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Abstract. The purpose of this paper is to derive a new Bailey pair and three new WP-Bailey pairs from
four summation formulas of the multibasic hypergeometric series. As applications, we will use them to
obtain many new transformation formulas for basic and multibasic hypergeometric series.

1. Introduction

A pair of sequences (αn(a, q), βn(a, q)) is said to form a Bailey pair with respect to (a, q) if

βn(a, q) =

n∑
j=0

α j(a, q)
(q)n− j(aq)n+ j

, (1)

where we employing the usual notation. Let a and q be complex numbers, with |q| < 1 unless otherwise
stated. Then

(a)∞ = (a; q)∞ =

∞∏
k=0

(1 − aqk), (a)m = (a; q)m =
(a; q)∞

(aqm; q)∞
.

and

(a1, a2, · · · , an; q)k = (a1; q)k(a2; q)k · · · (an; q)k,

where k is any integer or∞.
The following is known as Bailey’s lemma, which shows how each Bailey pair produces new Bailey

pairs. If (αn(a, q), βn(a, q)) forms a Bailey pair with respect to (a, q), then so does (α′n(a, q), β′n(a, q))

α′n(a, q) =
(ρ)n(σ)n

(aq/ρ)n(aq/σ)n
(

aq
ρσ

)nαn(a, q), (2)
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and

β′n(a, q) =

n∑
j=0

(ρ) j(σ) j(aq/ρσ)n− j

(aq/ρ)n(aq/σ)n(q)n− j
(

aq
ρσ

) jβ j(a, q), (3)

In [4], Bressoud, Ismail and Stanton also obtained several Bailey chains, such as,

Lemma 1.1. ([4, Theorem 2.1]) If (αn(a, q), βn(a, q)) is a Bailey pair with parameters (a, q), then (α′n(a, q), β′n(a, q))
is a Bailey pair with parameters (a, q), where

β′n(a, q) =

n∑
k=0

(−aq; q)2k(B2; q2)k(q−k/B,Bqk+1; q)n−k

(−aq/B,B; q)n(q2; q2)n−k
a2kB−kq−k2

βk(a2, q2), (4)

α′n(a, q) =
(−B; q)n

(−aq/B; q)n
a2nB−nq−n2

αn(a2, q2), (5)

provided the relevant series are absolutely convergent.

Lemma 1.2. ([4, Theorem 2.2]) Suppose that (αn(a, q), βn(a, q)) is a Bailey pair with parameters (a, q). Then
(α′n(a, q), β′n(a, q)) is a Bailey pair with parameters (a4, q4), where

α′n(a, q) =
(−Bq; q2)n

(−a2q/B; q2)n
a2nB−nqn2

αn(a2, q2), (6)

β′n(a, q) =

n∑
k=0

(a2q/B; q2)2n−k(−Bq; q2)k

(−a2q2; q2)2n(a4q2/B2; q4)n(q4; q4)n−k
a2kB−kqk2

βk(a2, q2), (7)

provided the relevant series are absolutely convergent.

Lemma 1.3. ([4, Theorem 2.3]) Suppose that (αn(a, q), βn(a, q)) is a Bailey pair with parameters (a, q). Then
(α′n(a, q), β′n(a, q)) is a Bailey pair with parameters (a3, q3), where

α′n(a, q) = anqn2
αn(a, q), (8)

β′n(a, q) =
1

(a3q3; q3)2n

n∑
k=0

(aq; q)3n−k

(q3; q3)n−k
akqk2

βk(a, q), (9)

provided the relevant series are absolutely convergent.

Based on Bressoud [3] and Singh [12], Andrews [1] defined a WP-Bailey pair to be a pair of sequences
(αn(a, k, q), βn(a, k, q)) satisfying

βn(a, k, q) =

n∑
j=0

(k/a)n− j(k)n+ j

(q)n− j(aq)n+ j
α j(a, k, q). (10)

In [1], Andrews also showed that there were two ways to construct new WP-Bailey pairs from given ones.
If (αn(a, k, q), βn(a, k, q)) satisfy (10), then so do (α′n(a, k, q)), β′n(a, k, q)) and (α̃n(a, k, q), β̃n(a, k, q)), where

α′n(a, k, q) =
(ρ)n(σ)n

(aq/ρ)n(aq/σ)n
(

aq
ρσ

)nαn(a, c, q), (11)
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β′n(a, k, q) =
(kρ/a, kσ/a)n

(aq/ρ, aq/σ)n

n∑
j=0

1 − cq2 j

1 − c
(ρ) j(σ) j(k/c)n− j(k)n+ j

(kρ/a) j(kσ/a) j(q)n− j(cq)n+ j
(

aq
ρσ

) jβ j(a, c, q), (12)

with c = kρσ/aq, and

α̃n(a, k, q) =
(qa2/k)2n

(k)2n
(

k2

qa2 )nαn(a,
qa2

k
, q), (13)

β̃n(a, k, q) =

n∑
j=0

(k2/qa2)n− j

(q)n− j
(

k2

qa2 ) jβ j(a,
qa2

k
, q). (14)

In addition, Laughlin and Zimmer [9], Warnaar [20] also derived many WP-Bailey chains. A few of
their results are listed below.

Lemma 1.4. ([9, Corollary 3]) If (αn(a, k, q), βn(a, k, q)) satisfy (10), then so do (α′n(a, k, q), β′n(a, k, q)), where

α′n(a, k, q) =
(a2/k)2n

(kq)2n
(
k2q
a2 )nαn(a,

a2

kq
, q), (15)

β′n(a, k, q) =
1 − k

1 − kq2n

n∑
j=0

(1 − a2q2 j

kq )

(1 − a2

kq )

( k2q
a2 )n− j

(q)n− j
(
k2q
a2 ) jβ j(a,

a2

kq
, q). (16)

Lemma 1.5. ([9, Corollary 7]) If (αn(a, k, q), βn(a, k, q)) satisfy (10), then so do (α′n(a, k, q), β′n(a, k, q)), where

α′n(a, k, q2) = αn(
√

a,
k
√

a
, q), (17)

β′n(a, k, q2) =
(− k
√

a
)2n

(−
√

aq)2n

n∑
j=0

1 − k2q4 j

a

1 − k2

a

( a
k ; q2)n− j

(q2; q2)n− j

(k; q2)n+ j

( k2q2

a ; q2)n+ j

(
kq
a

)n− jβ j(
√

a,
k
√

a
, q). (18)

Lemma 1.6. ([20, Theorem 2.3]) If (αn(a, k, q), βn(a, k, q)) satisfy (10), then so is the pair (α′n(a, k, q), β′n(a, k, q))
given by

α′n(a, k, q) =
1 − σk1/2

1 − σk1/2qn

1 + σc1/2qn

1 − σc1/2

(c; q)2n

(k; q)2n
(
k
c

)nαn(a, c, q), (19)

β′n(a2, k, q2) =
1 − σk1/2

1 − σk1/2qn

n∑
j=0

1 + σc1/2qr

1 − σc1/2

(k/c; q)n− j

(q; q)n− j
(
k
c

) jβ j(a, c, q), (20)

with c = a2/k and σ ∈ {−1, 1}.

Lemma 1.7. ([20, Theorem 2.4]) If (αn(a, k, q), βn(a, k, q)) satisfy (10), then so is the pair (α′n(a, k, q), β′n(a, k, q))
given by

α′n(a2, k, q2) = αn(a, c, q), (21)

β′n(a2, k, q2) =
(−cq)2n

(−aq)2n

n∑
j=0

1 − cq2 j

1 − c
(k/c2; q2)n− j

(q2; q2)n− j

(k; q2)n+ j

(c2q2; q2)n+ j
(
c
a

)n− jβ j(a, c, q), (22)

with c = k/aq.
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Lemma 1.8. ([20, Theorem 2.5]) If (αn(a, k, q), βn(a, k, q)) satisfy (10), then so is the pair (α′n(a, k, q), β′n(a, k, q))
given by

α′n(a2, k, q2) = q−n 1 + aq2n

1 + a
αn(a, c, q), (23)

β′n(a2, k, q2) = q−n (−cq)2n

(−aq)2n

n∑
j=0

1 − cq2 j

1 − c
(k/c2; q2)n− j

(q2; q2)n− j

(k; q2)n+ j

(c2q2; q2)n+ j
(
c
a

)n− jβ j(a, c, q), (24)

with c = k/a.

Summation and transformation formulas is an important part of basic hypergeometric series. In [11],
Lin and Srivastava showed how some fairly general analytical tools and techniques can be used in codes
to obtain summation, transformation and reduction formulas for basic hypergeometric series. In [19],
Srivastava Singh and Shukla derived some transformations for basic hypergeometric series of two variables
using the series manipulation technique. Recently, Srivastava et al [14] described some applications of q-
difference equations in many diverse areas. The Bailey Pair and the WP-Bailey pairs play an important role
in the theory of basic hypergeometric series. Many authors have studied them to obtain new summation
and transformations formulas of basic hypergeometric series. See [2, 6–8, 10, 16, 18, 21, 22, 24].

The purpose of this paper is to derive a new Bailey pair and three new WP-Bailey pairs from four
summation formulas of the multibasic hypergeometric series. As applications, we will use them to obtain
many new transformation formulas for basic and multibasic hypergeometric series.

2. A New Bailey pair and three new WP-Bailey pairs

The (m + 1)-basic hypergeometric series Φ (see [5, Eqs.(3.9.1)]) is defined by

Φ

[
a1, · · · , ar : c1,1, · · · , c1,r1 : · · · : cm,1, · · · , cm,rm

b1, · · · , br−1 : d1,1, · · · , d1,r1 : · · · : dm,1, · · · , dm,rm

; q, q1, · · · , qm; z
]

=

∞∑
n=0

(a1, · · · , ar; q)n

(q, b1, · · · , br−1; q)n
zn

m∏
j=1

(c j,1, · · · , c j,r j ; q j)n

(d j,1, · · · , d j,r j ; q j)n
. (25)

In fact, when m = 0, the multibasic hypergeometric series become general basic hypergeometric series:

rΦr−1

[
a1, a2, . . . , ar
b1, b2, . . . , br−1

; q, z
]

=

∞∑
n=0

(a1, a2, . . . , ar)n

(q, b1, b2, . . . , br−1)n
zn.

In [5], there are four bibasic summation formulas which are to be used later.

Φ

[
a2, aq2,−aq2 : −aq/w, q−n

a,−a : w,−aqn+1
; q2, q;

wqn−1

a

]
=

(−aq, aq2/w,w/aq; q)n

(−q, aq/w,w; q)n
, (26)

Φ

[
a2,−aq2, b2 : −aqn/b2, q−n

−a, a2q2/b2 : b2q1−n,−aqn+1
; q2, q; q2

]
=

(−aq, qn/b2; q)n(aq/b2, aq2/b2; q2)n

(−q, aqn/b2; q)n(q/b2, aq2/b2; q2)n
, (27)

Φ

[
a2, aq2,−aq2, b2 : −aqn/b2, q−n

a,−a, a2q2/b2 : b2q1−n,−aqn+1
; q2, q; q

]
=

(−aq, a/b2; q)n(1/b2; q2)n

(−q, 1/b2; q)n(aq2/b2; q2)n
qn, (28)

Φ

[
a2, aq2,−aq2, b2 : −aqn−1/b2, q−n

a,−a, a2q2/b2 : b2q2−n,−aqn+1
; q2, q; q2

]
=

(−aq, a/qb2; q)n(aq/b2, 1/b2q2; q2)n

(−q, 1/qb2; q)n(a/qb2, aq2/b2; q2)n
qn. (29)

First, we give the following a new Bailey pair.
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Lemma 2.1. The pair (αn(a, q), βn(a, q)) is a Bailey pair, where

αn(a, q) =
(a2, aq2,−aq2; q2)n(aq/w; q)n

(q2, a,−a; q2)n(w; q)n
(

w
aq

)nq(n
2), (30)

βn(a, q) =
(−aq2/w,−w/aq; q)n

(q,−q,−aq/w,w; q)n
. (31)

Proof. Substitute αn(a, q) into (1) and apply the case a→ −a of (26).

Next we give three new WP-Bailey pairs.

Lemma 2.2. The pair (α(1)
n (a, k, q), β(1)

n (a, k, q)) is a WP-Bailey pair, where

α(1)
n (a, k, q) =

(a2, aq2, a/k; q2)n

(q2, a, akq2; q2)n
(
kq
a

)n, (32)

β(1)
n (a, k, q) =

(k2,−kq2, k/a; q2)n

(q2,−k, akq2; q2)n
. (33)

Proof. Substitute α(1)
n (a, k, q) into (10) and apply the case a→ −a, b2

→ a/k of (27).

Lemma 2.3. The pair (α(2)
n (a, k, q), β(2)

n (a, k, q)) is a WP-Bailey pair, where

α(2)
n (a, k, q) =

(a2, aq2,−aq2, a/k; q2)n

(q2, a,−a, akq2; q2)n
(
k
a

)n, (34)

β(2)
n (a, k, q) =

(k2, k/a; q2)n

(q2, akq2; q2)n
qn. (35)

Proof. Substitute α(2)
n (a, k, q) into (10) and apply the case a→ −a, b2

→ a/k of (28).

Lemma 2.4. The pair (α(3)
n (a, k, q), β(3)

n (a, k, q)) is a WP-Bailey pair, where

α(3)
n (a, k, q) =

(a2, aq2,−aq2, a/kq; q2)n

(q2, a,−a, akq3; q2)n
(
kq
a

)n, (36)

β(3)
n (a, k, q) =

(k2,−kq2, k/aq; q2)n

(q2,−k, akq3; q2)n
qn. (37)

Proof. Substitute α(3)
n (a, k, q) into (10) and apply the case a→ −a, b2

→ a/qk of (29).

3. Some new transformation formulas

In this part, we will derive a number of new transformation formulas of basic hypergeometric series.
Inserting the Bailey pairs (αn, βn) in Lemma 2.1 into the Bailey chains at (11) and (12), (13) and (14), (15)

and (16) (under k = 0), (17) and (18) (under k = 0) leads to the following transformations.
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Theorem 3.1. We have

10Φ9

a,−a, q
√

a,−q
√

a, iq
√

a,−iq
√

a, ρ, σ, aq
w , q

−n

−q,
√

a,−
√

a, i
√

a,−i
√

a, aq
ρ ,

aq
σ ,w, aqn+1

; q,
−wqn

ρσ


=

(aq, aq/ρσ; q)n

(aq/ρ, aq/σ; q)n
5Φ4

ρ, σ,−
aq2

w ,−
w
aq , q

−n

−q,− aq
w ,w, ρσq1−n

; q, q

 ; (38)

Φ

a4, a2q4,−a2q4 : −B, aq
√

w
,−

aq
√

w
, q−n

a2,−a2 : − aq
B ,
√

w,−
√

w, aqn+1
; q4, q;−

wqn−2

Ba2


=

(aq,Bq, 1/B; q)n

(−q,−aq/B,B; q)n
6Φ5

−aq,−aq2,B2,−
a2q4

w ,− w
a2q2 , q−2n

−q2,w,− a2q2

w ,Bq1−n,Bq2−n
; q2, q2

 ; (39)

10Φ9

[
a2,−a2, aq2,−aq2, iaq2,−iaq2,−Bq, a2q2/w,−q−2n, q−2n

−q2, a,−a, ia,−ia,−a2q/B,w,−a2q2n+2, a2q2n+2
; q2,−

wq4n

B

]

=
(a2q/B; q2)2n

(−a2q2; q2)2n

(a4q2/B2; q4)n

(a4q4+4n; q4)n
5Φ4

−
a2q4

w ,− w
a2q2 ,−Bq,−q−2n, q−2n

−q2,−
a2q2

w ,w, Bq1−4n

a2

; q2, q2

 ; (40)

10Φ9

a,−a, q
√

a,−q
√

a, iq
√

a,−iq
√

a, aq
w , q

−n, ζq−n, ζ2q−n

−q,
√

a,−
√

a, i
√

a,−i
√

a,w, aqn+1, aζ2qn+1, aζqn+1
; q,−wq3n


=

1
(a3q3+3n; q3)n

5Φ4

−
aq2

w ,−
w
aq , q

−n, ζq−n, ζ2q−n

−q,− aq
w ,w,

q−3n

a

; q, q

 , (41)

where ζ is primitive cube root of 1.

Inserting the WP-Bailey pairs (α(1)
n (a, k, q), β(1)

n (a, k, q)), (α(2)
n (a, k, q), β(2)

n (a, k, q)) and (α(3)
n (a, k, q), β(3)

n (a, k, q))
into the WP-Bailey chain at (11) and (12), we have

Theorem 3.2. Let c = kρσ/aq. Then

12Φ11

 c,−c, q
√

c, q
√

c, iq
√

c,−iq
√

c,
√ c

a ,−
√ c

a , ρ, σ, kqn, q−n

−q,
√

c,−
√

c, i
√

c,−i
√

c, q
√

ac,−q
√

ac, kρ
a ,

kσ
a ,

ρσq−n

a , cqn+1
; q, q


=

(aq/ρ, aq/σ, cq, k/a; q)n

(aq, aq/ρσ, kρ/a, kσ/a; q)n

×10Φ9

 a, q
√

a,−q
√

a,−a,
√ a

c ,−
√ a

c , ρ, σ, kqn, q−n

√
a,−
√

a,−q, q
√

ac,−q
√

ac, aq
ρ ,

aq
σ ,

aq1−n

k , aqn+1
; q, q2

 ; (42)

12Φ11

 a,−a, q
√

a,−q
√

a, iq
√

a,−iq
√

a,
√ a

c ,−
√ a

c , ρ, σ, kqn, q−n

−q,
√

a,−
√

a, i
√

a,−i
√

a, q
√

ac,−q
√

ac, aq
ρ ,

aq
σ ,

aq1−n

k , aqn+1
; q, q


=

(aq, k/c, cq/ρ, cq/σ; q)n

(cq, k/a, aq/ρ, aq/σ; q)n
10Φ9

 c,−c, q
√

c,−q
√

c,
√ c

a ,−
√ c

a , ρ, σ, kqn, q−n

−q,
√

c,−
√

c, q
√

ac,−q
√

ac, cq
ρ ,

cq
σ ,

cq1−n

k , cqn+1
; q, q2

 ; (43)
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Φ

a2, aq2,−aq2, a
cq : ρ, σ, kqn, q−n

a,−a, kaq3 : aq
ρ ,

aq
σ ,

aq1−n

k , aqn+1
; q2, q; q2


=

(aq, k/c, cq/ρ, cq/σ; q)n

(cq, k/a, aq/ρ, aq/σ; q)n
Φ

c2, cq2,−cq2, c
aq : ρ, σ, kqn, q−n

c,−c, acq3 : cq
ρ ,

cq
σ ,

cq1−n

k , cqn+1
; q2, q; q2

 . (44)

Likewise, inserting the WP-Bailey pairs (α(1)
n (a, k, q), β(1)

n (a, k, q)), (α(2)
n (a, k, q), β(2)

n (a, k, q)) and (α(3)
n (a, k, q),

β(3)
n (a, k, q)) into the WP-Bailey chain at (13) and (14), yields

Theorem 3.3. We have

12Φ11


a,−a, q

√
a,−q

√
a,

√
k
aq ,−

√
k
aq , a

√
q
k ,−a

√
q
k ,

aq
√

k
,−

aq
√

k
, kqn, q−n

−q,
√

a,−
√

a, aq
√

aq
k ,−aq

√
aq
k ,

√
kq,−

√
kq,
√

k,−
√

k, aq1−n

k , aqn+1
; q, q2


=

(aq, k2/qa2; q)n

(k, k/a; q)n
7Φ6


a2q
k ,−

a2q
k , iaq

√
q
k ,−iaq

√
q
k ,

√
aq
k ,−

√
aq
k , q

−n

−q, ia
√

q
k ,−ia

√
q
k , aq

√
aq
k ,−aq

√
aq
k ,

a2q2−n

k2

; q, q

 ; (45)

Φ

a2, aq2,−aq2,
a2q
k ,

a2q2

k ,
k
aq : kqn, q−n

a,−a, k, kq, a3q3

k : aq1−n

k , aqn+1
; q2, q; q2


=

(aq, k2/qa2; q)n

(k, k/a; q)n
5Φ4


a2q
k ,−

a2q
k ,

√
aq
k ,−

√
aq
k , q

−n

−q, aq
√

aq
k ,−aq

√
aq
k ,

a2q2−n

k2

; q, q

 ; (46)

Φ

a2, aq2,−aq2,
qa2

k ,
q2a2

k ,
k

aq2 : kqn, q−n

a,−a, k, kq, q4a3

k : aq1−n

k , aqn+1
; q2, q; q2


=

(aq, k2/qa2; q)n

(k, k/a; q)n
7Φ6


a2q
k ,−

a2q
k , iaq

√
q
k ,−iaq

√
q
k ,

√ a
k ,−

√ a
k , q
−n

−q, ia
√

q
k ,−ia

√
q
k , aq2

√ a
k ,−aq2

√ a
k ,

a2q2−n

k2

; q, q2

 . (47)

Similarly, inserting the WP-Bailey pairs (α(1)
n (a, k, q), β(1)

n (a, k, q)), (α(2)
n (a, k, q), β(2)

n (a, k, q)) and (α(3)
n (a, k, q),

β(3)
n (a, k, q)) into the WP-Bailey chain at (15) and (16), leads to

Theorem 3.4. We have

12Φ11


a,−a, q

√
a,−q

√
a,

√
kq
a ,−

√
kq
a , a

√
q
k ,−a

√
q
k ,

a
√

k
,− a
√

k
, kqn, q−n

−q,
√

a,−
√

a, a
√

aq
k ,−a

√
aq
k ,

√
kq,−

√
kq, q
√

k,−q
√

k, aq1−n

k , aqn+1
; q, q2


=

1 − k
1 − kq2n

(aq, k2q/a2; q)n

(k, k/a; q)n

× 9Φ8


a2

kq ,−
a2

kq , a
√

q
k ,−a

√
q
k , ia

√
q
k ,−ia

√
q
k ,

√
a
kq ,−

√
a
kq , q

−n

−q, a√
kq
,− a√

kq
, ia√

kq
,− ia√

kq
, a

√
aq
k ,−a

√
aq
k ,

a2q−n

k2

; q, q

 ; (48)
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Φ

a2, aq2,−aq2, a2

k ,
a2q
k ,

kq
a : kqn, q−n

a,−a, kq2, kq, a3q
k : aq1−n

k , aqn+1
; q2, q; q2


=

1 − k
1 − kq2n

(aq, k2q/a2; q)n

(k, k/a; q)n
7Φ6


a2

kq ,−
a2

kq , a
√

q
k ,−a

√
q
k ,

√
a
kq ,−

√
a
kq , q

−n

−q, a√
kq
,− a√

kq
, a

√
aq
k ,−a

√
aq
k ,

a2q−n

k2

; q, q

 ; (49)

Φ

a2, aq2,−aq2, a2

k ,
a2q
k ,

k
a : kqn, q−n

a,−a, kq2, kq, a3q2

k : aq1−n

k , aqn+1
; q2, q; q2


=

1 − k
1 − kq2n

(aq, k2q/a2; q)n

(k, k/a; q)n
Φ


a4

k2q2 ,
a2q
k ,−

a2q
k ,

a
k : q−n

a2

kq ,−
a2

kq ,
a3q2

k ,
a2q−n

k2

; q2, q; q2

 . (50)

In the same manner, inserting the WP-Bailey pairs (α(1)
n (a, k, q), β(1)

n (a, k, q)),
(α(2)

n (a, k, q), β(2)
n (a, k, q)) and (α(3)

n (a, k, q), β(3)
n (a, k, q)) into the WP-Bailey chain at (17) and (18), leads to

Theorem 3.5. We have

7Φ6


k2

a ,
k
a ,

kq2
√

a
,−

kq2
√

a
,−

kq2
√

a
, kq2n, q−2n

kq2, k
√

a
,− k
√

a
,− k
√

a
,

kq2−2n

a ,
k2q2+2n

a

; q2, q


=

(−q
√

a)2n

(−k/
√

a)2n

(k2q2/a, k/a; q2)n

(a/k, aq2; q2)n
(

a
kq

)n
5Φ4

 a, q2√a, a
k , kq2n, q−2n

√
a, kq2,

aq2−2n

k , aq2+2n
; q2, q3

 ; (51)

6Φ5


k2

a ,
k
a ,

kq2
√

a
,−

kq2
√

a
, kq2n, q−2n

kq2, k
√

a
,− k
√

a
,

kq2−2n

a ,
k2q2+2n

a

; q2, q2


=

(−q
√

a)2n

(−k/
√

a)2n

(k2q2/a, k/a; q2)n

(a/k, aq2; q2)n
(

a
kq

)n
6Φ5

a, q2√a,−q2√a, a
k , kq2n, q−2n

√
a,−
√

a, kq2,
aq2−2n

k , aq2+2n
; q2, q2

 ; (52)

7Φ6


k2

a ,
k
aq ,

kq2
√

a
,−

kq2
√

a
,−

kq2
√

a
, kq2n, q−2n

kq3, k
√

a
,− k
√

a
,− k
√

a
,

kq2−2n

a ,
k2q2+2n

a

; q2, q2


=

(−q
√

a)2n

(−k/
√

a)2n

(k2q2/a, k/a; q2)n

(a/k, aq2; q2)n
(

a
kq

)n
6Φ5

a, q2√a,−q2√a, a
kq , kq2n, q−2n

√
a,−
√

a, kq3,
aq2−2n

k , aq2+2n
; q2, q3

 . (53)

Similarly, inserting the WP-Bailey pairs (α(1)
n (a, k, q), β(1)

n (a, k, q)), (α(2)
n (a, k, q), β(2)

n (a, k, q)) and (α(3)
n (a, k, q),

β(3)
n (a, k, q)) into the WP-Bailey chain at (19) and (20), leads to

Theorem 3.6. We have

Φ

a2, aq2, k
a ,

a2

k ,
a2q
k : σ

√
k,−σ aq

√
k
, kqn, q−n

a, a3q2

k , k, kq : σq
√

k,−σ a
√

k
,

aq1−n

k , aqn+1
; q2, q; q2


=

1 − σk1/2

1 − σk1/2qn

(aq, k2/a2; q)n

(k, k/a; q)n
8Φ7


a2

k ,−
a2

k , i
aq
√

k
,−i aq

√
k
,
√ a

k ,−
√ a

k ,−σ
aq
√

k
, q−n

−q, i a
√

k
,−i a

√
k
, aq

√ a
k ,−aq

√ a
k ,−σ

a
√

k
,

a2q1−n

k2

; q, q

 ; (54)
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Φ

a2, aq2,−aq2, k
a ,

a2

k ,
a2q
k : σ

√
k,−σ aq

√
k
, kqn, q−n

a,−a, a3q2

k , k, kq : σq
√

k,−σ a
√

k
,

aq1−n

k , aqn+1
; q2, q; q


=

1 − σk1/2

1 − σk1/2qn

(aq, k2/a2; q)n

(k, k/a; q)n
6Φ5


a2

k ,−
a2

k ,
√ a

k ,−
√ a

k ,−σ
aq
√

k
, q−n

−q, aq
√ a

k ,−aq
√ a

k ,−σ
a
√

k
,

a2q1−n

k2

; q, q2

 ; (55)

Φ

a2, aq2,−aq2, k
aq ,

a2

k ,
a2q
k : σ

√
k,−σ aq

√
k
, kqn, q−n

a,−a, a3q3

k , k, kq : σq
√

k,−σ a
√

k
,

aq1−n

k , aqn+1
; q2, q; q2


=

1 − σk1/2

1 − σk1/2qn

(aq, k2/a2; q)n

(k, k/a; q)n
8Φ7


a2

k ,−
a2

k , i
aq
√

k
,−i aq

√
k
,
√

a
kq ,−

√
a
kq ,−σ

aq
√

k
, q−n

−q, i a
√

k
,−i a

√
k
, aq

√
aq
k ,−aq

√
aq
k ,−σ

a
√

k
,

a2q1−n

k2

; q, q2

 . (56)

where σ ∈ {−1, 1}.

Likewise, inserting the WP-Bailey pairs (α(1)
n (a, k, q), β(1)

n (a, k, q)),
(α(2)

n (a, k, q), β(2)
n (a, k, q)) and (α(3)

n (a, k, q), β(3)
n (a, k, q)) into the WP-Bailey chain at (21) and (22), leads to

Theorem 3.7. We have

6Φ5


k2

a2q2 ,
kq
a ,−

kq
a ,

k
a2q , kq2n, q−2n

k
aq ,−

k
aq , kq, kq−2n

a2 ,
k2q2n

a2

; q2, q


=

(−aq)2n

(−k/a)2n

(k2/a2, k/a2; q2)n

(a2q2, a2q2/k; q2)n
(
a2q
k

)n
5Φ4

a2, aq2,
a2q
k , kq2n, q−2n

a, kq, a2q2−2n

k , a2q2+2n
; q2, q2

 ; (57)

6Φ5

a2, aq2,−aq2,
a2q
k , kq2n, q−2n

a,−a, kq, a2q2−2n

k , a2q2+2n
; q2, q


=

(−k/a)2n

(−aq)2n

(a2q2, a2q2/k; q2)n

(k/a2, k2/a2; q2)n
(

k
a2q

)n
5Φ4


k2

a2q2 ,
kq
a ,

k
a2q , kq2n, q−2n

k
aq , kq, kq−2n

a2 ,
k2q2n

a2

; q2, 1

 ; (58)

6Φ5

a2, aq2,−aq2, a2

k , kq2n, q−2n

a,−a, kq2,
a2q2−2n

k , a2q2+2n
; q2, q2


=

(−k/a)2n

(−aq)2n

(a2q2, a2q2/k; q2)n

(k/a2, k2/a2; q2)n
(

k
a2q

)n
6Φ5


k2

a2q2 ,
kq
a ,−

kq
a ,

k
a2q2 , kq2n, q−2n

k
aq ,−

k
aq , kq2,

kq−2n

a2 ,
k2q2n

a2

; q2, 1

 . (59)

In the same manner, inserting the WP-Bailey pairs (α(1)
n (a, k, q), β(1)

n (a, k, q)),
(α(2)

n (a, k, q), β(2)
n (a, k, q)) and (α(3)

n (a, k, q), β(3)
n (a, k, q)) into the WP-Bailey chain at (23) and (24), leads to

Theorem 3.8. We have

6Φ5

a2, aq2,−aq2, a2

k , kq2n, q−2n

a,−a, kq2,
a2q2−2n

k , a2q2+2n
; q2, q2


=

(−kq/a)2n

(−a)2n

(a2q2, a2/k; q2)n

(k/a2, k2q2/a2; q2)n
(

k
a2q

)n
6Φ5

 k2

a2 ,
kq2

a ,−
kq2

a ,
k
a2 , kq2n, q−2n

k
a ,−

k
a , kq2,

kq2−2n

a2 ,
k2q2+2n

a2

; q2, q2

 ; (60)
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7Φ6

a2, aq2,−aq2,−aq2, a2

k , kq2n, q−2n

a,−a,−a, kq2,
a2q2−2n

k , a2q2+2n
; q2, q


=

(−kq/a)2n

(−a)2n

(a2q2, a2/k; q2)n

(k/a2, k2q2/a2; q2)n
(

k
a2q

)n
5Φ4

 k2

a2 ,
kq2

a ,
k
a2 , kq2n, q−2n

k
a , kq2,

kq2−2n

a2 ,
k2q2+2n

a2

; q2, q3

 ; (61)

7Φ6

a2, aq2,−aq2,−aq2, a2

kq , kq2n, q−2n

a,−a,−a, kq3,
a2q2−2n

k , a2q2+2n
; q2, q2


=

(−kq/a)2n

(−a)2n

(a2q2, a2/k; q2)n

(k/a2, k2q2/a2; q2)n
(

k
a2q

)n
6Φ5


k2

a2 ,
kq2

a ,−
kq2

a ,
k

a2q , kq2n, q−2n

k
a ,−

k
a , kq3,

kq2−2n

a2 ,
k2q2+2n

a2

; q2, q3

 . (62)

Remark 3.9. It’s easy to see that the bibasic transformation formulas in (49)-(50) can be rewrite as well-
poised basic hypergeometric series. Applying Bailey chains in [4] and WP-Bailey chains in [9], [20], in the
similar way we can also obtain other new basic hypergeometric series transformations.

4. Some identities from derived WP-Bailey pairs

For a WP-Bailey pair (α(a, k), β(a, k)) define the derived WP-Bailey pairs by

α∗n(a) = lim
k→1

αn(a, k), (63)

and

β∗n(a) = lim
k→1

βn(a, k)
1 − k

. (64)

where suppose that each of the limits in (63) and (64) exists. For more other detail, see [7, 10].
According to the definition of the derived WP-Bailey pairs (63) and (64), we have the following three

derived WP-Bailey pairs from Lemmas 2.2, 2.3 and 2.4. α(1)∗
n (a) =

(a2;q2)n

(q2;q2)n

( q
a

)n
,

β(1)∗
n (a) =

1+q2n

1−q2n
(1/a;q2)n

(aq2;q2)n
,

(65)

 α(2)∗
n (a) = 1+a2n

1+a
(a2;q2)n

(q2;q2)n

(
1
a

)n
,

β(2)∗
n (a) = 2

1−q2n
(1/a;q2)n

(aq2;q2)n
qn,

(66)

 α(3)∗
n (a) =

1−a2q4n

1−a2
(a2,a/q;q2)n

(q2,aq3;q2)n

( q
a

)n
,

β(3)∗
n (a) =

1+q2n

1−q2n
(1/aq;q2)n

(aq2;q2)n
qn.

(67)

In [1], Andrews obtained that

∞∑
n=1

β∗n(a)(a2q)n
−

∞∑
n=1

(q; q)2n−1(a2q)n

(a2q; q)2n
α∗n(a) =

∞∑
r=1

a2qr

1 − a2qr −

∞∑
r=1

aqr

1 − aqr . (68)

Inserting these three WP-Bailey pairs (65), (66) and (67) into (68) we have the following results.
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Theorem 4.1.
∞∑

n=1

(1 + q2n)(1/a; q2)n

(1 − q2n)(aq2; q2)n
a2nqn

−

∞∑
n=1

(q; q)2n−1(a2; q2)n

(a2q; q)2n(q2; q2)n
anq2n

= a2
∞∑

n=1

qn

1 − a2qn − a
∞∑

n=1

qn

1 − aqn , (69)

2
∞∑

n=1

(1/a; q2)n

(1 − q2n)(aq2; q2)n
a2nqn

−

∞∑
n=1

(1 + a2n)(q; q)2n−1(a2; q2)n

(1 + a)(a2q; q)2n(q2; q2)n
anqn

= a2
∞∑

n=1

qn

1 − a2qn − a
∞∑

n=1

qn

1 − aqn , (70)

and
∞∑

n=1

(1 + q2n)(1/aq; q2)n

(1 − q2n)(aq2; q2)n
a2nq2n

−

∞∑
n=1

(1 − a2q4n)(q; q)2n−1(a2, a/q; q2)n

(1 − a2)(a2q; q)2n(q2, aq3; q2)n
anq2n

= a2
∞∑

n=1

qn

1 − a2qn − a
∞∑

n=1

qn

1 − aqn . (71)

In[17], Srivastava et al. obtained that

∞∑
n=1

β∗n(a)a2n
−

1
1 + a

∞∑
n=1

(q; q)2n−1

(a2q; q)2n
a2n(1 + aq2n)α∗n(a)

=

∞∑
n=1

a2qn

1 − a2qn −

∞∑
n=1

aqn

1 − aqn −
a

1 + a
, (72)

Inserting those WP-Bailey pairs (65), (66) and (67) into (72) we have the following results.

Theorem 4.2.
∞∑

n=1

(1 + q2n)(1/a; q2)n

(1 − q2n)(aq2; q2)n
a2n
−

∞∑
n=1

(1 + aq2n)(q; q)2n−1(a2; q2)n

(1 + a)(a2q; q)2n)(q2; q2)n
anqn

= a2
∞∑

n=1

qn

1 − a2qn − a
∞∑

n=1

qn

1 − aqn −
a

1 + a
, (73)

2
∞∑

n=1

(1/a; q2)n

(1 − q2n)(aq2; q2)n
qn
−

∞∑
n=1

(1 + a2n)(1 + a2n)(q; q)2n−1(a2; q2)n

(1 + a)2(a2q; q)2n(q2; q2)n
an

= a2
∞∑

n=1

qn

1 − a2qn − a
∞∑

n=1

qn

1 − aqn −
a

1 + a
, (74)

and
∞∑

n=1

(1 + q2n)(1/aq; q2)n

(1 − q2n)(aq2; q2)n
a2nqn

−

∞∑
n=1

(1 + aq2n)(1 − a2q4n)(q; q)2n−1(a2, a/q; q2)n

(1 + a)(1 − a2)(a2q; q)2n)(q2, aq3; q2)n
anqn

= a2
∞∑

n=1

qn

1 − a2qn − a
∞∑

n=1

qn

1 − aqn −
a

1 + a
. (75)
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In [23], the following transformation formula is obtained that
∞∑

n=1

(−aq)nβ∗n(a) −
∞∑

n=1

(q; q)2n−1(−aq)n

(q, a2q2; q2)n
α∗n(a)

=

∞∑
n=1

q2n−1

1 − q2n−1 − a2
∞∑

n=1

q2n

1 − a2q2n − a
∞∑

n=1

qn

1 + aqn . (76)

Inserting those WP-Bailey pairs (65), (66) and (67) into (76) we have the following results.

Theorem 4.3.
∞∑

n=1

(−1)n (1 + q2n)(1/a; q2)n

(1 − q2n)(aq2; q2)n
anqn
−

∞∑
n=1

(−1)n (1 − a2)
(1 − q2n)(1 − a2q2n)

q2n

=

∞∑
n=1

q2n−1

1 − q2n−1 − a2
∞∑

n=1

q2n

1 − a2q2n ,−a
∞∑

n=1

qn

1 + aqn , (77)

2
∞∑

n=1

(−1)n (1/a; q2)n

(1 − q2n)(aq2; q2)n
anq2n

−

∞∑
n=1

(−1)n (1 − a)(1 + a2n)
1 − a2q2n qn

=

∞∑
n=1

q2n−1

1 − q2n−1 − a2
∞∑

n=1

q2n

1 − a2q2n − a
∞∑

n=1

qn

1 + aqn , (78)

and
∞∑

n=1

(−1)n (1 + q2n)(1/aq; q2)n

(1 − q2n)(aq2; q2)n
anq2n

−

∞∑
n=1

(−1)n (1 − a2q4n)(1 − a/q)(1 − aq)
(1 − q2n)(1 − q2n−1)(1 − q2n+1)(1 − a2q2n)

q2n

=

∞∑
n=1

q2n−1

1 − q2n−1 − a2
∞∑

n=1

q2n

1 − a2q2n − a
∞∑

n=1

qn

1 + aqn . (79)

5. Conclusion

In this paper, by using the four summation formulas of multibasic hypergeometric series in [5], a new
Bailey pair and three new WP Bailey pairs are given. In order to shorten the paper, the proof process is
omitted. Then, by using these Bailey pairs (or WP Bailey pairs) and their iterative relations, we establish a
series of new q-series identities.

Basic (or q-) series and basic (or q-) polynomials, especially the basic (or q-) gamma and q-hypergeometric
functions and basic (or q-) hypergeometric polynomials, are applicable particularly in several diverse areas
(see, for example, [15, pp. 350-351] and [13, p. 328]. Moreover, in this recently-published survey-cum-
expository review article by Srivastava [13], the so-called (p, q)-calculus was exposed to be a rather trivial
and inconsequential variation of the classical q-calculus, the additional parameter p being redundant (see,
for details, [13, p. 340]). This observation by Srivastava [13] will indeed apply also to any attempt to
produce the rather straightforward (p, q)-variants of the results which we have presented in this paper.
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