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On a Quaternionic Sequence with Vietoris’ Numbers

P. Catarino?, R. De Almeida?®

*Department of Mathematics, University of Trds-os-Montes e Alto Douro, UTAD 5001 - 801 Vila Real, Portugal

Abstract. Special integers sequences have been the center of attention for many researchers, as well as
the sequences of quaternions where its components are the elements of these sequences. Motivated by a
rational sequence, we consider the quaternions with components Vietoris’ numbers and investigate some of
its properties. For this sequence a two and three term recurrence relation is established, as well as a Binet’s
type formula. Moreover the generating function for this sequence is introduced and also the determinant
of some tridiagonal matrices are used in order to find elements of this sequence.

1. Introduction

One of the main motivation about this work comes from the study of Vietoris” sequence included in
the paper [6]. As the authors have mentioned, this sequence of rational numbers ”is a sequence that
can be considered on the crossroad of positivity of trigonometric sums, stable behavior of some classes
of holomorphic functions and a set of Appell polynomials in several hypercomplex variables”[6, p. 77].
Regarding the class of Appell polynomials and their generalizations, one can find in the literature some
research of these polynomials from several points of view, see for example [4, 5, 7] and [25-27]. Recalling
some combinatorial properties from Leopold Vietoris (1891-2002) [33], some interesting generalizations can
be seen in [24]. These and other properties led us to further study this sequence (see [9]) and yet another
sequence formed from it (see [10]).

Also nowadays, several studies involving quaternion sequences, in which the respective components
are elements of some number sequences, have been a research topic for many authors (see, [1-3], [11-
13], [17, 18], [20-22], [28-31], [34], among others). Motivated by these works, we started to investigate a
quaternion sequence whose components are Vietoris’ numbers. As a results of this study, we present in
this paper a two terms recurrence formula, a way to find the general term of this sequence by the use of the
determinant of a special tridiagonal matrices, a generating function and also a Binet’s type formula satisfied
by this sequence. In a additions to a series of properties presented in ([6], [9], [10]) for the Vietoris’s number
sequence, we also introduce new results that are stated in the next Section.

The structure of this paper is as follows: as we mentioned before, in the Section 2 we recall the definition
of Vietoris’ number sequence and present some new results that will be useful in the study of the quaternion

2010 Mathematics Subject Classification. Primary 11R52; Secondary 05A10, 11B37, 05A15

Keywords. Binet’s formula, Catalan’s identity, Generating function, Quaternions, Recurrence relation, Tridiagonal matrix, Vietoris’
number sequence

Received: 21 March 2020; Revised: 10 January 2021; Accepted: 06 February 2021

Communicated by Hari M. Srivastava

Research supported by the Portuguese Funds through FCT (Fundagdo para a Ciéncia e a Tecnologia), within the Projects
UIDB/00013/2020 and UIDP/00013/2020. Also the first author was supported by the Project UID/CED/00194/2020.

Email addresses: pcatarin@utad.pt (P. Catarino), ralmeida@utad.pt (R. De Almeida)



P. Catarino, R. De Almeida / Filomat 35:4 (2021), 1065-1086 1066

sequence whose components are Vietoris’ numbers; in the Section 3 we introduce a new quaternion sequence
where Vietoris’ numbers are involved. A two terms recurrence formula, as well as some of its properties
are stated; the determinant of some special tridiagonal matrices with quaternion entries is used to find the
general term of this new sequence, as can be seen in Section 4; the generating function of this quaternions
sequence as well as its Binet type formula is presented in the last section.

2. Vietoris’ number sequence

As shown in [15, Theorem 3.9], the elements of the Vietoris number sequence {v,},>0 can be written
using the generalized central binomial coefficient
i)
L5]

1(n
U= .| n>0.
2"(L§J)

in the form

The first Vietoris” numbers forn =0,1,2,3,--- are

1133 5 5 3 3 63 63 231 231

L3388 16 16’ 128’ 128’ 256’ 256’ 1024’ 1024°

1)
sequence related with the sequence A283208 in the OEIS in [23].
Recall that in [32], Vietoris stated that the even members of the Vietoris number sequence {v,},> are
given by
1 (2n
Uy =

-~ ) nz0, @

n

where vy, = v7,-1, and (2:) are the central binomial coefficient.
It is also known that the recurrence relation for {v,},50 is the following identity:

Vo2 = d(21)0, n=0, 3)
where
k+1
k) = o k>0. 4)

Notice that we can write v, in terms of vy, using (4)

=~

n—,

Uy = d(2n — 2)vy, n>k. (5)
1

Il
—_

In order to present a Binet’s like formula for the Vietoris numbers, we recall the following recurrence of
order two of the Vietoris numbers.

Lemma 2.1. Let {v,},0 be the Vietoris” number sequence, then

1 1
Uopt2 = Evz;ﬁ-l + Ed(Zn)vzn.
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Proof. Due to tha fact that vy,4» = v2,41 and the recurence relation (3), we have

1 1

1
Uony2 = 502n+1 + EUZn+1 = ZU+1 + Ed@”)vzn-

2

O
Furthermore, we obtain a new recurrence of order two for the even index Vietoris” number.
Lemma 2.2. Let {v,},0 be the Vietoris” number sequence, then

1 1
Vo2 = Ed(Zn)wn + Ed(2n)d(2n = 2)v24-2.
Proof. Using Lemma 2.1, due to 03,41 = 02442 and the recurrence relation (3) we have
1 1 1 1
U2 = Evznﬂ + Ed(2n)vzn = Ed(Zn)vzn + Ed(Zn)d(Zn — 2)'02,4,2.
O

Using Lemma 2.1 and the fact that v;,-1 = v,, we obtain the following Binet’s like formula for the
Vietoris number sequence.

Theorem 2.3. Let {vy,}n>0 be the Vietoris” number sequence, then

Vo = c1(2n)r%”(2n) + cz(Zn)rg"(Zn),

where
r(2n) = }1(1 — V1+8d@n)),  r@n) = }1(1 + V1 +8d(2n)),
and
2 —Mﬁz 2k) — 1)r1(2K)
c1(2n) = 2 (2n) —r%”(Zn) k:1( r1(2k) = 1n
(6)
vy — r2n n ) n—1
CZ(ZTI) = W H(272(2k) - 1)7’2(2’()

Proof. Using Lemma 2.1, we have

1 1
Va2 = 5 0me1 + Ed(zn)vzn-

The Binet formula for Vietoris” numbers explicitly gives vy, as a function of the index n and the roots 7 (21)
and r,(2n) of the characteristic equation

1 1
2 —_—_X - = =
X ox 2d(Zn) 0,

where

r(2n) = }L(1 - V1+8d@n)),  r@n) = }L(1 + V1+8d(2n)).
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Substituting (6), we obtain

(13" (2n)~v2) :1?[11(2?1 (2k)=1)r1 (213" (2m)+(02~13" (21) :1:[711(2&(21()*1)?2 @0r3" (2n)

Cl (271)1’%"(211) + C2(21’l)1’§"(2n) = r%pz(zn)_’,%n(zn)

12" (2n)r3" (2n) :li[I(er(Zk)—rl (2k))—(2r2(2Kk)—r2(2K)))

2 (2n)—r2" (2n)

1 -1
—r2(2n) TI 272 @h)-r1 (2K)+72" @n) T1 2r3(2K)-r2(2K)
k=1 k=1

t02 22— 2n)

Since r1(2n) and r»(2n) satisfies x* — 1x — 1d(2n) = 0, then

2r3(2k) — r1(2k) = d(2k),  2r5(2k) — r2(2k) = d(2k)

n—1
and using the fact vy, = [] d(2k)v,, we have
k=1

n-1 n-1
vy | —13"(2n) [T d(2k) + 1" (2n) T1 d(2k)) i1
=l it =0, [ [ d(2K) = van.
k=1

1 (Zn)r%”(Zn) + cz(Zn)ré”(Zn) = r%” ) - r%” @)

Remark 2.4. Some basic properties can be noticed for r1 and r, defined in Theorem 2.3:

(i) The value of r1(0) = 1“/5, which is half of golden ratio.
1 8

(ii) r1(2n) +r(2n) = 3.

(iii) r(2n)ry(2n) = -2,

In the next theorem, using Lemma 2.2, a new Binet’s like formula is obtained for the Vietoris number
sequence.

Theorem 2.5. Let {v,}n>0 be the Vietoris number sequence, then

o0 = C1(2n)r2"(2n) + )3 (2n),

where
_ d@n) d(2n—2) _den) d(2n—2)
1’1(27’1) = T [1 - 1+ Bw], 7’2(21’1) = 2 [1 + 1+ 8—d(2n) ]
and
(2n — DI(=d2n)r3"(2n) + r3"*2(2n + 2))
a(2n) =
n! (Z”r%” @m)rd*2(2n + 2) = 2Mr3" (2n)rA (20 + 2))
)
@2n — D)NAQn)r¥"(2n) — r+2(2n + 2))
o(2n) =

n!(2rr3" 2n)ry A (2n + 2) = 273" (2n)r72 (20 + 2))
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Proof. Using Lemma 2.2, the Binet formula for Vietoris’ numbers explicitly gives v,, as a function of the
index n and the roots r(2n) and r,(2n) of the characteristic equation

2~ Sd@nyx - d@n)in ~2) =0,

where

Substituting ¢;(2n) and ¢(2n), defined in (7), in

c1(2n)r(2n) + co(2n)r3"(2n),

we obtain
2n — DIN(=dQ2n)rZ*(2n) + r¥+2(2n + 2))r2"(2n
Cl(ZH)V%"(ZTl) + C2(21’l)7’§”(2n) — ( ) ( ( ) 2 ( ) 2 ( )) 1 ( )
n! (2"rf”(2n)r§”+2(2n +2) = 2" (2n)r7 2 (2n + 2))
~ (2n — DA (2n) — r3"2(2n + 2))r)" (2n)
- ni(2mr3 2n)r3 2 (2n + 2) = 213" ) (2n + 2))
_ @n-1)
B ni2n
= Uy.
O

Remark 2.6. For vy and r, defined in Theorem 2.5, one has:

d@2n)
2,

d@n)d(2n - 2)

r1(2n) + r,(2n) = >

rn(@m)r(2n) = -

3. Quaternion sequence involving Vietoris’ numbers {V;}s>o

In order to introduce a new quaternion sequence involving Vietoris” numbers, we begin this section by
presenting some basic notions and properties of quaternion algebra, for more detail see for example [14]
and [16].

The set of quaternions form a four-dimensional associative and noncommutative algebra over the set of
real numbers. Let {1,1, j, k} standard basis in R* satisfying the following multiplication rules:

=i =kK=-1, ij=—ji=k, jk=-kj=1i, ki=-ik=j.
Let H be the skew field of quaternions defined by
H={g=qo+qi+qj+qk ¢gs€R,s=0,1,23},
and for g € H given by g = qo + q1i + 42j + g3k, where Sc(g) = qo is called the scalar part of the quaternion

and Vec(q) = q1i + g2j + g3k vector part.
We recall that the prime involution in H is the mapping g — g’ defined by

q' =qo—qmi—qj + g3k
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and the reversion in H is the mapping g — g+ defined by

q = qo+qi+q2j — gak.

The conjugation in H is the mapping g — 7 defined by

9= =@ =490 — qi— qj — gak.

These involutions satisfy the following product rules

Gpy=qv, @p'=pq, 9p=pq VYqpeH.

Furthermore, one has

gk =kg’, VgeH.

One also has the relation between the scalar part and as well as

q+q=25c(q),  q-q=2Vec(q). 8)

The modulus or absolute value of the quaternion, is given by

lgli* = q9 =

qq, Vg e H. ©9)

3.1. A quaternion sequence {V,},»0 and basic properties
We define the sth element of the quaternionic sequence with Vietoris’ number by

Vs = s + Usy11 + Usi0j + U543k, 5 € INp. (10)

If we denote the complex sequence with Vietoris” numbers by

VS =05 + Us11, (11)

one can rewrite the quaternionic sequence with Vietoris’ number by

Vs = 05 + Ugyqi + (Us42 + Usy3i) j = Vi + VE,,j.

In the case, s = 2n, and due to the fact that vp,_1 = v,, we have

Vo =

Vo + Vo1l + Uopg2j + Uonask
Vo + Voo (i +§) + vonak.

Using the recurrence formula (3), one obtains

Von = 02, (1 +d(2n)( +j) + d2n)d(2n + 2)k), (12)

which can be rewritten as

Van = 03a( (1 + d@n)i) + d(@n) (1 + d(2n + 2)i) j) (13)

Leta(2n) = 1+ d(2n)(i +j) + d(2n)d(2n + 2)k, we can rewritten V5, as
Vau = 02, a(21). (14)

In the case, s = 2n + 1, and due to the fact that v,,_1 = v, and the recurrence formula of the Vietoris’
numbers (3), one gets

Vons

—

Vont1 + Vans2l + U2p43j + V2naak (15)
U2ng2(1 +1) + 02,14(j + K)

Vons2 (1 +1+d@2n +2)(j + k))

Vons2(1 +1) (1 + d(2n + 2)j).

Letb(2n +2) =1 +1i+d(2n + 2)(j + k), we can rewritten V5,41 as

Vaue1 = Oosa b1 + 2). (16)
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Remark 3.1. If we consider the expression (11) we obtain

(i) Vay = Vg, + V§

2n+2)7
(it) Vopur = V5, ., + V5

Suaal = 200042V + 202144 V§j = 2V (V2042 + V2n44j) -

We also can rewrite
a(2n) = (1 +d(2n)i) + d(2n) (1 + d(2n + 2)i) j

while
b2n+2) =1+i+d@2n+2)(j +k) = 2V] +2V{d(2n + 2)j.

In the next result one presents some relations between this quaternion sequence and its norm.

Proposition 3.2. Let V; defined in (10). Then
(@) Vol = IVonal? =03, — 05 . ;
() [Vansll < IVaull;

(c) Vsz + ||V5||2 =205V,

Proof. One starts by proving (a), using (14) and (16) , we get

VanVau = 03, (1 + 2d%(2n) + d2(2n)d>(2n + 2))

and
Vane1Vanet = Va0 (2 +24%(2n + 2)) ,
therefore,
2
v
IVaull® = IVansall* = ﬁ 03,7 2n+2) =03, - 05 .

Using (a), we have
v%n - Z)%n+4 = (V21 — V2u+4) (V20 + V2n1a),

where
Uy — Uppra =4n+5>0, Uop + Uoprs > 0.

Therefore
IVaulP* = Vol > 0

proving (b). To prove (c) we use (9) and (8)
V24 Vel = VoVe + ViV = (Ve + Vo) Ve = 20,V
|

Further relations can be encountered using the prime involution.

Proposition 3.3. Let V; be defined as in (10). Then
(@) Vaperi = (=Vaus1)';
() Vou + V), =2(v2n + V2nsak);
(c) Van =V}, = 200042 (i +j);

(d) Voprr + V3, = 2(02ns2 + 02144K) ;

1071
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(e) Vanr1 = V3, .1 = 2(Vansai + O2u14j)
(f) Vau = V3, 1 = (02n — Vans2) + 2020421 + 202044j;

(§) Vo + V), 1 = (02 + Vans2) + 202p44k.

Proof. Let start by proving (), using (16) and the fact that vy;_; = vy for all s € IN, we have

. _ . -2 .o .
Vopsil = 0ol + 02l + 0Unpa3ji + vppiaki
Vons1l = Uons2 — V2na3K + 02p44j
Upns2l = Uopa1 — UonaaK + Uppa3j

(=Vans) .

The equalities (b), (c) and (f), (g) are a direct result of the prime involution property. In the proof of (d) and
(e) one also uses the fact that vy, 1 = vps foralls e N. O

A relation between a combination of three consecutive terms of {V}s>0, starting with an odd index term

of this sequence, is presented in the following proposition.

Proposition 3.4. Let V; be defined as in (10). Then

3
Y DVt = (Vana i) = ~(Varsa)'i
k=1

Proof. Using the definition of V,, defined in (10), we obtain:

(1) Vouik

M

—(vzn+1 + Uppol + Uopyaj + 02n+41<) + Uppe2 + Vopesi

k=1

+02p+4] + V2na5K = V2pa3 — Uopal — Uopasj — Donaek
—Uops2i + Vopaa(—k — 1) — Upn16]

(02n+2 + Uoppa(—i—j) + Uzn+6k)(—i)
(V2n+2 i)l-

Proposition 3.5. Let V; be defined as in (10). Then
(a) Vo1 Vono1 = 2(02n421 + 02044) (V20 + V2n42j);
(b) Von-1Vons1 = 2(02ni + 02042)) (V2n+2 + V2n44j);
() Vau = Vanar +v2((1 = d(2n)) + d(2n)(1 - d@2n + 2))j);
(d) Vanr = Vansa + d21)0an((1 — d2n + 2))i + d@n + 2)(1 — d@2n + 4)K);

() V2 . =2d%2n)c2 (i +d(2n + 2)j)(1 +d(2n +2)j);

2n+1

() VapaVou = V2 +d@n)o2 (1 +1) +d(2n + 2)(j + k)((1 — d(2n)) + d2n)(1 — d(2n + 2))j);
(8) VauVaner = V3, +d2n)o}, (1 - d(2n)) +d2n)(1 - d(2n + 2))j)((1 + 1) + d(2n + 2)(j + Kk));
(h) VansaVon = Vans1 Van — d(2m)v2,((1 = d(2n + 2)i + d(2n + 2)(1 = d2n + 4)k) Vay,;

(1) VonVonia = VonVousr = Voud(21)02,((1 = d(2n + 2))i + d(2n + 2)(1 - d(2n + 4))k).
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Proof. By a straightforward calculation, and the fact that
1+i)?=2i, 1+i){j+k) =2k (+k(A+i)=2j, (+k?*=-2 (17)
we obtain the equality (a)

Vons1Von-1 = (Vans1 + V2nsol + U2na3] + Vonsak) (V2n—1 + U2pd + U2p11j + V2n12K)
= 2 (02n+202ni + 03 K+ 024 0244] = V2ns202044

2 ((V2n421 + V2044))020 + V2n42(V2n 42K = V2p44))

2 ((van421 + V2n+4j)02n + V2ns2(Vansl + V2u44j)j)

= 2(vons2i + V2044)) (V20 + V2n42j).

Furthermore

VonrdVansr = (V2n—1 + 02ud + U2p41j + 02042K) (V2041 + V2ns2i + V2n43j + 02044k)
= 2 (02n+202ni + 03 Lj + VanUonsak — 02n+202n+4)
= 2((vans2i + V20404K) 020 + V2142 (V2n42] — Vonsa))
= 2(i(vans2 + V244020 + V2n42j (V2042 + Uzn+4i))
= Z(UZni + 02n+2j)(02n+2 + Z72‘r1+4j)/

proving (b). In order to prove (c) we use (16) and the fact that v,,-1 = v,,, hence

Van = Vansl V3 (1 + d@m)i) +d(2n) (1 +d(2n + 2))) = v2ur2 (1 + i + d(2n + 2)(j + k)
= 0g,( (1 +d(@n)i) + d(2n) (1 + d(@2n + 2)i) ) — V20 (A(2n) + d(2n)i + d2n)d(2n + 2)(j + k)

v2((1 = d(@n)) + d(2n)(1 - d(2n + 2))j).

Now, for the proof of (d) we use (10) and the fact that v,,-1 = v2,, hence

Voer = Vonso + (U2n12 — U2nsa) 1+ (V2144 — V2ns6) K
= Vg +d@m)og( (1 - d@n +2))i+d(@2n +2) (1 - d(2n + 4)) k).

By the use of (10), the fact that v,_1 = v, and, once more, by (17) we get the identity (e),

V2., = v§”+%(1 +1i)? ; vz?+202”+4(1 + i)(.j +K) + 024202044 + )1 + 1) + 05, (j + k)?
= =205, ., + 205, i+ 2024200044) + 20244202n14K

2(V2n421 + V2044j) (V2042 + V2us4j)-

In order to prove (f) we use the equality (c) and also (10), giving the following

V2n+1 V2n V2n+1(V2n+1 + U2p ((1 - d(zn)) + d(zn)(l - d(2n + 2)) ])

= V2, + Va0, (1 = d@m) + d@n)(1 - d@2n +2)))
= V2 402 (020(1 + 1) + 020ra(j + 1)) (1 = d@2n)) + d2n)(1 - d(2n + 2)) j)

= Vit 02 d(2n) ((1+1) +d@2n +2)(j + k) (1 - d(2n) + d2n)(1 — d(2n + 2))j) .

To prove equality (g) just apply the same technique used in proof of the equality (f), hence we omit the
respective proof here. For the last two equalities we use the identity (d) and we immediately get the
results. [J

3.2. Recurrence relations for {Vy}us0

Several two and three terms recurrence relations for {V,},>¢ are introduced. Due to the structure of the
Vo, versus Vy,41 presented in (14) and (16) respectively, the following four two term recurrence relations
are deduced.
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Proposition 3.6. Consider Vs defined in (10) and d(s) defined in (4). Then
Vonso = Vo1 @r(2n + 2), Vonso = ¢r(2n + 2)Vopsa,

where
_ Qo(2n +2) + p1(2n + 2)i + Po(2n + 2)j + P3(2n + 2)k
Pr(2n +2) = 242820 +2)
and
_ Po(2n +2) + Pa(2n + 2)i — P2(2n + 2)j + P2(2n + 2)k
Pr2n+2) = 242820 +2)
with
Go(2n+2)= 1+dQ2n+2)+d*’Q2n+2)[1+d2n+4)];
012n+2)= dQ2n+2)—1+d*’Qn+2)[1-d@2n+4)];
¢(2n+2)= d@2n+2)[d2n+4)-d2n +2)];
¢3(2n+2) = d@2n+2)[d2n +4) +d(2n + 2)] - 2d(2n + 4);
Ga2n+2)= dQ2n+2)—1+d*Qn+2)[d2n+4)-1].

Proof. In order to prove Va,40 = Vour10r(2n + 2) we use (14) and (16), getting

Vonra = Upe2(2n +2)

_ - b(2n+2)

= Uouob(2n + 2)—@(2%2)”2'&?271 +2)

Vz . Po(2n+2)+p1 (2n+2)i+po (2n+2)j+P3(2n+2)k
n+

1222 42)
= Vou¢pr(2n +2),

due to/b\(Zn +2)a2n + 2) = Go(2n + 2) + Pp1(2n + 2)i + P2(2n + 2)j + Pp3(2n + 2)k.
In order to prove Va,12 = ¢r(2n + 2) V7,41 we use (14) and (16), getting

Vonra = Uppeoa(2n + 2)

D2n+2) T
HZn +2) —||Z(2n+2)||2 b(2n + 2)Uon42
Po(2n+2)+p4(2n+2)i—p (2n+2)j+ P2 (2n+2)k

2+2d2(2n+2)
GL2n + 2)Vapy1,

Vons

due toa(2n + 2)b(2n + 2) = (21 + 2) + pa(2n + 2)i — P2 (21 + 2)j + p2(2n + 2)k. O

Proposition 3.7. Consider Vs defined in (10), and d(s) defined in (4). Then

Vone1 = Vonhr(2n), Vons1 = P1(2n)Vay,,

where
_d@2n) (Po(2n) + P1(2n)i + P2(2n)j + P3(2n)k)
Yr(on+2) = 1+ 22n)2 + 221 +2))
and
_d2n) (Yo(2n) + Ya(2n)i + P2(2n)j + P2(2n)k)
Yuon +2) = 1T+ 2202+ 22n+2)
ith
ot Yo(2n) = 1+d@2n) +d(2n)d(2n + 2)[1 +d(2n + 2)];
1(2n) = 1—d@2n) +d@2n)d2n + 2)[d@2n +2) - 1];
Uo(2n) = d@n +2) — d(2n);
Ps(2n) = d(2n +2) + d(2n) — 2d(2n + 2)d(2n);
Ya(2n) = 1-d(2n) +d(2n)d(2n + 2)[1 — d(2n + 2)].
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Proof. In order to prove Vy,41 = V2,Yr(2n), one uses (14) and (16), hence

Vonsl = 02p2b(2n + 2)

= 02, (2n)d(2n) 22D b(2n + 2)
= Vor(2n),

where a(2n)b(2n + 2) = o(2n) + P1(2n)i + Y2(2n)j + Y3 (2n)k.
Analogously, one proves

V2n2b(211 +2)
d(2n)b(2n +2) lgjj))”zazn)v%
YL(2n)Vap,

Vons

where b(2n + 2)a(2n) = o(2n) + Pan)i + P2(2n)j + P22k, [

Proposition 3.8. Consider Vs defined in (10) and d(s) defined in (4). Then
Vansz = V2,0r(21), Vanso = 0L21)Van,

where
Ox(210) = d(2n) (60(2n) + 61(2n)i + O2(2n)j + O3(2n)k)
r(2n) = 1+d2(2n)(2 + d2(2n + 2))
d
o 6, (217) = d(2n) (60(2n) + 62(2n)i + 61(2n)j + 63(2n)k)
L(2m) = 1+ 2Qn)2 + #2Q2n + 2))
ith
“ 602n) = 1+d2n)d2n +2)(2 +d(2n + 4)d(2n + 2));
61(2n) = dQn +2) — d@2n) + dQn)d(2n + 2)[dQ2n + 2) — dQ2n + 4));
02(2n) = d@2n +2) — d@2n) + dQ2n)d(2n + 2)[dQ2n + 4) — dQ2n + 2));
05(2n) = d(@2n + 2)(d(2n + 4) — d(2n)).

Proof. To prove these results we rely on Proposition 3.6 and Proposition 3.7. Using the equality (14) , in
order to prove Vo,n = V2,0r(21), one gets

Vonrz = Vanr1r(2n + 2) = Vo, Pr(2n)pr(2n + 2).
Hence, due to (14) and (16) we have

d@n) = b2n+2) =

2 2 2) = — b2 2)a(2 2
T o G
and then i)
) ——
Vonso = Vo mﬁun)ﬁ@n +2) = V»,0r(2n),

where a(2n)a(2n + 2) = 69(2n) + 61(2n)i + 62(2n)j + O03(2n)k.
Furthermore, one has
Vonsa = Or(2n + 2)Voyr = ¢r(2n + 2)Yr(2n)Va,
due to
12+ 2w 2n) = T2n + 2)—Z1T2) Gy 4 9y 42N

a2n)
lb(2n + 2)|12 IWZn)II2a ")
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one gets
d(2n)
llan)]?

where a(2n + 2)a(2n) = 6y(2n) + 62(2n)i + 01(2n)j + 632n)k. O

Von+2 —7 n+ 2) a(zn)VZn = 6L(2n)v2nr

Proposition 3.9. Consider V; defined in (10) and d(s) defined in (4). Then
Vone1 = Vap-1kr(2n), Vone1 = k0(2n)Vap-1,
where

d(2n) (xo(2n) + x1(2n)j)
1+ d2(2n) ’

d(2n) (xo(2n) + x1(2n)k)
1+ d2(2n)

xr(2n) = KL(2n) =

with
ko(2n) =1 +d(2n)d(2n + 2); x1(2n) = d(2n + 2) — d(2n).

Proof. Using (16) we have

Vo1 = 02n+2/l7\(2£+ 2)
= d(2n)vy,b(2n + 2)

= 02,b21)b(2n) d(z’;)llzb(z 2)
= Vau1kr(2n),

the last equality is due to the fact/b\(Zn)/b\(Zn +2) = xo(2n) + x1(2n)j.
In a analogous way we prove

Vops1 = 02n+2’i7\(2£+ 2)
= (Zn)vznb(Zn +2)
= bQ2n +2)b(2n) ”:((22’3'2 02nb(21)
= xL(2n)Van-1,

since b(2n + 2)b(2n) = ko(2n) + K12k, O

In the next two results, a three term recurrence relation are presented. In Theorem 3.10 the recurrence
relation is given by a three consecutive terms, while in Theorem 3.11 the recurrence relation is given by a
three consecutive terms with index odd or even.

Theorem 3.10. Let V; be defined as in (10). Then
Vo1 = Vspl(s) + VS—IPO(S - 1)
where
%IPR(S), s=2n %KR(S), s=2n
Pl(s) = P Po(S—l) =
lTor(s+1), s=2n+1 16r(s—1), s=2n+1

Or, Yr, Or and kg are defined in Proposition 3.6 - Proposition 3.9.
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Proof. Lets = 2n + 1, then using Proposition 3.6 and Proposition 3.8, one has

Vorz = 3Vone2 + 3 Vous
= 3VounPr(2n +2) + 5V5,0r(20)
= Vo1 P1(2n + 1) + V2, Po(2n).

For the case, s = 2n, then using Proposition 3.7 and Proposition 3.9, one gets

Vot = 3Vope1 + 2Vop
3 Vonpr(21) + 3 Vau 1kr(21)
V2uP1(2n) + V3, 1Po(2n - 1).

O

The next result one obtains a three term recurrence relation, where the terms are consecutive for V,, with
index odd or even.

Theorem 3.11. Let V; be defined as in (10). Then
Vsira = VsFi(s) + VsaFo(s — 2),

where
@, s=2n Or(s — 2)Fi(s), s=2n
Fi(s) = , Fo(s—2)=
7<R(;+1)/ s=2n+1 kr(s — 1)F1(s), s=2n+1

with O is defined in Proposition 3.8 and «r defined in Proposition 3.9.
Proof. We start by proving the case s = 2n,
Vonrz = VauF1(2n) + Vau—oFo(2n — 2).

Consider Vy,; be defined as in (14), and using Lemma 2.2, we get

Vonsa = Ueo(2n + 2)
(1d@n)vz, + Ld(@n)d(2n — 2022 ) a(2n +2)
= vyaRn)id2n) ﬁiz;ﬂzn +2) + Vg 2a(zn 2)1d@n)d(2n - 2) l;ﬁ; LoD Ton + 2)
=V, 2@ Ly o 1d@n)d2n - 2) A e Daan) )22 G00n + 2)

02 0r2 |r(2”)||
= Vo %n) + V2u20r(2n — 2) Rz L
= Vo, F1(2n) + Vou2Fo(2n — 2).

For thecases =2n +1,

Vonsz = Vane1F1(2n + 1) + Vo1 Fo(2n — 1).

Consider Vy,.3 be defined as in (16), and using Lemma 2.2, we obtain

Vonss = Uopss E(ZW +4) _
= (3d@n +2)vpsz + 1d(2n + 2)d(2n)vz,l) b(2n + 4)

_ 1 b2n+2) 7 _ben) 1
= vz,,+2b(2n +2)5d(2n + 2)”b(2 +2)”2b(2n +4) + vy, (Zn) o >d(2n + 2)d(2n) 2n+4)

= Vit B2 4 Vayad(2n); :(f"))H b(2n +2)"52 :(‘22”))”2'5(2;1 +4)
= V2n+1@ + Vau-1x(2n) K(ZVZHZ)

= VoaunF12n +1) + Va1 Fo(2n - 1).
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A type of Catalan’s identity for the sequence {V}s»0 is presented next.

Theorem 3.12. Let V be defined as in (10), d(I) defined as in (4) and a,b be defined as in (14), (16) respectively.
Then

Vi-V, Ve, =VoT(s,p),  s>p
with T(s, p) = L(s, p)K(s, p) having

2
_ LSHJJ
alp) 2 s+1
(W)nz I d (255t - 21)] + pocven
L(s,p) = =y 2
bp+1) s+
(nb(mnz g A1 = 21)] P ol
and
a*(s) — K(s, p)als — p)a(s + p), s=2n p =2k
Ps+1)—ts,pbs+1-pbs+1+p), s=2n+1 p=2k
K(s,p) = _ _
@(5) = S8b(s — p+ Db(s + 1 +p), s=2n p=2k+1
B2(s +1) — £(s, p)d(s)a(s — p)als + p), s=2n+1 p=2k+1
where

—

4
2

—

d(s+p 21)

Iep-2s2)y, Stp even

oy

t(s, P) =
P
L2 d(s+p+1-21)
U Fop—tryy STp odd

Proof. The proof done for the following four cases:
(i) s=2nandp =2k, i.e,
V3, = VaneokVansar = V3, T(2n, 2k), n>k.
Using (14) and (5) one has

k
Vonsak = Uansor@(201 + 2K) = H d2n + 2k — 20)vya2n + 2k), (18)
1=1
and
: 1
Von-ok = Uon-ok@(2n — 2k) = 02,a(21 — 2k) (19)
L[ d2n—2k+21-2)
Substituting (18) and (19) we have
V3, = Voo Vansok = *(21) — Vg 2k02n+2k72n — 2k)a(2n + 2k)

d k—21
= ,7(211) -0 H T (2n — 2kya(2n + 2k)

= H d?(2n — 21) (@%(2n) — H(2n, 2K5a(2n — 2k)a(2n + 2k))

= 22 (2HL(@n, 20K 2N, 26)
= IfT(zn 2k).
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(ii) s=2nandp =2k +1
V3, = Vaneaka Vansaknn = Vi, T(2n, 2k + 1), n>k
Using (16) and (5) one has

Vonsoks1 = Onskr2b(2n + 2k + 2)

k - (20)
= [1d@2n+ 2k + 2 —2D)v,42b(2n + 2k + 2),
1=1
and
— k —
Vonok-1 = Up-2kb(2n = 2k) = l:Hl mvznb(zn - 2k) (21)
Substituting (20) and (21) we have
V3, = Vonok1 Vansaker = 05,8%(21) = Uy 2kvzn+2k+zb(2" 2K)b(2n + 2k + 2)
= 22—, l:l_Il T 2 sb(2n — 2K)b(2n + 2k +2)
n—k - i
= By [18Cn+2-2) (gzg’” — H(2n, 2k + 1)222PA 200 2’223};”"*”)
= 2§+2b2(2k +2)L(2n, 2k + 1)K (21, 2k + 1)
= V2. T@n2k+1).
(iii) s=2n+1and p = 2k
V3,1 = Vansi-2kVansrsok = V3, T(2n + 1, 2), n>k.
Using (16) and (5) one has
1% = b(2n — 2k +2) = H L aBn—2k+2) (22)
2n-2k+1 = U2n-2k+2 = 3 d(2n ok + 21) 2n+2 .
Substituting (20), (22) and (16), one gets
V3 1 = Vam-kys1 Vameior = 2n+2b2(2n +2) — Uanoair2Unsaks2b (20 — 2K + 2)b(2n + 2k + 2)
= 02n+2b2(2n +2)-
d2n+2k+2-21y7 7
-3 ., 1=H1 mb(Zn + 2 —2k)b(2n + 2k + 2)
n—k
= o3 [1d*@2n - 2)d*(2n)x
I=1
X (32(271 +2) —t(2n + 1, 2k)b(2n — 2k + 2)b(2n + 2k + 2))
= 5 2QKLn +1,2K)K2n + 1,2K)
= V2T@Qn+1,2k).
(iv) s=2n+landp=2k+1
Vi — Voo Vansokao = Vo, T@n+ 1,2k +1),  n>k
Using (14) and (5) one has
Vonsoks2 =  Uonsoks2(20 + 2k +2)
(23)

k
= [1d@2n + 2k +2 = 2D)vo,40a(2n + 2k + 2).
=1
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Substituting (19) and (23) we have

V3 = VonoVonsakea = Uzn+2b2(2” +2) — vgp- 2k02n+2k+272n 2kja(2n + 2k +2)

_ dQn+2k+2-21) —
= 2n+2b2(27’l + 2)U2n+2 H mfﬂﬂl + 2)&(27’1 + 2k + 2)

= v, H d?(2n + 2 - 21)x
I=1

X ( (2n +2) - H2n + 1, 2k + 1)a(2n + 2)a(2n + 2k +2))

= P22k +2)L@2n + 1,2k + DK@n + 1,2k + 1)

2£<+2
Vi T2n+1,2k +1).

O

3.3. Generating function and Binet’s type formula

Here we start by presenting the generating function for the sequence of {V}s>0, and finish with a Binet’s
type formula for this sequence.
Using the generating function of the Vietoris’ sequence, (see [6])

o «/T_Z

g(t) = oat", 0<lt<1

we obtain for the sequence {V}s>o the following result:
Theorem 3.13. The generating function for {V}sso is
1 ..
G =5 (9 + i+ tj+X) - H(), 0<ll<1

where H(t) = 1 (£(2 +j + k) + £(2j + k) + 2K).
Proof. Let
+00
G(t) = Z Vb
n=0

be the generating function for {V;}so. Then

BG() Z V3 = Z (O + Vys1i + Upiaj + Va2

n=0 n O
+00
= Y " +i Z Ons1 "+ Z Oniat"™? + Kk Z Vpyat™
n=0 n=0 n=0 n=0
+00 +o00 +00 +00o
= BY o t" +it? Y vt 4t Y 04t + k Y 0,4t
n=0 n=0 n=0 n=0

+00

= Bg(t) +it? (—vo +0+ Y Un+1t”+1)
n=0

+00
+ jt(—vo —vit+vg+oit+ Y vn+2t”+2)
n=0

+00
+ k —00 — U1t — Z)ztz + 79 + U1t + Z)ztz + Z Z)n+3tn+3)
n=0
Pg(t) +it? (—vo + g(H) + jt (—vo — vit + g(t))
+ k (—Uo — ot —vot? + g(t))
gBE + it +jt + K) = (200 + jt(o + v1t) + K(vg + 01 + 021?))
g(t)(£ +if? +jt + k) — H(t),
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where, substituting the first elements of Vietoris’ number sequence

H(t) = % (262 +jt@ + ) + k@ + £+ £)).
O

Using the Binet like formula presented in Theorem 2.3 for the Vietoris number sequence, one presents
in the next result a Binet-like formula for {V}ssg.

Theorem 3.14. If V; is defined in (10). Then a Binet-like formulas is
—~ ooy s+1 —~ o8+ 1
Vs =am(s)r (Z{TJ) + (), (ZLTJ)

where, fori=1,2,
ci(s)als), s=2n
ai(s) =

ci(s+1b(s+1), s=2n+1
with 1;(-), ¢i(-) is defined in Theorem 2.3, andﬁ:’l;deﬁned in (14) and (16) respectively.
Proof. One start be proving the theorem, for s = 2n. Using (14) and Theorem 2.3, one gets

Vo = 024a(2n)
= (cl(Zn)rf”(Zn) + c2(2n)r§”(2n))71?2n)
= 1(2n)a2n)r2"(2n) + c2(2n)a(2n)ry" (2n)
= m@n)ri"(2n) + a(2n)ra"(2n).

For the case s = 2n + 1, one uses (16) and Theorem 2.3

Vone Uzn+23(2n +2) _

(cr(2n + 2220 +2) + ¢a2n + 232 + 2))b(2n +2)

c1(2n + 2)b(2n + 2)r*2(2n + 2) + c2(2n + 2)b(2n + 2)r3"2 (20 + 2)
a1 (2n + 2132 (2n + 2) + ap(2n + 2)ra"2(2n + 2).

O

Remark 3.15. Using the Binet type formula for the Vietoris number sequence presented in Theorem 2.5, one also can
obtain a Binet type formula for the quaternion sequence {V,},>o.

4. The determinant of a special kind of tridiagonal matrices that generates {V,},>o

We consider two different tridiagonal matrices and we stated that, for each type of matrices and consid-

ering its dimension, the determinant of these matrices generates the quaternion number sequence presented
in (10).

Due to the noncommutativity of the quaternion elements, we calculate the determinant of a matrix with
quaternion number using the Laplace expansion starting always with all entries of the last column, i.e., for

any squart matrix X = [xi]-] the determinant is given by
nxn

n

detX = Z CinXin,

i=1



P. Catarino, R. De Almeida / Filomat 35:4 (2021), 1065-1086 1082

with ‘
cin = (=1)"" det Yiy,

where det Y;, is the i, n minor of X.

We start by using a similar technique as given in [8] and [19]. Let us consider the tridiagonal matrix

Uy = [uy]  defined by
Vi Vo 0 0 0 0
Py0) Py(1) -1 0 0 0
0 Py(l) Py -1 0 0
0 0 P2 P -1 0
Uy = (24)

Py(n—1)

0

P1(n)

Py(n—1)

-1

P1(n)

J(n+1)x(n+1)

where Py(-) and P1(-) are defined in Theorem 3.10.

Theorem 4.1. Considere the matrix U1 defined in (24). Then
det Up1 = Vg
Proof. For de case n = 0, one gets det U; = V; and for n = 1, using Theorem 3.10, one obtains

Vi =V,

detU, = = V1P1(1) + VoPy(0) = V.

Po(0) Pa(1)
Vi -V 0
Furthermore, for the case of n = 2, U3 = det|Pp(0) P1(1) —1 |one obtains
0 Po(1) Pi(2)
detUs = (—1)° det UxP1(2) — (=1)° det U1 Po(1) = VoP1(2) + ViPy(1) = V3.
Supposing that det U, = V,, and using Theorem 3.10, one gets

det U,1 = det U,,Pl(n) + det un_1P0(1’l - 1)

Vnp1(n) + Vn_1po(1’l - 1) =Vn+1.

O

Furthermore, for a different tridiagonal matrix, with quaternionic entries, we obtain the following result.
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Theorem 4.2. Considere the matrix

Vo 0 0 0 0 0
—-1 2P;(0) Po(0) 0 0 0
0 -1 Pi(1) Py(1) 0 0
0 0 -1 Pi2) P2 ... 0

Zps1 = (25)
0 0 0 0 -1 Pi(n-2) Py(n-2)
0 0 0 0 0 -1 Pi(n—1)

A(n+1)x(n+1)

where Py(-) and P (-) are defined in Theorem 3.10. Then

detZ,.1 =V,.
Proof. For de case n = 0, one gets detZ; = V, and for n = 1, using Theorem 3.10, one obtains
Vo 0
detZz = = 2VOP1(0) = Vl.
-1 2P(0)
Vo 0 0

Furthermore, for the case of n =2, Z3 = [-1 2P1(0) Py(0)| one obtains

0 -1 Pi(1)
detZ3 = det Z,P1(1) + det Z1Py(0) = V1P1(1) + VyPy(0) = V5.
Supposing that det Z, = V,,_; and using Theorem 3.10, one gets

detZ,,1 = detZ,Pi(n—1)+detZ,_1Py(n—2)
Vn—lpl(n - 1) + Vn—ZPO(n - 2) =V

0
In the next result, one uses a tridiagonal matrix A}:: = [aij]n+l><n+1 with k = 0,1, defined by

[ Vi 0 0 0 .. 0
-1 2Fi(k)  Fo(k) 0 e 0
0 -1 F(2+k Fo2+k) 0

Aa=| . L . . . (26)

0 0 0 -1 Fi2n—-4+k) Fo(2n—-4+k)
0 0 0 0 -1 F12n -2 +k)

S(n+1)x(n+1)
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where F1(:), and Fy(-) are defined in the three term relation presented in Theorem 3.11.

For this type of matrices, considering its dimension, the determinant of these matrices generates the
quaternion number sequence presented in (10), as can be seen in the next theorem, using a similar proof
to the one given in Theorem 4.2. In particular for kK = 0 one can prove that {detAS +1In=0 generated a the
subsequence {V7,},0, while for the case k = 1 one gets the subsequence with odd index det A}l +1 = Vans1.

Theorem 4.3. Considere the matrix AX | defined in (26). Then
detA2+1 = Vzn, detA:Hl = V2n+1.
Proof. One starts with k = 0. For n = 0, we have det A(l) = Vy. Forn =1, we have

Vo 0

det AY = det = 2VoF1(0) = V>.

-1 2F(0)
Vo 0 0
In the case of n = 2 and using Theorem 3.11 in the last equation, det Ag =det|-1 2F;(0) Fy(0)] where
0 -1 Fi(2)
detA) = det ASF;(2) + det AYF,(0) = V2F1(2) + VoFo(0) = Va.

Suppose that det A) = V5. Let us prove that det A?, | = Va,,

[ Vo 0 0 0 0 0
-1 2F(0) Fo(0) 0 0 - 0
0 -1 Fi(2) Fo(2) 0 . 0
0 0 -1 Fi(4) Fo(4) - 0

A=
n+1 4

0 0 0 0 -1 F(2n-4) Fo(2n-4)
0 0 0 0 0 -1 Fi1(2n -2)

J(n+1)x(n+1)
calculating the determinant we have

detA® = detAJF(2n—2)+detA? ,Fo(2n —4)
= VouoF1(2n —2) + VauaF2(2n — 4)
= Vyu

Fork=1and n =0, we have detA% = Vi.Forn =1, we have

Vi 0

det A} = det =2V Fi(1) = V3.

~1 2F(1)
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In the case of n = 2 and using Theorem 3.11 in the last equation, we have
Vi 0 0

detAl = det|-1 2F (1) Fo(1)

0 -1 FQ3

where
det A} = det AJF;(3) + det A{Fo(1) = V3F1(3) + ViFo(1) = Vs

Suppose that det A} = V5,,1. Let us prove that det Al | = Va3,

[ Vi 0 0 0 0 0
-1 2F(1) Fo(1) O 0 0
0 -1 F@B) E@B) 0 0
0 0 -1 Fi(5) Fo(d) 0
A=
n+1
0 0 0 0 -1 F@n-1) F@2n-1)
0 0 0 0 0 -1 Fi(2n+1)
J(n+1)x(n+1)

calculating the determinant we have

detAl . = detAlFi(2n+1)+detAl JFo(2n—-1)
= VounF1@2n +1) + V31 Fo(2n - 1)
= Vous
O
Theorem 4.4. Considere the matrix MY = [m,-]-] y with k = 0,1, defined by
Vi —Vis2 0 0 e 0
Fok) Fi2+k) -1 0 0
0 Fo2+k Fid+k) -1 0
Mk = (27)
0 0 0 Fo@n—-4+k) Fi(2n—-2+k) -1
0 0 0 0 Fo@n—2+k) Fin+k)
“nxn

where F1(-), and Fo(-) are defined in the three term relation presented in Theorem 3.11. Then
detM) = Va,,  detM) = Va1,

Using these type of matrices we obtain a pattern of recurrence found in {V,},>0, where the proof is
similar to the one given in Theorem 4.1.
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