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Abstract. A Diophantine problem means to find all solutions of an equation or system of equations in
integers, rational numbers, or sometimes more general number rings. The most frequently asked question
is whether a root of a polynomial equation with coefficients in a p-adic field Q, belongs to domains
z,, Z,\Z,, Q,\ Z,, Q, or not. This question is open even for lower degree polynomial equations. In
this paper, this problem is studied for cubic equations in a general form. The solvability criteria and the
number of roots of the general cubic equation over the mentioned domains are provided.

1. Introduction

A Diophantine problem means to find all solutions of a polynomial equation or a system of polynomial
equations in integers, rational numbers, or sometimes more general number rings and to give a bound for
those solutions (see [12]). Because of the topology and the completeness, a p-adic field Q, gives rise to
simpler Diophantine problems than a number field (a finite extension of the rational numbers), and one
tries to reduce certain classes of Diophantine problems to p-adic ones. For instance, Artin’s conjecture [3]
asserts that a form of degree d in n variables with coefficients in a p-adic field Q, has a non-trivial zero over
Q, whenever n > d2. For quadratic and cubic forms, this conjecture is true (the quadratic case is known as
the Hasse-Minkowski theorem, for the cubic case see [13]). However, in general, this conjecture is known to
be false [9]. Nevertheless, it is “semi-globally” true, i.e. the conjecture holds true for all but a finite number
of p-adic fields [4, 5]. Therefore, it gives hope that if the number of variables is not too small we should
still have a ”local-to-global ” principle (to get a global theorem from local ones, and to get solutions if the
number of variables is large) similar to the Hasse-Minkowski theorem [7, 8]. Here again, before dealing
with the global theory, one can study the local one over a p-adic field.

On the other hand, finding roots of a single variable polynomial is among the old problem of math-
ematics. In the field of real numbers, this problem found its own solution. However, to the best of our
knowledge, in the field of p-adic numbers — in the counterpart of the field of real number, less attention
has been paid to this problem in the literature. Recently, by concerning some problems of p-adic lattice
models of statistical mechanics, this problem is again raised up (for instance, see [25]). Namely, we may
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come across the following problem in one form or another: provide a solvability criterion for the polynomial
equation with coefficients in the p-adic field over some given set A C Qp. The most frequently asked question
in the p-adic lattice models of statistical mechanics is whether a root of a polynomial equation belongs
to domains Z;, Z,\ 7, Q,\Z,, Q, or not. However, this question was open even for lower degree
polynomial equations. The scenario is completely different from the field of real numbers to the field of
p-adic numbers. For instance, the quadratic equation x*> + 1 = 0 is not solvable in the real field but solvable
in the p-adic field for p = 1 (mod 4). Vise versa, the cubic equation x> +p = 0 is not solvable in the p-adic field
but solvable in the real field. Therefore, it is of independent interest to provide a solvability criterion for
lower degree polynomial equations over the p-adic field. The solvability criterion for quadratic equations
over the p-adic field was provided in all classical p-adic analysis books. Moreover, a local description of
roots of the quadratic equation was also studied in the paper [29]. Recently, in the series of papers [20-22],
[26-32, 34, 36], the solvability criteria and the number of roots of depressed cubic equations over the p-adic
field were studied. This paper is a continuation of the previous studies and we are aiming to study roots of
a general cubic equation over the p-adic field for p > 3. It is worth mentioning that any cubic equation can be
deduced to a depressed one by suitable linear transformation and a local description of roots of a depressed
cubic equation over domains Z;,, Zy\ Z;, Q,\ Z,, Q, has been already studied in [20, 34]. However, by
means of results of the papers [20, 34], we cannot still derive a local description of roots of a general cubic
equation over domains z, 7, \Z;, Qy\ Z,, Q, (examples are given in the next section). We have to care
on some special study in the general case. Thus, the main results of this paper cannot be derived from
the papers [20, 34] (a detailed explanation is given in the next section). In fact, all results in this paper are
extension and unification of the previous results. Meanwhile, applications of quadratic and cubic equations
in the p-adic lattice models of statistical mechanics were presented in the papers [1, 2, 23, 25, 29, 30, 33].
We would like to stress that quadratic and cubic equations have naturally arisen in the investigations of
p-adic Gibbs measures of Potts models on Cayley trees. First such investigations have been initiated in the
papers [16, 18]. The local description of roots of quadratic equations was also explored in [15]. Recently,
the location of roots of some complicated p-adic equations has been investigated in the papers [17, 19].

2. Preliminary

The fields Q, of p-adic numbers were introduced by German mathematician K. Hensel by motivating
an attempt to bring the ideas and techniques of the power series into number theory. Their canonical
representation is analogous to the expansion of analytic functions into power series. This is one of the
manifestations of the analogy between algebraic numbers and algebraic functions. Over the last century, p-
adicnumbers and p-adic analysis have come to play a central role in modern number theory. Thisimportance
comes from the fact that they afford a natural and powerful language for talking about congruences
between integers, and allow using the methods borrowed from analysis for studying such problems.
Recently, numerous applications of p-adic numbers have also shown up in theoretical physics and quantum
mechanics (for example, see [10, 11, 14, 35]).

For a fixed prime p, the field Q, of p-adic numbers is a completion of the rational numbers Q with respect
to the non-Archimedean norm |- |, : Q — R given by

o x#0,
x|y ={ b ilo (1)

where x = p" withr,m € Z,n € N, (m,p) = (n,p) = 1. Anumber r is called a p-order of x and it is denoted
by ord,(x) = r. Any p-adic number x € Q, can be uniquely represented in the following canonical form

xzpvrd”(")(x0+x1-p+x2-p2+~~)

where xg € {1,2,---p—1} and x; € {0,1,2,---p — 1} for i > 1. We respectively denote the set of all p-adic
integers and units of Q, by Z, = {x € Q, : x|, < 1}, Z; = {x € Qp : |x|, = 1}. Any nonzero p-adic number

X
x € Q, has a unique representation x = W’ where x* € z, (see [6]).
p
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Throughout this paper, we always assume that p > 3 unless otherwise stated.
Let us consider a general cubic equation

Craxl+bx+c=0, )

where a,b,c € Q,.

In this paper, the concerned problem is to provide the solvability criterion and the number of roots of the
general cubic equation (2) over domains z,, 7, \Z;,, Q,\Z,, Q.

There are two ways to handle this problem. One way to do it is that we first deduce the general cubic
equation to the depressed one, then we apply the results of the papers [20] and [34]. However, this way
does not work for domains Z;,, Zy \ Z;, Q, \ Z, in general. For example, the following cubic equation

x* +x* =1 = 0 can be deduced to the following depressed cubic equation w® — 3w = 22 by the substitution

w=x+ % Since % = |§I5 < |%|5 = 1 and there does not exist \/g in Qs, the last depressed cubic equation has
a unique root @ which belongs to Zs \ Z; (see [20, 34]). This means that the last depressed cubic equation is
not solvable in Z;. However, the given cubic equation ¥+x>—1=0hasaroot¥ = — % in which |¥|s = 1 or
equivalently x € Z;. This means that the given cubic equation is solvable in Z;. This example shows that
there is a cubic equation which is solvable in Z; but the depressed one is not solvable in Z;. The similar
examples can be also provided in domains Z, \ Z;, Q,\ Z,.

The second method is the Hensel lemma. We know that, by definition, two p-adic numbers are close
when their difference is divisible by a high power of p. This property enables p-adic numbers to encode
congruence information in a way that turns out to be powerful tools in the theory of polynomial equation.
In fact, Hensel's lifting lemma allows us to lift a simple solution of a polynomial equation over the finite field
IF, up to the unique solution of the same polynomial equation over the ring Z, of p-adic integer numbers.
However, that solution cannot be lifted up any more to the field Q, of p-adic numbers. At this point, we are
aiming to study the relation between solutions of the cubic equations over Q, and Z,,. We shall show that,
indeed, any solution of any cubic equation over Q, (or over some special sets) can be uniquely determined
by a solution of another cubic equation over Z;. Consequently, in some sense, it is enough to study cubic
equations over Z,,.

It is worth of mentioning that the solvability of the general cubic equation (2) over Q, is equivalent to
the solvability of the depressed cubic equation over Q,. Namely, we know that the general cubic equation
(2) can be deduced to the following depressed cubic equation

w® + Aw =B 3)
wherew =x+ 3, A = # and B = W. By means of results of [20, 34], we can give the solvability
criterion of the general cubic equation (2) over Q, in terms of A, B € Q,.

Recall that a number a € Z is called an 1™ power residue modulo p if the following congruent equation
x" = ap (mod p) is solvable in Z. Let ap € Z with (ag,p) = 1 and d = (r,p — 1). The following statements hold

- -t
true [24]: a number ay is the r power residue modulo p if and only if a7 =1 (mod p); If a," =1 (mod p),
then the congruent equation x" = 4y (mod p) has d number of distinct (non-congruent) solutions in Z.

Let a € Q, be a nonzero p-adic number such thata = IZ_I; and ¢ € Z, witha* =ag + a1 -p +az - PP
We say that there exists ¥ in Q,, written +/a — 3, if the monomial equation x” = a is solvable in Q,. The
criterion of the existence of \/a was presented in [22]. Particularly, there exists vz in Q,, written \a -3, if

p-1 =1
a,” =1 (mod p) and log, |al, is even. Moreover, there exists Va in Q,, written Va — 3, if " = 1 (mod p)
and logp |al, is divisible by 3.
Now, we describe the solvability domain of the general cubic equation (2) over Q, in terms of A, B
a b c*
defined above. If abc # 0, then we have thata = W' b= W' c= W with a*,b*,c* € Z; where
P P p

A =ay+mp+ap*+---, b =by+bip+byp*+--, " =co+cip+cp? -
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and ag, bo,co € {1,2,---p—1},a;,b;,¢; €{0,1,2,---p—1} for any i € IN.
Let A = a?b? — 4b% — 4a3¢c — 27¢* + 18abc = —4A% — 27B be the discriminant of the cubic equation (2). At
the same time, it is the discriminant of the depressed cubic equation (3).

If ABA # 0, then we have that A = Q—L, B = |§—|;, A= @—‘; with A*, B*, A* € Z; where

A*:D0+D1P+D2p2+"‘, A*:AQ+A1P+A2]72+"', B*:B0+Blp+32p2+"‘.

and Ao, By, Dy € {1,2,"' 2 1}, A;, B;,D; € {0,1, P — 1}, i € N. Weset Dy = —4148 - 2733 (mod P) and
U3 = Bouty, — Aoty withu; =0, up = —Ap, and uz = By forn > 1.
We define a set ® = ®; U @, U O3 where

® = [(AB)eQ,xQ,: AL <IBR VB-3},
D, {(A,B) € @, x Q, : 1A} = IBR, Do , # 9A3 (mod p)},
{(A,B) € Q,xQ, : 1A]} > IBE).

0]

The set ® c Q, x Q, is the solvability domain of the depressed cubic equation (3) over Q, (see [20, 34]).

Consequently, the set @ is also the solvability domain of the general cubic equation (2) over Q,. The aim of

this paper is to describe the solvability domain @ of the general cubic equation (2) in terms of a,b, c € Q,.
Let A C Z be any subset. We introduce the following set

= {x €Qy,: logp x|, € A}.

N

It is easy to check that
z
4
x= U $,(0),

where 8,,(0) = {x € Q, : |x|, = p'} is the sphere with the radius p'.
The proof of the following proposition is straightforward.

Proposition 2.1. Let p be any prime, a,b,c € Qp, and A C Z. be any subset. The cubic equation (2) is solvable in

*

Z
the set P_Z if and only if there exists a pair (y*, k) € Zj, X A such that y* is a solution of the following cubic equation

Y+ Ay +By+Ci=0 (4)

where Ay = ap¥, By = bp* and Cy = cp®. Moreover, in this case, a solution of the cubic equation (2) has the form
y*

X = r?
This shows that it is enough to study the solvability of the general cubic equation (2) over Z,,.

Let S = {lal, |bl,, Icl,} and max(S) = max {jal,, [bly, Icl,}. We define the set M(S) = {s € S : s = max(S)}. Let
|IM(S)| be the number of elements of the set M(S).

Proposition 2.2. Let p be any prime. Suppose the cubic equation (2) is solvable in Z, where a,b,c € Q,. Then the
following statements hold true:

(@) IfIM(S)| =1, then max(S) = 1;

(i) If IM(S)| = 2, then max(S) > 1.
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Proof. Let the cubic equation (2) be solvable in Zj. Then one can get that
lal, = |ax2|,, = |x® + bx + ¢| < max{1, 1bly, Icl},
bl, = |bx], = Ix® + ax? + ¢| < max{1, laly, Iclp},
lclp, = |x® + ax® + bx| < max{1, lal,, DI},
1 =[], = lax® + bx + ¢| < max{lal,, [bl,, [c|,}.

If IM(S)| = 1, then |al, # |bl, # |cl, with max{lal,, |bl,, [cl,} = 1; or |a|, = |bl, < |c|, = 1; or lal, = |cl, < |bl, = 1; or
bl, = Iclp < lal, = 1. If IM(S)| = 2, then |al, < |bl, = |cl, with |b|, = |c|, > 1; or |bl, < |al, = |c|, with |al, = |cl, > 1;
or [cl, < lal, = |bl, with |a|, = [b], > 1. If [M(S)| = 3, then |a|, = |b|, = |c[, > 1. This completes the proof. [J

This proposition gives necessary conditions for the solvability of the general cubic equation (2) over Z;,.
To get the solvability criterion over Z;, we need Hensel’s lifting lemma.

Lemma 2.3 (Hensel’s Lemma, [6]). Let f(x) be a polynomial whose coefficients are p-adic integers. Let 6 be a
p-adic integer such that for some i > 0 we have f(6) = 0 (mod p**Y), f/(6) = 0 (mod p), f'(0) # 0 (mod p*').
Then f(x) has a unique p-adic integer root xo which satisfies xo = 0 (mod p*1).

3. The Solvability Criteria

In this section, we present the solvability criterion of the general cubic equation (2) over A where
Aelz, 7,\7;, Q\Z, Q.

We introduce some notations. Let 6 = b*—4ac, 6, = a®—4b, 63 = —2a°-27¢, A = 3h3;”2,B = W,amd
A = a®b* —4aPc—4b* —27c* +18abc = —4A%—27B*. We set D = —4(A|Al,)* —27(B|B|,)?, Do = —4A3—27B% (mod p)
and 1,43 = Bou, — Aoupe1 with ug =0, up = —Ag, and uz = By forn > 1.

Throughout this paper, (a V ) stands for (a or f).

3.1. The solvability criterion over Z,,

Theorem 3.1. Let p > 3 be a prime. Then the general cubic equation (2) is solvable in Z, if and only if one of the
following conditions holds

A 1 al, =1, |bl, <1, |c|, <1;

|b|p =1, lal, <1, |el, <1, V-b-13;
lel, =1, lal, <1, |bl, <1, V—c-3.
Ialp < |b|p = |C|p/ |b|p = |C|p >1;

|b|p < |a|p = |C|p, |ﬂ|p = |C|p >1, \—ac-3;
|C|p < |a|p = |b|p/ |a|p = |b|p >1;
Ialp < |b|p = |C|p =1, Dolzl;_2 ES 9175 (mod p);

NS s LN

S

bly < lal, = Icly = 1, (105l < 1) v (|63l = 1, Dou?_, £ a} (mod p));
9. lely < laly = bl =1, (162, =1, V&2 = 3) v (62l < 1, VA-7).

C. 10. laly = bly = Icly > 1, (161], = lal2 = b2 = |2, V&1 —3) V (61l < a2 = b2 = |c2, VA-3);
11. lal, = |bl, = Icl, = 1, (A, B) € ®.
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Proof. Let S = {jal,, bl,, Icl,} -

Let IM(S)| = 1. We know that, due to Proposition 2.2, if the cubic equation (2) is solvable in Z;, then
max(S) = 1. It means that we have either |a|, # [bl, # |c|, with max{lal,, |b|,, |c|,} = 1 or |al, = [b|, < |c|, =1
or |a|, = |c|§ <|bl, = Tor b, = |c|, < |al, = 1. We shall study each case separately. Consider the function
fape(x) =2 +ax? + bx +c.

Case A.1: Let Ja|, = 1. We want to show that the general cubic equation (2) has a solution in Z;. Let us
choose ¥ = —ag. We then get that f, (%) = & + ap%*> = 0 (mod p) and fl, (%) = 3%% + 2a0% = aj # 0 (mod p).
According to Hensel’s lemma, there exists x € Z, such that f;; .(x) = 0 and x = ¥ (mod p). Since x # 0 (mod p),
we have that x € Z;.

Case A.2: Let |bl, = 1. We want to show that the general cubic equation (2) is solvable in Z;, if and only
if V-b-13.

Ir paRT: Let x € Z;, be a solution of the cubic equation (2). Then we get X3+ boxo = xo(x3 + bo) = x5 + b =
0 (mod p). It means (—bo)% = 1 (mod p) or there exists V-b.

ONLy 1F PART: Let V=b — 3. Let us choose ¥ such that ¥ + by = 0 (mod p). We then obtain that
fap,e(%) = (& +by) = 0 (mod p) and f, (%) = 3% + by = —2by # 0 (mod p). Due to Hensel’s lemma, there
exists x € Z, such that f;;(x) = 0 and x=x (mod p). Since x # 0 (mod p), we have that x € Z,.

Case A3: Let |c|, = 1. We want to show that the cubic equation (2) is solvable in Z, if and only if
V=c-13.

Ir paRT: Let x € Zj be a solution of the cubic equation (2). Then we have xg + cp = 0 (mod p). It means

(—co)% = 0 (mod p) or equivalently there exists V/—c.

ONLy IF PART: Let 4/—c — 3. Let us choose ¥ such that > + ¢y = 0 (mod p). We then get f,.(X) = Bt =
0 (mod p) and f;;,h,c(i) = 3%*> # 0 (mod p). Again, due to Hensel’s lemma, there exists x € Z, such that
fape(x) =0and x = X (mod p). Since % # 0 (mod p), we have that x € Z,.

Let [M(S)| = 2. We know due to Proposition 2.2 that if the cubic equation (2) is solvable in Z;, then
max(S) > 1. It means that we have either one of the following conditions: |a|, < |bl, = |cl, with |b|, = [c|, > 1;
or |bl, < lal, = |cl, with |a|, = |c|, > 1; or [cl, < |al, = |bl, with |al, = [b|, > 1.

Cask B.4: Let |a|, < |bl, = Iclp, [bl, = Ic|, > 1. We want to show that the cubic equation (2) is solvable
in Zj,. Since bl, = lecl, = pF for some k > 1, it is clear that the solvability of the following two cubic
equations x° + ax? + bx + ¢ = 0 and p*x® + p*ax + b*x + ¢* = 0 are equivalent. Moreover, any solution of the
first cubic equation is a solution of the second one and vise versa. On the other hand, the second cubic
equation is suitable to apply Hensel’s lemma. Let us choose % such that byX + ¢y = 0 (mod p). Suppose that
Jb,c(xX) = PFx3 + pFax + b'x + ¢*. We have that g,(X) = boX + o = 0 (mod p) and g, (%) = b # 0 (mod p). Due to
Hensel’s lemma, there exists x € Z,, such that g, .(x) = 0 and x = x (mod p). Since ¥ # 0 (mod p), we have that
xeZ,.

CAPSE B.5: Let |bl, < lal, = Iclp, lal, = |cl, > 1. We want to show that the cubic equation (2) is solvable in
Z, if and only if there exists V-ac. Since la|, = [cl, = p* for some k > 1, it is clear that the solvability of the
following two cubic equations x® +ax? +bx +c = 0 and p*x® +a*x + p*bx + ¢* = 0 are equivalent and moreover,
any solution of the first cubic equation is a solution of the second one and vise versa. On the other hand,
the second cubic equation is suitable to apply Hensel’s lemma.

I pArT: Let x € Z be a solution of the cubic equation (2). Then we have that aoxé +co = 0 (mod p). It

means that (—aoco)g = 1 (mod p) or equivalently there exists v—ac.

ONLy IF PART: We assume that there exists v/—ac. Let us choose ¥ such that ag¥> + ¢y = 0 (mod p).
Suppose that g,.(x) = pfx® + a*x + pfbx + ¢*. We then obtain that g,.(¥) = ao%> + ¢co = 0 (mod p) and
g;,c(a'c) = 2a0x # 0 (mod p). According to Hensel’s lemma, there exists x € Z, such that g,.(x) = 0 and
x = X (mod p). Since X # 0 (mod p), we have that x € Z,,

Cask B.6: Let |c|, < lal, = |bly, lal, = |bl, > 1. We want to show that the cubic equation (2) is solvable in
Z,. Since lal, = |bl, = pk for some k > 1, it is clear that the solvability of the following two cubic equations

x> +ax? +bx +c = 0and p*x® + a*x + b*x + p*c = 0 are equivalent and moreover, any solution of the first cubic
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equation is a solution of the second one and vise versa. On the other hand, the second cubic equation is
suitable to apply Hensel’s lemma.

Let us choose % such that agX + by = 0 (mod p). Suppose that g,,(x) = p*x® + a*x + b*x + pFc. We then have
that g,,(X) = x(aoX + bg) = 0 (mod p) and g;,b(x) = 2ap% + by = apx # 0 (mod p). Due to Hensel’s lemma, there
exists x € Z, such that g,,(x) = 0 and x = ¥ (mod p). Since ¥ # 0 (mod p), we have that x € Z,.

Case B.7: Let |a|, < |b|, = |c[, = 1. We want to show that the cubic equation (2) is solvable in Z; if and
only if Dou;_2 # 9b; (mod p).

Ir parT: Let x € Z;, be a solution of the cubic equation (2). Then we have that xg + boxo + ¢o = 0 (mod p).
Since the last equation is solvable in IF, (x¢ is a solution), one should have that Dou§_2 * 9b(2) (mod p) (see
[20, 34]).

ONLy IF PART: We assume that Dgui2 # 903 (mod p). Then there exists & such that %>+ boxo +co = 0 (mod p)
and 3%2 + by % 0 (mod p) which imply f,4.(%) = 2 + boX + co = 0 (mod p) and f, 4e(®) = 3% + by # 0 (mod p).
Based on Hensel’s lemma, there exists x € Z,, such that f,;.(x) = 0 and x = X (mod p). Since x # 0 (mod p),
we have that x € Z;,.

Case B.8: Let |bl, < |a|, = Ic|, = 1and 63 = —2a% —27c. In this case, by means of the substitution w = x + 3,
we may get the following depressed cubic equation w® + Aw = B where A = % and B = W Itis
clear that |Al, = [3b — a?|, = 1 |B, = | — 2a® + 9ab — 27c|, = |9ab + 63| < max{|bl,, |63],} < 1.

Case 8(i): Let |03], < 1. In this case, we want to show that the cubic equation (2) is solvable over Z;,. We
have [B|, < |A|, = 1. In this case (see [20, 34]), the depressed cubic equation w? + Aw = B is always solvable
and one of its solutions wy in Z,, \ z,. Since |x, = |w - %( = 1, the cubic equation (2) is solvable over z,.

Case 8(ii): Let |63, = 1. We want to show that the cubic equation (2) is solvable over Z; if and
only if Doufj_2 % a; (mod p). In this case, one can see that |B|, = |A|, = 1. We then have that Dy =
—4A3% — 27B2 (mod p), 3A¢ = —a3 (mod p) and 27By = —4adcy — 27c3 (mod p). In this case (see [20, 34]), the
depressed cubic equation @’ + Aw = B is solvable if and only if Dou} , # 9AF = ag (mod p). Moreover, all
solutions of the last depressed cubic equation belong to Z;. Now, we want to show that all solutions of
the cubic equation (2) such that x = w — § also belong to the set Z;. Equivalently, we want to show that
3w # a (mod p).

Suppose the contrary, i.e., 3w = a (mod p). One can get that 3w)® + 3(3b — a?)(3w) — (—24° + 9ab — 27¢) =
ag - 3{18 + 2{18 + 27¢q (mod p) = 27cy # 0 (mod p). However, this is a contradiction. Therefore, we have that
3w # a (mod p) or |x|, = )w - §|p = 1. Consequently, all solutions of the cubic equation (2) belong to Z;,.

Case B.9: Let Ic|, < |al, = |b|, = 1and 6, = a> — 4b. The cubic equation (2) can be written as
x(2x + a)* — x5, + 4c = 0. 5)

Case 9(i): Assume that |65, = 1. We want to show that the cubic equation (2) is solvable in z, if and only if

there exists V0.

Ir parT: Let x € Z; be a solution of the cubic equation (2). Since |02|, = 1 and x € Z;,, we obtain from (5)
that [(2x + a)]* = 6, (mod p). Thus, there exists V0,.

ONry IF PART: Assume that there exists v0,. We choose ¥ such that 2% +a = 6, (mod p). Then (2x+a)*>—6, =
0 (mod p). Suppose that f;,.(x) = x> + ax? + bx + c. We then get 4f, (%) = %((2% + a)*> — &) + 4c = 0 (mod p)
and 4 fa’/b/c(f) = 4x%(2x + a) # 0 (mod p). Based on Hensel’s lemma, there exists x € Z,, such that f,;(x) = 0
and x = X (mod p). Since ¥ # 0 (mod p), we have that x € Z,.

Case 9(ii): Let |62], < 1. We want to show that the cubic equation (2) is solvable in Z, if and only if there
exists VA.

Let us again consider the depressed cubic equation w® + Aw = B where w = x + 4, A = %T‘”Z and
B = =2490-27¢ Then |Al, = |~ 8, — bl = 1, |Bl, = lab — 2a8, — 27¢|, = 1.

Wealso get that3Aq = —by (mod p), 27By = agbo (mod p) and 27D, = 27(—4A3-27B]) = —4(3A0)*—(27Bo)* =
b3(4b —a?) = 0 (mod p). Then (see [20, 34]) the depressed cubic equation w® + Aw = B is always solvable and
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all solutions belong to Z,,. Moreover, we have that (see [20, 34])

A) If A =0, then w, = —%, Wy = w3 = % are solutions of the cubic equation w?® + Aw = B.
B) Let 0 <|Af, < 1.

a) If there exists VA, then the cubic equation w3 + Aw = B has three solutions w;, w», w; such that

wy = —%B (mod p) and w, = w3 = % (mod p).

b) If there does not exist VA, then the cubic equation w® + Aw = B has a unique solutions w; such

that wy = =2 (mod p).

Let us analyze each case.
Suppose that there exists VA. We want to show that |w1 - %)p <1land |w - §|p = |w3 - §|p =1
Since 9Aw, = —27B (mod p),9A = —3by (mod p) and —27B = —agby (mod p), we get that 3w, = ag (mod p),
w, — §|p <1

Suppose that 3w, = 3ws = a (mod p). Since 18Aw, = 18Aws = 27B (mod p) and 9A = —3by (mod p),
27B = agby (mod p), we get that —6w, = —6ws = ag (mod p). It shows that 9w, = 9w; = 0 (mod p) which
contradicts to w,, w3 € z,. Thus, 3w, = 3ws; # a (mod p) and |w2 - g(p = |w3 - %‘p =1.

ie.,

Suppose that there does not exist VA. As we already showed that )wl - §|p <1

<

Therefore, if there exists VA, then the cubic equation (2) has solutions x1, x5, x3 in which |x1|, = |w1 -3 )

1, |xalp = )wz - §|p =1, and |x3|, = )wg - §|p = 1. This means that the cubic equation (2) is solvable in z,. If
there does not exists VA, then the cubic equation (2) has a unique solution x; in which |x;|, = |w1 - %(p <1.
This means that the cubic equation (2) is not solvable in Z;,. Consequently, the cubic equation (2) is solvable
in Z; if and only if there exists VA.

Let IM(S)| = 3. We know that, due to Proposition 2.2, if the cubic equation (2) is solvable in Z;, then
max(S) > 1. It means that |a|, = |b|, = |c|, > 1.

Case C.10: Let |a|, = |bl, = |c|, > 1 with |a|, = |bl, = |c|, = pk ora= p‘ka*, b= p‘kb*, ¢ =p~*c where k > 1.
Let&; = b>—4ac = p~2*y where ¢ = b** —4a*c*. We can rewrite the cubic equation (2) as p*x® +a*x2 +b*x+c* = 0.
We get from the last equation that

da'ph + Qax + b - ¢ 0, (6)
preax) + 2@ [ax+ b —p] = 0. 7)

Case 10(i): Assume that [61], = |ﬂ|§ = Iblﬁ = |C|§. It means that [, = 1. We want to show that the cubic
equation (2) is solvable in Z;, if and only if there exists V0.

Ir pART: Let x € Z; be a solution of the cubic equation (2). We get from (6) that (2a*x + b*)> = ¢ (mod p). It
means that there exists /i or equivalently V0.

ON1y IF PART: Assume that there exists V0 (or \/E). We choose % such that 2a*% + b* = ¢ (mod p) and
(2a°% + b*)? — ¢ = 0 (mod p). Suppose that f,;,.(x) = p*x® + a*x? + b*x + ¢*. We then have that (2a")%f, (%) =
pF(2a*x)® + 2(a*)? [(25[*9’( +b)? - gb] = 0 (mod p) and (2a*)*f 5,c(®) £ 0 (mod p). Due to Hensel’s lemma, there
exists x € Z, such that f;, (x) = 0 and x = ¥ (mod p). Since X # 0 (mod p), we have that x € z,,

Case 10(ii): Assume that [61], < Ialﬁ = |b|§ = |c|;27. It means that [, < 1. We want to show that the
cubic equation (2) is solvable in Z, if and only if there exists VA. We can rewrite the cubic equation
() as z° + Az —B = 0 where z = Prx + %, A = w and B = _2(”*)%9’);[;}]*_27’]%6*. It is clear that
|Al, = 3% - (@)%, = 1 and [Bl, = | - 2(a")® + 9p*a’b* — 27p%c"], = 1.

LetA=Ag+Ap+-, B=Bo+Bip+-- and D = —4A —27B where Ay, By € {1,2,--- ,p— 1}, A;, B: €
{0,1,--- ,p—1},i=1.
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We have that 34, = —a2 (mod p), 27By = —243 (mod p) and 27Dy = —4(3A,)> — (27Bo)? = 0 (mod p). Then

(see [20, 34]) the depressed cubic equation 2 +Az-B=0is always solvable and all its solutions belong to
Z,,. Moreover, we have that (see [20, 34])

A) If D =0, thenz = —3;3 Zp =23 = ﬁ are solutions of the cubic equation 2 +Az-B=0.
B) Let0 < [DJ, < 1.

a) If there exists \/5 then the cubic equation z% + Az — B = 0 has three solutions z, z, z3 such that
z1 = — 3/;5 (mod p) and z; = z3 = 3B (mod p).

b) If there does not exists \/ﬁ then the cubic equation z* + Az — B = 0 has a unique solutions z;
such thatz; = -2 (mod p).

Since D = p*y [(a)? - 4pkb*)] +2p%a*brc* — 27p*(c")? and [y], < 1, we then have that D], < p~@+D. If
IDl, =pt, then L > 2k + 1.

Suppose that there exists VD. Thenz = _X (mod p), 2Az;, — 3B = p't2 (mod p™*) and 2Az3 — 3B =
p't2 (mod p™*') where I = £. We want to show that |21 < |p =1and |22 -£ |p = |23 < (p = pk. Indeed, we
get that 3z; —a* = 3(a")® + 12p*a*b* + 27p*c* = 3(a*)® £ 0 (mod p). On the other hand, since L is even and
L>2k+1,wegetthat2] =L > 2k+2or! > k+1. We then have that 6Az; —2Aa* = 3(2Az, —3B) - (2Aa*-9B) =
~(Aa’ - 9B) = —9p%*c¢" + pfa’b = p*a’b’ # 0 (mod p**'). It means that |z, — ‘§|p = ’%. Similarly, we can obtain

that |Z3—£| = l.
Fla-%) =%

If there does not exist \/B thenz; = -2 (mod p) and (21 - —| = 1 or equivalently |x;|, = pF.

Hence, we have that |x[, = =p*>1and x|, = x|, = =1.

Therefore, the cubic equation (2) is solvable in Z, if and only if there exists \/— D. Since D = p®*A, there

exists \/3 if and only if so does VA. Consequently, the cubic equation (2) is solvable in 7, if and only if
there exists VA.

Case C.11: Let |al, = |bl, = |c|, = 1. We want to show that the cubic equation (2) is solvable in z, if and
only if (A, B) € ®@. Let us consider the depressed cubic equatlonw +Aw = B. Itis clear that |A|, = [3b— azlp <1
and |B|, = | - 243 + 9ab — 27c|, < 1. Then, the last depressed cubic equation is solvable in Q, if and only if
(A,B) € @.

We know (see [20, 34]) that if |A|f, <|Bl; <1or IAIE = |B|§ <1lor IBI;% < |A]j < 1 with (A, B) € @, then all
solutions of the depressed cubic equation w® + Aw = B in Z, \ Z,;,. In this case, since x = w — 3, it implies
that all solutions of the cubic equation (2) belong to Z;,.

Let |Al, < |Bl, =1, (A, B) € ®. We want to show that |x|, = ’w - §|p =1 or 3w # a (mod p) for any solution
x. Suppose the contrary, i.e., 3w = a (mod p). One can get that (3w)? + 3(3b — a?)(3w) — (—2a° + 9ab — 27¢) =
a® + 2a® — 9ab + 27¢ = 3a(a® — 3b) + 27c = 27c = 0 (mod p). However, it contradicts to ¢ # 0 (mod p). Therefore,
all solutions of the cubic equation (2) belong to Z,,.

Let |Bl, < |Al, =1, (A, B) € ®. We want to show that |x|, = (w - %L} =1 or 3w # a (mod p) for any solution
x. Suppose the contrary, i.e., 3w = a (mod p). Similarly, one can check that (3w)* + 3(3b — a?)(3w) — (—24° +
9ab — 27¢) = —2a3 + 9ab = —2a® + 9ab — 27c¢ + 27¢ = 27c = 0 (mod p). However, it contradicts to ¢ # 0 (mod p).
It means that all solutions of the cubic equation (2) belong to Z,.

Let |Al, = |Bl, = 1, (A, B) € @. In this case, the similar calculation also shows that |x|, = |w - §|p =11t
means that all solutions of the cubic equation (2) belong to Z;,. Therefore the cubic equation (2) is solvable
over Z,;, if and only if (A, B) € ®. This completes the proof. [I
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3.2. The solvability criterion over Q,

We are aiming to describe the solvability domain @ of the general cubic equation (2) in terms of 2, b, c € Q,
except one case |a|, = 4/|bl, = +/Icl, in which we have to stick on A, B € Q,,.

Theorem 3.2. Let p > 3 be a prime. Then the general cubic equation (2) is solvable over Q, if and only if one of the
following conditions holds

A, 1. \/@ < lalp, \3/@ < laly;

aly < B, 3l < Bl

- aly < ity 1Bl < cly, V=c -3

- lal, < 1bly = e, D0u§_2 # 903 (mod p);

- Bl < laly = iy, (10l < laf} = lely) v (1831, = lal} = Icl,, Dou2_, # @} (mod p));
. Q/@ <al, = \/@.

. lal, = bl, = icl,, (A, B) € .

Proof. Let x € Q, be a nonzero p-adic number and |x|, = p* where k € Z. Due to Corollary 2.1, x is a solution
of the cubic equation (2) in Q, if and only if y = p*x is a solution of the cubic equation (4).

- A2 . ops _
Let Ay = B — 4A4,C, Ay = A2 — 4B, Ay = —24% - 27C, A = 2% B = ZA0AT and Ay =
A2B? — 4A3C; — 4B} — 27C2 + 18ABiCy = —4A% - 27B°. Tt is clear that A? = a', B, = b* and C} = ¢" where
|Akly = p~¥lal,, |Bkly = p~2|bl, and |Cylp = p~|c|,. We set Dy = —4A3 — 27B2 (mod p) and il,.3 = Boil, — Agiln
with i = 0, il, = —Ay, and i3 = By for n > 1. We know that, due to Theorem 3.1, the cubic equation (4) is
solvable over Z; if and only if either one of the following conditions holds true

[SSIE )

&
N

N O

C.

N

L LA =1, 1By <1, IGlp < 1;
IL Bl =1, |Alp <1, |Cklp < 1and V=B —3;
L [Cily =1, 1Akly <1, IBely < 1and v=Ci — 3.
2. L |Aklp <IBlp = ICxlp, 1Belp = 1Cklp > 1,
IL |Bil, < |Akly = Cily, 1Akly = ICklp > 1, V=A:Ci - 3,
IL |Cilp < |Akly = [Bklp, |Axly = [Belp > 1,
IV. |Axlp < IBely = ICklp = 1, Doa;_2 # 95 (mod p),
V. Bily < Aily = IGely =1, and
(i) 1Asl, <1, or
(i) |Asl, =1, D0ﬁ§_2 # ag (mod p)
VL |Cilp < 1Aklp = 1Bl =1, and
M Aoy =1, VA -3, or
(i) |Asly <1, VAL—13
3. L |Axy = IBil, = ICklp >1 and
(i) 1A1l, = 1A = IBil; = ICil3, VA1 =3 or
(i) [Adly < AR = By = G, VA -3
IL |Aklp = Bkl = ICilp = 1, (A, B) € .
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We want to describe all p-adic numbers 4, b, c € Q, for which at least one of the conditions given above
is satisfied for some k € Z.
Firstly, we look at the condition 2.I: |Ag|, < |Bly = |Ckly, |Bxlp = ICkl, > 1. Since |Bi|, = |Ckl,, we obtain

that k = log, % It follows from |By|, > 1 and [Cyl, > 1 that |c|§ < Iblg. Moreover, from |Agl, < |Bxl, and
|Aklp < |Cklp we get that lal|c|, < |b|2 Therefore, if y/lc|, < +/Ibl, and laly|c|, < |b|?, then the condition 2.I is
satisfied with k = logp |C"’ € Z. Itis clear that G = G; U G, U G3 where

6 = {@bo)e@: i < bl wablch <1bE},
G = {@boes fidy < il labid, < 1B, VB, <lal,},
G: = (@b e il < bl labicl, < BB, Vbl =l }
= {(u,b,c) eQﬁ : i/@< \/ﬁz |a|p},
G = {@boes i < bl labicl, < B, VB, > ll,}
_ {(a,b,c)eQ3 \/Ic7 1Bl lal, < Vb |p}
Case Al

Condition 1.I: |Agl, = 1, |Bl, <1, |Ckl, < 1. From |A|, = 1, we obtain that k = logp lal,. It follows from

|Bil, < 1and |Cyl, < 1 that [b], < |€l|% and [c[, < |ﬂ|2 respectively. Therefore, if /|b|, < lal, and +/|c|, < lal,, then
the condition 1.1 is satisfied with k = logp lal, € Z. Let

H={@boecQ: il <l yficy <lal ).

Condition 2.IL: |Bkl, < |Akly = ICklp, 1Akl, = ICkl, > 1 and V=A;Cr — 3. From |Aklp = ICklp, we obtain
that 2k = log s l” . It follows from |Akl, > 1 and |Cy|, > 1 that [c], < |ﬂ|2- Moreover, from |Bi|, < |Akl, and
[Bilp < |Ckl, we get that |b|§ < lalylclp. It is clear that the existence of V=A;Cy is equivalent to the existence
of v—ac. Therefore, if {/@ < lal,, lalplcl, > |b|§ and V—ac — 3, then the condition 2.II is satisfied with
k= 1logp |u=” €Z. Let

H, = {(a, b,c)e QS : ,3/|c|p < |a|p, |a|P|C|p > |b|2, \/7— 3}‘

Condition 2.1II: [Cyl, < |Akly = IBklp, |Akly = IBilp, > 1. From |Ag|, = |Bx|,, we obtain that k = logp :zllp

It follows from |Ax|, > 1 and [Bi|, > 1 that |b], < |a|2 Moreover, from |Cyl, < |A¢l, and |Cil, < |Bil, we
get that lal,lc], < Ibl2 Therefore, if +/[bl, < lal, and |al,lcl, < Ibl2 then the condition 2.I1I is satisfied with
= log, U e Z. Let

al,

Ha = {(@,0,0) € Q)+ I < by, lapily < 6}

Condition 3.I: |4, = [Byl, = ICily > 1and () [Adly < AR = 1Bef2 = G, VA — 3 or (i) [Aily = A =

. b
|Bk|2 = |G, VAy — 3. From |Akl, = |Bilk, |Akl, = |Ckly and |Bil, = |Ckl,, we obtain that k = log, %, 2k =
logp :ﬂ:’“ and k = logp :bII” respectively. It means that |b|2 = lalylcl,. Moreover, from |Ai|, > 1, |Bil, > 1 and
ICkl, > 1, we have that [b|, < |af?, Icl, < |a|3 and |c|2 < |b|3 In addition, from |A|, < 1, we obtain that

611, < |b|2 |alylc|,. We can check that the existence of VA and VA; are equivalent to the existence of VA
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and \/_respectlvely Therefore, if |b|2 lalylclp, ~lcly < +/Ibly < lal, and (i) [61], < |b|2 lalylcly, VA-Tor (ii)

1By _ Iy _ lcly

1641, = IbI2 lalylcl,, V61 — 3, then the condition 3.1 is sat1sf1ed with k = log, ot = 1 3log, it s = log, € Z.

Let
Ha = {(@,b,0) € @ 0 = lal iy, el < il < lal, 101l < BB, VA -3},
Ha = {(@,0,0) € Q)+ 1B = Il ey < I < by, Io1], = 6, V6 - 3}.

We want to show that H; ¢ H. Since |c|, < laf}, we can get that |b|§ < lalylel, < |a|§. It means that
\/W < lal,. Therefore, we have that H; ¢ H. Next, we want to show that H, = G; € H. It is clear that
G; c H; and G; c H. From \/W < lal, and lalylcl, < |b|§ we get that |al,|cl, < |b|§ < |a|§ or +flcl, < lal,
and we have that Iclﬁ < |l1|2|C|p < |ﬂ|§|b|§ or [cl, < lal,|bl,. Moreover, we obtain that |c|§ < lalplblylcl, < |b|2 or
\3/@ < \/W. Hence, G = Hy. Lastly, it is clear that H; ¢ H and Hy4 € H. Consequently, the set H contains
the sets H;, H, = G, H3, Hy and it is nothing but the condition A.1.

Case A.2:
Condition 1.IL: [Bil, = 1, |Akly < 1, |Cilp < 1and v=Bg — 3. From [By|, = 1, we obtain that 2k = logp [blp.

It follows from |Al, < 1 and |Cil, < 1 that Ialﬁ < |bl, and |c|§ < |b|2 respectively. It is clear that the existence
of V=B is equivalent to the existence of V-b. Therefore, if |a|, < /Iblp, +/lc|, < +/Ibl, and V—b— 3, then the

condition 1.IT is satisfied with k = % logp bl, € Z. Let

I = {(a, b,c):lal, < “blp/ 3,|C|p < JIbl,, Narl 3}‘

It is clear that I; C G3. Moreover, the set Gz is nothing but the condition A.2.
Casg A.3:

Condition 1.II: |Cyl, = 1, |Akl, < 1, |Bil, < 1 and ¥/=Cy — 3. From |Ck|, = 1, we obtain that 3k = log, [bl,.
It follows from |Axl, < 1 and [By|, < 1 that |u|Z < |, and Iblf, < |c|§ respectively. It is clear that the existence
of V—Cy is equivalent to the existence of +v/—c. Therefore, if lal, < \S/W , \/@ < Q/@ and v/—c, then the
condition 1.IIT is satisfied with k = 1 log, Icl, € Z.

Case B.4:

Condition 2.IV: |Agl, < |Bily = ICklp = 1, Doii?_ ~2 , # 9A2 (mod p). From |Bi|, = 1 and |Ci|, = 1, we obtain
that 2k = logp |bl, and 3k = log |c|,. It means that |b|3 |c|2 Moreover, it follows from |Axl, <1, [Akl, < Bkl,
and |Al, < |Cylp that |a|f, < |bl, and |a|f, < |clp. We can check that Dyii? i,y E3 9A(2) (mod p) is equivalent to
Doui_2 # 902 (mod p). Therefore, if ||, < +/Ibl, = V/icl, and D0u§_2 # 9b% (mod p), then the condition 2.IV
is satisfied with k = % logp |bl, = % logp Icl, € Z.

Cask B.5:
Condition 2.V: |Bi|, < |Akly = |Ckl, = 1 and (i) |A3l, < 1 or (ii) |Az], = 1, Do , E 914% (mod p). From

|Akl, = 1 and |Cyl, = 1, we obtain that k = logp |al, and 3k = logp |c|,. It means that Ial3 = |c|,. Moreover, from
IBely < 1, |Bily < |Akl, and |Bil, < |Ckl, we get that Ibl,, < Ialf, and |b|2 < |C|!2,. Furthermore, from |A3|, < 1 we
obtain that 03], < [al} = |c|,. We can check that Do , # 9A2 (mod p) is equivalent to Dou;_z % a; (mod p).
Therefore, if +/Ibl, < lal, = /Icl, and (i) 85], < Ial3 |c|p or (ii) [63], = lafy = Icl,, Dou , # a5 (mod p), then
the condition 2.V is satisfied with k = logp lal, = ; logp lcl, € Z.

Case B.6:

Condition 2.VL |Cyl, < |Akl, = Bk, = 1 and (i) |Az], < 1, VAx —F or (ii) |Azl, = 1, VA, — 3. From
|Axl, = 1 and |Bi|, = 1, we obtain that k = logp lal, and 2k = logp bl,. It means that |ﬂ|§ = |bl,. Moreover,
from |Cylp, < 1, |Cilp < |Akl, and |Cxlp < |Bil, we have that ||, < |a|2 and |c|§ < |b|2- Meanwhile, from |A,], < 1
we obtain that |63], < Iali = |bl,. We can check that the existence of VA, and VA, are equivalent to the
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existence of VA and V0, respectively. Therefore, if +/|cl, < lal, = +/Ibl, and (i) [62], < |11|2 [ VA -3or
(ii) [62l, = Ial2 b, V0, — 3, then the condition 2.V is satlsfled with k logp lal, = 3 log;7 bl, € Z. Let

= {@b,0) 5 iy <l = i, 12} < W = b}, VA -3},

13={<a,b,c>::/|c|p <laly = \JIbly, 1021y = a2 = |bl,, o —3}-

It is clear that I, C G, and I3 C G,. Consequently, the set G, contains the sets I;, I, and it is nothing but the
condition B.6.
Case C.7: )

Condition 3.1L: |Agl, = [Bil, = |Ckl, = 1 and (4, B) € ®. From |Aklp = 1, |Bilp = 1 and |Cy|, = 1, we obtain
thatk = log lal,, 2k = log |bl, and 3k = logp |cl, respectively. It means that [b], = Ialp, lcl, = |a|3 and |c|2 |b|3
We can check that (4, B) € @ is equivalent to (4, B) € ®. Therefore, if Vlel, = +/Ibl, = lal, and (A, B) € @, then
the condition 3.1 is satisfied with k = logp lal, = % logp |bl, = % logp lcl, € Z.

We have considered all the conditions which completes the proofs. [

3.3. Descriptions of p-adic absolute values of roots

The following theorem describes the p-adic absolute values of roots of the general cubic equation (2)
without knowing their exact values. Its proof follows from Theorem 3.2.

Theorem 3.3 (Descriptions of roots of the general cubic equation). Let p > 3 be a prime.

1. Let /Ibly <laly, +/lclp < lal,. Then the cubic equation (2) always has a root xy in which |x,|, = |al,. Moreover,

(i) If lalylcl, < |b|?, then it has two more roots x, and x5 in which [xalp = ‘ ‘ = and |x3, = :bll” In this case, we

a
have |x3], < [x2lp < |x1lp;
(ii) If(lalplclp = |b|2 > |61]p, VA - ) (Ialplclp = |l7|2 16115, Vo1 — 3) then it has two more roots x, and

|b|p |C|p |C|p

x3 in which |xa|, = |x3l, = T . In this case, we have |xa|, = |x2], < |x1lp;
p
fee 2 . . . _ _ |C|p .
(iii) If lalplcl, > 1bl;, V—ac — 3, then it has two more roots x; and x3 in which |xa|, = |x3|, = - In this
p

case, we have |x3|, = |xal, < [x1],.

2. Let |al, < +/Ibly, ~/lcl, < +/Ibl,. Then the cubic equation (2) always has a root x1 in which |x1|, = %

Moreover, if V=b— 3, then it has two more roots x and x3 in which |xa|, = |x3|, = +/Ibly. In this case, we have
|x1|p < Ilep = |x3|p-

3. Letlal, < +/lcly, +/1bly < +/lcly, \/—c—3. Then the cubic equation (2) always has a root x1 in which |x; lp = /ey
Moreover, if p = 1 (mod 3), then it has two more roots x, and x3 in which |xz|, = |x3|, = +/lc|,. In this case,
we have |x1|, = |x2l, = [xalp.

4. Let lal, < +/Ibl, = +/Icly, Doui2 # 9b5 (mod p). Then the cubic equation (2) always has a root x1 in which

[x1l, = +/1bl $/| . Moreover, if(lDIp =1, up» =0 (mod p)) (0 <Dl <1, VD - 3) then it has two
more roots x and x3 in which |xa|, = |x3l, = +/|bl, = +/Ic|,. In this case, we have |x1|, = |x2l, = |x3]p.

5. Let \/_ <lal, = i/m, (I(Sg,l,, < Ial3 Iclp) (I63|p = Ial3 Iclp,Dou % ay(mod p)). Then the cubic equation
(2) always has a root x1 in which |x1l, = lal, = \/_ If 163, < Ialg = e, with p = %1 (mod 12) or
03], = |a|2 = |c|, with (lDlp =1, up» =0 (mod p)) \% (0 <D, <1, VD - 3), then it has two more roots x»
and x3 in which |xz|, = |x3|, = lal, = {/@. In this case, we have |x1|, = |x2lp = |x3]p.
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6. Let {flcl, < lal, = +/Ibl,. Then the cubic equation (2) always has a root x; in which |x,|, = % Moreouver,
z'f(léllp < |bl, =1al?, VA - 3) % (|51|p = |bl, = lal?, V61— 3), then it has two more roots x, and x5 in which
[xX2lp = lxsl, = lal, = +/Ibl,. In this case, we have |x1|, < |x2l, = |x3]p.

7. Let |al, = +/Ibl, = +/lcl, and (A, B) € ®. Then the cubic equation (2) always has a root x1 in which |x1|, = lal, =

\/@ = Q/@. Moreover, if one has that

(i) (1B <A, V=A-3)or

(i) (AR =BE, (1D}, =1, up2 =0 (mod p)) v (0 < |D|, <1, VD -3))or
(i) (JAP < |BZ, VB-3,p=1 (mod 3)),

then it has two more roots x; and x3 in which |xal, = lx3l, = lal, = +/Ibl, = {fIcly. In this case, we have
|x1|p = |x2|p = |x3|p-

Theorem 3.3 takes the following form for the depressed cubic equation
x> +ax =b. (8)

We set D = —4(alal,)® — 27(blbl,)?, Dy = —4a} — 27b5 (mod p) and U3 = boily — agity1 With iy = 0, > = —ag,
and u3 = by forn > 1.

Theorem 3.4 (Descriptions of roots of the depressed cubic equation). Let p > 3 be a prime.

1. Let |b|§ < Ialg. Then the cubic equation (8) always has a root x1 in which |x1|, = % Moreover, if y—a — 3,

then it has two more roots x, and x3 in which |xa|, = |x3|, = +/lalp. In this case, we have |x1], < |x2lp = |x3]p.

2. Let Ialg’ = Iblg and Eoﬂ;,z # 9a; (mod p). Then the cubic equation (8) always has a root xy in which
Ix1l, = +/lal, = +/Ibl,. Moreover, if(lﬁlp =1, up» =0 (mod p)) \% (O < Iﬁlp <1, \/5 - EI), then it has two

more roots xp and x3 in which |xa|, = |x3l, = 4/lal, = +/Iblp. In this case, we have |x1|, = |x2l, = |x3lp.

3. Let Ialf, < Ibli and b — 3. Then the cubic equation (8) always has a root x1 in which |x1|, = +/|bl,. Moreover,

if p =1 (mod 3), then it has two more roots x, and x5 in which |xa|, = |x3|, = +/|bl,. In this case, we have
|x1|p = |x2|p = |x3|p'

3.4. The solvability criterion over Z,, \ Z,

Theorem 3.5. Let p > 3 be a prime. Then the cubic equation (2) is solvable over Z,, \ Z,, if and only if one of the
following conditions holds

1. \flbl, < lal,, \3/@ < lal,, and
(i) 1B > lalylcly, Iel, < Ibl,
(ii) B = lalplely, (lal, < 1) Vv (lal, = 1, lel, < 1Bl, < lal,, (8], < 1B, VA=) v (18a], = IbE, Vo1 - 3))
(iii) 1B < lalylcl,, (laly < 1)V (laly = 1, lel, < lal,, V=ac - 3);

2. laly < Iblp, Icly < AfIBly, Icly < [bl,;

3. lal, < iy, Bl < ey, lely <1, Y= -1

4. lal, < \fIbl, = el < 1, Doui_2 % 9b5 (mod p);
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5.\, < laly = 3ficly < 1, (18], <1a}) v (1851, = lal}, Dou?_, £ a§ (mod p))

6. +flcly <lal, = +/Ibly, Iclp < 1blp.
7. lal, = B, = {icl, <1, (A,B) € ®.

Proof. Basically, we derive all assertions from Theorem 3.3.
Case 1: +/|bl, < lal,, +/Icly < lal,. For this case, we consider three subclasses

. b
Let Iblﬁ > |alylcl,. Then we always have three solutions |x1|, = lal,, |x2l, = 1y

%/
[x3lp < |x2lp < |x1l,. In order to have a root in Z, \ Z;, we should have at least x3 € Z, \ Z;. It means that

lel, < Ibl,. Therefore, if /Ibl, < lal,, +/Icl, < lal,, |b; > lal,Icl,, and ||, < |b],, then the cubic equation (2) has at
least one root over Z,, \ zZ,.
Let [b2 = laylcl,. In this case, if (|o1], < [b2, VA = 3) v (161], = [b[2, V51 — 3), then the cubic equation (2)

b ..
has three roots |x], = logp lal, and |x2|, = |x3|, = % = % = % where [x3, = |x2|, < |x1], otherwise it has a
P P P

unique root |x1|, = |al,. Consequently, if either one of the following conditions is satisfied

1. \/|b|p < |a|pr \3/|C|p < |a|p/ |a|p|C|p = |b|§/ |C|p < |b|p < Ialp/ |a|p >1and
@) 161l < bR = lalylcl,, VA—For
(i) 161, = bI3 = lalylcl,, Vo1 -3

2. \/|b|p < |a|pr \3/|C|p < |a|p/ |b|§ = |a|p|C|p and |a|p <1,

then the cubic equation (2) has at least one root over Z, \ Z,,.

Let |b|§ < lalplcl,. If ¥—ac — 3, then the cubic equation (2) has three roots |x1|, = lal,, |x2l, = |x3|, = ,/ﬂ

|u|p
where |x3|, = [x2], < |x1], otherwise it has a unique root |x1|, = |a|,. Therefore, if either one of the following
two conditions is satisfied

1. /bl < lalp, ~/lclpy < lalp, |b|§ <lalplcly, lal, =1, |clp < lal, and V—ac — 3 or

2. \/|b|p < |a|pr \3/|C|p < |a|p/ |b|§ < |a|p|C|p and |a|p <1,
then the cubic equation (2) has at least one root over Z, \ Z,.

Case 2: lal, < 4/Ibl, and +flc|, < +/Ibl,. The cubic equation (2) always has a root x; in which |x|, = %

Moreover, if V—b— 3, then it has two more roots x; and x3 in which |x2|, = |x3|, = +/Ibl, where |x1, < |x2|, =
|x3,. Therefore, if |al, < 4/Ibl,, +/lcl, < +/Ibl, and [c|, < |b],, then the cubic equation (2) has at least one root
over Zy \ Z;.

Case 3: al, < +/lclp, +/Ibl, < +/lcl, and V—=c — 3. The cubic equation (2) always has a root x; in which
[x1l, = +/Icl,. Moreover, if p = 1 (mod 3), then it has two more roots x; and x3 in which |xz|, = |x3|, = +/lcl,

where |x1|, = [x2l, = |x3|,. Therefore, if |al, < +/Icl, +/Ibl, < +/lcly, Icl, < 1 and +v/—c — 3, then the cubic
equation (2) has at least one root over Z, \ Z,,.

Case 4: |a|p < \/W = {’/@ and D()u;_2 * 9b3 (mod p). The cubic equation (2) always has a root x; in
which |x], = \/W = \3/@. Moreover, if (lDlp =1, up2 =0 (mod p)) \% (0 <ID|, <1, VD - EI), then it has
two more roots x» and x3 in which [|xf, = |x3|, = \/W = \3/@ where [x1], = [x2|, = |x3|p. Therefore, if
lal, < \/@ = 3/@ < 1and Doui_2 * 9b§ (mod p), then the cubic equation (2) has at least one root over
z,\ Z,.

Case 5: +/Ibl, < lal, = +/Icl, and

[cl
and |x3|, = # where
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1. |63], < |a|2 = |cl, or
2. 183, = lal} = Iclp, D0u§_2 % a; (mod p).

Regardless of how many roots does the cubic equation (2) have, the p-adic absolute value of its roots is
equal to |a|, = +/lcl,. Therefore, if /b, < lal, = +/lcl, < 1and

1. |63l < laly = Icl, or
2. 163l = laly = Icl,, Douﬁ_z = ay (mod p)

then the cubic equation (2) has at least one root over Z, \ Z,,.
; _ . . . . _
Case 6: +/[c|, < lal, = 4/Ibl,. The cubic equation (2) always has a root x; in which |x|, = ﬁ Moreover,
if [61], < |bl, = lal} and VA -3 or |64, = |bl, = lal; and 161 — 3 then it has two more solutions x, and x3 in

which |xa|, = |x3l, = lal, = +/Ibl, where |x1], < |x2|, = |x3,. Therefore, if y/Ic|, < |al, = +/Ibl, and |c|, < |bl,, then
the cubic equation (2) has at least one root over Z, \ Z,.

Case 7: Let |al, = 4/Ibl, = +/Ic|, and (A, B) € ®. Regardless of how many roots does the cubic equation (2)

have, the p-adic absolute value of its roots is equal to |a|, = /|bl, = +/|cl,. Therefore, if |a|, = /Ibl, = +/lcl, <1
and (A, B) € @, then the cubic equation (2) has at least one root over Z, \ Z,. This completes the proof. [

3.5. The solvability criterion over Q, \ Z,,

Theorem 3.6. Let p > 3 be a prime. Then the cubic equation (2) is solvable over Q, \ Z,, if and only if one of the
following conditions holds

1. \/W <alp, {/@ <lalp, lal, >1;

2. laly < By, iy < Bl (Icly > 16},) v (icly < 1Bl 1B, > 1, V=b-3);

3. laly < ficly, Bl < ey, Ielp > 1, V= -3

4. laly < fIbl, = ¥ficly, ], = {/lely > 1, Doui_2 % 9b3 (mod p);

5. Bl < laly = ek, lal, = Y, > 1, (1631, < 1) v (165l = lal}, Dou2_, # aj(mod p))

6. 3Icl, < lal, = /B, with (Icl, > [bl,) o

(1 < 16ty = oy > 1, (02l <o}, VA =3) v (62l = 1o, B2 - 7))

Vicl, > 1, (A, B) € @.

7. lal, = /IBl,

The proof is similar to the proof of Theorem 3.5
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