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Abstract. A new class of hypergeometric identities with extra parameters is introduced in order to generate
various kinds of summation theorems for generalized hypergeometric series. Some interesting examples
are also given in this direction.

1. Introduction

If z is a complex variable, the generalized hypergeometric function is defined by the series
r ay, .. 0 = (@) (ap)k z*
PRI\ by, ... by

_ 2 1)
Lt )y (0g), K
where by, ..., b; #0,-1,-2,...and

@ _T@+b) |1 (b=0,aecC\{0}),
""T@ "\ a@+1)---@+b-1) (beN,aeC),

denotes the Pochhammer symbol in which

T'(z) = f:o ¥ e dx (Re(z) > 0),

is the well-known gamma function.
According to the ratio test [9, 17], the series (1) is convergent for all |z| < oo if p < g+ 1 and for |z| < 1 if

p = q+ 1, while it is divergent for all z # 0 if p > g + 1. Moreover, when |z| = 1 with p = g + 1, the series (1)
converges absolutely if

q q+1
Re ij—Zaj >0, (2)
j=1 j=1
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conditionally convergent if

q q+1
—1<Re[2bj—zaj]so, z#1 3)
j=1 j=1

and divergent if

q g+1
Re[ij—Zaj]s—l, z# 1. (4)
j=1 j=1

Hypergeometric functions appear in a wide variety of applied mathematics and physics [8, 9]. The main
reason for introducing and developing such series is that many special functions can be represented in
terms of them and their initial properties can be directly found via the initial properties of hypergeometric
functions [5].

Itis worth mentioning whenever a generalized hypergeometric series can be summed in terms of gamma
functions, the result will be valuable as only a few summation theorems are available in the literature, see
e.g. [3,4,6,7,10,11].

In this paper, by presenting a new approach, we introduce some hypergeometric identities with extra
parameters in order to generate various kinds of summation theorems for generalized hypergeometric
series. In section 2, we introduce two main hypergeometric identities having 2 and 3 extra parameters and
then study their finite cases containing new kinds of three term relations for generalized hypergeometric
functions in detail. In section 3, by using the Karlssond-Minton identity [2, 12, 14], we extend our approach
to obtain a general hypergeometric identity with n extra parameters. We point out that all results of this
paper are valid only if the conditions (2)—(4) are satisfied.

2. Hypergeometric Identities with 2 and 3 Extra Parameters

First, the well-known Gauss formula [1, 15]

a, b _T(I(c—a-b)
ZH( | 1) BCERICEDN ©
directly gives
(C)k _k/ c—d —
@ ——2F1 c ‘ 1] =1, (6)
provided thatc,d #0,-1,-2,....
To establish a hypergeometric identity with two extra parameters, replace (6) in (1) to get
ai, .. ,a = (@)e--(@p), 2k (o), -k, c—d ’
F b =) —— — ——F 1
p q( by, .. b Z) L (b1)ye(by), KL (@) c
@)@), 2 (O [ (R)c— )
Z ke \"plg Mk Z J - ] ) (7)
(D1)g---(bg),, (1)k (d)k (c);]!
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relation (7) changes to

F ( a, .. ) i i (al)k+j~-(ap)k+j(c)k+j 2+ (k= j)]-(C - d)j ®)
pHq bl/ / =0 ]:0 (bl)k+](bq)k+](d)k+] (1)k+j (C)]]'
On the other hand, the following relations hold true
@k = (@@ +k); and (=k=j); = (=1)/ (1 +k);. )
Hence, relation (8) takes the final form
[ TR _ o (@) (@), i@ a+k .. ,a,+k c+k c—d ’ (10)
PR\ by, .. by Lt (b (by), K @ bi+k, o b+ k Ak, ’

in which ¢, d # 0,—1,-2, ... are two extra and independent parameters.

As far as we searched in the literature, this approach is being used for the first time for generalized
hypergeometric functions. However, the importance of the identity (10) is more for its various subcases,
which are as follows. For some generalizations of the classical summation theorems for the series ,F; and
3F> see [16] and [13].

Case 1.1. If d = a, in (10), then

_ Z),

ai, ... ,4a
I P
P\ by, by

) (b1)g---(0g)y KPET b+ k, by +k, ¢

k=0

wherec #0,-1,-2,....

Case 1.2. For ¢ = b, in (10) we have

ai, ..
PPq( b, . b

whered #0,-1,-2,....

o)

Z @)@l 2 o (atk . etk by—d
(01 (bgr) (@) KT ik, by 4k d K, b

_Z),

Case 1.3. If simultaneously d = g, and ¢ = by, (10) reduces to
ai, .. (al)k (ap 1)k z* m+k, .. ,Ap-1 + k, bq —ap
qu bl/ , Z E -z

(01)g--(bg-1), kP by +k, sbg1+k, by
There is also an important finite subcase for the identity (10) which must be studied separately. If c —d =
—m (m € Z*) in (10), then the relation

ay, .., a - (@1)g--(ap), O 2k -m, a1 +k, ...,a,+k, c+k
F Plz|= — p+2Fge2 P -z
L U P e (01)g--(by), (¢ + m); k! preta bi+k, .. bg+k c+m+k, c
_ Z’": (=m)( (=z)/ i (@)@ +K);...(ap) @y + k) (c)(c + K); 2
= ©);]! (01)(b1 + k) ...(bg), (b + k)j(c +m)(c +m+k); k! !

is finally simplified, by employing the relations (9), as

o T Z (=m)(a1);-(@p);  (—z)i @+j, e Ayt ct ]
PRI\ by, e, 4 (01) - (bg) (e +m); ]! PRSI by 4, o byt ctmt ]

z). (11)
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The finite identity (11) contains two remarkable subcases as follows:
Case 2.1. If ¢ + m = g, in (11), we eventually obtain

qu( a1, o 0y, ap+m ‘ ) i( m)(a1)j---(@p-1); (—z)i F( M+j . ap+] z). (12)

by, .. ,b = bl)] (b) /! PRAN bi+j, oo by

For example, by noting the second kind of Gauss formula [1, 15]

F a, b ‘ 1) Vrl(a+b+1)/2) 13
P @+b+1)/2 | 2] T(@a+ 1)/2T((b +1)/2)°
if(p,g9) =@2,1),z= % and by = (a1 +a, + 1)/2in (12), then
JF; ap, a,+m ' 1 \/_l”(al +a2+1)z (-1) (=m);(a1);
(a1 +ay+1)/2 j12 T((G+ a1 + 1)/2)T((j + a2 + 1)/2)
is derived as a generalization of the Gauss formula (13) for m = 0.
Case 2.2. For ¢ = b, the identity (11) reads, after a minor change, as
n (om)(a)a), () - -
a, .. ,a ) j\pli (—z) ay+j, . LAyt ]
PP ( bl/ bq 1,b —-m ’ ) Z ( m)](bl)](bq)] ]| qu( bl + ]', /bq + ] zl. (14)
For example, if (p,9) = (2,1), z=1/2 and by = (a1 + a2 + 1)/2 are replaced in (14), then
an, @ 1 u1 + a2 + 1 (-1) (=m);(m)(a2);
2P| a1 — 2= Z i
—2 (a1 +az +1)/2 =m) T((j + a1 + 1)/2)T((j + a2 + 1)/2)

is another generalization of the formula (13) for m = 0.

2.1. A Hypergeometric identity with three extra parameters

Similarly, in order to find an identity with three extra parameters, we can e.g. refer to the Pfaff-Saalschutz
formula [1, 15]

K c—a, c=b |\ __ (ay(b)
3F2(c,1+c—a—b—k ‘1)—mf (15)
which is equivalent to
(c)@a+b—c) -k, c—a, c—
(@) (D), 3F2 ¢, 1+c—a-b- k ’ (16)

provided thata,b,c #0,-1,-2,....
Now, replace (16) in (1) to get

ai, ... ,4a
F P
P\ by, by

o (@1)-(@p), 25 ()@ +b— ), F -k, c—a, c— ‘
— (b)) K @by, TP\ 6 T+c—a-b-k

_i (@)s @)y ki (@psj@a+b =)y (=k=f),(c —a);(c = b);
T L OOy D @Oy @A+ e—a=b—k= )t
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By employing the relations (9) we therefore obtain

:)-

ay, ... ,ﬂp
PPG(

b, .. b,
Z (@1)g--(ap), 2k (O)(a+b - c), m+k .. ,a,+k c+k c—a, c-b . 17
O bg) KU (@) IR\ btk o btk atk Dk, ’

which is valid fora,b,c # 0,-1,-2, ....
Once again, the importance of the identity (17) is due to having diverse subcases. In this sense, there
are four infinite subcases of the identity (17) as follows.

Case 3.1. For ¢ = b, the identity (17) reads as

ai, ... ﬂp
Pﬂ(m,m by

v @)e(ap) (@+b=by) 2 a+k, . ap+kb —a, by—b
T (O gr), @) KTETE btk by

wherea,b #0,-1,-2,....
Case 3.2. Ifa =g, and b = a,_; in (17), then

:)-

i (@1)g--(@p-2),(ap + ap—1 — ©), () z_k F am+k o..,ap2+k c+k c—a,1,c—a,
- (b1)(B), kPt bi+k .. by+k ¢

a, .. ,a
IS P
el by, by

Z),
wherec #0,-1,-2,....
Case 3.31fa =a, and b = g, 1 in (17), then

:)-

i (@1)g--(ap-2), (ap + ap-1 — ©), () ZF F a +k .,y +k ctk c—a,1, c—a,
o (b)) (bg), Frpettart bi+k, .. btk c

ai, ... ,a
IS P
P\ by, by

wherec #0,-1,-2,....

Case 3.4 Finally fora = ay, b = a,_1 and ¢ = b; in (17), we have

ai, .. ,4a
F P
P\ by, by

2| = i (al)k"'(ap—Z)k(ap +ap-1— bq)k Z_k r a +k, .. ,Ap-2 +k, bq —ap-1, bq —ay
B (bl)k"‘(bq_l)k k'p 1 bl + k/ /bq—l + k/ bq

There are also two important finite subcases for the identity (17) which must be studied separately. The
first case is when a + b — ¢ = —m for any m € Z*. In this case, relation (17) changes to

ay, .. ,ap _

h,m,%
Z (—m)(a+b+m), z* a +k, ..,ap+k a+b+m+k a+m, b+m
(bl)k (b @) (), KPR by +k, btk a+k btk a+b+m

k=0

z) . (18)

M
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Now assume in (18) thata = a,_1, b = a, and b; = a,_1 + a, + m. Then we have

N e SV E B
i (=m)(@1)g--(ap-2), Z_kp q( am+k, o +k, Gy +m, a,+m ‘ z). (19)
— (b)) (bg-1), k! by +k, ..bj1+k, ap1+a,+m
For the second finite case, if c — b = —m (m € Z*) in (17), then the relation
el e |2
_ i (@) (ap-1);. (b = m)(a + m); 2* F +3( —m, a1 +k, ..,ay+k b—m+kb-m—a Z)
P (b1)g--+(by), (@) (b)y kP bi+k .. by+k a+k b+k b-m

NG m)b=m =) 5 & (@)@ +k);..(ap) @y + k) (b = m)(b —m + k) (@ + m)
= ]Z b-m); =2 01 +K);-- (0, (B + B (@) (@ + 0,0 b+ B);

k=0

is simplified, by employing the relations (9), as

ai, .. El
b1, . b
m

Z( m);(a1);.. (a,,) (b—a—m); zi F ap+j, .. ,ap+jb-—m+ja+m 20
R P G B YO el WUR AR A B B I A
inwhicha,b #0,-1,-2, ... are two extra and independent parameters.
The finite identity (20) contains five notable subcases as follows:
Case 4.1. If a = g, in (20), then
ai, .. ,ap
qu( bi, -, by Z)
_ i (_m)j(ﬂl)]'...(ﬂ]ﬂ—l)]'(b -m —ﬂp)j Z_] o a + j, e lp1 ¥ b —m+ j,'a;7 +m ‘ Z)’
e (bl)]-...(bq)].(b)j jree by +j, .. by +j, b+j
whereb #0,-1,-2,....
Case 4.2. For b = 4, in (20) we have
ai, ... ,ﬂp
PPW( bi, ..., b, Z)
_ i (_m)j(al)j'"(ap—l)]‘(ap —m- a)] Z_] iFon a; + j, e p1 + j,ap — m+ ]:,ﬂ +m ‘ 2
py (bl)]-...(bq)j(a)j jreea by +j, .. Jbg+j, a+] ¢
wherea #0,-1,-2,....
Case 4.3. Let b = b; + m in (20). Hence
r ( ay, ... ,ﬂp ) _ i (_m)](ﬂl)](ﬂp)](bq _a)]‘ Z_] +1F +1( a; + ]/ ap + ]/ a+m )’
Pea bl/ ey bq =0 (b1)](bq)](bq + m)](a)] ]'}7 1 bl + ]/ q 1+ ]/a + ]rb +m +]
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wherea #0,-1,-2,....
Case 4.4. Fora = a, 1 and b = g, in (20), we get
el e |
(_m)j(ﬂl)j...(ﬂpfz)j(ap —dp-1— m)]» Z_J E ( A+ J, o Oy ¥ Ay — M+ [0y + M ‘ z)
(bl)j---(bq)j jilan bi+j, oy byg+j '

N
<

~
N~y
=

M-

1]
(==}

]

Also fora = ay and b = b; + m in (20), we have
ai, -

rFq ( by, ..

Case 4.5. Finally, ifa = a,-1, b = a, and b; = a, — m in (20), then

ay, .. ,Ap-1,by+m
qu( bi, ., by, b, 'Z)

i( m)(@1);.-(ap-1) (bg aP)jZ_j F M A+J e A1t ja,+m ,
(b1)--(by) (b +m) I b+ e b+ b tmt '

j=0

= y ( m) (al) (up 2) (b ap—l)]' Z_] ( nr j’ "'/aP—Z + jrap—l +m ‘ Z) (21)
P (bl)]...(bq)]- jirthet bi+j, v Dyt +j :
For example, by noting the kummer formula [1, 15]
a, b _Tl@a+1-bI@a/2+1)
2Pl(ﬂ+1—b' 1)_F(a/2+1—b)F(a+1)’ (22)

if(p,9) =@3,2),z=-1land by =41 +1 - a, —m in (21), then

ay, an, b2+m
3b2
a+1—a,—m, bz

T +1-a—m)
)T T(a; + 1)
Z( 1)/ (=m)j(a1) (b2 — a2); T((a1 +2+/)/2)
= (611 +1)](b2)] F((a1 +2 - 2a2—2m+j)/2) !

is derived as a generalization of the kummer formula (22) for m = 0.
Another interesting example of relation (21) is when (p, q) = (4,3), i.e.

e[ @ a2 a3, byt m I i( m)j(@)@2);(0s = a3); 21 (a4, ar+j, as +m
a3 by, ba, bs (b1)(02),(bs); j1o? bi+j by+j

z) . (23)

j=0

Now, by noting the formula (15), replacingz=1,b, =a1+ ay+ 1 —by —nand a3 = -m —nform,n € Z* in
(23) finally yield

E _(m+n)/ ay, az, b3+m
43 b1,a1+a2+1—b1—n,b3

_ (b —m), (b — @), -m, a1, a», bz +m+n
B (b1—a1—a2)n(b1)n4 3 b1+1’l, 611+612+1—b1, b3

Although for m = 0, (24) leads to the same as Pfaff-Saalschutz formula, for e.g. m = 1 in this relation we
obtain

1) . (24)

) —(1’1+1), ay, az, b3+1
43 b1,111+{12+1—b1—1’l,b3

1) _ ( 3 may(bs +n+1) ) (b1 — ), (b1 — @),
- by(b1 + n)(a + ax +1—-b1) ) (b1 — a1 — @), (1),
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2.2. New kinds of three term relations for generalized hypergeometric series
Due to having an extra parameter, the finite identity (11) is notable especially whenm =1, i.e.

ay, .., ﬂp
qu( Z)
ay am+1, .. ,ap+1, c+1

bi, .. , by
N wAp 2 F , 25)
b byc+ 1) P by +1, b+, c+2 :

ap... ap am+l, .,a+1
z —Zqu
bl... bq(bq + 1) b1 +1, .., bq—l +1, bq +2

a, .. ,ﬂp, Cc
z| = paF
) Pl 4“( bi, .. by c+1

For ¢ + 1 = ap, the three term relation (25) reduces to
r ai, .., Gp = r ai, ..,y —1
PRI\ by, ., by I S P 8
and for ¢ = b,, it reads as

ay, ..., a
IS P
PRl by, b

aiy... dp-1 m+1, ..,a1+1,4a
Z)+ br.. b, Z”Fq( by+1, . by +1

ai, ..., a
z|=,F P
) b l]( bl, ‘--/bq—llbq +1
Similarly, due to having two extra parameters, for m = 1 the finite identity (18) reads as
a, .. ,a a, ..., a4, a+1, b+1
PFq( r Z) = P+2Fq+2( by, ...,pbq, a b ‘ z)

by, .. rbq
.. dpa+b+1 m+1, .,0,+1, a+b+2
by..b, ab ZP“F‘H( bi+1, .., b,+1, a+b+1 %) (20

For example, if a = a,_1, b = a, and b; = a,-1 + a, + 1, the formula (26) reduces to

a, e, pp, 1 +1, a, +1
Z):qu( 1, -/ Up=-2, Up-1 s Hp ‘Z)

ai, ...,0p-1, a
qu 1, -erUp-1, Up
bl, bl, ey bq—lr Ap-1 tap + 1

wrbg1, Ay +ay +1

B ay...ay-2 a+1, . ap0+1 a1+1, a,+1
b1...bq_1 Zqu( bl +1, ..., bq—l +1, ap-1 + ap +1 z]. (27)

Finally, due to having two extra parameters in the identity (20), the following three term relation is derived
form = 1:

a, ..,4,, a+1, b—1
7’+2F‘1+2( by, ...ribq, a, b 'Z) -

ay, ... ,a
F P
rra\ by, ., by

There are five particular cases for relation (28) respectively as follows.
For a = ay, (28) reduces to

ay, ..., 0,-1,0, +1,b—1
Z) = P+1Fq+1( by, p..., b:, ) ‘ Z)

+b—a—1111---€lp F a+1, ..,a,+1, b
I T bk, PN b+, by 1, b+

z) . (28)

ai, ... ,a
F p
P\ by, e, by

_ ”1'"”;7—117_1—% r a+1, .0 +1, b
bib, b P b1, b+, b

_ ay, .. 0y +1 ar...dp—1ap — 4 a+1, .. ap+1
Z)—PF‘?( bi, ..., by 'Z)+ bi..b, a #Fy bi+1, .. ,by+1 |7

while for b = a, we have

Fou ay, ., ap,a+1
P bl, ...,bq, a
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Also if b = by + 1in (28), then

ooy ay, -, ap,a+1
+1Lg+
Pt by, ...,bg, a

a..a,by—1—a
Z)+ 1 p Yg ({11+1,...,11p+1 ’Z)

_ ai, ... ,ﬂp
Z)—PFq( by, ., by—1 brby a(b,—1) 71\ bi+1, ., byt 1

Now if a = a,_; and b = a, simultaneously, (28) reads as

a, ...,a
IS P
PE\ by, ., by

a1, ., 0pn,0y-1+1,a,—1 '
- F p-2,p p
Z) b ﬂ( by, ..., by z

... ap2(ap = ap-1 — 1) I 1, ..,801+1,0a,
by by P\ b+, ., by 1

Also for a = a, and b = b; + 1 in (28), we have

ai, ... ,{Zp
PFLI(

a e, Ap-1,0, + 1 al"-ap—l b ap a + 1 oo, a4y + 1
Fq 1, 7Up 1, 14 q f 1 7 rp
bl, ey bq

bl, ceey bq_l,bq-l-l bl---bq bq+1 b1+1, ceey bq_1+1,bq+2

Finally ifa = a,-1, b = a, and b; = a, — 1, (28) reduces to

r a, ... ,Clp_l,bq+1
rtq

2| = 1F ) ai, ...,a,,_z,ap_1+1
by, .., b1, b, p-150-

bi, s by Z)
_ al"'ap—2(bq - ”p—l) a+1, a0 +1
bib, P b+, b1 |

Many new hypergeometric identities can be derived from the above-mentioned three term relations. For
example, replacing (p, q) = (2,1) in (25) eventually gives
z)) (29)

r a+1, a+1, c+1 _bl(C+1) r ai, ap
32 bi+1,c+2 2= a4 2 ! bl

ay, a2, €
Z)_3P2( b, c+1

Now by referring to the Watson formula [1, 15]

I a, b, c _ ArTA+c/2T((@a+b+1)/2T(c— (a+b-1)/2) 20
° 2( (@a+b+1)/2, 2 ) T T((@a+1)/2T((b +1)/2T(c— (a—1)/2T(c— (b-1)/2)’ (30)
assume in (29) that c = 1 and by = (a1 + a2 + 1)/2. Then, by noting (30) we can finally obtain
a b, 2 _a+b-1 a+b-1
3F2( (@+b+1)/2,3 ‘ 1)‘ (a—l)(b—l)r( 2 )
y [((B-a-b)/2) n I[(4-a-b)/2)
T((1-a+Db)/2T((1+a—b)/2) 2T(a/2)L(b/2)T2—-a/2)T2-b/2))

Another example is when (p,q) = (3,2) in (27), i.e.

Z):3F2( a1, a,+1, a3 +1 ‘Z)—a—lzﬂ:‘z( am+1, a+1, a3 +1 ‘Z) (31)

ai, az, as
32( b1, a +az+1 b1+1, a +az+1
1))

b1, a2+a3+1

By noting the Gauss formula (5), a remarkable case in (31) iswhenz =1and a; =a, +a3 + 1, i.e.

b
3F2( Bm+az+2,a,+1, az+1 ‘1) 1 (2F1(a2+1,a3+1 '1)_2F1(ﬂ2, as

ap+a3+1, bi+1 T mtaz il b b
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3. A Hypergeometric Identity with n Extra Parameters

Now, the approach used in the previous section can be extended in a more general case. Let {m}]_;
denote a set of positive integers. If b = k, the Karlsson-Minton identity [2, 12, 14]:

a, b,c1+my, ..., cp, + my
b+1, c1, ..., ¢y

) _TA+bra -a (1 =)y, (Cn = D)y,

n Fﬂ 7
w2t ( T(1+b-a) ©Dpy ),

is transformed to

a, k,1—cr+mq, ..., 1—c, +m,

n+2F"+1( k+1, 1-c, oo, 1—0¢y -

1) K (1) (Cn)s

(1 =a) (c1 = my)gen(cn — M)
where Re(—a) > my + ...+ m, — 1 because in general we have

=K, _ (-0,
(C)m (1 —Cc- m)k .

We can now apply our approach for the identity (32) to get

ai, ..
qu( b, . b

) Z @)y (ap), 25 (1 = a)(cr — ma)y...(cn — M)y
(b1)--( q)k Kt (Dler)g--(en)e

NN a k,1-—c+my, ..., 1—-c, +m,
n2ntl k+1,1-c1, ..,1—cy

)

_ i (@) (@), 2% (1= a)yer = m)je(Cn = 1) {1 . i @1 —c1+m1)p(l =y +my);  (K); ]

pan (b1)---(bg),. K! (D)c1)ge--(Cn)i = (I =c1)j(l = cn); j! (k+1);
(33)
Since
®; _k_G
k+1); jG+1),’
relation (33) changes to
ai, .. ,a ai, ..., a,,1—a,c1 —my,...,c, — My
qu ( bi, oes 7 bZ Z) = p+n+1Fq+n+1 ( ' b ’ < bqr 1;1Cll ...1/ Cl’l Z)
i (‘1)]'(1 -+ ml)]‘ (A-cn+ mn)] Z (@) (ap)y 25 (1 = a)p(c1 = ma)g..(c — ma) K(j); (34)
(b1)g---(bg), K (Dye1)g--(en)k (G+1),

L L eT =), (D!

On the other hand, since

i @)-(@p), 25 (1 =a)er — ma)ge(on — ma)e (i _ @y (1= a)(cr —m)...(Cn = 1) ]
Lt o)y ty), (k= D) (D)o (G+1),  bi.b, e Cn i+l

Z"’: (@1 + Do (ap + 1)y 2 @ = a)iler + 1 = m)e(cn + 1 =)y (G + 1),
P (b1 + De(by + 1), k! 2)lc1 + Dgeealen + 1) (Gj+2),
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relation (34) becomes
ay, v, ap, 1 —a,c1 —my,...,cp — My

Z|= 1F 1 V4
) prutls gt bl, ,bq,l,Cl, e ,Ch

ai...ap (1 —a)(cy — my)...(c,, — mn)zi (11)]'(1 -+ ml)]"-'(l —Cp t mn)j
=1 (

ai, ... ,a
F 4
PR by, o by

b]...bq C]...Cn 1 _Cl)]..(l _Cn)] (2)]

m+1, a0 +1L,2-ac+1-my, ., cp+1—myj+1 ‘Z)
7

XP+"+2Ffi+"+2( Br+l, o by +1,2,01 41, w6+, j+2

which is finally equivalent to

ai, .. ,a ai, ..., a,,1—a,c1 —my,...,c, — my,
F P | z) = pensFgens 4 Z
PRI\ by, ... by premelt qen by, ... ,bg,1,c1, .o, Cp

ai...dy (Cl — ml)(l - (C1 - ml))...(cn - mn)(l - (Cn - mn)) a (1 - a) 7
by...b, aa(l—=c1)..cu(l—cp) 2

> (a+ l)j(Z -+ ml)]-...(2 —cp + m,,)j
LT e, 6 )

+

=0
m+1,...,a+1,2-a,c0+1-my,...,cp+1—my,j+2
b1 +1,...,b+1,2,c1+1,...,¢, +1, j+3

‘ z) , (35)

X p+n+2Fq+n+2 (

where Re(—a) > my + -+ +m, —1and {¢; —m;}!_; #0,1.
The finite case of (35) happens whena = —(my + ... + m,) = =M, i.e.

ay, .. 0 _ a1, o p, 1+ my + o+ My, 01 — My, .., Cp — My,
_ ar..ap (cy —my)(1 = (c1 — my))...(cn — mu)(L = (cn — my)) My, (M, + 1) .
by...by a(l=c1)..cu(l=cp) 2

Mot (~(My = D)2 = 1 + 1) = € + 1),
2- Cl)j-~-(2 - Cn)j (3)]'

a+1, e+, 24m+ o rmy, e+ 1 =m0+ 1=y, j+ 2 .
bi+1, .. ,by+1,2,c0+1, .. ,cu+1,j+3 ’

=0

X p+n+2Fq+n+2 (
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