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Abstract. The problems considered in this paper are described in polyhedral multi-valued mappings for
higher order(s-th) discrete (PDSIs) and differential inclusions (PDFIs). The present paper focuses on the
necessary and sufficient conditions of optimality for optimization of these problems. By converting the
PDSIs problem into a geometric constraint problem, we formulate the necessary and sufficient conditions
of optimality for a convex minimization problem with linear inequality constraints. Then, in terms of
the Euler-Lagrange type PDSIs and the specially formulated transversality conditions, we are able to
obtain conditions of optimality for the PDSIs. In order to obtain the necessary and sufficient conditions of
optimality for the discrete-approximation problem PDSIs, we reduce this problem to the form of a problem
with higher order discrete inclusions. Finally, by formally passing to the limit, we establish the sufficient
conditions of optimality for the problem with higher order PDFIs. Numerical approach is developed to
solve a polyhedral problem with second order polyhedral discrete inclusions.

1. Introduction

This paper is generally concerned with discrete and differential optimization of polyhedral inclusions. In
our first approach, we study the following problem labeled (PD) for higher order(s-th) polyhedral discrete
inclusions (PDSIs)

minimize
T−1∑
t=s

f (xt, t), (1)

(PD) subject to
xt+s ∈ F(xt, xt+1, . . . , xt+s−1) t = 0, 1, . . . ,T − s, (2)

xk = θ̃k, k = 0, 1, . . . , s − 1,

F(x, v1, v2, . . . , vs−1) = {vs : P0x +

s−1∑
r=1

Prvr −Qvs ≤ d}, (3)
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where F : (Rn)s
→ P(Rn) is a polyhedral multi-valued mapping, P(Rn) is a set of all non-empty subsets of

Rn. In addition, P0,P1, . . . ,Ps−1 are m × n dimensional matrices with rows Pi
0,P

i
1, . . . ,P

i
s−1 (i = 1, 2, . . . ,m)

and Q is m × n dimensional matrix with rows Qi, (i = 1, 2, . . . ,m). Let d be a m-dimensional column vector
with di, i = 1, 2, . . . ,m and θ̃k, k = 0, 1, . . . , s − 1 are fixed vectors. Moreover f (·, t) : Rn

→ R is a polyhedral
function, i.e., epi f (·, t) ⊂ Rn+1 is a polyhedral set.

The problem is to find a sequence of vectors {x̃0, x̃1, . . . , x̃T} ≡ {x̃t}
T
t=0 of problem (1) − (3) that minimizes

T−1∑
t=s

f (xt, t). To this end, we will deduce necessary and sufficient conditions of optimality for the solution

{x̃t}
T
t=0 to the problem (PD).

In the second part of the paper the problem (PC) given by s-th order polyhedral differential inclusions
(PDFIs) is studied:

minimize J(x(·)) =

∫ 1

0
f (x(t), t)dt + ϕ0

(
x(1), x′(1), . . . , x(s−1)(1)

)
, (4)

(PC) subject to

x(s)(t) ∈ F
(
x(t), x′(t), . . . , x(s−1)(t)

)
a.e. t ∈ [0, 1], (5)

x(k)(0) = θk, k = 0, 1, . . . , s − 1. (6)

Here F is a multi-valued mapping, f (·, t) and ϕ0 : Rsn
→ R are polyhedral functions.

It is necessary to find the solution x̃(t) of Cauchy problem (PC) for PDFIs satisfying (5) almost every-
where (a.e.) on [0, 1] and the initial conditions (6) which minimize the Bolza functional J(x(·)). A feasible
trajectory x(t), t ∈ [0, 1] is an absolutely continuous function together with the s − 1 order derivatives for
which x(s)(t) ∈ Ln

1([0, 1]). Clearly such a class of functions is Banach space, endowed with different equiva-
lent norms.

Convex optimization has a wide range of applications in many areas, such as combinatorial optimization
and global optimization, where it is used to find bounds on optimal value as well as approximate solutions.
However, it is commonly used in the fields of economy and engineering, electronic process automation,
automatic control systems and optimum design problems in electrical, chemical, mechanical and aerospace
engineering [1], [7], [8], [10], [12], [30]-[35].

In the study of the so-called Von Neumann economic dynamics model, the graph of which is a poly-
hedral cone, is the main application of mathematical methods to economic problems [14]. The emphasis
of studies related to the Von Neumann model has recently been noted that the stochastic version of the
Von Neumann system can be applied successfully to the study of fundamental problems in mathematical
finance. In addition, the problems (PD) and (PC) can be extended to the linear discrete or linear differential
optimal control problem where the control domain is a polyhedral set.

Optimal control theory is considered to be one of the key areas for the application of differential inclu-
sions [2], [4], [6], [9], [13], [28], [29]. Essentially, the optimal control problems with ordinary and partial
differential inclusions consist of intensive areas of development in the applied mathematical theory of
analysis. Note that the reader can consult on the various problems described in the multi-valued mappings
[15]-[27], [29], [? ], [37].

The problem with PDSIs and PDFIs considered in this paper is more complicated due to the higher order
discrete approximation problem associated with s-th order difference operators expressed by binomial co-
efficient. As a result, it is very difficult to establish an adjoint PDSIs and PDFIs. The discretization method
is important in what follows to avoid this difficulty in polyhedral optimization problems with higher order
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derivatives. Optimization of higher order discrete and differential inclusions were first developed by Mah-
mudov [20], [26] and [24]. To the best of our knowledge, there is no paper that considers the conditions
of optimality for these problems but only the qualitative problems of second order differential inclusions.
Most of them have been the subject of different mathematical competitions, for example many of the second
order papers PDFIs concern the existence or viability of the results over the last few years (see [3], [5], [11],
[38] and references therein).

Therefore, this paper discusses a specific type of optimization problem in which the constraints are
defined by the PDSI and PDFI. Conditionally, the paper can be divided into three parts; in the first part, the
optimization of the s-th order PDSIs is investigated; in the second part, the optimization of the s-th order
PDFIs is studied. The third part of the paper deals with the s-th order discrete approximation problem,
which allows us to bridge the gap between PDSI and PDFI problems.

The paper is organized as follows:

In Section 2, by reducing s-th order discrete polyhedral optimization problem (PD) into a problem with
geometric constraints and by applying Farkas Theorem 1.13 [15, p.22], we formulate the necessary and
sufficient conditions of optimality for a convex minimization problem with linear inequality constraints. In
addition, in terms of the Euler-Lagrange polyhedral discrete inclusions (ELPDSIs) and the derived transver-
sality conditions, we conclude conditions of optimality for the s-th order PDSIs.

In Section 3 at first using the discretization method, i.e., s-th order difference operators expressed by bi-
nomial coefficients, we define s-th order discrete-approximation problem (PDA) associated with s-th order
polyhedral optimization problem (PC). Then by applying the Theorem 2.2 to the (PDA) problem and con-
verting this problem to the form of (PD), we derive the necessary and sufficient conditions of optimality for
the s-th order discrete-approximation problem (PDA). Note that the special proven equivalence Theorem
3.1 for subdifferential inclusions, which plays an important role in constructing conditions of optimality for
the (PDA) problem, is necessary for the transition to the (PDA) problem.

In Section 4, by passing the limit procedure as a discrete step tends to be zero, we establish sufficient
conditions of optimality for the PDFIs.

Some interesting application of Theorem 2.2 is described in Section 5. Namely, the necessary and
sufficient conditions of optimality for second order polyhedral discrete inclusions are derived. In particular,
it has been shown that this method can also play an important role in numerical procedures for computing
the numerical solution.

2. Convex Mathematical Programming and The Problem With PDSIs

In this section, based on convex mathematical programming, we study the optimization of the s-th order
PDSIs problem. In what follows, the following lemma plays a key role in the optimization of the s-th order
problem with PDSIs.

Lemma 2.1. Let Mt be a polyhedral set that is defined as

Mt =
{
w = (x0, . . . , xT) :

s−1∑
k=0

Pkxt+k −Qxt+s ≤ d
}
, t = 0, . . . ,T − s.

Then

K∗Mt
(w̃) =

{
w∗(t) : x∗t+k(t) = −P∗kλt, k = 0, 1, . . . , s − 1, λt ≥ 0, λt ∈ R

m, x∗t+s(t) = Q∗λt,
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x∗l = 0 , l , t, t + 1, . . . , t + s,
〈 s−1∑

k=0

Pkx̃t+k −Qx̃t+s − d , λt

〉
= 0, t = 0, 1, . . . ,T − s

}
,

where w̃ = (x̃0, x̃1, . . . , x̃T) and K∗Mt
(w̃) is the dual cone of tangent directions.

Proof. By the definition of the tangent directions, we obtain

KMt (w̃)=
{
w :

s−1∑
k=0

Pk(x̃t+k + µxt+k) −Q(x̃t+s + µxt+s) ≤ d for a small µ > 0
}
,

t = 0, 1, . . . ,T − s, where x̃t+s ∈ F(x̃t, x̃t+1, . . . , x̃t+s−1) is satisfied and follows from this formula that the
following inequalities hold

s−1∑
k=0

Pi
k(x̃t+k + µxt+k) −Qi(x̃t+s + µxt+s) ≤ di , t = 0, . . . ,T − s

as
s−1∑
k=0

Pi
kxt+k −Qixt+s ≤ 0 , i ∈ I(w̃) =

{
i :

s−1∑
k=0

Pi
kx̃t+k −Qix̃t+s = di , i = 1, . . . ,m

}
. (7)

It is easy to see that the inequalities before (7) hold strongly for smallµ, regardless of choosing (xt, xt+1, . . . , xt+s)
if i is not active indices, i.e., i < I(w̃). Then, because of the arbitrary nature of xl, l , t, t + 1, t + 2, . . . , t + s,
applying the Farkas Theorem 1.13 (see, for example, [15, p.22]) it follows from the inequalities (7) that
w∗(t) = (x∗0(t), x∗1(t), . . . , x∗T(t)) ∈ K∗Mt

(w̃) if and only if

x∗t+k(t) = −
∑

i∈I(w̃)

Pi∗
k λ

t
i , k = 0, 1, . . . , s − 1, x∗t+s(t) =

∑
i∈I(w̃)

Q∗iλ
t
i , λt

i ≥ 0, (8)

where Pi∗
k ,Q

∗

i are transposed vectors of Pi
k,Qi, k = 0, 1, . . . , s−1 respectively. Finally, taking λt

i = 0 for i < I(w̃)
and denoting λt for a vector with λt

i components, we have the desired result. Only that can be taken into
account here〈 s−1∑

k=0

Pkx̃t+k−Qx̃t+s−d , λt

〉
= 0 , t = 0, . . . ,T− s. �

Now let’s convert the (PD) problem to a convex mathematical problem. Suppose A is partitioned into
submatrices P0,P1, . . . ,Ps−1,−Q and m× n zero matrices 0 and D is m(T − s + 1) dimensional column vector.
Obviously A is a matrix with a size of m(T − s + 1) × n(T + 1), i.e.,

A =


P0 P1 · · · Ps−1 −Q 0 0 · · · · · · 0
0 P0 P1 · · · Ps−1 −Q 0 · · · · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · 0 P0 P1 · · · Ps−1 −Q

 , D =


d
...
...
d

.

In addition M and Nk are defined as follows: M = {w = (x0, . . . , xT) : Aw ≤ D} and Nk = {w = (x0, . . . , xT) :
xk = θ̃k}, k = 0, 1, . . . , s − 1.

Then it’s not hard to see that the problem posed by (PD) can be transformed into a convex mathematical
programming problem:

minimize 1(w) =

T−1∑
t=s

f (xt, t) , w = (x0, x1, . . . , xT) ∈ Rn(T+1) (9)

subject to w ∈M ∩Nk , k = 0, 1, . . . , s − 1, M =

T−s⋂
t=0

Mt.
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This transformation allows us to rigorously prove that if {x̃t}
T
t=0 is the optimal solution to the problem (1)-(3),

then w̃ is the solution to the problem (9).

Let K∗M(w̃) = {w∗ : 〈w,w∗〉 ≥ 0, ∀ w ∈ KM(w̃)} is the dual cone to the cone of tangent directions
KM(w̃) = {w = (x0, . . . , xT) : w̃ + µw ∈ M , µ ≥ 0}. Cone of tangent directions KMt (w̃), t = 0, . . . ,T − s, are

polyhedral cones and so by Lemma 1.22 [15, p.23], we have K∗M(w̃) =
T−s∑
t=0

K∗Mt
(w̃). By Theorem 3.4 [15, p.99]

there exist vectors w∗1 ∈ ∂w1(w̃), w∗M ∈ K∗M(w̃) and w∗k ∈ K∗Nk
(w̃) , k = 0, 1, . . . , s − 1 such that

w∗1 =

s−1∑
k=0

w∗k +

T−s∑
t=0

w∗Mt
, w∗Mt

∈ K∗Mt
(w̃). (10)

This means that the w̃ solution of the problem (9) has a representation (10) and vice versa. Clearly
w∗1 = (x∗

10, x
∗

11, . . . , x
∗

1T) ∈ ∂w1(w̃) implies that x∗
1t ∈ ∂x f (x̃t, t), t = s, . . . ,T.

Besides the definition of the tangent direction cone KNk (w) = {w = (x0, . . . , xT) : xk = 0} and we have

K∗Nk
(w) =

{
w∗ = (x∗0, . . . , x

∗

T) : x∗t = 0, t , k
}
, k = 0, 1, . . . , s − 1. (11)

The main effort in this section is to formulate the conditions of optimality for the (PD) problem. We give
the following valuable theorem to achieve this goal.

Theorem 2.2. For optimality of the trajectory {x̃(t)}1t=0 in the problem (PD) with PDSIs, it is necessary and sufficient
that there are vectors x∗t , t = 0, . . . ,T − 1 not all equal to zero satisfying the ELPDSIs

x∗t =
s−1∑
k=0

P∗kλt−k + u∗t , u∗t ∈ ∂ f (x̃t, t), t = 0, . . . ,T − s,

∂ f (x̃k, k) = {0}, k = 0, 1, . . . , s − 1,
x∗t+s = Q∗λt, λt ≥ 0, λ−r ≡ 0 , r = 1, 2, . . . , s − 1,〈 s−1∑

k=0
Pkx̃t+k −Qx̃t+s − d , λt

〉
= 0,

and transversality conditions

x∗T−s+r −
s−1−r∑

j=0
P∗r+ jλT−s− j ∈ ∂ f (x̃T−s+r , T − s + r), r = 1, 2, . . . , s − 1,

x∗T = 0.

Proof. According to the formula (11) and Proposition 2.1, we can write

w∗0 = (x∗00, 0, . . . , 0), w∗1 = (0, x∗11, 0 . . . , 0) , . . . , w∗s−1 = (0, 0, . . . , x∗(s−1)(s−1), 0, . . . , 0),

w∗(t) = (0, . . . , 0, x∗t(t), x
∗

t+1(t), . . . , x∗t+s(t), 0, . . . , 0), t = 0, . . . ,T − s.

Now, using the latter relationship from (10) we have

x∗00 + x∗0(0) = 0,

x∗11 + x∗1(0) + x∗1(1) = 0, (12)

. . . . . . . . . . . . . . . . . .

x∗(s−1)(s−1) + x∗s−1(0) + x∗s−1(1) + · · · + x∗s−1(s − 1) = 0,
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x∗1t = x∗t(t − s) + x∗t(t − (s − 1)) + x∗t(t − (s − 2)) + · · · + x∗t(t) , t = s, . . . ,T − s, (13)

s−r∑
j=0

x∗T−s+r(T − s − j) = x∗
1(T−s+r) , r = 1, 2, . . . , s − 1,

x∗T(T − s) = 0. (14)

For convenience, by denoting x∗t+s(t) ≡ x∗t+s, t = 1, . . . ,T − s, x∗
1t ≡ u∗t and taking into account the formula

(13) and the Proposition 2.1, we deduce the ELPDSIs of theorem

x∗t =

s−1∑
k=0

P∗kλt−k + u∗t , u∗t ∈ ∂ f (x̃t, t), x∗t+s = Q∗λt , λt ≥ 0 , t = 0, . . . ,T − s,

under the condition〈 s−1∑
k=0

Pkx̃t+k −Qx̃t+s − d, λt

〉
= 0.

In addition, by virtue of (12) and setting f (x̃k, k) ≡ 0, x∗kk ≡ x∗k, k = 0, 1, . . . , s − 1, λ−r ≡ 0, r = 1, 2, . . . , s − 1,
the formula (13) remains true for t = 0, 1, . . . , s− 1. On the other hand, using the first relationship of (14) we
have

x∗T−s+r −

s−1−r∑
j=0

P∗r+ jλT−s− j ∈ ∂ f
(
x̃T−s+r,T − s + r

)
, r = 1, 2, . . . , s − 1.

Since∂ f (x̃T,T) ≡ {0} indicates that x∗T = 0. �

3. Necessary and Sufficient Conditions of Optimality For Higher Order Polyhedral Discrete-Approximation
Problem

Let us introduce, first of all, the following s-th order difference operators

∆sx(t) =
1
δs

( s∑
j=0

(−1) j C j
s x(t + (s − j)δ)

)
, t = 0, δ, . . . , 1 − δ,

where δ is a step on the t-axis, x(t) is a grid function on [0, 1] and C j
s =

(s
j
)

=
s!

j!(s − j)!
is a binomial coefficient.

Let us explain the main method that we use to obtain the sufficient conditions of optimality for the (PC)
problem. This is a direct method based on discrete approximations. Therefore, the basic idea is to substitute
the continuous problem (PC) with a discrete-approximation problem that can be effectively tested. Then,
by formally passing the limit on the discrete-approximation problem, we formulate sufficient conditions of
optimality for the original problem with s-th order derivatives. As a result, according to the problem (PC),
we associate the following s-th order discrete approximation problem (PDA):

minimize
1−sδ∑
t=0

δ f (x(t), t) + ϕ0

(
x(1 − (s − 1)δ),∆x(1 − (s − 1)δ), . . . ,∆s−1x(1 − (s − 1)δ)

)
,

subject to

(PDA)
s−1∑
k=0

Pk∆
kx(t) −Q∆sx(t) ≤ d, t = 0, δ, . . . , 1 − sδ,

∆kx(0) = θk , k = 0, 1, . . . , s − 1. (15)
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The method used in this paper requires some special equivalence theorem, which allows us to bridge
the gap between (PD) and (PC).

Theorem 3.1. Supposeφ : (Rn)s
→ R is a function defined by the relationshipφ(x, v1, . . . , vs−1)≡ ϕ0

(
x, η1, . . . , ηs−1

)
where ηr =

1
δr

[ r−1∑
j=0

(−1) j(r
j
)
vr− j + (−1)rx

]
, r = 1, 2, . . . , s − 1, (x0, v0

1, . . . , v
0
s−1) ∈ domφ, (x0, η0

1, . . . , η
0
s−1) ∈ domϕ0.

The following subdifferential inclusions are equivalent:

(i)
(
x∗, v∗1, . . . , v∗s−1

)
∈ ∂φ

(
x0, v0

1, . . . , v
0
s−1

)
(ii)

(
x∗ +

s−1∑
j=1

v j
∗, v∗1, v

∗

2, . . . , v
∗

s−1

)
∈ ∂ϕ0

(
x0, η0

1, . . . , η
0
s−1

)

where v∗r = δr

[
s−(r+1)∑

j=0

( j+r
j

)
v∗r+ j

]
, r = 1, 2, . . . , s − 1.

Proof. Clearly ∂zφ(z0) is a convex closed set and for z0 = (x0, v0
1, . . . , v

0
s−1) ∈ ri(domφ) is bounded. Let’s denote

y0 = (x0, η0
1, η

0
2, . . . , η

0
s−1), by the classical definition of subdifferential sets we get

∂zφ(z0) =
{(

x∗, v∗1, . . . , v
∗

s−1

)
: φ

(
z
)
− φ

(
z0

)
≥

〈
x∗, x − x0

〉
+

〈
v1
∗, v1 − v0

1

〉

+ · · · +
〈

v∗s−1, vs−1 − v0
s−1

〉
, ∀z = (x, v1, . . . , vs−1) ∈ Rsn, z0 ∈ domφ

}
, (16)

∂ϕ0

(
y0

)
=

{(
x∗, v1

∗, . . . , v∗s−1

)
: ϕ0

(
y
)
− ϕ0

(
y0

)
≥

〈
x∗, x − x0

〉

+

s−1∑
j=1

〈
v∗j ,

1
δ j

( j−1∑
i=0

(−1)i
(

j
i

)(
v j−i − v0

j−i

)
+ (−1) j

(
x − x0)

)〉
,∀ y ∈ Rsn

}
.

The last relation for ∂ϕ0

(
y0

)
implies,

∂ϕ0

(
y0

)
=

{(
x∗, v1

∗, . . . , v∗s−1

)
: ϕ0

(
y
)
− ϕ0

(
y0

)
≥

〈
x∗ +

s−1∑
j=1

(−1) j

δ j v j
∗ , x − x0

〉

+
〈 s−2∑

j=0

(−1) j

δ j+1

(
j + 1

j

)
v∗j+1 , v1 − v0

1

〉
+

〈 s−3∑
j=0

(−1) j

δ j+2

(
j + 2

j

)
v∗j+2 , v2 − v0

2

〉

+ · · · +
〈 1∑

j=0

(−1) j

δ j+s−2

( j+s−2
j

)
v∗j+s−2 , vs−2 − v0

s−2

〉
+

〈v∗s−1

δs−1 , vs−1 − v0
s−1

〉
, ∀ y ∈ Rsn

}
.

Rewriting this inequality, we have

∂ϕ0

(
y0

)
=

{(
x∗, v1

∗, . . . , v∗s−1

)
: ϕ0

(
y
)
− ϕ0

(
y0

)
≥

〈
x∗ +

s−1∑
j=1

(−1) j

δ j v j
∗, x − x0

〉
+

s−1∑
r=1

〈 s−(r+1)∑
j=0

(−1) j

δ j+r

( j+r
j

)
v∗j+r , vr − v0

r

〉
, ∀y ∈ Rsn

}
. (17)
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On the basis of (16) and (17), it can be claimed that

x∗ = x∗ +

s−1∑
j=1

(−1) j

δ j v j
∗, vr

∗
=

s−(r+1)∑
j=0

(−1) j

δ j+r

(
j + r

j

)
v∗j+r , r = 1, 2, . . . , s − 1. (18)

Now, starting with the last equation, by sequentially substituting in (18), we derive

x∗ = x∗ +

s−1∑
j=1

v j
∗, vr

∗ = δr
[ s−(r+1)∑

j=0

(
j + r

j

)
v∗r+ j

]
, r = 1, 2, . . . , s − 1. �

Theorem 3.2. For optimality of the trajectory {x̃(t)}1t=0 in the problem (PDA), it is necessary and sufficient that there
is an adjoint trajectory of vectors {x∗(t)}1t=0 simultaneously not all equal to zero satisfying the approximate ELPDSIs

(1) (−1)s∆sx∗(t) ∈
s−1∑
k=0

(−1)kP∗k∆
kλ(t − kδ) + ∂ f (x̃(t), t),

(2)
〈 s−1∑

k=0

Pk∆
kx̃(t) −Q∆sx̃(t) − d , λ(t)

〉
= 0, λ(t) ≥ 0, t = sδ, . . . , 1 − sδ,

and transversality condition

(3)
(
ξ1, ξ2, . . . , ξs

)
∈ ∂ϕ0

(
x̃(1 − (s − 1)δ), ∆x̃(1 − (s − 1)δ), . . . , ∆s−1x̃(1 − (s − 1)δ)

)
,

ξk = (−1)k+s∆s−kx∗(1 − (s − k)δ) +

s−k∑
j=1

(−1) jP∗j∆
j−1λ(1 − ( j + s − k)δ) , k = 1, 2, . . . , s.

Proof. We use the result of Theorem 2.2 to formulate conditions of optimality for problem (15), that’s why
we transform this problem into a (PD) form problem:

minimize
1−sδ∑
t=0

δ f
(
x(t), t) + ϕ0

(
x̃(1 − (s − 1)δ), ∆x̃(1 − (s − 1)δ), . . . , ∆s−1x̃(1 − (s − 1)δ)

)
,

subject to

[ s−1∑
k=0

(−1)kδs−kPk − (−1)sQ
]
x(t) +

[ s−1∑
k=1

(−1)k+1

(
k
1

)
δs−kPk + (−1)s

(
s
1

)
Q
]
x(t + δ)

+
[ s−1∑

k=2

(−1)k
(
k
2

)
δs−kPk − (−1)s

(
s
2

)
Q
]
x(t + 2δ) + · · ·+

[ s−1∑
k=s−1

(−1)k+s+1

(
k

s − 1

)
δs−kPk

+

(
s

s − 1

)
Q
]
x(t + (s − 1)δ) −Qx(t + sδ) ≤ δsd , t = 0, δ, . . . , 1 − sδ,

x(kδ) =

k∑
j=0

(
k
j

)
δ jθ j, k = 0, 1, . . . , s − 1. (19)
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Let {x̃(t)}, t = 0, δ, . . . , 1 be the optimal solution to the problem (19). It is not hard to see that the adjoint
discrete inclusions for s-th order polyhedral problems have the forms

x∗(t) ∈
[ s−1∑

k=0

(−1)kδs−kPk − (−1)sQ
]∗
λ(t) +

[ s−1∑
k=1

(−1)k+1

(
k
1

)
δs−kPk + (−1)s

(
s
1

)
Q
]∗
λ(t − δ)

+
[ s−1∑

k=2

(−1)k
(
k
2

)
δs−kPk − (−1)s

(
s
2

)
Q
]∗
λ(t − 2δ) + · · · +

[
δPs−1 + sQ

]∗
λ(t − (s − 1)δ) + δ∂ f (x̃(t), t),

t = 0, δ, . . . , 1 − δ, x∗(t + sδ) = Q∗λ(t) , λ(t) ≥ 0, (20)

〈 [ s−1∑
k=0

(−1)kδs−kPk − (−1)sQ
]
x̃(t) +

[ s−1∑
k=1

(−1)k+1

(
k
1

)
δs−kPk + (−1)s

(
s
1

)
Q
]
x̃(t + δ)

+
[ s−1∑

k=2

(−1)k
(
k
2

)
δs−kPk − (−1)s

(
s
2

)
Q
]
x̃(t + 2δ) + · · · +

[
δPs−1 + sQ

]
x̃(t + (s − 1)δ)

−Qx̃(t + sδ) − δsd , λ(t)
〉

= 0. (21)

Rewriting the inclusion (20), we have(
x∗(t) + (−1)sQ∗λ(t) − (−1)s

(
s
1

)
Q∗λ(t − δ) + (−1)s

(
s
2

)
Q∗λ(t − 2δ) + · · · + (−s)Q∗λ(t − (s − 1)δ)

)

∈

[ s−1∑
k=0

(−1)kδs−kP∗k

]
λ(t) +

[ s−1∑
k=1

(−1)k+1

(
k
1

)
δs−kP∗k

]
λ(t − δ) + · · · + δP∗s−1λ(t − (s − 1)δ) + δ∂ f (x̃(t), t).

Recall that x∗(t + sδ) = Q∗λ(t), then we deduce from the last inclusion that(
x∗(t) + (−1)sx∗(t + sδ) − (−1)s

(
s
1

)
x∗(t + (s − 1)δ) + (−1)s

(
s
2

)
x∗(t + δ(s − 2)) + · · · + (−s)x∗(t + δ)

)

∈ δsP∗0λ(t) + δs−1
[
− λ(t) + λ(t − δ)

]
P∗1 + δs−2

[
λ(t) − 2λ(t − δ) + λ(t − 2δ)

]
P∗2

+ · · · + δ
[
(−1)s−1λ(t) + (−1)s

(
s − 1

1

)
λ(t − δ) − (−1)s

(
s − 1

2

)
λ(t − 2δ)

+ · · · + λ(t − (s − 1)δ)
]
P∗s−1 + δ∂ f (x̃(t), t).

Dividing the left hand side and the right hand side of this inclusion by δs (here δs−1x∗(t), δs−1λ(t) are again
denoted by x∗(t) and λ(t) respectively), we obtain

(−1)s∆sx∗(t) ∈
s−1∑
k=0

(−1)kP∗k∆
kλ(t − kδ) + ∂ f (x̃(t), t).
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Similarly, the equation (21) implies〈 s−1∑
k=0

Pk∆
kx̃(t) −Q∆sx̃(t) − d , λ(t)

〉
= 0 , λ(t) ≥ 0, t = sδ, . . . , 1 − sδ.

Then, by virtue of Theorem 2.2, the transversality conditions of problem (19) are derived:

x∗(1 − (s − 1)δ) −
s−2∑
j=0

[ s−1∑
k=1+ j

(−1)k+ j+1

(
k

1 + j

)
δs−kP∗k+ (−1)s− j

(
s

1 + j

)
Q∗

]
λ(1 − (s + j)δ)

∈ δ∂ f (x̃(1 − (s − 1)δ), 1 − (s − 1)δ),

x∗(1 − (s − 2)δ) −
s−3∑
j=0

[ s−1∑
k=2+ j

(−1)k+ j+2

(
k

2 + j

)
δs−kP∗k + (−1)s− j−1

(
s

2 + j

)
Q∗

]
λ(1 − (s + j)δ)

∈ δ∂ f (x̃(1 − (s − 2)δ), 1 − (s − 2)δ),

. . . . . . . . . . . . . . . . . .

x∗(1 − 2δ) −
1∑

j=0

[ s−1∑
k=s−2+ j

(−1)k+ j+s
(

k
s − 2 + j

)
δs−kP∗k + (−1)1− j

(
s

s − 2 + j

)
Q∗

]
λ(1 − (s + j)δ)

∈ δ∂ f (x̃(1 − 2δ), 1 − 2δ),

x∗(1 − δ) −
[
δP∗s−1 + sQ∗

]
λ(1 − sδ) ∈ δ∂ f (x̃(1 − δ), 1 − δ),

x∗(1) ∈ δ∂ f (x̃(1), 1). (22)

Now, remembering that under the conditions (22) x∗(t + sδ) = Q∗λ(t), we deduce

x∗(1 − (s − 1)δ) −
s−2∑
j=0

(−1)s− j
(

s
1 + j

)
x∗(1 − jδ) −

s−2∑
j=0

[ s−1∑
k=1+ j

(−1)k+ j+1

(
k

1 + j

)
δs−kP∗k

]
λ(1 − (s + j)δ)

∈ δ∂ f (x̃(1 − (s − 1)δ), 1 − (s − 1)δ),

x∗(1 − (s − 2)δ) +

s−3∑
j=0

(−1)s− j
(

s
2 + j

)
x∗(1 − jδ) −

s−3∑
j=0

[ s−1∑
k=2+ j

(−1)k+ j
(

k
2 + j

)
δs−kP∗k

]
λ(1 − (s + j)δ)

∈ δ∂ f (x̃(1 − (s − 2)δ), 1 − (s − 2)δ),

. . . . . . . . . . . . . . . . . .

x∗(1 − 2δ) −
1∑

j=0

(−1)1− j
(

s
s − 2 + j

)
x∗(1 − jδ) −

1∑
j=0

[ s−1∑
k=s−2+ j

(−1)k+ j+s
(

k
s − 2 + j

)
δs−kP∗k

]
λ(1 − (s + j)δ) ∈ δ∂ f (x̃(1 − 2δ), 1 − 2δ),

x∗(1 − δ) − δP∗s−1λ(1 − sδ) − sx∗(1) ∈ δ∂ f (x̃(1 − δ), 1 − δ),

x∗(1) ∈ δ∂ f (x̃(1), 1). (23)
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Note that the function ϕ0 in the problem (19) should be defined as follows

ϕ0

(
x̃(1 − (s − 1)δ), ∆x̃(1 − (s − 1)δ), . . . ,∆s−1x̃(1 − (s − 1)δ)

)
≡ φ

(
x̃(1 − (s − 1)δ) , x̃(1 − (s − 2)δ) , . . . , x̃(1)

)
= δ

(
f
(
x̃(1 − (s − 1)δ), 1 − (s − 1)δ

)
+ f

(
x̃(1 − (s − 2)δ), 1 − (s − 2)δ

)
+ · · · + f

(
x̃(1), 1

))
and then the transversality conditions (23) have the following forms(

x∗(1 − (s − 1)δ) −
s−2∑
j=0

(−1)s− j
(

s
1 + j

)
x∗(1 − jδ) −

s−2∑
j=0

[ s−1∑
k=1+ j

(−1)k+ j+1

(
k

1 + j

)
δs−kP∗k

]
λ(1 − (s + j)δ),

x∗(1 − (s − 2)δ) +

s−3∑
j=0

(−1)s− j
(

s
2 + j

)
x∗(1 − jδ) −

s−3∑
j=0

[ s−1∑
k=2+ j

(−1)k+ j
(

k
2 + j

)
δs−kP∗k

]
λ(1 − (s + j)δ)

, . . . , x∗(1 − δ) − δP∗s−1λ(1 − sδ) − sx∗(1) , x∗(1)
)

∈ ∂φ
(
x̃(1 − (s − 1)δ) , x̃(1 − (s − 2)δ) , . . . , x̃(1)

)
.

Dividing both sides of this inclusion again by δs−1, we have(
−

1
δs−1

s−1∑
j=0

(−1)s− j
(

s
1 + j

)
x∗(1 − jδ) −

s−2∑
j=0

[ s−1∑
k=1+ j

(−1)k+ j+1

(
k

1 + j

)
δ1−kP∗k

]
λ(1 − (s + j)δ) ,

1
δs−1

s−2∑
j=0

(−1)s− j
(

s
2 + j

)
x∗(1 − jδ) −

s−3∑
j=0

[ s−1∑
k=2+ j

(−1)k+ j
(

k
2 + j

)
δ1−kP∗k

]
λ(1 − (s + j)δ) ,

, . . . ,
x∗(1 − δ) − sx∗(1)

δs−1 −
P∗s−1λ(1 − sδ)

δs−2 ,
x∗(1)
δs−1

)
∈ ∂φ

(
x̃(1 − (s − 1)δ) , x̃(1 − (s − 2)δ) , . . . , x̃(1)

)
.

By applying the Theorem 3.1 and using the combinatorial identity, we can express the last inclusion in the
subdifferential term ϕ0:(

(−1)1+s∆s−1x∗(1 − (s − 1)δ) +

s−1∑
j=1

(−1) jP∗j∆
j−1λ(1 − ( j + s − 1)δ) ,

(−1)s∆s−2x∗(1 − (s − 2)δ) +

s−2∑
j=1

(−1) jP∗j∆
j−1λ(1 − ( j + s − 2)δ),

, . . . , −∆x∗(1 − δ) − P∗2λ(1 − 3δ) , x∗(1)
)

∈ ∂ϕ0

(
x̃(1 − (s − 1)δ), ∆x̃(1 − (s − 1)δ) , . . . , ∆s−1x̃(1 − (s − 1)δ)

)
.

The transversality condition of the problem (19) can be rewritten as follows(
ξ1, ξ2, . . . , ξs

)
∈ ∂ϕ0

(
x̃(1 − (s − 1)δ), ∆x̃(1 − (s − 1)δ), . . . , ∆s−1x̃(1 − (s − 1)δ)

)
,
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ξk = (−1)k+s∆s−kx∗(1 − (s − k)δ) +

s−k∑
j=1

(−1) jP∗j∆
j−1λ(1 − ( j + s − k)δ) , k = 1, 2, . . . , s.

The proof of theorem has been concluded. �

4. Sufficient Conditions of Optimality For Higher Order PDFIs

In this section, the sufficient conditions of optimality for the original problem (PC) are formulated. Here
we use the result of Theorem 3.2 dedicated to the optimization of the s-th order PDSIs. Namely, by passing
to the limit under the terms of Theorem 3.2, we derive the sufficient conditions of optimality for PDFIs.

Theorem 4.1. Let x(t) be a feasible trajectory lying interior to domF. Therefore, for optimality of x̃(t), t ∈ [0, 1] in
problem (PC) with s-th order PDFIs, it is sufficient that there exists an absolutely continuous function x∗(t) satisfying
the following Euler-Lagrange form PDFI almost everywhere

(a) (−1)s dsx∗(t)
dts ∈

s−1∑
k=0

(−1)kP∗k
dkλ(t)

dtk
+ ∂ f (x̃(t), t) , a.e. t ∈ [0, 1],

x∗(t) = Q∗λ(t),

(b)
〈 s−1∑

k=0

Pk
dkx̃(t)

dtk
−Q

dsx̃(t)
dts − d , λ(t)

〉
= 0 , a.e. t ∈ [0, 1],

and the transversality conditions

(c)
(
ψ1, ψ2, . . . , ψs

)
∈ ∂ϕ0

(
x̃(1), x̃′(1), . . . , x̃(s−1)(1)

)
, where ψs = x∗(1),

ψ j = (−1)s− j ds− jx∗(1)
dts− j +

s−1∑
i= j

(−1)i+ j−1P∗i
di− jλ(1)

dti− j , j = 1, 2, . . . , s − 1.

Proof. By definition of subdifferential for all feasible solutions, we rewrite the inclusion (a) and the transver-
sality condition (c) in the form, respectively

f (x(t), t) − f (x̃(t), t) ≥
〈
(−1)s dsx∗(t)

dts −

s−1∑
k=0

(−1)kP∗k
dkλ(t)

dtk
, x(t) − x̃(t)

〉
, (24)

ϕ0

(
x(1), x′(1), . . . , x(s−1)(1)

)
− ϕ0

(
x̃(1), x̃′(1), . . . , x̃(s−1)(1)

)
≥

〈
ψ1 , x(1) − x̃(1)

〉
+

〈
ψ2, x′(1) − x̃′(1)

〉
+ · · · +

〈
ψs−1, x(s−2)(1) − x̃(s−2)(1)

〉
+
〈
x∗(1) , x(s−1)(1) − x̃(s−1)(1)

〉
. (25)

Let’s transform the right hand side of the inequality (24) as follows〈
(−1)s dsx∗(t)

dts −

s−1∑
k=0

(−1)kP∗k
dkλ(t)

dtk
, x(t) − x̃(t)

〉
=

〈
(−1)s dsx∗(t)

dts , x(t) − x̃(t)
〉

+
〈 s−1∑

k=0

(−1)k+1 dkλ(t)
dtk

, Pk

(
x(t) − x̃(t)

)〉
. (26)

Obviously, for a feasible solution x(·) and λ(t) ≥ 0, t ∈ [0, 1] it can be written

〈 s−1∑
k=0

Pk
dkx(t)

dtk
, λ(t)

〉
≤

〈
Q

dsx(t)
dts + d , λ(t)

〉
.
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By using the theorem’s second condition (b), we have

〈 s−1∑
k=0

Pk
dkx̃(t)

dtk
, λ(t)

〉
=

〈
Q

dsx̃(t)
dts + d , λ(t)

〉
.

Then taking into account that x∗(t) = Q∗λ(t) from the last two relations, we derive that

〈 s−1∑
k=0

Pk

dk
(
x(t) − x̃(t)

)
dtk

, λ(t)
〉
≤

〈ds
(
x(t) − x̃(t)

)
dts , x∗(t)

〉
. (27)

Then, the relations (26) and (27) imply that〈
(−1)s dsx∗(t)

dts −

s−1∑
k=0

(−1)kP∗k
dkλ(t)

dtk
, x(t) − x̃(t)

〉
≥

〈
(−1)s dsx∗(t)

dts , x(t) − x̃(t)
〉

−

〈ds
(
x(t) − x̃(t)

)
dts , x∗(t)

〉
+

s−1∑
k=1

〈
(−1)k+1P∗k

dkλ(t)
dtk

, x(t) − x̃(t)
〉

+
s−1∑
k=1

〈
P∗kλ(t) ,

dk
(
x(t) − x̃(t)

)
dtk

〉
. (28)

Denoting Ωi(t) =
s−1∑
k=i

(−1)k+iP∗k
dk−iλ(t)

dtk−i
, i = 1, 2, . . . , s − 1, in view of the following equation

s−1∑
k=1

〈
(−1)k+1P∗k

dkλ(t)
dtk

, x(t) − x̃(t)
〉

+

s−1∑
k=1

〈
P∗kλ(t),

dk
(
x(t) − x̃(t)

)
dtk

〉

=

s−1∑
i=1

d
dt

[〈 s−1∑
k=i

(−1)k+iP∗k
dk−iλ(t)

dtk−i
,

di−1
(
x(t) − x̃(t)

)
dti−1

〉]
the relation (28) can be rewritten as follows

〈
(−1)s dsx∗(t)

dts −

s−1∑
k=0

(−1)kP∗k
dkλ(t)

dtk
, x(t) − x̃(t)

〉
≥

〈
(−1)s dsx∗(t)

dts , x(t) − x̃(t)
〉

−

〈ds
(
x(t) − x̃(t)

)
dts , x∗(t)

〉
+

s−1∑
i=1

d
dt

[〈
Ωi(t) ,

di−1
(
x(t) − x̃(t)

)
dti−1

〉]
. (29)

Finally, from the inequalities (24) and (29), we conclude that

f (x(t), t) − f (x̃(t), t) ≥
〈
(−1)s dsx∗(t)

dts , x(t) − x̃(t)
〉
−

〈ds
(
x(t) − x̃(t)

)
dts , x∗(t)

〉

+

s−1∑
i=1

d
dt

[〈
Ωi(t),

di−1
(
x(t) − x̃(t)

)
dti−1

〉]
. (30)

Recall that x(·), x̃(·) are feasible solutions
(
x(k)(0) = x̃(k)(0) = θk, k = 0, 1, . . . , s − 1

)
, then integrating the

inequality (30), we have

∫ 1

0

(
f (x(t), t) − f (x̃(t), t)

)
dt ≥

∫ 1

0

[〈
(−1)s dsx∗(t)

dts , x(t) − x̃(t)
〉
−

〈ds
(
x(t) − x̃(t)

)
dts , x∗(t)

〉]
dt
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+

s−1∑
i=1

〈
Ωi(1) ,

di−1
(
x(1) − x̃(1)

)
dti−1

〉
. (31)

Let us denote the expression in the square brackets on the right hand side of (31) by Ψ

Ψ =
〈
(−1)s dsx∗(t)

dts , x(t) − x̃(t)
〉
−

〈ds
(
x(t) − x̃(t)

)
dts , x∗(t)

〉
and transform it. The first term of Ψ can be converted as follows〈

(−1)s dsx∗(t)
dts , x(t) − x̃(t)

〉
=

d
dt

[〈
(−1)s ds−1x∗(t)

dts−1 , x(t) − x̃(t)
〉]

+
〈
(−1)s+1 ds−1x∗(t)

dts−1 , x′(t) − x̃′(t)
〉

(32)

and the second term of Ψ can be rewritten in the following form

〈ds
(
x(t) − x̃(t)

)
dts , x∗(t)

〉
=

d
dt

[〈ds−1
(
x(t) − x̃(t)

)
dts−1 , x∗(t)

〉]
−

d
dt

[〈ds−2
(
x(t) − x̃(t)

)
dts−2 ,

dx∗(t)
dt

〉]

+
d
dt

[〈ds−3
(
x(t) − x̃(t)

)
dts−3 ,

d2x∗(t)
dt2

〉]
− · · · + (−1)s d

dt

[〈d
(
x(t) − x̃(t)

)
dt

,
ds−2x∗(t)

dts−2

〉]
+(−1)s−1 d

dt

[〈
x(t) − x̃(t) ,

ds−1x∗(t)
dts−1

〉]
+ (−1)s

〈
x(t) − x̃(t) ,

dsx∗(t)
dts

〉
. (33)

Thus by subtracting (32) and (33) we derive

Ψ =
d
dt

〈
(−1)s ds−1x∗(t)

dts−1 , x(t) − x̃(t)
〉
−

d
dt

〈ds−1
(
x(t) − x̃(t)

)
dts−1 , x∗(t)

〉
+

d
dt

〈ds−2
(
x(t) − x̃(t)

)
dts−2 ,

dx∗(t)
dt

〉

−
d
dt

〈ds−3
(
x(t) − x̃(t)

)
dts−3 ,

d2x∗(t)
dt2

〉
+ · · · + (−1)s+1 d

dt

[〈d
(
x(t) − x̃(t)

)
dt

,
ds−2x∗(t)

dts−2

〉]
.

Then we need to calculate the following integral,

∫ 1

0
Ψdt = (−1)s

〈ds−1x∗(1)
dts−1 , x(1) − x̃(1)

〉
−

〈ds−1
(
x(1) − x̃(1)

)
dts−1 , x∗(1)

〉
+

〈ds−2
(
x(1) − x̃(1)

)
dts−2 ,

dx∗(1)
dt

〉

−

〈ds−3
(
x(1) − x̃(1)

)
dts−3 ,

d2x∗(1)
dt2

〉
+ · · · + (−1)s+1

〈d
(
x(1) − x̃(1)

)
dt

,
ds−2x∗(1)

dts−2

〉
. (34)

By using (34) from the inequality (31) we deduce

1∫
0

(
f (x(t), t) − f (x̃(t), t)

)
dt ≥ (−1)s

〈ds−1x∗(1)
dts−1 , x(1) − x̃(1)

〉
−

〈ds−1
(
x(1) − x̃(1)

)
dts−1 , x∗(1)

〉

+
〈ds−2

(
x(1) − x̃(1)

)
dts−2 ,

dx∗(1)
dt

〉
+ · · · + (−1)s+1

〈d
(
x(1) − x̃(1)

)
dt

,
ds−2x∗(1)

dts−2

〉
+

〈
Ω1(1), x(1) − x̃(1)

〉
+
〈
Ω2(1),

d
(
x(1) − x̃(1)

)
dt

〉
+

〈
Ω3(1),

d2
(
x(1) − x̃(1)

)
dt2

〉
+ · · · +

〈
Ωs−1(1),

ds−2
(
x(1) − x̃(1)

)
dts−2

〉
.
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As a result of rewriting this inequality that we have

1∫
0

(
f (x(t), t) − f (x̃(t), t)

)
dt ≥

〈
(−1)s ds−1x∗(1)

dts−1 + Ω1(1), x(1) − x̃(1)
〉

+
〈
(−1)s+1 ds−2x∗(1)

dts−2 + Ω2(1), x′(1) − x̃′(1)
〉

+
〈
(−1)s+2 ds−3x∗(1)

dts−3 + Ω3(1), x′′(1) − x̃′′(1)
〉

+ · · · +
〈dx∗(1)

dt
+ Ωs−1(1), x(s−2)(1) − x̃(s−2)(1)

〉
−

〈
x∗(1), x(s−1)(1) − x̃(s−1)(1)

〉
.

Therefore, taking into account the expression Ωi(1), i = 1, 2, . . . , s − 1 we can write

1∫
0

(
f (x(t), t) − f (x̃(t), t)

)
dt ≥

〈
(−1)s ds−1x∗(1)

dts−1 +

s−1∑
k=1

(−1)k+1P∗k
dk−1λ(1)

dtk−1
, x(1) − x̃(1)

〉

+
〈
(−1)s+1 ds−2x∗(1)

dts−2 +

s−1∑
k=2

(−1)k+2P∗k
dk−2λ(1)

dtk−2
, x′(1) − x̃′(1)

〉
+
〈
(−1)s+2 ds−3x∗(1)

dts−3 +

s−1∑
k=3

(−1)k+3P∗k
dk−3λ(1)

dtk−3
, x′′(1) − x̃′′(1)

〉
+ · · · +

〈dx∗(1)
dt

+ P∗s−1λ(1), x(s−2)(1) − x̃(s−2)(1)
〉
−

〈
x∗(1), x(s−1)(1) − x̃(s−1)(1)

〉
. (35)

Finally by summing up the inequalities (25) and (35), we derive that∫ 1

0
f (x(t), t)dt + ϕ0(x(1), x′(1), . . . , x(s−1)(1)) ≥

∫ 1

0
f (x̃(t), t)dt + ϕ0(x̃(1), x̃′(1), . . . , x̃(s−1)(1)).

As a result of all feasible solutions x(t), J(x(·))− J(x̃(·)) ≥ 0 and therefore x̃(t) is the optimal trajectory. �

Corollary 4.2. Consider the Bolza problem with cost functional (4) and differential inclusion (5) with the following
boundary value conditions

x(k)(0) ∈ Gk , x(k)(1) ∈ Hk , k = 0, 1, . . . , s − 1,

where Gk and Hk are polyhedral sets. Then for the optimality of the trajectory x̃(t) in the Bolza problem the transversality
conditions at points 0 and 1 should be as follows:

(d) (−1)s− j ds− jx∗(0)
dts− j +

s−1∑
i= j

(−1)i+ j−1P∗i
di− jλ(0)

dti− j ∈ K∗G j−1

(
x̃( j−1)(0)

)
, j = 1, 2, . . . , s − 1,

x∗(0) ∈ K∗Gs−1

(
x̃(s−1)(0)

)
,

(e)
s−1∑
i= j

(−1)i+ jP∗i
di− jλ(1)

dti− j ∈ K∗H j−1

(
x̃( j−1)(1)

)
, j = 1, 2, . . . , s − 1,

−x∗(1) ∈ K∗Hs−1

(
x̃(s−1)(1)

)
,(

(−1)s−1 ds−1x∗(1)
dts−1 , (−1)s ds−2x∗(1)

dts−2 , (−1)s−1 ds−3x∗(1)
dts−3 , . . . , −

dx∗(1)
dt

, x∗(1)
)

∈ ∂ϕ0

(
x̃(1), x̃′(1), . . . , x̃(s−1)(1)

)
.
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Proof. Integrating inequality (30) we have∫ 1

0

(
f (x(t), t) − f (x̃(t), t)

)
dt ≥

∫ 1

0

[〈
(−1)s dsx∗(t)

dts , x(t) − x̃(t)
〉
−

〈ds
(
x(t) − x̃(t)

)
dts , x∗(t)

〉]
dt

+

s−1∑
i=1

〈
Ωi(1) ,

di−1
(
x(1) − x̃(1)

)
dti−1

〉
−

s−1∑
i=1

〈
Ωi(0) ,

di−1
(
x(0) − x̃(0)

)
dti−1

〉
. (36)

Similarly, by denoting the expression in square brackets on the right hand side of (36) by Ψ,
we calculate the following integral∫ 1

0
Ψdt = (−1)s

〈ds−1x∗(1)
dts−1 , x(1) − x̃(1)

〉
−

〈ds−1
(
x(1) − x̃(1)

)
dts−1 , x∗(1)

〉
+

〈ds−2
(
x(1) − x̃(1)

)
dts−2 ,

dx∗(1)
dt

〉

−

〈ds−3
(
x(1) − x̃(1)

)
dts−3 ,

d2x∗(1)
dt2

〉
+ · · · + (−1)s+1

〈d
(
x(1) − x̃(1)

)
dt

,
ds−2x∗(1)

dts−2

〉
− (−1)s

〈ds−1x∗(0)
dts−1 , x(0) − x̃(0)

〉
+
〈ds−1

(
x(0) − x̃(0)

)
dts−1 , x∗(0)

〉
−

〈ds−2
(
x(0) − x̃(0)

)
dts−2 ,

dx∗(0)
dt

〉
+

〈ds−3
(
x(0) − x̃(0)

)
dts−3 ,

d2x∗(0)
dt2

〉

+ · · · + (−1)s
〈d

(
x(0) − x̃(0)

)
dt

,
ds−2x∗(0)

dts−2

〉
. (37)

By using the formula (37) and by rewriting the inequality (36), we deduce

1∫
0

(
f (x(t), t) − f (x̃(t), t)

)
dt ≥ (−1)s

〈ds−1x∗(1)
dts−1 , x(1) − x̃(1)

〉
−

〈ds−1
(
x(1) − x̃(1)

)
dts−1 , x∗(1)

〉

+
〈ds−2

(
x(1) − x̃(1)

)
dts−2 ,

dx∗(1)
dt

〉
+ · · · + (−1)s+1

〈d
(
x(1) − x̃(1)

)
dt

,
ds−2x∗(1)

dts−2

〉
−(−1)s

〈ds−1x∗(0)
dts−1 , x(0) − x̃(0)

〉
+

〈ds−1
(
x(0) − x̃(0)

)
dts−1 , x∗(0)

〉
−

〈ds−2
(
x(0) − x̃(0)

)
dts−2 ,

dx∗(0)
dt

〉
− · · · + (−1)s

〈d
(
x(0) − x̃(0)

)
dt

,
ds−2x∗(0)

dts−2

〉
+

〈
Ω1(1), x(1) − x̃(1)

〉
+

〈
Ω2(1),

d
(
x(1) − x̃(1)

)
dt

〉
+ · · · +

〈
Ωs−1(1),

ds−2
(
x(1) − x̃(1)

)
dts−2

〉
−

〈
Ω1(0), x(0) − x̃(0)

〉
−

〈
Ω2(0),

d
(
x(0) − x̃(0)

)
dt

〉
− · · · −

〈
Ωs−1(0),

ds−2
(
x(0) − x̃(0)

)
dts−2

〉
,

and by writing the definition of Ωi(t), i = 1, 2, . . . , s − 1, in this inequality, we have

1∫
0

(
f (x(t), t) − f (x̃(t), t)

)
dt ≥

〈
(−1)s ds−1x∗(1)

dts−1 +

s−1∑
k=1

(−1)k+1P∗k
dk−1λ(1)

dtk−1
, x(1) − x̃(1)

〉

+
〈
(−1)s+1 ds−2x∗(1)

dts−2 +

s−1∑
k=2

(−1)k+2P∗k
dk−2λ(1)

dtk−2
, x′(1) − x̃′(1)

〉
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+ · · · +
〈dx∗(1)

dt
+ P∗s−1λ(1), x(s−2)(1) − x̃(s−2)(1)

〉
−

〈
x∗(1), x(s−1)(1) − x̃(s−1)(1)

〉
−

〈
(−1)s ds−1x∗(0)

dts−1 +

s−1∑
k=1

(−1)k+1P∗k
dk−1λ(0)

dtk−1
, x(0) − x̃(0)

〉

−

〈
(−1)s+1 ds−2x∗(0)

dts−2 +

s−1∑
k=2

(−1)k+2P∗k
dk−2λ(0)

dtk−2
, x′(0) − x̃′(0)

〉

− · · · −

〈dx∗(0)
dt

+ P∗s−1λ(0), x(s−2)(0) − x̃(s−2)(0)
〉

+
〈
x∗(0), x(s−1)(0) − x̃(s−1)(0)

〉
. (38)

For all feasible solutions, the transversality condition (e) can be written in the form

ϕ0

(
x(1), x′(1), . . . , x(s−1)(1)

)
− ϕ0

(
x̃(1), x̃′(1), . . . , x̃(s−1)(1)

)
≥

〈
(−1)s−1 ds−1x∗(1)

dts−1 , x(1) − x̃(1)
〉

+
〈
(−1)s ds−2x∗(1)

dts−2 , x′(1) − x̃′(1)
〉

+ · · · +
〈
−

dx∗(1)
dt

, x(s−2)(1) − x̃(s−2)(1)
〉

+
〈
x∗(1) , x(s−1)(1) − x̃(s−1)(1)

〉
. (39)

Then, by adding the inequalities (38) and (39) we derive

1∫
0

(
f (x(t), t) − f (x̃(t), t)

)
dt + ϕ0

(
x(1), x′(1), . . . , x(s−1)(1)

)
− ϕ0

(
x̃(1), x̃′(1), . . . , x̃(s−1)(1)

)

≥

〈 s−1∑
k=1

(−1)k+1P∗k
dk−1λ(1)

dtk−1
, x(1) − x̃(1)

〉
+

〈 s−1∑
k=2

(−1)k+2P∗k
dk−2λ(1)

dtk−2
, x′(1) − x̃′(1)

〉

+ · · · +
〈
P∗s−1λ(1), x(s−2)(1) − x̃(s−2)(1)

〉
−

〈
(−1)s ds−1x∗(0)

dts−1 +

s−1∑
k=1

(−1)k+1P∗k
dk−1λ(0)

dtk−1
, x(0) − x̃(0)

〉

−

〈
(−1)s+1 ds−2x∗(0)

dts−2 +

s−1∑
k=2

(−1)k+2P∗k
dk−2λ(0)

dtk−2
, x′(0) − x̃′(0)

〉

− · · · −

〈dx∗(0)
dt

+ P∗s−1λ(0) , x(s−2)(0) − x̃(s−2)(0)
〉

+
〈
x∗(0) , x(s−1)(0) − x̃(s−1)(0)

〉
. (40)

Taking into account the other transversality conditions we have∫ 1

0
f (x(t), t)dt + ϕ0(x(1), x′(1), . . . , x(s−1)(1)) ≥

∫ 1

0
f (x̃(t), t)dt + ϕ0(x̃(1), x̃′(1), . . . , x̃(s−1)(1)),

this means that for all feasible solutions x(t), J(x(·))− J(x̃(·)) ≥ 0 and therefore x̃(t) is the optimal trajectory. �

By using the results obtained in this section, we are able to formulate sufficient conditions of optimality
for the continuous problem (4)-(6) given by second order (s = 2) polyhedral differential inclusions.
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Corollary 4.3. [22] For trajectory x̃(t) , t ∈ [0, 1], lying interior to domF to be optimal in Bolza problem with second
order (s = 2) polyhedral differential inclusion (PC), it is sufficient that there is an absolutely continuous function x∗(t)
satisfying the following Euler-Lagrange differential inclusion almost everywhere

(i)
d2x∗(t)

dt2 ∈ P∗0λ(t) − P∗1
dλ(t)

dt
+ ∂ f (x̃(t), t) , a.e. t ∈ [0, 1],

x∗(t) = Q∗λ(t), λ(t) ≥ 0,

(ii)
〈
P0x̃(t) + P1

dx̃(t)
dt
−Q

d2x̃(t)
dt2 − d , λ(t)

〉
= 0 , a.e. t ∈ [0, 1],

and transversality condition

(iii)
(
−

dx∗(1)
dt
− P∗1λ(1) , x∗(1)

)
∈ ∂ϕ0

(
x̃(1), x̃′(1)

)
.

5. Numerical Application

This section describes some of the interesting applications of the Theorem 2.2. It should be noted that
according to Theorem 2.2, the numerical solution of the second order polyhedral discrete problem can be
calculated. Let T = 15, f (xT,T) = xT, f (xt, t) = 0, t = 2, 3, . . . , 14 be given for this purpose. Let’s look at the
following example:

Example 5.1.

minimize
15∑

t=2

f (xt, t)

xt+2 ∈ F(xt, xt+1) , t = 0, 1, . . . , 13 , (41)
x0 = 0, x1 = 1,

where F(x, v1) =
{
v2 :

 1
−2

1

 x +

 −0.1
−0.2
−0.3

 v1 −

 1
−1

1

 v2 ≤

 0
0
0

 } is a polyhedral multi-valued mapping. In fact,

the graphF of F is a cone.

We assume that the objective function has a form
T∑

t=2
f (xT,T) in the problem (41) with second-order polyhe-

dral discrete inclusions where f (xT,T) is not identically zero, i.e., f (xT,T) . 0. This means that x∗T , 0 and
then the transversality condition for T consists of the following inclusion x∗T ∈ ∂ f (x̃T,T).

For optimality of the trajectory {x̃t}
15
t=0 of polyhedral discrete inclusions in the second order discrete

polyhedral optimization problem (41), it is necessary and sufficient that there are vectors x∗t , t = 0, . . . , 15
not all equal to zero satisfying the Euler-Lagrange discrete inclusion

x∗t = P∗0λt + P∗1λt−1 + u∗t , u∗t ∈ ∂ f (x̃t, t),
x∗t+2 = Q∗λt, λt ≥ 0 , t = 0, . . . , 13, ∂ f (x̃0, 0) = ∂ f (x̃1, 1) = {0}, λ−1 ≡ 0,〈  1

−2
1

 x̃t +

 −0.1
−0.2
−0.3

 x̃t+1 −

 1
−1

1

 x̃t+2 , λt

〉
= 0, (42)

and transversality conditions

x∗14 − P∗1λ13 ∈ ∂ f (x̃14, 14),
x∗15 ∈ ∂ f (x̃15, 15).
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Here P∗0 = (1 − 2 1), P∗1 = (−0.1 − 0.2 − 0.3) and Q∗ = (1 − 1 1) are transposed matrices. Since f is
continuously differentiable function, we have

x∗t = P∗0λt + P∗1λt−1 , t = 0, 1, . . . , 13,

and transversality condition

x∗14 − P∗1λ13 = 0,
x∗15 = 1.

By sequentially resolving these equations, it is not difficult to calculate λt (t = 0, . . . , 13) and x∗t (t = 0, . . . , 15).
We have

λ13 =

 1
0
0

 , λ12 =

 0
0.1
0

 , λ11 =

0.98
0
0

 , λ10 =

 0
0.298

0

 , λ9 =

0.9204
0
0

 ,
λ8 =

 0
0.688

0

 , λ7 =

0.7828
0
0

 , λ6 =

 0
1.4543

0

 , λ5 =

0.4919
0
0

 , λ4 =

 0
2.9579

0

 ,
λ3 =

 0
0.0996

0

 , λ2 =

 0
5.9357

0

 , λ1 =

 0
1.3864

0

 , λ0 =

 0
12.1488

0

 .
The values of the adjoint variables {x∗t}

15
t=0 which are calculated and the optimal trajectory {x̃t}

15
t=0 obtained by

using these values are given in Table 1. In addition, the graphical representation of the optimal trajectory
{x̃t}

15
t=0 is given in detail in Figure 1.

Table 1: The values of adjoint variables {x∗t }
15
t=0 and the values of optimal trajectory {x̃t}

15
t=0
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Figure 1: The exact graph of {x̃t}
15
t=0 for t = 0, . . . , 15.

6. Conclusions

This paper presents a new method of discretization to solve the optimization problem described by
multi-valued polyhedral mappings for discrete and differential inclusions of higher order that are often
used to describe different processes in science and engineering. The problem of higher-order discrete-
approximation inclusions is investigated according to the proposed discretization approach. This approach
plays a much larger role in the derivation of discrete and differential inclusions of higher-order adjoints.
Equivalence theorems for subdifferential inclusions are basic tools for the analysis of conditions of opti-
mality for discrete and discrete-approximation problems. Therefore, necessary and sufficient conditions of
optimality are deduced for such problems. Finally, the numerical approach is presented with a second order
polyhedral discrete inclusion to solve the optimal control problem. Besides, it is clear that the investigation
of the conditions of optimality for problems with polyhedral discrete and differential inclusions will make a
significant contribution to modern development of the optimal control theory with polyhedral differential
inclusions. Thus, we can conclude that the proposed method is effective in solving various optimization
problems with higher order discrete and differential inclusions.

References

[1] B. Ahmad, S.K. Ntouyas, H. Al-Sulami, Existence of Solutions or Nonlinear nth-order Differential Equations and Inclusions with
Nonlocal and Integral Boundary Conditions via Fixed Point Theory, Filomat, 28:10 (2014), 2149-2162.

[2] J.-P. Aubin, A. Cellina, Differential Inclusions, Springer-Verlag, Grundlehren der Math., Wiss, 1984.
[3] D. Azzam-Laouir, S. Melit, Existence of Solutions for a Second Order Boundary Value Problem with the Clarke Subdifferential,

Filomat, 31:9 (2017), 2763-2771.
[4] G.M. Bahaa, Fractional Optimal Control Problem for Differential System with Control Constraints, Filomat, 30:8 (2016), 2177-2189.
[5] A. Cernea, On the existence of viable solutions for a class of second-order differential inclusions, Discussiones Mathematicae,

Differential Inclusions, Control and Optimization, 22:1 (2002), 67-78.
[6] F.H. Clarke, Optimization and Nonsmooth Analysis, John Wiley and Sons, New York, 1983.
[7] B. Damjanovic, B. Samet, C. Vetro, Common fixed point theorems for multi-valued maps, Acta Mathematica Scientia, 32:2 (2012),

818-824.
[8] W. Gautschi, G. Mastroianni, T. M. Rassias, Approximation and Computation: In Honor of Gradimir V. Milovanović, Springer-
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