists 6 € (0, %) such that

= lim min t,u,v) =00 or = lim min g(tu,0) = oo
foo U+0—+00 te[6,1-6] f( 7Yy ) goo U+D—+00 te[6,1-6] g( 7Yy )

(Ay) h® = lim max ™9 =0 =12,
u+v—+00 t€[0,1]

Then there exist 7, usy > 0 such that for any py > pj and pp > p; problem (2) has at least one positive solution.

Proof. Suppose that (A1) holds. Then for A = max {j’/“q;;(fll)), i?f;gg(ff))} there exists L > 0 such that
ata [)’

Ftuv)= A, Vie[6,1-6], u+tv>L, (15)
or
g(t,u,v) 2 A, Vtel0,1-0], u+v=L. (16)
et * . . 4na@a(pr) A2n95(p2)
Wedefine i = ——mr and 15 = W. Let 1 > piand pp > pj. Choose R = max({-HHebein Z2R

First, if f;, = oo, then (15) holds. Let (x, y) € dQg. Then ||x|| + Hy“ = R, hence ||x|| > % or ||y|| > % We suppose
that ||x]| > £. Then for any t € [0,1] we have

R
x() —wi(t) = vl - @t e @alpr) = t“‘l[v§ — tnapa(p1)]

[\

— % _ L 5
e (P 2 iapa(p)t ™ 2 S5t 2 0.
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Thus, for any (v, y) € JQg and t € [6,1 — 0], we have

[x() — w1 (O] + [y(t) — wa ()] = [x(t) — w1 (B)]" = x(t) — w(
and so, for any (x, y) € dQr and t € [0,1 — 0], we deduce

ft, [x(t) — w1 (DT, [y(t) — wa(H)]") = A.
Then, for any (x, y) € Qg and t € [6,1 — 6] we obtain

1-6
T, () =2 wya fs Ka(s)(f(s, [x(s) = wi(s)I", [y(s) — w2(s)]") + pa(s))ds

1-0
H1YaA f K, (s)ds
0

1 7ap(1)A > R.

\%

v

Hence, >R, forall (x,y) € dQg. Therefore
(T, )| = =R, Y(x,v) € IQk. (17)
If Hy‘ > &, then by the same manner, we prove again inequality (17).

Now, suppose that goo = oo, then (16) holds. Similarly we prove (17). On the other hand, by (A;), for
& = min{ } there exists M > 0 such that

dnada(m)’ 4#205%(42
hi(t,u,v) < e(u+v), Yu+ov) =M, ¥te[0,1], i=1,2.
So
hi(t,u,v) <L+ e(w+v), Yte[0,1,u,0v>0, i=1,2,

where [; = max hi(t, u,v). Put I = max(l;, ) and fix a positive real R; such that
te[0,1],u,0>0,u+v<M

Ry > max {2R, Hane(163(gn) + ¢3<m>)(§ — inaegl@) s pang(193(g2) + ¢2<p2>)(§ - Hzﬂﬁfd)g(%))_l} .

Therefore, for any (x, y) € dQg, and ¢ € [0, 1], we have

1
Ti(x, y)t) < pna fo Ka(s)(f(s, [x(s) = wi(s)]", [y(s) — wa(s)I*) + pi(s))ds

1

< Uina fo Ka(8)(q1(s)h1 (s, [x(s) — wi(s)]", [y(s) — wa(s)]) + p1(s))ds
1

< M fo Ka(8)(q1(s)(I + e([x(s) — wi(s)]" + [y(s) — wa(s)]")) + p1(s))ds

<l 0a9Q(q1) + pinaePs (@R + pnad(pr)

1
< Rl(z — WNaePYq)) + p1naeP(g1)R1
Ry
< —.
)
Thus

, Y(x,y) € 9Qg,.

171 )| <
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Similary, we prove

T2, )| < % [ wll, Yx,y) € 9,

Hence, we obtain

(CAY S (CX0)

Therefore, by Theorem 2.7 and inequalities (17) and (18), we conclude that T has a fixed point (x1, 1) €
QRl \Qg, thatis

, Y(x,y) € 9Qg,. (18)

R < ”(X1, ]/1)“ < R;.

Since [|(x1,11)|| > R, then |lx1]| > & and [jy]| > £.
Assume that ||xq]| > %, then

R L
x1(t) —wi(t) = t“‘l(vi — U1Na@a(p1)) = ymaqoa(pl)t”‘_1 > ﬁt“_l >0, forall te]0,1].

Similarly, if |ly1]l > %, then we conclude again that yi(t) — wa(t) > #tﬁ‘l > 0, forall t € [0,1]. Let
u(t) = x1(t) — w1 (t) and ov(t) = y1(t) — wy(t) for all t € [0, 1]. Then (u(t), v(t)) is a positive solution of problem
() with u(t) > 7=t 0(t) > =t forall t € [0,1]. O

Now, we give the multiplicity result.

Theorem 3.6. Suppose that (H3) and (Hy) hold. In addition suppose that

: - f(t,uw,0) . . g(t,u,0)
foo:= lim min ————= =400 0F go = lim min ———= =+
utv—+oo te[0,1-0] U + TV utv—o+oote[0,1-60] U+ T

(H'l) The functions f, g € C([0, 1]x[0400)X[0, 00), (=00, +00)) and there exist functions p1, p2,q1, 92 € C([0, 1], [0, +0))
and hy, hy € C([0,1] X [0, +00) X [0, +0), [0, +00)) such that

_Pl(t) < f(t/ u, U) < %(t)hl(t/ u, v)r _pZ(t) < !](t/ u, 'U) < qZ(t)hZ(tl u, U)

forallt € [0,1], u,v € [0, +00). hold.
Then the problem (2) has at least two positive solutions for 1 > 0 and po > 0 sufficiently small.

Proof. Applying Theorem 3.3 and Theorem 3.4, we conclude that, for 0 < y; < min{u{, y}} and 0 < p, <

min{u), 3}, problem (2) has at least two positive solutions satisfying 0 < [|(u1 + w1, v1 + wy)|| < 1 and
l(uz + w1, 02 +wo)l|>1. O

4. Examples

In this section, we consider some examples which illustrate our main results.

Example 4.1. We consider the system of fractional differential equations

Diu(t) + p ((u(t) + o) — i) = 0 in (0,1),
D o(t) + ua(exp(u(t) + v(t)) — 15) = 0 in (0,1),
w0) = w(0) =0, u(l) = [ u(s)ds,

0(0) = '(0) = 0, v(1) = ! [ v(s)ds,

(19)
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Leta=B=4A =124 =%4pmt= ﬁ, pa(t) = 4, () = 1, g2(t) = %for all t € (0,1). Let hi(t,u,v) =
(u+ U)zt hz(t u,v) = exp(u +v) Vt forall t € [0,1], f(t,u,v) = (u +v)> - ;)2 and g(t,u,v) = exp(u +v) — 1.

For 6 = 4, we Uerzfy that fo = goo = +00. By direct calculs, we obtain @.(p1) = 0.2006, pg(p2) = 0. 12036
Po(p1) =~ 0. 08024 $2(q1) ~ 0.08597 ¢°(p2) ~ 0.03438 and ({)O(qz) ~ 0.03692. Therefore, using notation of proof of

Theorem 3.4, we choose r = 4 and R = 100. Then a simple calculs yields to uy = 0.13223 and y; ~ 0.008638. Hence,
Theorem 3.4 ensures the existence of positive solution of problem (19) for every uy < 0.13223 and p, < 0.008638.

Example 4.2. We consider the following nonlinear fractional differential equation

D2u(t) + 1 (yJu() + o(t) - \/(11_”3) =0 in (0,1),

Dzv(t) + pa(In(l + u(t) + o(t)) - m) 0 in (0,1), 20)

u(0) = uw'(0)=0, u1l)=2 fo u(s)ds,
0(0) = 0'(0) = 0, (1) =2 [ v(s)ds,

Sta=3p =5 p0=p0) = 7 0 = b a® = e o) = (oL o) =

[2(1 — = - © =
(1 +u+0)t2(1 —t), f(t,u,v) = Vu+v m m We verify that b = 0,
i=1,2andfor 0 = %, f&, = g5, = +oo. We get also pa(p1) = 0.75225, pg(p2) = 0.15045, ¢S (p1) =~ 0.37613,
2(q1) = 0.3009, cpg(pz) ~ 0.05015 and qbg(qz) =~ 0.1003. A simple calculation yields to i} ~ 8.289 and y}, ~ 266.43.

Thus, by Theorem 3.5, we conclude that problem (20) has at least one positive solution for every i > 8.289 and
o > 266.43.

and g(t,u,v) = In(1 +u+v) -

Example 4.3. We consider the following system

D2u(t) + u1((2 + u(t) + o(t))? + tcosu(t)) = 0, in (0,1),
D%v(t) + po(exp(u(t) + v(t)) + tcosov(t)) =0, in (0,1),
w0) = uw(©) =0, u(l)=2 [ u(s)ds,
v(0) =v'(0) =0, o(1) =2 [ o(s)ds,

(21)

Let a = 2, B = %, ftu,v) = Q+u+ v)% + tcosu and g(t,u,v) = exp(u + v) + tcosv, pi(t) = pa(t) = t, for
all t € [0 1], and then hypthesis (H,) is verified. Also, assumption (Hs) is satisfied, because f(t,0,0) = 1 + t and
g(t,0,0) =1+t forall t € [0,1].

Let p = 1 and Ry = 1. Then

ft,u,v) 2 pf(t,0,0) = %(1 +1t), g(t,u,v) = pf(t0,0) = %(1 +1), forallte[0,1]u,v €[0,1],

and

My = tel0 1 Lamelo, 1]{f(t’ u,v) + p1(t)} ~ 7.1861,

MZ B telo, H},{ ve[0,1] (t u, v) + p2(t) 8.3890.
In addition, we have o (p1) = ¢f(p) = 0.076728, $p(q1) = Pp(q2) = 0.038687. A simple calculation yeilds to
#(1) = m ~ 0.5138 and u, = Alm;MR—;q?(l) =~ 0.3306. Thus, by Theorem 3.3, for g < y(l) and iy < #2, we conclude

that problem (21) has at least one positive solution.

On the other hand, hypothesis (H/) is verified for qgi1(t) = q2(t) = land hi(t,u,v) = Q+u + v)% +t, ho(t,u,v) =
exp(u +v) + t for all t € [0,1]. Also, for 0 = 1, we verify that fo = goo = +oo. Then, by direct calculs, we get
py = 0.31442 and i, = 0.01377. Thus, by Theorem 3.6, we deduce that (21) has at least two positive solutions for
iy < minfu?, ui} =~ 0.31442 and pp < min{ud, u5} =~ 0.01377.
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