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Available at: http://www.pmf.ni.ac.rs/filomat

Legendre Wavelet Approximation of Functions Having Derivatives of
Lipschitz Class

Shyam Lala, Neha Patela

aDepartment of Mathematics, Institute of Science, Banaras Hindu University, Varanasi-221005, India

Abstract. In this paper, Legendre Wavelet approximation of functions f having first derivative f ′ and
second derivative f ′′ of Lipα class, 0 < α ≤ 1, have been determined. These wavelet estimators are sharper,
better and best possible in Wavelet Analysis. It is observed that the Legendre Wavelet estimator of f whose
f ′′ ∈ Lipα is sharper than the estimator of f having f ′ ∈ Lipα class.

1. Introduction

The approximation of functions belonging to class Lipα, 0 < α ≤ 1 by nth partial sums of its Fourier series
has been estimated by several researchers like Raghuvanshi[1], kushwaha[2]. In Modern Analysis, Wavelet
analysis is a new branch which has several applications in signal processing, engineering technology and
differential equations. In Wavelet Analysis, the wavelet approximations are new tools to estimate the
nature of the function and behaviour of convergence of their wavelet series. The wavelet approximation of
a function f by its expansion using Haar father wavelet and Haar mother wavelet have been determined
by several analyst like Devore[5], Debnath[3], Meyer[8], Lal and Kumar[6]. But till now, no work seems to
have been done to obtain wavelet approximations of a function f such that its first derivative f ′ and second
derivative f ′′ belonging to Lipschitz class of order α, 0 < α ≤ 1 by Legendre Wavelet method. In an attempt
to make an advance study in this direction, in this paper, three new Legendre Wavelet approximations of
these functions have been estimated. In best of our knowledge, these estimators are new, better and sharper
in Wavelet Analysis.

2. Preliminaries and Definition

In this section, we first review the basic definition and properties of Legendre Wavelets and then
introduce the Lipα class. Finally we apply the properties of Lipα class to calculate the Legendre Wavelet
approximation.

2010 Mathematics Subject Classification. 12C40, 65T60, 65L10, 65L60, 65R20.
Keywords. Legendre Wavelet, Legendre Approximation, Function of Lipschitz class, Orthonormal basis.
Received: 17 October 2017; Accepted: 05 April 2021
Communicated by Dragan S. Djordjević
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2.1. Legendre Wavelet

A function ψ ∈ L2(R) is said to be ’basic wavelet’ or ’mother wavelet’ if it satisfies the ’admissibility
condition’

0 ≤ Cψ =

∞∫
−∞

|ψ̂(ω)|2

|ω|
dω < ∞

In case of mother wavelate ψ, the translation and dilation parameter are
denoted by b and a respectively. We have the following family of continuous wavelets as:

ψb,a(t) = |a|
−1
2 ψ

(
t − b

a

)
, a , 0.

If we restrict the parameters a and b to discrete values as a = a−k
0 , b = nb0a0

−k, a0 > 1, b0 > 0 respectively, n,
k belonging to positive integer. We have the following family of discrete wavelet:

ψk,n(t) = |a|
k
2ψ(ak

0t − nb0)

Here ψk,n forms an orthonormal basis.
Legendre Wavelet ψn,m(t) = ψ(k, n̂,m, t) have four argument; n̂ = 2n − 1,n = 1, 2, 3, ..., 2k−1, k can be assume
any positive integer, m is order of Legendre Polynomial and t is normalized time. They are defined on
interval [0,1) as follows:

ψn,m(t) =


√

m + 1
2 2

k
2 Lm(2kt − n̂),

n̂ − 1
2k
≤ t <

n̂ + 1
2k

0 , otherwise.

Yousefi[4]
where n = 1, 2, ..., 2k−1 and m = 0, 1, 2, ...M.
In above definition,the polynomials Lm are Legendre Polynomials of degree m over the interval [-1,1] which
are defined as follows:

L0(t) = 1,L1(t) = t,

(m + 1)Lm+1(t) = (2m + 1)tLm(t) −mLm−1(t), m = 1, 2, 3, ...

The set {Lm(t) : m = 1, 2, 3, ...} in the Hilbert space L2[−1, 1] is a complete orthogonal set. Orthogonality of
Legendre polynomial on the interval [-1,1] implies that

〈Lm(t),Ln(t)〉 =

∫ 1

−1
Lm(t)Ln(t)dt =

 2
2m + 1

,m = n
0 , otherwise.

for m,n = 0, 1, 2....
Furthermore,the set of wavelets ψn,m makes an orthonormal basis in L2[0, 1),i.e∫ 1

0
ψn,m(t)ψn′m′ (t)dt = δn,n′ δm,m′

in which δ denotes Kronecker delta function defined by

δn,n′ =

1, n=n’
0, otherwise
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2.2. Legendre Expansion and Approximation

The function f ∈ L2[0, 1) may be expanded in terms of Legendre wavelet series as follows:

f (t) =

∞∑
n=1

∞∑
m=0

cn,mψn,m(t); where cn,m = 〈 f , ψn,m〉.

If this infinite series is truncated then it can be written as:

(
S2k−1,M f

)
(t) =

2k−1∑
n=1

M∑
m=0

cn,mψn,m(t) = CTψ(t),

where C and ψ(t) are 2k−1(M + 1) vectors given as

C = [c1,0, c1,1, ...c1,M...c2,0, c2,1...c2k−1,0, ...c2k−1,M]

and

ψ(t) = [ψ1,0, ψ1,1, ...ψ1,M...ψ2,0, ψ2,1...ψ2k−1,0, ...ψ2k−1,M]T.

We define,

|| f ||22 =
1

2π

1∫
0

| f (t)|2dt

and the Legendre Wavelet approximation
(
E2k−1,M f

)
of f by S2k−1,M( f ) as under norm ||.||2 is defined as:

E2k−1,M( f ) = min|| f − S2k−1,M( f )||2.

If E2k−1,M( f ) → 0 as M → ∞, k → ∞ then E2k−1,M( f ) is called the best approximation of f of order (2k−1,M).
(Zygmund[9], pp.114)

2.3. Function of Lipα class

A function f ∈ Lipα, if

| f (x) − f (t)| = O(|x − t|α); 0 < α ≤ 1,∀x, t ∈ [0, 1)

(Titchmarsh[7])

2.4. Examples

1. Let R be the set of all real number, define f : [0, 1]→ R by
f (x) = x

1
2∀x ∈ [0, 1]

| f (x) − f (t)| = |x
1
2 − t

1
2 | ≤ |x − t|

1
2∀x, t ∈ [0, 1]

Then f ∈ Lip 1
2
[0, 1].

2. Define, f (x) = xα ∀ x ∈ [0, 1); 0 < α ≤ 1

| f (x) − f (t)| = |xα − tα| ≤ |x − t|α =⇒ f ∈ Lipα[0, 1).
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3. If f ∈ Lipα; where α > 1, then f is constant function
for α > 1,

| f (x + t) − f (x)| = O(|t|α)∣∣∣∣∣ f (x + t) − f (x)
t

∣∣∣∣∣ = O(|t|α−1)

Therefore,

limt→0
f (x + t) − f (x)

t
= 0

f ′(x) = 0 ∀ x ∈ [0, 1] =⇒ f is constant.

3. Theorems

In this paper we prove the following theorems.
Theorem 3.1 If a function f is defined on[0,1)with bounded first derivative i.e 0 ≤ | f ′(x)| ≤M1 < ∞∀x ∈ [0, 1)
and its infinite Legendre wavelet series is

f (x) =

∞∑
n=1

∞∑
m=0

cn,mψn,m(x); where cn,m =< f , ψn,m > (1)

and (2k−1,M)th partial sum
(
S2k−1,M f

)
(x) =

2k−1∑
n=1

M∑
m=0

cn.mψn,m(x)

then Legendre Wavelet approximation E2k−1,M( f ) of f by S2k−1,M under the norm ‖.‖2 satiesfies

E2k−1,M( f ) = min|| f − S2k−1,M( f )||2

= O
(

1
√

2M + 1 2k

)
, M = 0, 1, 2, 3, ...

Theorem 3.2 If a function f ∈ L2[0, 1] , its first derivative f ′ ∈ Lipα; 0 < α ≤ 1, ı.e

| f ′(x + t) − f ′(x)| = O(|t|α);∀x, t ∈ [0, 1)

then the Legendre wavelet approximations of f satisfy:

(i) For f (x) =

∞∑
n=1

cn,0ψn,0(x), E(1)
2k−1,0

( f ) = min|| f −
2k−1∑
n=1

cn,0ψn,0(x)||2

= O
( 1

2k−1

(
1 +

1
2α[k−1]

))
.

(ii) For f (x) =

∞∑
n=1

∞∑
m=0

cn,mψn,m(x), E(2)
2k−1,M

( f ) = min‖ f −
2k−1∑
n=1

M∑
m=0

cn,mψn,m(x)‖2

= O
(

1

2k+1
√

2M + 1

(
1 +

1
2αk

))
; M ≥ 1.

Theorem 3.3 If a function f whose second derivative f ′′ ∈ Lipα; i.e

| f ′′(x + t) − f ′′(x)| = O(|t|α); 0 < α ≤ 1,∀x, t ∈ [0, 1)
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then the Legendre wavelet approximations of f satisfy:

(i) For f (x) =

∞∑
n=1

cn,0ψn,0(x), E(3)
2k−1,0

( f ) = min|| f −
2k−1∑
n=1

cn,0ψn,0(x)||2

= O
( 1

2k−1

(
1 +

1
2(α+1)(k−1)

+
1

2k−1

))
.

(ii) For f (x) =

∞∑
n=1

1∑
m=0

cn,mψn,m(x), E(4)
2k−1,1

( f ) = min|| f −
2k−1∑
n=1

1∑
m=0

cn,mψn,m(x)||2

= O
( 1

22(k−1)

(
1 +

1
2α(k−1)

))
.

(iii) For f (x) =

∞∑
n=1

∞∑
m=0

cn,mψn,m(x), E(5)
2k−1,M

( f ) = min|| f −
2k−1∑
n=1

M∑
m=0

cn,mψn,m(x)||2

= O
(

1

(2M − 1)
3
2 2(2k+1)

(
1 +

1
2αk

))
; M ≥ 2.

4. Proofs

4.1. Proof of the theorem (3.1)

The Legendre Wavelet Series of f ∈ L2[0, 1) is

f (x) =

2k−1∑
n=1

∞∑
m=0

cn,mψn,m(x)

S2k−1,M( f ) =

2k−1∑
n=1

M∑
m=0

cn,mψn,m(x)

f (x) − S2k−1,M( f ) =

2k−1∑
n=1

 M∑
m=0

+

∞∑
m=M+1

 cn,mψn,m(x) −
2k−1∑
n=1

M∑
m=0

cn,mψn,m


=

2k−1∑
n=1

∞∑
m=M+1

cn,mψn,m
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E2
2k−1,M( f ) = ‖ f − S2k−1,M( f )‖22

=

∫ 1

0
| f (x) − S2k−1,M( f )|2dx

=

∫ 1

0

2k−1∑
n=1

∞∑
m=M+1

cn,mψn,m


2

dx

=

∫ 1

0

2k−1∑
n=1

∞∑
m=M+1

c2
n,mψ

2
n,m

+ 2
∑∑∑∑

1≤n,n′≤2k−1,M+1≤m,m′<∞

cn,mcn′m′ψn,mψn′m′

 dx

=

2k−1∑
n=1

∞∑
m=M+1

c2
n,m

∫ 1

0
ψ2

n,m(x)dx (2)

+ 2
∑∑∑∑

1≤n,n′≤2k−1,M+1≤m,m′<∞

cn,mcn′m′

∫ 1

0
ψn,m(x)ψn′m′ (x)dx

=

2k−1∑
n=1

∞∑
m=M+1

c2
n,m‖ψn,m‖

2
2, other term vanish due to orthonormality of ψn,m.

=

2k−1∑
n=1

∞∑
m=M+1

c2
n,m (3)

Next,

cn,m =

∫
∞

−∞

f (x)ψn,m(x)dx

≤

(2m + 1
2

) 1
2

(2)
k
2

∫ n̂+1
2k

n̂−1
2k

(
f (x)Lm(2kx − n̂)

)
dx

=
(2m + 1

2

) 1
2
(1

2

) k
2
∫ 1

−1
f
( n̂ + t

2k

)
Lm(t)dt , 2kx − n̂ = t

=

(
1

2k+1(2m + 1)

) 1
2
∫ 1

−1
f
( n̂ + t

2k

)
d (Lm+1 − Lm−1) dt

=

(
1

2k+1(2m + 1)

) 1
2
[(

f
( n̂ + 1

2k

)
(Lm+1(t) − Lm−1(t))

)1

−1

−

∫ 1

−1
f ′

( n̂ + t
2k

) 1
2k

(Lm+1(t) − Lm−1(t)) dt
]

(4)
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∣∣∣cn,m

∣∣∣ ≤ ∣∣∣∣∣∣∣−
(

1
23k+1(2m + 1)

) 1
2

∣∣∣∣∣∣∣
∫ 1

−1

∣∣∣∣∣ f ′ ( n̂ + t
2k

)
(Lm+1 − Lm−1)

∣∣∣∣∣ dt, m ≥ 1

≤

∣∣∣∣∣∣∣−
(

1
23k+1(2m + 1)

) 1
2

∣∣∣∣∣∣∣
(∫ 1

−1

∣∣∣∣∣ f ′ ( n̂ + t
2k

)∣∣∣∣∣2 dt
) 1

2
(∫ 1

−1
|Lm+1 − Lm−1|

2 dt
) 1

2

by cauchy schwarz inequality

≤

∣∣∣∣∣∣∣−
(

1
23k+1(2m + 1)

) 1
2

∣∣∣∣∣∣∣
∣∣∣∣∣∣√2M1

[ 2
2m + 1

+
2

2m − 1

] 1
2

∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣−
(

1
23k+1(2m + 1)

) 1
2

∣∣∣∣∣∣∣
∣∣∣∣∣∣ 2
√

2M1
√

2m − 1

∣∣∣∣∣∣
≤

2M1

2
3k
2 (2m − 1)

(5)

Using equation 5 and equation 4.1,

E2
2k−1,M( f ) ≤

2k−1∑
n=1

∞∑
m=M+1

4M2
1

23k

 ( 1
(2m − 1)2

)

= 4

2k−1∑
n=1

M2
1

23k

 ∞∑
m=M+1

(
1

(2m − 1)2

)

= 4

 (2k−1)M2
1

23k

 ( 1
(2M + 1)2 +

∫
∞

M+1

dm
(2m + 1)2

)
=

2M2
1

22k

 ( 1
2M + 1

+
1

2M + 1

)
=

4M2
1

22k

( 1
2M + 1

)
Hence,

E2k−1,M( f ) =

(
2M1

2k(2M + 1)
1
2

)
= O

(
1

√
2M + 1 2k

)
, M = 0, 1, 2, 3, ....

Thus Theorem (3.1)is proved.

4.2. Proof of Theorem (3.2)

(i) f (x) =
∞∑

n=1
cn,0ψn,0(x)

en(x) = cn,0ψn,0(x) − f (x) ∀x ∈
[

n̂−1
2k ,

n̂+1
2k

)
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||en(x)||22 =

∫ n̂+1
2k

n̂−1
2k

e2
n(x)dx

=

∫ n̂+1
2k

n̂−1
2k

(
cn,0ψn,0 − f (x)

)2 dx

=

∫ n̂+1
2k

n̂−1
2k

(
c2

n,0ψ
2
n,0 − 2cn,0ψn,0(x) f (x) + f 2(x)

)
dx

= c2
n,0||ψn,0||

2
2 − 2cn,0

∫ n̂+1
2k

n̂−1
2k

f (x)ψn,0(x)dx +

∫ n̂+1
2k

n̂−1
2k

f 2(x)dx

= c2
n,0 − 2c2

n,0 +

∫ n̂+1
2k

n̂−1
2k

f 2(x)dx

=

∫ n̂+1
2k

n̂−1
2k

f 2(x)dx − c2
n,0

=

∫ 1
2k−1

0

(
f
( n̂ − 1

2k
+ h

))2

dh − c2
n,0; x =

n̂ − 1
2k

+ h, 0 ≤ h ≤
1

2k−1

=

∫ 1
2k−1

0

(
f
( n̂ − 1

2k

)
+ h f ′

( n̂ − 1
2k

+ θh
))2

dh − c2
n,0 ; 0 < θ < 1

By mean value theorem

=
1

2k−1

(
f
( n̂ − 1

2k

))2

+ 2 f
( n̂ − 1

2k

) ∫ 1
2k−1

0
h f ′

( n̂ − 1
2k

+ θh
)

dh

+

∫ 1
2k−1

0
h2

(
f ′

( n̂ − 1
2k

+ θh
))2

dh − c2
n,0

=
1

2k−1

(
f
( n̂ − 1

2k

))2

+ 2 f
( n̂ − 1

2k

) ∫ 1
2k−1

0
h f ′

( n̂ − 1
2k

+ θh
)

dh

+

∫ 1
2k−1

0
h2

(
f ′

( n̂ − 1
2k

+ θh
))2

dh −

2
k−1

2

∫ n̂+1
2k

n̂−1
2k

f (x)dx


2

=
1

2k−1

(
f
( n̂ − 1

2k

))2

+ 2 f
( n̂ − 1

2k

) ∫ 1
2k−1

0
h f ′

( n̂ − 1
2k

+ θh
)

dh

+

∫ 1
2k−1

0
h2

(
f ′

( n̂ − 1
2k

+ θh
))2

dh −

2
k−1

2

∫ 1
2k−1

0
f
( n̂ − 1

2k
+ h

)
dh

2

=
1

2k−1

(
f
( n̂ − 1

2k

))2

+ 2 f
( n̂ − 1

2k

) ∫ 1
2k−1

0
h f ′

( n̂ − 1
2k

+ θh
)

dh

+

∫ 1
2k−1

0
h2

(
f ′

( n̂ − 1
2k

+ θh
))2

dh

−

2
k−1

2

∫ 1
2k−1

0
f
( n̂ − 1

2k

)
dh + 2

k−1
2

∫ 1
2k−1

0
h f ′

( n̂ − 1
2k

+ θh
)

dh

2

=

∫ 1
2k−1

0
h2

(
f ′

( n̂ − 1
2k

+ θh
))2

dh − 2k−1

∫ 1
2k−1

0
h f ′

( n̂ − 1
2k

+ θh
)

dh

2

= I1 − I2 (say) (6)
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|I1| ≤

∫ 1
2k−1

0

∣∣∣∣∣∣h2
(

f ′
( n̂ − 1

2k
+ θh

))2
∣∣∣∣∣∣ dh

=

∫ 1
2k−1

0

∣∣∣∣∣∣h2
[(

f ′
( n̂ − 1

2k
+ θh

)
− f ′

( n̂ − 1
2k

))
+ f ′

( n̂ − 1
2k

)]2
∣∣∣∣∣∣ dh

≤

∫ 1
2k−1

0
h2

[∣∣∣∣∣∣( f ′
( n̂ − 1

2k
+ θh

)
− f ′

( n̂ − 1
2k

))2
∣∣∣∣∣∣ +

∣∣∣∣∣ f ′ ( n̂ − 1
2k

)∣∣∣∣∣2
+ 2

∣∣∣∣∣( f ′
( n̂ − 1

2k
+ θh

)
− f ′

( n̂ − 1
2k

))
f ′

( n̂ − 1
2k

)∣∣∣∣∣] dh

≤

∫ 1
2k−1

0
h2

[(
O (θh)α

)2
+ M2

2 + 2 (θh)α M2

]
dh

≤

∫ 1
2k−1

0
h2

(
M2

1h2α + M2
2 + 2M1hαM2

)
dh

=

(
M2

1
h2α+3

2α + 3
+

M2
2 + h3

3
+ 2M1M2

hα+3

α + 3

) 1
2k−1

0

=
M2

1

2α + 3
1

2(2α+3)(k−1)
+

1
3

M2
2

23(k−1)
+

2M1M2

α + 3
1

2(α+3)(k−1)

|I2| = 2k−1

∣∣∣∣∣∣∣
∫ 1

2k−1

0
h f ′

( n̂ − 1
2k

+ θh
)

dh

∣∣∣∣∣∣∣
2

≥ 2k−1

∫ 1
2k−1

0
hM2dh

2

=
M2

2

4
1

23(k − 1)

Then,

||en||
2
2 =

M2
1

2α + 3

( 1
2(2α+3)(k−1)

)
+

M2
2

12

( 1
23(k−1)

)
+

2M1M2

α + 3

( 1
2(α+3)(k−1)

)
≤

 M2
1

2(2α+3)(k−1)
+

M2
2

23(k−1)
+

2M1M2

2(α+3)(k−1)



E(1)2
2k−1,M

( f ) =

2k−1∑
n=1

||en||
2

=

 M2
12k−1

2(2α+3)(k−1)
+

M2
22k−1

23(k−1)
+

2M1M22k−1

2(α+3)(k−1)


=

 M2
1

2(2α+2)(k−1)
+

M2
2

22(k−1)
+

2M1M2

2(α+2)(k−1)


=

( M1

2(α+1)(k−1)
+

M2

2(k−1)

)2

=
(M1 + M2)2

22(k−1)

( 1
2α(k−1)

+ 1
)2
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Hence, E(1)
2k−1,M

( f ) = O
(

1
2k−1

(
1 +

1
2α(k − 1)

))
(ii) f (x) =

∞∑
n=1

∞∑
m=0

cn,mψn,m(x)

Following the proof on Theorem (3.1) and equation 4, we have;

cn,m = −

(
1

23k+1(2m + 1)

) 1
2
∫ 1

−1

(
f ′

( n̂ + t
2k

)
− f ′

( n̂
2k

)
+ f ′

( n̂
2k

))
(Lm+1 − Lm−1)dt

= −

(
1

23k+1(2m + 1)

) 1
2
∫ 1

−1

(
f ′

( n̂ + t
2k

)
− f ′

( n̂
2k

))
(Lm+1 − Lm−1)dt

−

(
1

23k+1(2m + 1)

) 1
2

f ′
( n̂

2k

) ∫ 1

−1
(Lm+1 − Lm−1)dt

∣∣∣Cn,m

∣∣∣ =

(
1

23k+1(2m + 1)

) 1
2
∫ 1

−1

∣∣∣∣∣( f ′
( n̂ + t

2k

)
− f ′

( n̂
2k

))∣∣∣∣∣ |(Lm+1 − Lm−1)| dt

+

(
1

23k+1(2m + 1)

) 1
2
∣∣∣∣∣ f ′ ( n̂

2k

)∣∣∣∣∣ ∫ 1

−1
|(Lm+1 − Lm−1)| dt

=

(
1

23k+1(2m + 1)

) 1
2 1

2kα

∫ 1

−1
|(Lm+1 − Lm−1)| dt

+

(
1

23k+1(2m + 1)

) 1
2

M1

∫ 1

−1
|(Lm+1 − Lm−1)| dt

=

(
1

23k+1(2m + 1)

) 1
2 ( 1

2kα
+ M1

) ∫ 1

−1
|(Lm+1 − Lm−1)| dt

=

(
1

23k+1(2m + 1)

) 1
2 ( 1

2kα
+ M1

) √
2
(∫ 1

−1

∣∣∣L2
m+1(t) + L2

m−1(t)2Lm+1(t)Lm−1(t)
∣∣∣ dt

) 1
2

=

(
1

23k+1(2m + 1)

) 1
2 ( 1

2kα
+ M1

) √
2
( 2

2m + 3
+

2
2m − 1

) 1
2

≤

(
1

23k+1(2m + 1)

) 1
2 ( 1

2kα
+ M1

) √
2

2
√

2m − 1

≤

( 8
23k+1

) 1
2
( 1

2kα
+ 1

) 1 + M1

2m − 1

‖ f (x) − S2k−1,M( f )‖22 =

2k−1∑
n=1

∞∑
m=M+1

∣∣∣cn,m

∣∣∣2
≤

(
8(1 + M1)2

23k+1(2m − 1)2

) ( 1
2kα

+ 1
)

≤ 8(M1 + 1)2
2k−1∑
n=1

1
23k+1

( 1
2kα

+ 1
)2 ∞∑

m=M+1

1
(2m − 1)2

= 8(M1 + 1)2 1
23k+1

( 1
2kα

+ 1
)2

2k−1

(
1

(2M + 1)2 +

∫
∞

M+1

dm
(2m − 1)2

)
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≤
8(M1 + 1)2

22k+2

( 1
2kα

+ 1
)2 (

1
(2M + 1)2 +

1
(2M + 1)

)
≤

8(M1 + 1)2

22k+2

( 1
2kα

+ 1
)2 ( 2

2M + 1

)
E2k−1,M f = ‖ f (x) − S2k−1,M( f )‖2

=
4(M1 + 1)

2k+1

( 1
2kα

+ 1
) ( 1

(2M + 1)
1
2

)
= O

(
1

2k+1
√

2M + 1

(
1 +

1
2αk

))
; M ≥ 1.

Thus theorem (3.2) is completely estiblished.

4.3. Proof of Theorem (3.3)

(i) f (x) =
∞∑

n=1
cn,0ψn,0(x)

en(x) = cn,0ψn,0(x) − f (x) ∀x ∈
[

n̂−1
2k ,

n̂+1
2k

)
en(x) = cn,0ψn,0 − f (x) ∀x ∈

[ n̂ − 1
2k

,
n̂ + 1

2k

)

||en(x)||22 =

∫ n̂+1
2k

n̂−1
2k

f 2(x) − c2
n,0

=

∫ 1
2k−1

0

(
f
( n̂ − 1

2k
+ h

))2

dh − c2
n,0; x =

â − 1
2k

+ h, 0 ≤ h ≤
1

2k−1

=
1

2k−1

(
f
( n̂ − 1

2k

))2

+
1
3

1
23(k−1)

(
f ′

( n̂ − 1
2k

))2

+

∫ 1
2k−1

0

h4

4

(
f ′′

( n̂ − 1
2k

+ θh
))2

dh

+
1

22(k−1)
f
( n̂ − 1

2k

)
f ′

( n̂ − 1
2k

)
+ f ′

( n̂ − 1
2k

) ∫ 1
2k−1

0
h3 f ′′

( n̂ − 1
2k

+ θh
)

dh

+ f
( n̂ − 1

2k

) ∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh − c2
n,0 (7)

Consider,

cn,0 =
1

2
k−1

2

f
( n̂ − 1

2k

)
+

1
2

1

2
3(k−1)

2

f ′
( n̂ − 1

2k

)
dh +

1
2

2
k−1

2

∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh

c2
n,0 =

1
2k−1

(
f
( n̂ − 1

2k

))2

+
1
4

1
23(k−1)

(
f ′

( n̂ − 1
2k

))2

+
1
4

2k−1

∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh

2

+
1

22(k−1)
f
( n̂ − 1

2k

)
f ′

( n̂ − 1
2k

)
+ f

( n̂ − 1
2k

) ∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh

+
1
2k

f ′
( n̂ − 1

2k

) ∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh
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Next,

||en(x)||22 =
1

12
1

23(k−1)

(
f ′

( n̂ − 1
2k

))2

+

∫ 1
2k−1

0

h4

4

(
f ′′

( n̂ − 1
2k

+ θh
))2

dh

+ f ′
( n̂ − 1

2k

) ∫ 1
2k−1

0
h3 f ′′

( n̂ − 1
2k

+ θh
)

dh −
1
4

2k−1

∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh

2

−
1
2k

f ′
( n̂ − 1

2k

) ∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh


= I1 + I2 + I3 − I4 − I5 (say) (8)

|I1| ≤
1

12
1

23(k−1)

∣∣∣∣∣ f ′ ( n̂ − 1
2k

)∣∣∣∣∣2
≤

M2
2

3
1

23k−1

|I2| ≤

∫ 1
2k−1

0

h4

4

[(
O (θh)α

)2
+ M2

4 + 2 (θh)α M4

]
dh

≤

∫ 1
2k−1

0

h4

4

[
M2

3h2α + M2
4 + 2M3hαM4

]
dh

=
M2

3

4(2α + 5)
1

2(k−1)(2α+5)
+

M2
4

20
1

25(k−1)
+

2M3M4

4(α + 5)2(k−1)(α+5)

|I3| ≤

∣∣∣∣∣ f ′ ( n̂ − 1
2k

)∣∣∣∣∣ ∫ 1
2k−1

0
h3

∣∣∣∣∣ f ′′ ( n̂ − 1
2k

+ θh
)∣∣∣∣∣ dh

≤ M2

∫ 1
2k−1

0
h3 (M3hα + M4)

=
M2M3

(α + 3)2(k−1)(α+4)
+

1
4

M2M4

24(k−1)

|I4| =
1
4

2k−1

∣∣∣∣∣∣∣
∫ 1

2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh

∣∣∣∣∣∣∣
2

≥
1
4

2k−1M2
4

∫ 1
2k−1

0
h dh

2

=
M2

4

36
1

25(k−1)

|I5| =
1
2k

∣∣∣∣∣∣∣ f ′
( n̂ − 1

2k

) ∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh


∣∣∣∣∣∣∣

≥
1
2k

M2

∫ 1
2k−1

0
h2M4dh

=
M2M4

3
1

24k−3
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Then,

||en(x)||22 =
1
3

M2
2

23k−1
+

1
4(2α + 5)

 M2
3

2(k−1)(2α+5)

 +
M2

4

(4)25(k−1)

(1
5
−

1
9

)
+

2M3M4

(4)(α + 5)2(k−1)(α+5)

+
M2M3

(α + 3)2(k−1)(α+4)
+

M2M4

2(4k−3)

(1
2
−

1
3

)
≤

 M2
2

23k−1
+

M2
3

22kα+5k−2α−5
+

M2
4

25k−3
+

M3M4

2kα+5k−α−5
+

M2M3

2kα+4k−α−4
+

M2M4

24k−3


E(3)2

2k−1,M
( f ) =

2k−1∑
n=1

||en||
2

=

M2
2

22k
+

M2
3

22kα+4k−2α−4
+

M2
4

24k−2
+

M3M4

(2)2kα+4k−α−4
+

M2M3

2kα+3k−α−3
+

M2M4

23k−2


≤ (M2 + M3 + M4)2

(
1

2
2k
2

+
1

2
2kα+4k−2α−4

2

+
1

2
4k−2

2

)2

There f ore,

E(3)
2k−1,M

( f ) = (M2 + M3 + M4)
( 1

2k
+

1
2kα+2k−α−2

+
1

22k−1

)
= (M2 + M3 + M4)

( 1
2k−1

(
1 +

1
2(k−1)(α+1)

+
1
2k

))
= O

( 1
2k−1

(
1 +

1
2(α+1)(k−1)

+
1

2k−1

))
.

(ii) f (x) =
∞∑

n=1

1∑
m=0

cn,mψn,m(x)

en(x) = cn,0ψn,0 − f (x) ∀x ∈
[

n̂−1
2k ,

n̂+1
2k

]
||en(x)||22 =

∫ n̂+1
2k

n̂−1
2k

e2
n(x)dx

=

∫ n̂+1
2k

n̂−1
2k

f 2(x) − c2
n,0 − c2

n,1

=

∫ 1
2k−1

0

(
f
( n̂ − 1

2k
+ h

))2

dh − c2
n,0 − c2

n,1 (9)

consider,

cn,1 = < f (x), ψn,1 >

=

∫ n̂+1
2k

n̂−1
2k

f (x)ψn,1(x)dx

=

∫ n̂+1
2k

n̂−1
2k

f (x)

√
3
2

2
k
2 (2kx − n̂)dx

=

∫ 1
2k−1

0
f
( n̂ − 1

2k
+ h

) √
3
2

2
k
2

(
2k

( n̂ − 1
2k

+ h
)
− n̂

)
dh

=

∫ 1
2k−1

0
f
( n̂ − 1

2k
+ h

) √
3
2

2
k
2

(
2kh − 1

)
dh
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=

∫ 1
2k−1

0

(
f
( n̂ − 1

2k

)
+ h f ′

( n̂ − 1
2k

)
+

h2

2
f ′′

( n̂ − 1
2k

+ θh
)) √

3
2

2
k
2

(
2kh − 1

)
dh

=
1

√
32

3k−1
2

f ′
( n̂ − 1

2k

)
+
√

32
3(k−1)

2

∫ 1
2k−1

0
h3 f ′′

( n̂ − 1
2k

+ θh
)

dh

−

√

32
(k−1)

2

∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh

c2
n,1 =

21−3k

3

(
f ′

( n̂ − 1
2k

))2

+ (3)23(k−1)

∫ 1
2k−1

0
h3 f ′′

( n̂ − 1
2k

+ θh
)

dh

2

+ (3)2k−1

∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh

2

+ f ′
( n̂ − 1

2k

) ∫ 1
2k−1

0
h3 f ′′

( n̂ − 1
2k

+ θh
)

dh

− 2−k f ′
( n̂ − 1

2k

) ∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh

− (3)22(k−1)
∫ 1

2k−1

0
h3 f ′′

( n̂ − 1
2k

+ θh
)

dh
∫ 1

2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh

Then,

||en( f )||22 =

∫ 1
2k−1

0

h4

4

(
f ′′

( n̂ − 1
2k

+ θh
))2

dh − 2k−1

∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh

2

− (3)23(k−1)

∫ 1
2k−1

0
h3 f ′′

( n̂ − 1
2k

+ θh
)

dh

2

+ (3)22(k−1)

∫ 1
2k−1

0
h3 f ′′

( n̂ − 1
2k

+ θh
)

dh

 ∫ 1
2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh


= I1 − I2 − I3 + I4 (say)

|I1| ≤

∫ 1
2k−1

0

h4

4

∣∣∣∣∣ f ′′ ( n̂ − 1
2k

+ θh
)∣∣∣∣∣2 dh

≤
M2

3

4(2α + 5)
1

2(k−1)(2α+5)
+

M2
4

20
1

25(k−1)
+

2M3M4

4(α + 5)2(k−1)(α+5)

|I2| = 2k−1

∣∣∣∣∣∣∣
∫ 1

2k−1

0
h2 f ′′

( n̂ − 1
2k

+ θh
)

dh

∣∣∣∣∣∣∣
2

≥
M2

4

9
1

25(k−1)

|I3| = (3)23(k−1)

∣∣∣∣∣∣∣
∫ 1

2k−1

0
h3 f ′′

( n̂ − 1
2k

+ θh
)

dh

∣∣∣∣∣∣∣
2

≥
3M2

4

16
1

25(k−1)
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|I4| ≤ (3)22(k−1)

∫ 1
2k−1

0

∣∣∣∣∣h3 f ′′
( n̂ − 1

2k
+ θh

)∣∣∣∣∣ dh

 ∫ 1
2k−1

0

∣∣∣∣∣h2 f ′′
( n̂ − 1

2k
+ θh

)∣∣∣∣∣ dh


≤ (3)22(k−1)

(
M3

(α + 4)2(k−1)(α+4)
+

M4

(4)(24(k−1))

) (
M3

(α + 3)2(k−1)(α+3)
+

M4

(3)(23(k−1))

)
Then,

||en( f )||22 =
1

2(k−1)(2α+5)

 M2
3

4(2α + 5)
+

3M2
3

(α + 4)(α + 3)

 +
1

25(k−1)

M2
4

20
−

M2
4

9
−

3M2
4

16
+

M2
4

4


+

1
2(k−1)(α+5)

(
2M3M4

4(α + 5)
+

M3M4

(α + 4)
+

3M3M4

4(α + 3)

)
≤

 M2
3

2(k−1)(2α+5)
+

M2
4

25(k−1)
+

2M3M4

2(k−1)(α+5)


E(4)2

2k−1,M
( f ) =

2k−1∑
n=1

||en( f )||22

=

 M2
32k−1

2(k−1)(2α+5)
+

M2
42k−1

25(k−1)
+

2M3M42k−1

2(k−1)(α+5)


=

1
24(k−1)

 M2
3

22α(k−1)
+ M2

4 +
2M3M4

2α(k−1)


≤

(M3 + M4)2

24(k−1)

( 1
2α(k−1)

+ 1
)2

E(4)
2k−1,M

( f ) =
M3 + M4

22(k−1)

( 1
2α(k−1)

+ 1
)

= O
( 1

22(k−1)

(
1 +

1
2α(k−1)

))
.

(iii) f (x) =
∞∑

n=1

∞∑
m=0

cn,mψn,m(x)

Following the proof on Theorem (3.2)(ii),

cn,m ≤

(
1

25k+1(2m + 1)

) 1
2
∫ n̂+1

2k

n̂−1
2k

f ′′(x)
[

Lm+2(2kx − n̂) − Lm(2kx − n̂)
2m + 3

]
2kdx

−

(
1

25k+1(2m + 1)

) 1
2
∫ n̂+1

2k

n̂−1
2k

f ′′(x)
[

Lm(2kx − n̂) − Lm−2(2kx − n̂)
2m − 1

]
2kdx

=

(
1

25k+1(2m + 1)

) 1
2
∫ n̂+1

2k

n̂−1
2k

∣∣∣∣∣ f ′′(x) − f ′′
( n̂ − 1

2k

)∣∣∣∣∣ [Lm+2(2kx − n̂) − Lm(2kx − n̂)
2m + 3

−
Lm(2kx − n̂) − Lm−2(2kx − n̂)

2m − 1

]
2kdx

+

(
1

25k+1(2m + 1)

) 1
2
∫ n̂+1

2k

n̂−1
2k

f ′′
( n̂ − 1

2k

) [Lm+2(2kx − n̂) − Lm(2kx − n̂)
2m + 3

−
Lm(2kx − n̂) − Lm−1(2kx − n̂)

2m − 1

]
2kdx
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=

(
1

25k+1(2m + 1)

) 1
2 2

2kα

∫ n̂+1
2k

n̂−1
2k

[
Lm+2(2kx − n̂) − Lm(2kx − n̂)

2m + 3

−
Lm(2kx − n̂) − Lm−2(2kx − n̂)

2m − 1

]
2kdx +

(
1

25k+1(2m + 1)

) 1
2

M2∫ n̂+1
2k

n̂−1
2k

[
Lm+2(2kx − n̂) − Lm(2kx − n̂)

2m + 3
−

Lm(2kx − n̂) − Lm−2(2kx − n̂)
2m − 1

]
2kdx

=

(
1

25k+1(2m + 1)

) 1
2 2

2kα

∫ 1

−1

[
Lm+2(t) − Lm(t)

2m + 3
−

Lm(t) − Lm−2(t)
2m − 1

]
dt +

+

(
1

25k+1(2m + 1)

) 1
2

M2

∫ 1

−1

[
Lm+2(t) − Lm(t)

2m + 3
−

Lm(t) − Lm−2(t)
2m − 1

]
dt

≤
1

2
5k+1

2 (2m + 1)
1
2

2
2αk

[ √
12

(2m − 1)(2m − 3)
1
2

]
+

M2

2
5k+1

2 (2m + 1)
1
2

2
2αk

[ √
12

(2m − 1)(2m − 3)
1
2

]
≤

√
12(2 + M2)

2
5k+1

2 (2m − 3)2

( 1
2kα

+ 1
)

||S2k−1,M( f )||22 =

2k−1∑
n=1

∞∑
m=M+1

122 + M2
2

25k+1(2m − 3)4

( 1
2kα

+ 1
)2

= 12(2 + M2)2
2k−1∑
n=1

1
25k+1

( 1
2kα

+ 1
)2 ∞∑

m=M+1

1
(2m − 3)4

= 12(2 + M2)2 1
24k+2

( 1
2kα

+ 1
)2 [

1
(2m − 1)4 +

∫
∞

m=M+1

dm
(2m − 3)4

]
≤ 12(2 + M2)2 1

24k+2

( 1
2kα

+ 1
)2 [

1
(2M − 1)4 +

1
(2M − 1)3

]
≤ 12(2 + M2)2 1

24k+2

( 1
2kα

+ 1
)2 [

2
(2M − 1)3

]

E(5)
2k−1,M

( f ) = || f − S2k−1,M( f )||2

=
√

12(2 + M2)
1

22k+1

( 1
2kα

+ 1
) [ √

2

(2M − 1)
3
2

]
= O

(
1

(2M − 1)
3
2 2(2k+1)

(
1 +

1
2αk

))
; M ≥ 2.

5. Conclusions

1.(i) E2k−1,M( f ) = O
(

1
√

2M+1 2k

)
→ 0 as M→∞, k→∞.

(ii) E(1)
2k−1,0

( f ) = O
(

1
2k−1

(
1 + 1

2α[k−1]

))
→ 0 as k→∞.

(iii) E(2)
2k−1,M

( f ) = O
(

1
2k+1
√

2M+1

(
1 + 1

2αk

))
→ 0 as M→∞, k→∞.

(iv) E(3)
2k−1,0

( f ) = O
(

1
2k−1

(
1 + 1

2(α+1)(k−1) + 1
2k−1

))
→ 0 as k→∞.

(v) E(4)
2k−1,1

( f ) = O
(

1
22(k−1)

(
1 + 1

2α(k−1)

))
→ 0 as k→∞.
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(vi) E(5)
2k−1,1

( f ) = O
(

1

(2M+1)
3
2 2(2k+1)

(
1 + 1

2αk

))
→ 0 M→∞, k→∞.

Hence, these are best possible estimators in wavelet analysis.
2. Estimator of a function f with f ′ ∈ Lipα are
(i) E(1)

2k−1,0
( f ) = O

(
1

2k−1

(
1 + 1

2α[k−1]

))
.

(ii) E(2)
2k−1,M

( f ) = O
(

1
2k+1
√

2M+1

(
1 + 1

2αk

))
.

and estimator of a function f with f ′′ ∈ Lipα are
(i) E(3)

2k−1,0
( f ) = O

(
1

2k−1

(
1 + 1

2(α+1)(k−1) + 1
2k−1

))
.

(ii) E(4)
2k−1,1

( f ) = O
(

1
22(k−1)

(
1 + 1

2α(k−1)

))
.

(iii) E(5)
2k−1,1

( f ) = O
(

1

(2M+1)
3
2 2(2k+1)

(
1 + 1

2αk

))
.

The estimators of a function f with f ′′ ∈ Lipα are better and sharper than the estimator of a function f with
f ′ ∈ Lipα.
3. The estimators of a function having more derivatives are sharper and better than the estimators of
function having less derivatives.
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