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On a Quaternionic Sequence with Vietoris’ Numbers
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Abstract. Special integers sequences have been the center of attention for many researchers, as well as
the sequences of quaternions where its components are the elements of these sequences. Motivated by a
rational sequence, we consider the quaternions with components Vietoris’ numbers and investigate some of
its properties. For this sequence a two and three term recurrence relation is established, as well as a Binet’s
type formula. Moreover the generating function for this sequence is introduced and also the determinant
of some tridiagonal matrices are used in order to find elements of this sequence.

1. Introduction

One of the main motivation about this work comes from the study of Vietoris’ sequence included in
the paper [6]. As the authors have mentioned, this sequence of rational numbers ”is a sequence that
can be considered on the crossroad of positivity of trigonometric sums, stable behavior of some classes
of holomorphic functions and a set of Appell polynomials in several hypercomplex variables”[6, p. 77].
Regarding the class of Appell polynomials and their generalizations, one can find in the literature some
research of these polynomials from several points of view, see for example [4, 5, 7] and [25–27]. Recalling
some combinatorial properties from Leopold Vietoris (1891-2002) [33], some interesting generalizations can
be seen in [24]. These and other properties led us to further study this sequence (see [9]) and yet another
sequence formed from it (see [10]).

Also nowadays, several studies involving quaternion sequences, in which the respective components
are elements of some number sequences, have been a research topic for many authors (see, [1–3], [11–
13], [17, 18], [20–22], [28–31], [34], among others). Motivated by these works, we started to investigate a
quaternion sequence whose components are Vietoris’ numbers. As a results of this study, we present in
this paper a two terms recurrence formula, a way to find the general term of this sequence by the use of the
determinant of a special tridiagonal matrices, a generating function and also a Binet’s type formula satisfied
by this sequence. In a additions to a series of properties presented in ([6], [9], [10]) for the Vietoris’s number
sequence, we also introduce new results that are stated in the next Section.

The structure of this paper is as follows: as we mentioned before, in the Section 2 we recall the definition
of Vietoris’ number sequence and present some new results that will be useful in the study of the quaternion
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sequence whose components are Vietoris’ numbers; in the Section 3 we introduce a new quaternion sequence
where Vietoris’ numbers are involved. A two terms recurrence formula, as well as some of its properties
are stated; the determinant of some special tridiagonal matrices with quaternion entries is used to find the
general term of this new sequence, as can be seen in Section 4; the generating function of this quaternions
sequence as well as its Binet type formula is presented in the last section.

2. Vietoris’ number sequence

As shown in [15, Theorem 3.9], the elements of the Vietoris number sequence {vn}n≥0 can be written
using the generalized central binomial coefficient (

n
b

n
2 c

)
in the form

vn =
1
2n

(
n
b

n
2 c

)
, n ≥ 0.

The first Vietoris’ numbers for n = 0, 1, 2, 3, · · · are

1,
1
2
,

1
2
,

3
8
,

3
8
,

5
16
,

5
16
,

35
128

,
35

128
,

63
256

,
63

256
,

231
1024

,
231

1024
, · · · , (1)

sequence related with the sequence A283208 in the OEIS in [23].
Recall that in [32], Vietoris stated that the even members of the Vietoris number sequence {vn}n≥0 are

given by

v2n =
1

22n

(
2n
n

)
, n ≥ 0, (2)

where v2n = v2n−1, and
(2n

n
)

are the central binomial coefficient.
It is also known that the recurrence relation for {v2n}n≥0 is the following identity:

v2n+2 = d(2n)v2n, n ≥ 0, (3)

where

d(k) =
k + 1
k + 2

, k ≥ 0. (4)

Notice that we can write v2n in terms of v2k, using (4)

v2n =

n−k∏
l=1

d(2n − 2l)v2k, n > k. (5)

In order to present a Binet’s like formula for the Vietoris numbers, we recall the following recurrence of
order two of the Vietoris numbers.

Lemma 2.1. Let {vn}n≥0 be the Vietoris’ number sequence, then

v2n+2 =
1
2

v2n+1 +
1
2

d(2n)v2n.
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Proof. Due to tha fact that v2n+2 = v2n+1 and the recurence relation (3), we have

v2n+2 =
1
2

v2n+1 +
1
2

v2n+1 =
1
2

v2n+1 +
1
2

d(2n)v2n.

Furthermore, we obtain a new recurrence of order two for the even index Vietoris’ number.

Lemma 2.2. Let {vn}n≥0 be the Vietoris’ number sequence, then

v2n+2 =
1
2

d(2n)v2n +
1
2

d(2n)d(2n − 2)v2n−2.

Proof. Using Lemma 2.1, due to v2n+1 = v2n+2 and the recurrence relation (3) we have

v2n+2 =
1
2

v2n+1 +
1
2

d(2n)v2n =
1
2

d(2n)v2n +
1
2

d(2n)d(2n − 2)v2n−2.

Using Lemma 2.1 and the fact that v2n−1 = v2n, we obtain the following Binet’s like formula for the
Vietoris number sequence.

Theorem 2.3. Let {vn}n≥0 be the Vietoris’ number sequence, then

v2n = c1(2n)r2n
1 (2n) + c2(2n)r2n

2 (2n),

where

r1(2n) =
1
4

(
1 −

√
1 + 8d(2n)

)
, r2(2n) =

1
4

(
1 +

√
1 + 8d(2n)

)
,

and 

c1(2n) =
r2n

2 (2n) − v2

r2n
2 (2n) − r2n

1 (2n)

n−1∏
k=1

(2r1(2k) − 1)r1(2k)

c2(2n) =
v2 − r2n

1 (2n)

r2n
2 (2n) − r2n

1 (2n)

n−1∏
k=1

(2r2(2k) − 1)r2(2k)

(6)

Proof. Using Lemma 2.1, we have

v2n+2 =
1
2

v2n+1 +
1
2

d(2n)v2n.

The Binet formula for Vietoris’ numbers explicitly gives v2n as a function of the index n and the roots r1(2n)
and r2(2n) of the characteristic equation

x2
−

1
2

x −
1
2

d(2n) = 0,

where

r1(2n) =
1
4

(
1 −

√
1 + 8d(2n)

)
, r2(2n) =

1
4

(
1 +

√
1 + 8d(2n)

)
.
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Substituting (6), we obtain

c1(2n)r2n
1 (2n) + c2(2n)r2n

2 (2n) =
(r2n

2 (2n)−v2)
n−1∏
k=1

(2r1(2k)−1)r1(2k)r2n
1 (2n)+(v2−r2n

1 (2n))
n−1∏
k=1

(2r2(2k)−1)r2(2k)r2n
2 (2n)

r2n
2 (2n)−r2n

1 (2n)

=
r2n

2 (2n)r2n
1 (2n)

n−1∏
k=1

(2r2
1(2k)−r1(2k))−(2r2

2(2k)−r2(2k)))
r2n

2 (2n)−r2n
1 (2n)

+v2

−r2n
1 (2n)

n−1∏
k=1

2r2
1(2k)−r1(2k)+r2n

2 (2n)
n−1∏
k=1

2r2
2(2k)−r2(2k)

r2n
2 (2n)−r2n

1 (2n) .

Since r1(2n) and r2(2n) satisfies x2
−

1
2 x − 1

2 d(2n) = 0, then

2r2
1(2k) − r1(2k) = d(2k), 2r2

2(2k) − r2(2k) = d(2k)

and using the fact v2n =
n−1∏
k=1

d(2k)v2, we have

c1(2n)r2n
1 (2n) + c2(2n)r2n

2 (2n) =

v2

(
−r2n

1 (2n)
n−1∏
k=1

d(2k) + r2n
2 (2n)

n−1∏
k=1

d(2k)
)

r2n
2 (2n) − r2n

1 (2n)
= v2

n−1∏
k=1

d(2k) = v2n.

Remark 2.4. Some basic properties can be noticed for r1 and r2 defined in Theorem 2.3:

(i) The value of r1(0) = 1+
√

5
4 , which is half of golden ratio.

(ii) r1(2n) + r2(2n) = 1
2 .

(iii) r1(2n)r2(2n) = −
d(2n)

2 .

In the next theorem, using Lemma 2.2, a new Binet’s like formula is obtained for the Vietoris number
sequence.

Theorem 2.5. Let {vn}n≥0 be the Vietoris number sequence, then

v2n = c1(2n)r2n
1 (2n) + c2(2n)r2n

2 (2n),

where

r1(2n) =
d(2n)

4

1 −

√
1 + 8

d(2n − 2)
d(2n)

 , r2(2n) =
d(2n)

4

1 +

√
1 + 8

d(2n − 2)
d(2n)


and 

c1(2n) =
(2n − 1)!!(−d(2n)r2n

2 (2n) + r2n+2
2 (2n + 2))

n!
(
2nr2n

1 (2n)r2n+2
2 (2n + 2) − 2nr2n

2 (2n)r2n+2
1 (2n + 2)

)
c2(2n) =

(2n − 1)!!(d(2n)r2n
1 (2n) − r2n+2

1 (2n + 2))

n!(2nr2n
1 (2n)r2n+2

2 (2n + 2) − 2nr2n
2 (2n)r2n+2

1 (2n + 2))

(7)
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Proof. Using Lemma 2.2, the Binet formula for Vietoris’ numbers explicitly gives v2n as a function of the
index n and the roots r1(2n) and r2(2n) of the characteristic equation

x2
−

1
2

d(2n)x −
1
2

d(2n)d(2n − 2) = 0,

where

r1(2n) =
d(2n)

4

1 −

√
1 + 8

d(2n − 2)
d(2n)

 , r2(2n) =
d(2n)

4

1 +

√
1 + 8

d(2n − 2)
d(2n)

 .
Substituting c1(2n) and c2(2n), defined in (7), in

c1(2n)r2n
1 (2n) + c2(2n)r2n

2 (2n),

we obtain

c1(2n)r2n
1 (2n) + c2(2n)r2n

2 (2n) =
(2n − 1)!!(−d(2n)r2n

2 (2n) + r2n+2
2 (2n + 2))r2n

1 (2n)

n!
(
2nr2n

1 (2n)r2n+2
2 (2n + 2) − 2nr2n

2 (2n)r2n+2
1 (2n + 2)

)
=

(2n − 1)!!(d(2n)r2n
1 (2n) − r2n+2

1 (2n + 2))r2n
2 (2n)

n!(2nr2n
1 (2n)r2n+2

2 (2n + 2) − 2nr2n
2 (2n)r2n+2

1 (2n + 2))

=
(2n − 1)!!

n!2n

= v2n.

Remark 2.6. For r1 and r2 defined in Theorem 2.5, one has:

r1(2n) + r2(2n) =
d(2n)

2
, r1(2n)r2(2n) = −

d(2n)d(2n − 2)
2

.

3. Quaternion sequence involving Vietoris’ numbers {Vs}s≥0

In order to introduce a new quaternion sequence involving Vietoris’ numbers, we begin this section by
presenting some basic notions and properties of quaternion algebra, for more detail see for example [14]
and [16].

The set of quaternions form a four-dimensional associative and noncommutative algebra over the set of
real numbers. Let {1, i, j,k} standard basis in R4 satisfying the following multiplication rules:

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j.

LetH be the skew field of quaternions defined by

H =
{
q = q0 + q1i + q2j + q3k, qs ∈ R, s = 0, 1, 2, 3

}
,

and for q ∈ H given by q = q0 + q1i + q2j + q3k, where Sc(q) = q0 is called the scalar part of the quaternion
and Vec(q) = q1i + q2j + q3k vector part.

We recall that the prime involution inH is the mapping q→ q′ defined by

q′ = q0 − q1i − q2j + q3k
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and the reversion inH is the mapping q→ q∗ defined by

q∗ = q0 + q1i + q2j − q3k.

The conjugation inH is the mapping q→ q defined by

q = (q′)∗ = (q∗)′ = q0 − q1i − q2j − q3k.

These involutions satisfy the following product rules

(q p)′ = q′ p′, (q p)∗ = p∗ q∗, q p = p q, ∀q, p ∈H.

Furthermore, one has
qk = kq′, ∀q ∈H.

One also has the relation between the scalar part and as well as

q + q = 2Sc(q), q − q = 2Vec(q). (8)

The modulus or absolute value of the quaternion, is given by

‖q‖2 = qq = qq, ∀q ∈H. (9)

3.1. A quaternion sequence {Vn}n≥0 and basic properties
We define the sth element of the quaternionic sequence with Vietoris’ number by

Vs = vs + vs+1i + vs+2j + vs+3k, s ∈N0. (10)

If we denote the complex sequence with Vietoris’ numbers by

Vc
s = vs + vs+1i, (11)

one can rewrite the quaternionic sequence with Vietoris’ number by

Vs = vs + vs+1i + (vs+2 + vs+3i) j = Vc
s + Vc

s+2j.

In the case, s = 2n, and due to the fact that v2n−1 = v2n, we have

V2n = v2n + v2n+1i + v2n+2j + v2n+3k
= v2n + v2n+2(i + j) + v2n+4k.

Using the recurrence formula (3), one obtains

V2n = v2n
(
1 + d(2n)(i + j) + d(2n)d(2n + 2)k

)
, (12)

which can be rewritten as

V2n = v2n

(
(1 + d(2n)i) + d(2n) (1 + d(2n + 2)i) j

)
(13)

Let â(2n) = 1 + d(2n)(i + j) + d(2n)d(2n + 2)k, we can rewritten V2n as

V2n = v2n â(2n). (14)

In the case, s = 2n + 1, and due to the fact that v2n−1 = v2n and the recurrence formula of the Vietoris’
numbers (3), one gets

V2n+1 = v2n+1 + v2n+2i + v2n+3j + v2n+4k (15)
= v2n+2(1 + i) + v2n+4(j + k)
= v2n+2

(
1 + i + d(2n + 2)(j + k)

)
= v2n+2(1 + i)

(
1 + d(2n + 2)j

)
.

Let b̂(2n + 2) = 1 + i + d(2n + 2)(j + k), we can rewritten V2n+1 as

V2n+1 = v2n+2 b̂(2n + 2). (16)
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Remark 3.1. If we consider the expression (11) we obtain

(i) V2n = Vc
2n + Vc

2n+2j;
(ii) V2n+1 = Vc

2n+1 + Vc
2n+3j = 2v2n+2Vc

1 + 2v2n+4Vc
1j = 2Vc

1

(
v2n+2 + v2n+4j

)
.

We also can rewrite
â(2n) = (1 + d(2n)i) + d(2n) (1 + d(2n + 2)i) j

while
b̂(2n + 2) = 1 + i + d(2n + 2)(j + k) = 2Vc

1 + 2Vc
1d(2n + 2)j.

In the next result one presents some relations between this quaternion sequence and its norm.

Proposition 3.2. Let Vs defined in (10). Then

(a) ‖V2n‖
2
− ‖V2n+1‖

2 = v2
2n − v2

2n+4;

(b) ‖V2n+1‖ < ‖V2n‖;

(c) V2
s + ‖Vs‖

2 = 2vsVs.

Proof. One starts by proving (a), using (14) and (16) , we get

V2nV2n = v2
2n

(
1 + 2d2(2n) + d2(2n)d2(2n + 2)

)
and

V2n+1V2n+1 = v2
2n+2

(
2 + 2d2(2n + 2)

)
,

therefore,

‖V2n‖
2
− ‖V2n+1‖

2 =
v2

2n+2

d2(2n)
− v2

2n+2d2(2n + 2) = v2
2n − v2

2n+4.

Using (a), we have
v2

2n − v2
2n+4 = (v2n − v2n+4)(v2n + v2n+4),

where
v2n − v2n+4 = 4n + 5 > 0, v2n + v2n+4 > 0.

Therefore
‖V2n‖

2
− ‖V2n+1‖

2 > 0

proving (b). To prove (c) we use (9) and (8)

V2
s + ‖Vs‖

2 = VsVs + VsVs =
(
Vs + Vs

)
Vs = 2vsVs.

Further relations can be encountered using the prime involution.

Proposition 3.3. Let Vs be defined as in (10). Then

(a) V2n+1i = (−V2n+1)′ ;

(b) V2n + V′2n = 2 (v2n + v2n+4k) ;

(c) V2n − V′2n = 2v2n+2
(
i + j

)
;

(d) V2n+1 + V′2n+1 = 2 (v2n+2 + v2n+4k) ;
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(e) V2n+1 − V′2n+1 = 2
(
v2n+2i + v2n+4j

)
;

(f) V2n − V′2n+1 = (v2n − v2n+2) + 2v2n+2i + 2v2n+4j;

(g) V2n + V′2n+1 = (v2n + v2n+2) + 2v2n+4k.

Proof. Let start by proving (a), using (16) and the fact that v2s−1 = v2s for all s ∈N, we have

V2n+1i = v2n+1i + v2n+2i2 + v2n+3ji + v2n+4ki
= v2n+1i − v2n+2 − v2n+3k + v2n+4j
= v2n+2i − v2n+1 − v2n+4k + v2n+3j
= (−V2n+1)′ .

The equalities (b), (c) and ( f ), (1) are a direct result of the prime involution property. In the proof of (d) and
(e) one also uses the fact that v2s−1 = v2s for all s ∈N.

A relation between a combination of three consecutive terms of {Vs}s≥0, starting with an odd index term
of this sequence, is presented in the following proposition.

Proposition 3.4. Let Vs be defined as in (10). Then

3∑
k=1

(−1)kV2n+k = (V2n+2 i)′ = −(V2n+2)′i

Proof. Using the definition of Vn defined in (10), we obtain:

3∑
k=1

(−1)kV2n+k = −

(
v2n+1 + v2n+2i + v2n+3j + v2n+4k

)
+ v2n+2 + v2n+3i

+v2n+4j + v2n+5k − v2n+3 − v2n+4i − v2n+5j − v2n+6k
= −v2n+2i + v2n+4(−k − 1) − v2n+6j
=

(
v2n+2 + v2n+4(−i − j) + v2n+6k

)
(−i)

=
(
V2n+2 i

)′
.

Proposition 3.5. Let Vs be defined as in (10). Then

(a) V2n+1V2n−1 = 2(v2n+2i + v2n+4j)(v2n + v2n+2j);

(b) V2n−1V2n+1 = 2(v2ni + v2n+2j)(v2n+2 + v2n+4j);

(c) V2n = V2n+1 + v2n

(
(1 − d(2n)) + d(2n)(1 − d(2n + 2))j

)
;

(d) V2n+1 = V2n+2 + d(2n)v2n((1 − d(2n + 2))i + d(2n + 2)(1 − d(2n + 4))k);

(e) V2
2n+1 = 2d2(2n)v2

2n(i + d(2n + 2)j)(1 + d(2n + 2)j);

(f) V2n+1V2n = V2
2n+1 + d(2n)v2

2n((1 + i) + d(2n + 2)(j + k))((1 − d(2n)) + d(2n)(1 − d(2n + 2))j);

(g) V2nV2n+1 = V2
2n+1 + d(2n)v2

2n((1 − d(2n)) + d(2n)(1 − d(2n + 2))j)((1 + i) + d(2n + 2)(j + k));

(h) V2n+2V2n = V2n+1V2n − d(2n)v2n((1 − d(2n + 2)i + d(2n + 2)(1 − d(2n + 4))k)V2n;

(i) V2nV2n+2 = V2nV2n+1 − V2nd(2n)v2n((1 − d(2n + 2))i + d(2n + 2)(1 − d(2n + 4))k).
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Proof. By a straightforward calculation, and the fact that

(1 + i)2 = 2i, (1 + i)(j + k) = 2k, (j + k)(1 + i) = 2j, (j + k)2 = −2 (17)

we obtain the equality (a)

V2n+1V2n−1 =
(
v2n+1 + v2n+2i + v2n+3j + v2n+4k

) (
v2n−1 + v2ni + v2n+1j + v2n+2k

)
= 2

(
v2n+2v2ni + v2

2n+2k + v2nv2n+4j − v2n+2v2n+4

)
= 2

(
(v2n+2i + v2n+4j)v2n + v2n+2(v2n+2k − v2n+4)

)
= 2

(
(v2n+2i + v2n+4j)v2n + v2n+2(v2n+2i + v2n+4j)j

)
= 2(v2n+2i + v2n+4j)(v2n + v2n+2j).

Furthermore

V2n−1V2n+1 =
(
v2n−1 + v2ni + v2n+1j + v2n+2k

) (
v2n+1 + v2n+2i + v2n+3j + v2n+4k

)
= 2

(
v2n+2v2ni + v2

2n+2j + v2nv2n+4k − v2n+2v2n+4

)
= 2

(
(v2n+2i + v2n+4k)v2n + v2n+2(v2n+2j − v2n+4)

)
= 2

(
i(v2n+2 + v2n+4j)v2n + v2n+2j(v2n+2 + v2n+4j)

)
= 2(v2ni + v2n+2j)(v2n+2 + v2n+4j),

proving (b). In order to prove (c) we use (16) and the fact that v2n−1 = v2n, hence

V2n − V2n+1 = v2n

(
(1 + d(2n)i) + d(2n) (1 + d(2n + 2)i) j

)
− v2n+2

(
1 + i + d(2n + 2)(j + k)

)
= v2n

(
(1 + d(2n)i) + d(2n) (1 + d(2n + 2)i) j

)
− v2n

(
d(2n) + d(2n)i + d(2n)d(2n + 2)(j + k)

)
= v2n

(
(1 − d(2n)) + d(2n)(1 − d(2n + 2))j

)
.

Now, for the proof of (d) we use (10) and the fact that v2n−1 = v2n, hence

V2n+1 = V2n+2 + (v2n+2 − v2n+4) i + (v2n+4 − v2n+6) k
= V2n+2 + d(2n)v2n

(
(1 − d(2n + 2)) i + d(2n + 2) (1 − d(2n + 4)) k

)
.

By the use of (10), the fact that v2n−1 = v2n and, once more, by (17) we get the identity (e),

V2
2n+1 = v2

2n+2(1 + i)2 + v2n+2v2n+4(1 + i)(j + k) + v2n+2v2n+4(j + k)(1 + i) + v2
2n+4(j + k)2

= −2v2
2n+4 + 2v2

2n+2i + 2v2n+2v2n+4j + 2v2n+2v2n+4k
= 2(v2n+2i + v2n+4j)(v2n+2 + v2n+4j).

In order to prove ( f ) we use the equality (c) and also (10), giving the following

V2n+1V2n = V2n+1

(
V2n+1 + v2n ((1 − d(2n)) + d(2n)(1 − d(2n + 2)) j

)
= V2

2n+1 + V2n+1v2n ((1 − d(2n)) + d(2n)(1 − d(2n + 2)) j
)

= V2
2n+1 + v2n

(
v2n+2(1 + i) + v2n+4(j + k)

)
((1 − d(2n)) + d(2n)(1 − d(2n + 2)) j)

= V2
2n+1 + v2

2nd(2n)
(
(1 + i) + d(2n + 2)(j + k)

) (
1 − d(2n) + d(2n)(1 − d(2n + 2))j

)
.

To prove equality (1) just apply the same technique used in proof of the equality ( f ), hence we omit the
respective proof here. For the last two equalities we use the identity (d) and we immediately get the
results.

3.2. Recurrence relations for {Vn}n≥0

Several two and three terms recurrence relations for {Vn}n≥0 are introduced. Due to the structure of the
V2n versus V2n+1 presented in (14) and (16) respectively, the following four two term recurrence relations
are deduced.
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Proposition 3.6. Consider Vs defined in (10) and d(s) defined in (4). Then

V2n+2 = V2n+1φR(2n + 2), V2n+2 = φL(2n + 2)V2n+1,

where

φR(2n + 2) =
φ0(2n + 2) + φ1(2n + 2)i + φ2(2n + 2)j + φ3(2n + 2)k

2 + 2d2(2n + 2)
and

φL(2n + 2) =
φ0(2n + 2) + φ4(2n + 2)i − φ2(2n + 2)j + φ2(2n + 2)k

2 + 2d2(2n + 2)
with

φ0(2n + 2) = 1 + d(2n + 2) + d2(2n + 2)[1 + d(2n + 4)];
φ1(2n + 2) = d(2n + 2) − 1 + d2(2n + 2)[1 − d(2n + 4)];
φ2(2n + 2) = d(2n + 2)[d(2n + 4) − d(2n + 2)];
φ3(2n + 2) = d(2n + 2)[d(2n + 4) + d(2n + 2)] − 2d(2n + 4);
φ4(2n + 2) = d(2n + 2) − 1 + d2(2n + 2)[d(2n + 4) − 1].

Proof. In order to prove V2n+2 = V2n+1φR(2n + 2) we use (14) and (16), getting

V2n+2 = v2n+2â(2n + 2)

= v2n+2̂b(2n + 2) b̂(2n+2)

‖̂b(2n+2)‖2
â(2n + 2)

= V2n+1
φ0(2n+2)+φ1(2n+2)i+φ2(2n+2)j+φ3(2n+2)k

2+2d2(2n+2)
= V2n+1φR(2n + 2),

due to b̂(2n + 2)̂a(2n + 2) = φ0(2n + 2) + φ1(2n + 2)i + φ2(2n + 2)j + φ3(2n + 2)k.
In order to prove V2n+2 = φL(2n + 2)V2n+1 we use (14) and (16), getting

V2n+2 = v2n+2â(2n + 2)

= â(2n + 2) b̂(2n+2)

‖̂b(2n+2)‖2
b̂(2n + 2)v2n+2

=
φ0(2n+2)+φ4(2n+2)i−φ2(2n+2)j+φ2(2n+2)k

2+2d2(2n+2) V2n+1

= φL(2n + 2)V2n+1,

due to â(2n + 2)̂b(2n + 2) = φ0(2n + 2) + φ4(2n + 2)i − φ2(2n + 2)j + φ2(2n + 2)k.

Proposition 3.7. Consider Vs defined in (10), and d(s) defined in (4). Then

V2n+1 = V2nψR(2n), V2n+1 = ψL(2n)V2n,

where

ψR(2n + 2) =
d(2n)

(
ψ0(2n) + ψ1(2n)i + ψ2(2n)j + ψ3(2n)k

)
1 + d2(2n)(2 + d2(2n + 2))

and

ψL(2n + 2) =
d(2n)

(
ψ0(2n) + ψ4(2n)i + ψ2(2n)j + ψ2(2n)k

)
1 + d2(2n)(2 + d2(2n + 2))

with
ψ0(2n) = 1 + d(2n) + d(2n)d(2n + 2)[1 + d(2n + 2)];
ψ1(2n) = 1 − d(2n) + d(2n)d(2n + 2)[d(2n + 2) − 1];
ψ2(2n) = d(2n + 2) − d(2n);
ψ3(2n) = d(2n + 2) + d(2n) − 2d(2n + 2)d(2n);
ψ4(2n) = 1 − d(2n) + d(2n)d(2n + 2)[1 − d(2n + 2)].
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Proof. In order to prove V2n+1 = V2nψR(2n), one uses (14) and (16), hence

V2n+1 = v2n+2̂b(2n + 2)

= v2nâ(2n)d(2n) â(2n)
‖̂a(2n)‖2 b̂(2n + 2)

= V2nψR(2n),

where â(2n)̂b(2n + 2) = ψ0(2n) + ψ1(2n)i + ψ2(2n)j + ψ3(2n)k.
Analogously, one proves

V2n+1 = v2n+2̂b(2n + 2)

= d(2n)̂b(2n + 2) â(2n)
‖̂a(2n)‖2 â(2n)v2n

= ψL(2n)V2n,

where b̂(2n + 2)̂a(2n) = ψ0(2n) + ψ4(2n)i + ψ2(2n)j + ψ2(2n)k.

Proposition 3.8. Consider Vs defined in (10) and d(s) defined in (4). Then

V2n+2 = V2nθR(2n), V2n+2 = θL(2n)V2n,

where

θR(2n) =
d(2n)

(
θ0(2n) + θ1(2n)i + θ2(2n)j + θ3(2n)k

)
1 + d2(2n)(2 + d2(2n + 2))

and

θL(2n) =
d(2n)

(
θ0(2n) + θ2(2n)i + θ1(2n)j + θ3(2n)k

)
1 + d2(2n)(2 + d2(2n + 2))

with
θ0(2n) = 1 + d(2n)d(2n + 2)(2 + d(2n + 4)d(2n + 2));
θ1(2n) = d(2n + 2) − d(2n) + d(2n)d(2n + 2)(d(2n + 2) − d(2n + 4));
θ2(2n) = d(2n + 2) − d(2n) + d(2n)d(2n + 2)(d(2n + 4) − d(2n + 2));
θ3(2n) = d(2n + 2)(d(2n + 4) − d(2n)).

Proof. To prove these results we rely on Proposition 3.6 and Proposition 3.7. Using the equality (14) , in
order to prove V2n+2 = V2nθR(2n), one gets

V2n+2 = V2n+1φR(2n + 2) = V2nψR(2n)φR(2n + 2).

Hence, due to (14) and (16) we have

ψR(2n)φR(2n + 2) =
d(2n)
‖̂a(2n)‖2

â(2n)
b̂(2n + 2)

‖̂b(2n + 2)‖2
b̂(2n + 2)̂a(2n + 2)

and then

V2n+2 = V2n
d(2n)
‖̂a(2n)‖2

â(2n)̂a(2n + 2) = V2nθR(2n),

where â(2n)̂a(2n + 2) = θ0(2n) + θ1(2n)i + θ2(2n)j + θ3(2n)k.
Furthermore, one has

V2n+2 = φL(2n + 2)V2n+1 = φL(2n + 2)ψL(2n)V2n

due to

φL(2n + 2)ψL(2n) = â(2n + 2)
b̂(2n + 2)

‖̂b(2n + 2)‖2
b̂(2n + 2)

d(2n)
‖̂a(2n)‖2

â(2n)
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one gets

V2n+2 = â(2n + 2)
d(2n)
‖̂a(2n)‖2

â(2n)V2n = θL(2n)V2n,

where â(2n + 2)̂a(2n) = θ0(2n) + θ2(2n)i + θ1(2n)j + θ3(2n)k.

Proposition 3.9. Consider Vs defined in (10) and d(s) defined in (4). Then

V2n+1 = V2n−1κR(2n), V2n+1 = κL(2n)V2n−1,

where

κR(2n) =
d(2n)

(
κ0(2n) + κ1(2n)j

)
1 + d2(2n)

, κL(2n) =
d(2n) (κ0(2n) + κ1(2n)k)

1 + d2(2n)

with
κ0(2n) = 1 + d(2n)d(2n + 2); κ1(2n) = d(2n + 2) − d(2n).

Proof. Using (16) we have

V2n+1 = v2n+2̂b(2n + 2)
= d(2n)v2n̂b(2n + 2)

= v2n̂b(2n)̂b(2n) d(2n)

‖̂b(2n)‖2
b̂(2n + 2)

= V2n−1κR(2n),

the last equality is due to the fact b̂(2n)̂b(2n + 2) = κ0(2n) + κ1(2n)j.
In a analogous way we prove

V2n+1 = v2n+2̂b(2n + 2)
= d(2n)v2n̂b(2n + 2)

= b̂(2n + 2)̂b(2n) d(2n)

‖̂b(2n)‖2
v2n̂b(2n)

= κL(2n)V2n−1,

since b̂(2n + 2)̂b(2n) = κ0(2n) + κ1(2n)k.

In the next two results, a three term recurrence relation are presented. In Theorem 3.10 the recurrence
relation is given by a three consecutive terms, while in Theorem 3.11 the recurrence relation is given by a
three consecutive terms with index odd or even.

Theorem 3.10. Let Vs be defined as in (10). Then

Vs+1 = VsP1(s) + Vs−1P0(s − 1)

where

P1(s) =


1
2ψR(s), s = 2n

1
2φR(s + 1), s = 2n + 1

, P0(s − 1) =


1
2κR(s), s = 2n

1
2θR(s − 1), s = 2n + 1

φR, ψR, θR and κR are defined in Proposition 3.6 - Proposition 3.9.
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Proof. Let s = 2n + 1, then using Proposition 3.6 and Proposition 3.8, one has

V2n+2 = 1
2 V2n+2 + 1

2 V2n+2

= 1
2 V2n+1φR(2n + 2) + 1

2 V2nθR(2n)
= V2n+1P1(2n + 1) + V2nP0(2n).

For the case, s = 2n, then using Proposition 3.7 and Proposition 3.9, one gets

V2n+1 = 1
2 V2n+1 + 1

2 V2n+1

= 1
2 V2nψR(2n) + 1

2 V2n−1κR(2n)
= V2nP1(2n) + V2n−1P0(2n − 1).

The next result one obtains a three term recurrence relation, where the terms are consecutive for Vn with
index odd or even.

Theorem 3.11. Let Vs be defined as in (10). Then

Vs+2 = VsF1(s) + Vs−2F0(s − 2),

where

F1(s) =


θR(s)

2 , s = 2n

κR(s+1)
2 , s = 2n + 1

, F0(s − 2) =


θR(s − 2)F1(s), s = 2n

κR(s − 1)F1(s), s = 2n + 1

with θR is defined in Proposition 3.8 and κR defined in Proposition 3.9.

Proof. We start by proving the case s = 2n,

V2n+2 = V2nF1(2n) + V2n−2F0(2n − 2).

Consider V2n+2 be defined as in (14), and using Lemma 2.2, we get

V2n+2 = v2n+2â(2n + 2)
=

(
1
2 d(2n)v2n + 1

2 d(2n)d(2n − 2)v2n−2

)
â(2n + 2)

= v2nâ(2n) 1
2 d(2n) â(2n)

‖̂a(2n)‖ â(2n + 2) + v2n−2â(2n − 2) 1
2 d(2n)d(2n − 2) â(2n−2)

‖̂a(2n−2)‖ â(2n + 2)

= V2n
θR(2n)

2 + V2n−2
1
2 d(2n)d(2n − 2) â(2n−2)

‖̂a(2n−2)‖ â(2n) â(2n)
‖̂a(2n)‖ â(2n + 2)

= V2n
θR(2n)

2 + V2n−2θR(2n − 2)θR(2n)
2

= V2nF1(2n) + V2n−2F0(2n − 2).

For the case s = 2n + 1,
V2n+3 = V2n+1F1(2n + 1) + V2n−1F0(2n − 1).

Consider V2n+3 be defined as in (16), and using Lemma 2.2, we obtain

V2n+3 = v2n+4 b̂(2n + 4)
=

(
1
2 d(2n + 2)v2n+2 + 1

2 d(2n + 2)d(2n)v2n

)
b̂(2n + 4)

= v2n+2̂b(2n + 2) 1
2 d(2n + 2) b̂(2n+2)

‖̂b(2n+2)‖2
b̂(2n + 4) + v2n̂b(2n) b̂(2n)

‖̂b(2n)‖2
1
2 d(2n + 2)d(2n)̂b(2n + 4)

= V2n+1
κ(2n+2)

2 + V2n−1d(2n) b̂(2n)

‖̂b(2n)‖2
b̂(2n + 2) d(2n+2)

2
b̂(2n)

‖̂b(2n)‖2
b̂(2n + 4)

= V2n+1
κ(2n+2)

2 + V2n−1κ(2n)κ(2n+2)
2

= V2n+1F1(2n + 1) + V2n−1F0(2n − 1).
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A type of Catalan’s identity for the sequence {Vs}s≥0 is presented next.

Theorem 3.12. Let Vs be defined as in (10), d(l) defined as in (4) and â, b̂ be defined as in (14), (16) respectively.
Then

V2
s − Vs−pVs+p = V2

pT(s, p), s > p

with T(s, p) = L(s, p)K(s, p) having

L(s, p) =



 â(p)
‖̂a(p)‖2

b
s+1−p

2 c∏
l=1

d
(
2b s+1

2 c − 2l
)

2

, p even b̂(p+1)

‖̂b(p+1)‖2

b
s−p−1

2 c∏
l=1

d(b s+1
2 c − 2l)


2

, p odd

and

K(s, p) =



â2(s) − t(s, p)̂a(s − p)̂a(s + p), s = 2n p = 2k

b̂2(s + 1) − t(s, p)̂b(s + 1 − p)̂b(s + 1 + p), s = 2n + 1 p = 2k

â2(s) − t(s,p)
d(s) b̂(s − p + 1)̂b(s + 1 + p), s = 2n p = 2k + 1

b̂2(s + 1) − t(s, p)d(s)̂a(s − p)̂a(s + p), s = 2n + 1 p = 2k + 1

where

t(s, p) =



b
p
2 c∏

l=1

d(s+p−2l)
d(s−p−2+2l) , s + p even

b
p
2 c∏

l=1

d(s+p+1−2l)
d(s−p−1+2l) , s + p odd

Proof. The proof done for the following four cases:

(i) s = 2n and p = 2k, i.e,
V2

2n − V2n−2kV2n+2k = V2
2kT(2n, 2k), n > k.

Using (14) and (5) one has

V2n+2k = v2n+2kâ(2n + 2k) =

k∏
l=1

d(2n + 2k − 2l)v2nâ(2n + 2k), (18)

and

V2n−2k = v2n−2kâ(2n − 2k) =

k∏
l=1

1
d(2n − 2k + 2l − 2)

v2nâ(2n − 2k) (19)

Substituting (18) and (19) we have

V2
2n − V2n−2kV2n+2k = v2

2nâ2(2n) − v2n−2kv2n+2kâ(2n − 2k)̂a(2n + 2k)

= v2
2nâ2(2n) − v2

2n

k∏
l=1

d(2n+2k−2l)
d(2n−2k+2l−2) â(2n − 2k)̂a(2n + 2k)

= v2
2k

n−k∏
l=1

d2(2n − 2l)
(̂
a2(2n) − t(2n, 2k)̂a(2n − 2k)̂a(2n + 2k)

)
= v2

2kâ2(2k)L(2n, 2k)K(2n, 2k)
= V2

2kT(2n, 2k).
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(ii) s = 2n and p = 2k + 1

V2
2n − V2n−2k−1V2n+2k+1 = V2

2k+1T(2n, 2k + 1), n > k

Using (16) and (5) one has

V2n+2k+1 = v2n+2k+2̂b(2n + 2k + 2)

=
k∏

l=1
d(2n + 2k + 2 − 2l)v2n+2̂b(2n + 2k + 2),

(20)

and

V2n−2k−1 = v2n−2k̂b(2n − 2k) =
k∏

l=1

1
d(2n−2k+2l−2) v2n̂b(2n − 2k) (21)

Substituting (20) and (21) we have

V2
2n − V2n−2k−1V2n+2k+1 = v2

2nâ2(2n) − v2n−2kv2n+2k+2̂b(2n − 2k)̂b(2n + 2k + 2)

= v2
2nâ2(2n) − v2

2n+2

k∏
l=1

d(2n+2k+2−2l)
d(2n−2k+2l−2)d(2n) b̂(2n − 2k)̂b(2n + 2k + 2)

= v2
2k+2

n−k∏
l=1

d2(2n + 2 − 2l)
(

â2(2n)
d2(2n) − t(2n, 2k + 1) b̂(2n−2k)̂b(2n+2k+2)

d(2n)

)
= v2

2k+2̂b2(2k + 2)L(2n, 2k + 1)K(2n, 2k + 1)
= V2

2k+1T(2n, 2k + 1).

(iii) s = 2n + 1 and p = 2k

V2
2n+1 − V2n+1−2kV2n+1+2k = V2

2kT(2n + 1, 2k), n > k.

Using (16) and (5) one has

V2n−2k+1 = v2n−2k+2̂b(2n − 2k + 2) =

k∏
l=1

1
d(2n − 2k + 2l)

v2n+2̂b(2n − 2k + 2). (22)

Substituting (20), (22) and (16), one gets

V2
2n+1 − V2(n−k)+1V2(n+k)+1 = v2

2n+2̂b2(2n + 2) − v2n−2k+2v2n+2k+2̂b(2n − 2k + 2)̂b(2n + 2k + 2)
= v2

2n+2̂b2(2n + 2)−

−v2
2n+2

k∏
l=1

d(2n+2k+2−2l)
d(2n−2k+2l) b̂(2n + 2 − 2k)̂b(2n + 2k + 2)

= v2
2k

n−k∏
l=1

d2(2n − 2l)d2(2n)×

×

(̂
b2(2n + 2) − t(2n + 1, 2k)̂b(2n − 2k + 2)̂b(2n + 2k + 2)

)
= v2

2kâ2(2k)L(2n + 1, 2k)K(2n + 1, 2k)
= V2

2kT(2n + 1, 2k).

(iv) s = 2n + 1 and p = 2k + 1

V2
2n+1 − V2n−2kV2n+2k+2 = V2

2k+1T(2n + 1, 2k + 1), n > k.

Using (14) and (5) one has

V2n+2k+2 = v2n+2k+2â(2n + 2k + 2)

=
k∏

l=1
d(2n + 2k + 2 − 2l)v2n+2â(2n + 2k + 2).

(23)
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Substituting (19) and (23) we have

V2
2n+1 − V2n−2kV2n+2k+2 = v2

2n+2̂b2(2n + 2) − v2n−2kv2n+2k+2â(2n − 2k)̂a(2n + 2k + 2)

= v2
2n+2̂b2(2n + 2)v2

2n+2

k∏
l=1

d(2n+2k+2−2l)
d(2n−2k+2l−2) â(2n + 2)̂a(2n + 2k + 2)

= v2
2k+2

n−k∏
l=1

d2(2n + 2 − 2l)×

×

(̂
b2(2n + 2) − t(2n + 1, 2k + 1)̂a(2n + 2)̂a(2n + 2k + 2)

)
= v2

2k+2̂b2(2k + 2)L(2n + 1, 2k + 1)K(2n + 1, 2k + 1)
= V2

2k+1T(2n + 1, 2k + 1).

3.3. Generating function and Binet’s type formula
Here we start by presenting the generating function for the sequence of {Vs}s≥0, and finish with a Binet’s

type formula for this sequence.
Using the generating function of the Vietoris’ sequence, (see [6])

1(t) =

√
1 + t −

√
1 − t

t
√

1 − t
=

+∞∑
n=0

vntn, 0 < |t| < 1

we obtain for the sequence {Vs}s≥0 the following result:

Theorem 3.13. The generating function for {Vs}s≥0 is

G(t) =
1
t3

(
1(t)(t3 + t2i + tj + k) −H(t)

)
, 0 < |t| < 1

where H(t) = 1
2

(
t2(2i + j + k) + t(2j + k) + 2k

)
.

Proof. Let

G(t) =

+∞∑
n=0

Vntn

be the generating function for {Vs}s≥0. Then

t3G(t) =
+∞∑
n=0

Vntn+3 =
+∞∑
n=0

(vn + vn+1i + vn+2j + vn+3k)tn+3

=
+∞∑
n=0

vntn+3 + i
+∞∑
n=0

vn+1tn+3 + j
+∞∑
n=0

vn+2tn+3 + k
+∞∑
n=0

vn+3tn+3

= t3
+∞∑
n=0

vntn + it2
+∞∑
n=0

vn+1tn+1 + jt
+∞∑
n=0

vn+2tn+2 + k
+∞∑
n=0

vn+3tn+3

= t31(t) + it2

(
−v0 + v0 +

+∞∑
n=0

vn+1tn+1

)
+ jt

(
−v0 − v1t + v0 + v1t +

+∞∑
n=0

vn+2tn+2

)
+ k

(
−v0 − v1t − v2t2 + v0 + v1t + v2t2 +

+∞∑
n=0

vn+3tn+3

)
= t31(t) + it2 (

−v0 + 1(t)
)

+ jt
(
−v0 − v1t + 1(t)

)
+ k

(
−v0 − v1t − v2t2 + 1(t)

)
= 1(t)(t3 + it2 + jt + k) −

(
it2v0 + jt(v0 + v1t) + k(v0 + v1t + v2t2)

)
= 1(t)(t3 + it2 + jt + k) −H(t),
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where, substituting the first elements of Vietoris’ number sequence

H(t) =
1
2

(
i2t2 + jt(2 + t) + k(2 + t + t2)

)
.

Using the Binet like formula presented in Theorem 2.3 for the Vietoris number sequence, one presents
in the next result a Binet-like formula for {Vs}s≥0.

Theorem 3.14. If Vs is defined in (10). Then a Binet-like formulas is

Vs = α̂1(s)r2b s+1
2 c

1

(
2
⌊ s + 1

2

⌋)
+ α̂2(s)r2b s+1

2 c

2

(
2
⌊ s + 1

2

⌋)
,

where, for i = 1, 2,

α̂i(s) =


ci(s)̂a(s), s = 2n

ci(s + 1)̂b(s + 1), s = 2n + 1
,

with ri(·), ci(·) is defined in Theorem 2.3, and â, b̂ defined in (14) and (16) respectively.

Proof. One start be proving the theorem, for s = 2n. Using (14) and Theorem 2.3, one gets

V2n = v2nâ(2n)
=

(
c1(2n)r2n

1 (2n) + c2(2n)r2n
2 (2n)

)
â(2n)

= c1(2n)̂a(2n)r2n
1 (2n) + c2(2n)̂a(2n)r2n

2 (2n)
= α̂1(2n)r2n

1 (2n) + α̂2(2n)r2n
2 (2n).

For the case s = 2n + 1, one uses (16) and Theorem 2.3

V2n+1 = v2n+2̂b(2n + 2)
=

(
c1(2n + 2)r2n+2

1 (2n + 2) + c2(2n + 2)r2n+2
2 (2n + 2)

)
b̂(2n + 2)

= c1(2n + 2)̂b(2n + 2)r2n+2
1 (2n + 2) + c2(2n + 2)̂b(2n + 2)r2n+2

2 (2n + 2)
= α̂1(2n + 2)r2n+2

1 (2n + 2) + α̂2(2n + 2)r2n+2
2 (2n + 2).

Remark 3.15. Using the Binet type formula for the Vietoris number sequence presented in Theorem 2.5, one also can
obtain a Binet type formula for the quaternion sequence {Vn}n≥0.

4. The determinant of a special kind of tridiagonal matrices that generates {Vn}n≥0

We consider two different tridiagonal matrices and we stated that, for each type of matrices and consid-
ering its dimension, the determinant of these matrices generates the quaternion number sequence presented
in (10).

Due to the noncommutativity of the quaternion elements, we calculate the determinant of a matrix with
quaternion number using the Laplace expansion starting always with all entries of the last column, i.e., for
any squart matrix X =

[
xi j

]
n×n

the determinant is given by

det X =

n∑
i=1

cinxin,
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with
cin = (−1)i+n det Yin,

where det Yin is the i,n minor of X.

We start by using a similar technique as given in [8] and [19]. Let us consider the tridiagonal matrix
Un =

[
ui j

]
n+1×n+1

defined by

Un+1 =



V1 −V0 0 0 0 . . . 0

P0(0) P1(1) −1 0 0 . . . 0

0 P0(1) P1(2) −1 0 . . . 0

0 0 P0(2) P1(3) −1 . . . 0

...
. . .

. . .
. . .

. . .
. . .

0 0 0 0 P0(n − 1) P1(n) −1

0 0 0 0 0 P0(n − 1) P1(n)


(n+1)×(n+1)

(24)

where P0(·) and P1(·) are defined in Theorem 3.10.

Theorem 4.1. Considere the matrix Un+1 defined in (24). Then

det Un+1 = Vn+1.

Proof. For de case n = 0, one gets det U1 = V1 and for n = 1, using Theorem 3.10, one obtains

det U2 =

 V1 −V0

P0(0) P1(1)

 = V1P1(1) + V0P0(0) = V2.

Furthermore, for the case of n = 2, U3 = det


V1 −V0 0

P0(0) P1(1) −1

0 P0(1) P1(2)

 one obtains

det U3 = (−1)6 det U2P1(2) − (−1)5 det U1P0(1) = V2P1(2) + V1P0(1) = V3.

Supposing that det Un = Vn and using Theorem 3.10, one gets

det Un+1 = det UnP1(n) + det Un−1P0(n − 1)
= VnP1(n) + Vn−1P0(n − 1) = Vn + 1.

Furthermore, for a different tridiagonal matrix, with quaternionic entries, we obtain the following result.
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Theorem 4.2. Considere the matrix

Zn+1 =



V0 0 0 0 0 . . . 0

−1 2P1(0) P0(0) 0 0 . . . 0

0 −1 P1(1) P0(1) 0 . . . 0

0 0 −1 P1(2) P0(2) . . . 0

...
. . .

. . .
. . .

. . .
. . .

0 0 0 0 −1 P1(n − 2) P0(n − 2)

0 0 0 0 0 −1 P1(n − 1)


(n+1)×(n+1)

(25)

where P0(·) and P1(·) are defined in Theorem 3.10. Then

det Zn+1 = Vn.

Proof. For de case n = 0, one gets det Z1 = Vo and for n = 1, using Theorem 3.10, one obtains

det Z2 =

V0 0

−1 2P1(0)

 = 2V0P1(0) = V1.

Furthermore, for the case of n = 2, Z3 =


V0 0 0

−1 2P1(0) P0(0)

0 −1 P1(1)

 one obtains

det Z3 = det Z2P1(1) + det Z1P0(0) = V1P1(1) + V0P0(0) = V2.

Supposing that det Zn = Vn−1 and using Theorem 3.10, one gets

det Zn+1 = det ZnP1(n − 1) + det Zn−1P0(n − 2)
= Vn−1P1(n − 1) + Vn−2P0(n − 2) = Vn.

In the next result, one uses a tridiagonal matrix Ak
n+1 =

[
ai j

]
n+1×n+1

with k = 0, 1, defined by

Ak
n+1 =



Vk 0 0 0 . . . 0

−1 2F1(k) F0(k) 0 . . . 0

0 −1 F1(2 + k) F0(2 + k) . . . 0

...
. . .

. . .
. . .

. . .

0 0 0 −1 F1(2n − 4 + k) F0(2n − 4 + k)

0 0 0 0 −1 F1(2n − 2 + k)


(n+1)×(n+1)

(26)
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where F1(·), and F0(·) are defined in the three term relation presented in Theorem 3.11.
For this type of matrices, considering its dimension, the determinant of these matrices generates the

quaternion number sequence presented in (10), as can be seen in the next theorem, using a similar proof
to the one given in Theorem 4.2. In particular for k = 0 one can prove that {det A0

n+1}n≥0 generated a the
subsequence {V2n}n≥0, while for the case k = 1 one gets the subsequence with odd index det A1

n+1 = V2n+1.

Theorem 4.3. Considere the matrix Ak
n+1 defined in (26). Then

det A0
n+1 = V2n, det A1

n+1 = V2n+1.

Proof. One starts with k = 0. For n = 0, we have det A0
1 = V0. For n = 1, we have

det A0
2 = det

V0 0

−1 2F1(0)

 = 2V0F1(0) = V2.

In the case of n = 2 and using Theorem 3.11 in the last equation, det A0
3 = det


V0 0 0

−1 2F1(0) F0(0)

0 −1 F1(2)

 where

det A0
3 = det A0

2F1(2) + det A0
1F0(0) = V2F1(2) + V0F0(0) = V4.

Suppose that det A0
n = V2n−2. Let us prove that det A0

n+1 = V2n,

A0
n+1 =



V0 0 0 0 0 . . . 0

−1 2F1(0) F0(0) 0 0 . . . 0

0 −1 F1(2) F0(2) 0 . . . 0

0 0 −1 F1(4) F0(4) . . . 0

...
. . .

. . .
. . .

. . .
. . .

0 0 0 0 −1 F1(2n − 4) F0(2n − 4)

0 0 0 0 0 −1 F1(2n − 2)


(n+1)×(n+1)

,

calculating the determinant we have

det A0
n+1 = det A0

nF1(2n − 2) + det A0
n−2F0(2n − 4)

= V2n−2F1(2n − 2) + V2n−4F2(2n − 4)
= V2n

For k = 1 and n = 0, we have det A1
1 = V1. For n = 1, we have

det A1
2 = det

V1 0

−1 2F1(1)

 = 2V1F1(1) = V3.



P. Catarino, R. De Almeida / Filomat 35:4 (2021), 1065–1086 1085

In the case of n = 2 and using Theorem 3.11 in the last equation, we have

det A1
3 = det


V1 0 0

−1 2F1(1) F0(1)

0 −1 F1(3)


where

det A1
3 = det A1

2F1(3) + det A1
1F0(1) = V3F1(3) + V1F0(1) = V5

Suppose that det A1
n = V2n+1. Let us prove that det A1

n+1 = V2n+3,

A1
n+1 =



V1 0 0 0 0 . . . 0

−1 2F1(1) F0(1) 0 0 . . . 0

0 −1 F1(3) F0(3) 0 . . . 0

0 0 −1 F1(5) F0(5) . . . 0

...
. . .

. . .
. . .

. . .
. . .

0 0 0 0 −1 F1(2n − 1) F0(2n − 1)

0 0 0 0 0 −1 F1(2n + 1)


(n+1)×(n+1)

,

calculating the determinant we have

det A1
n+1 = det A1

nF1(2n + 1) + det A1
n−2F0(2n − 1)

= V2n+1F1(2n + 1) + V2n−1F2(2n − 1)
= V2n+3

Theorem 4.4. Considere the matrix Mk
n =

[
mi j

]
n×n

with k = 0, 1, defined by

Mk
n =



Vk −Vk+2 0 0 . . . 0

F0(k) F1(2 + k) −1 0 . . . 0

0 F0(2 + k) F1(4 + k) −1 . . . 0

...
. . .

. . .
. . .

. . .

0 0 0 F0(2n − 4 + k) F1(2n − 2 + k) −1

0 0 0 0 F0(2n − 2 + k) F1(2n + k)


n×n

(27)

where F1(·), and F0(·) are defined in the three term relation presented in Theorem 3.11. Then

det M0
n = V2n, det M1

n = V2n+1.

Using these type of matrices we obtain a pattern of recurrence found in {Vn}n≥0, where the proof is
similar to the one given in Theorem 4.1.
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[16] K. Gürlebeck, K. Habetha, W. Sprößig, Holomorphic Functions in the Plane and n-dimensional Space, Birkhäuser, Basel, 2008.
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[31] U. Tokeşer, Z. Ünal, G. Bilgici, Split Pell and Pell-Lucas quaternions, Advances in Applied Clifford Algebras 27 (2017) 1881–1893.
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