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Abstract. In this paper, we establish new inequalities of the Hermite–Hadamard, midpoint and trapezoid
types for functions whose first derivatives in absolute value are η-quasiconvex by means of generalized
fractional integral operators with respect to another function ω : [α, β] → (0,∞). Our theorems reduce to
results involving the Riemann–Liouville fractional integral operators if ω is the identity map, and results
involving the Hadamard operators if ω(x) = ln x. More inequalities can be deduced by choosing different
bifunctions for η. To the best of our knowledge, the results obtained herein are new and we hope that they
will stimulate further interest in this direction.

1. Introduction

In the theory of convex analysis, the standard Hermite–Hadamard inequality, christened after the french
mathematicians, Charles Hermite and Jacques S. Hadamard, stipulates the following two-sided estimate of
the mean value of a continuous convex function h : [α, β]→ R:

h
(
α + β

2

)
≤

1
β − α

∫ β

α
h(r) dr ≤

h(α) + h(β)
2

. (1)

The above inequality has generated loads of papers in this direction. In 2013, Sarikaya et al. [17] extended
(1) via the Riemann–Liouville fractional integral operators. Specifically, they proved:

Theorem 1.1. Let ε > 0 and h : [α, β]→ R be a positive function with 0 ≤ α ≤ β and h ∈ L([α, β]). If h is a convex
function on [α, β], then the following inequalities hold:

h
(
α + β

2

)
≤

Γ(ε + 1)
2(β − α)ε

[
Iεα+ h(β) + Iεβ−h(α)

]
≤

h(α) + h(β)
2

,
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where the Riemann–Liouville fractional integrals, Iεα+ and Iεβ− , are defined as thus:

Iεα+ h(x) =
1

Γ(ε)

∫ x

a
(x − r)ε−1h(r) dr

and

Iεβ−h(x) =
1

Γ(ε)

∫ β

x
(r − x)ε−1h(r) dr.

Here Γ(ε) is the Gamma function defined by Γ(ε) =
∫
∞

0 e−xxε−1 dx.

More papers in this sense can be found in [6, 13]. We now recall the definition of functions integrated
with respect to another function in the fractional sense:

Definition 1.2 ([10]). Let ω : [α, β] → R be an increasing and positive monotone function on (α, β] having a
continuous derivative ω′(x) on (α, β). The left- and right-sided fractional integral of h with respect to the function ω
on [α, β] of order ε > 0 are defined respectively by:

Jεα+;ωh(x) =
1

Γ(ε)

∫ x

α

ω′(r)
[ω(x) − ω(r)]1−ε h(r) dr, x > α

and

Jεβ−;ωh(x) =
1

Γ(ε)

∫ β

x

ω′(r)
[ω(r) − ω(x)]1−ε h(r) dr, x < β.

Remark 1.3. In view of the above definition, we make the following observations that will aid the readability of this
article.

1. If ω(x) = x, then
Jεα+;ωh(x) = Iεα+ h(x) and Jεβ−;ωh(x) = Iεβ−h(x).

2. Letω(x) = ln x. Then the fractional operators given in Definition 1.2 become the Hadamard fractional integrals,
Jεα+ and Jεβ− , defined as follows:

Jεα+;ωh(x) = Jεα+ h(x) =
1

Γ(ε)

∫ x

a

(
ln

x
r

)ε−1 h(r)
r

dr

and

Jεβ−;ωh(x) = Jεβ−h(x) =
1

Γ(ε)

∫ β

x

(
ln

r
x

)ε−1 h(r)
r

dr.

Using the operators given in Definition 1.2, Budak [2] recently established the following inequalities of
the Hermite–Hadamard type:

Theorem 1.4 ([2]). Let ε > 0. Suppose ω : [α, β] → R is an increasing and positive monotone function on (α, β]
having a continuous derivative ω′(x) on (α, β). If h is a convex function on [α, β], then we have the following
Hermite–Hadamard type inequality for generalized fractional integrals,

h
(
α + β

2

)
≤

Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]
≤

h(α) + h(β)
2

,

where

H(x) = h(x) + h̃(x) and h̃(x) = h(α + β − x) (2)

and

Λε
ω(τ) :=

[
ω(β) − ω

(
τ
2
α +

2 − τ
2

β
)]ε

+
[
ω

(
τ
2
β +

2 − τ
2

α
)
− ω(α)

]ε
. (3)
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In the same paper, Budak established the following midpoint and trapezoid type results:

Theorem 1.5 ([2]). Let ε > 0. Suppose ω : [α, β] → R is an increasing and positive monotone function on (α, β]
having a continuous derivative ω′(x) on (α, β). If |h′| is a convex function on [α, β], then we have the following
inequality for generalized fractional integrals:∣∣∣∣∣∣Γ(ε + 1)

2Λε
ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]
− h

(
α + β

2

)∣∣∣∣∣∣
≤

β − α

4Λε
ω(1)

[
|h′(α) + |h′(β)|

] ∫ 1

0
Λε
ω(τ) dτ.

Theorem 1.6 ([2]). Let ε > 0. Suppose ω : [α, β] → R is an increasing and positive monotone function on (α, β]
having a continuous derivative ω′(x) on (α, β). If |h′| is a convex function on [α, β], then we have the following
trapezoid type inequality for generalized fractional integrals:∣∣∣∣∣∣h(α) + h(β)

2
−

Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]∣∣∣∣∣∣

≤
β − α

4Λε
ω(1)

[
|h′(α) + |h′(β)|

] ∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣ dτ.

Next, we recall the notion of quasiconvexity.

Definition 1.7. A function h : I ⊂ R→ R is called quasiconvex on the interval I if

h(τx + (1 − τ)y) ≤ max
{
h(x), h(y)

}
for all x, y ∈ I and τ ∈ [0, 1].

Recently, Gordji et al. [5] further generalized the class of quasiconvex functions in the following manner:

Definition 1.8 ([5]). A function h : I ⊂ R→ R is called η-quasiconvex on I with respect to η : R ×R→ R if

h(τx + (1 − τ)y) ≤ max
{
h(y), h(y) + η(h(x), h(y))

}
for all x, y ∈ I and τ ∈ [0, 1].

It is well known that every convex function is quasiconvex but the converse is not necessarily true. For
this reason, it is our purpose to, among other things, extend Theorems 1.4, 1.5 and 1.6 to a larger class
of functions – the η-quasiconvex functions. If, in particular, we take the bifunction η(x, y) = x − y, then
our results boil down to that of the quasiconvex functions. Results involving the Riemann–Liouville and
Hadamard fractional integral operators are deduced as special cases. Since this class of functions is new, it
will be of interest to further develop it in this direction. For some recent results involving these generalized
fractional integral operators, we invite the interested reader to see the papers [7, 12] and the references cited
therein.

This paper is organized as follows: in Section 2, we state and give proofs to our main results in three
subsections. In the next section thereafter, a brief conclusion is presented.

2. Main Results

For the sake of convenience, we set the following notations: for any η-quasiconvex function f : [α, β]→
R, we denote

M
β
α( f ; η) := max

{
f (α), f (α) + η( f (β), f (α))

}
(4)

and

N
β
α( f ; η) := max

{
f (β), f (β) + η( f (α), f (β))

}
. (5)
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2.1. Right-sided Inequality of the Hermite–Hadamard type

Theorem 2.1. Let ε > 0. Suppose ω : [α, β]→ R is an increasing and positive monotone function on (α, β] having
a continuous derivative ω′(x) on (α, β). If h is an η-quasiconvex function on [α, β], then we have the succeeding
inequality for generalized fractional integrals

Jε( α+β
2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β) ≤
Λε
ω(1)

Γ(ε + 1)

[
M

β
α(h; η) +N

β
α(h; η)

]
,

where

Λε
ω(1) =

(
ω(β) − ω

(
α + β

2

))ε
+

(
ω

(
α + β

2

)
− ω(α)

)ε
, (6)

and H,Mβ
α(h; η) andNβ

α(h; η) are defined by (2), (4) and (5), respectively.

Proof. Using the η-quasiconvexity of h, one gets that for all τ ∈ [0, 1], the following inequalities hold:

h
(
τ
2
β +

2 − τ
2

α
)
≤ M

β
α(h; η) (7)

and

h
(
τ
2
α +

2 − τ
2

β
)
≤ N

β
α(h; η). (8)

Adding (7) and (8) gives:

h
(
τ
2
β +

2 − τ
2

α
)

+ h
(
τ
2
α +

2 − τ
2

β
)
≤ M

β
α(h; η) +N

β
α(h; η). (9)

Now multiplying both sides of (9) by

β − α

2Γ(ε)

ω′
(
τ
2α + 2−τ

2 β
)

[
ω(β) − ω

(
τ
2α + 2−τ

2 β
)]1−ε

and integrate the resultant inequality over [0, 1] to give:

β − α

2Γ(ε)

∫ 1

0

[
h
(
τ
2
β +

2 − τ
2

α
)

+ h
(
τ
2
α +

2 − τ
2

β
)] ω′

(
τ
2α + 2−τ

2 β
)

[
ω(β) − ω

(
τ
2α + 2−τ

2 β
)]1−ε dτ

≤
β − α

2Γ(ε)

[
M

β
α(h; η) +N

β
α(h; η)

] ∫ 1

0

ω′
(
τ
2α + 2−τ

2 β
)

[
ω(β) − ω

(
τ
2α + 2−τ

2 β
)]1−ε dτ.

(10)

If we substitute x = τ
2α + 2−τ

2 β, then dτ = − 2
β−α dx, α + β − x = τ

2β + 2−τ
2 α and Inequality (10) becomes:

1
Γ(ε)

∫ β

α+β
2

[
h(x) + h(α + β − x)

] ω′(x)[
ω(β) − ω(α + β − x)

]1−ε dx

≤
1

Γ(ε)

[
M

β
α(h; η) +N

β
α(h; η)

] ∫ β

α+β
2

ω′(x)[
ω(β) − ω(α + β − x)

]1−ε dx.

(11)
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Employing the fact that ∫ β

α+β
2

ω′(x)[
ω(β) − ω(α + β − x)

]1−ε dx =
1
ε

[
ω(β) − ω

(
α + β

2

)]ε
and Definition 1.2, we obtain from (11) the following inequality

Jε( α+β
2

)+
;ω

h(β) + Jε( α+β
2

)+
;ω

h̃(β) ≤
1

εΓ(ε)

[
M

β
α(h; η) +N

β
α(h; η)

] [
ω(β) − ω

(
α + β

2

)]ε
.

That is;

Jε( α+β
2

)+
;ω

H(β) ≤
1

Γ(ε + 1)

[
M

β
α(h; η) +N

β
α(h; η)

] [
ω(β) − ω

(
α + β

2

)]ε
. (12)

Similarly, one gets by multiplying (9) by

β − α

2Γ(ε)

ω′
(
τ
2β + 2−τ

2 α
)

[
ω

(
τ
2β + 2−τ

2 α
)
− ω(α)

]1−ε

and integrating the resultant inequality over [0, 1] the succeeding inequality:

Jε( α+β
2

)−
;ω

H(α) ≤
1

Γ(ε + 1)

[
M

β
α(h; η) +N

β
α(h; η)

] [
ω

(
α + β

2

)
− ω(α)

]ε
. (13)

Adding inequalities (12) and (13) amounts to:

Jε( α+β
2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)

≤
1

Γ(ε + 1)

[
M

β
α(h; η) +N

β
α(h; η)

] [(
ω(β) − ω

(
α + β

2

))ε
+

(
ω

(
α + β

2

)
− ω(α)

)ε]
,

from where the desired inequality follows.

By taking η(x, y) = x − y, Theorem 2.1 becomes:

Corollary 2.2. Let ε > 0. Suppose ω : [α, β]→ R is an increasing and positive monotone function on (α, β] having
a continuous derivative ω′(x) on (α, β). If h is a positive quasiconvex function on [α, β], then we have the succeeding
inequality for generalized fractional integrals:

Jε( α+β
2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β) ≤
2Λε

ω(1)
Γ(ε + 1)

max
{
h(α), h(β)

}
.

If 0 < α < β and ω : [α, β]→ R is defined by ω(x) = k(x) = x, then (6) becomes

Λε
k(1) =

(β − α)ε

2ε−1 , (14)

and hence the inequality in Corollary 2.2 reduces to:

Iε( α+β
2

)−H(α) + Iε( α+β
2

)+ H(β) ≤
1

Γ(ε + 1)
(β − α)ε

2ε−2 max
{
h(α), h(β)

}
.
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Also, by letting 0 < α < β and ω : [α, β]→ R be defined by ω(x) = ln x, then (6) becomes

Λε
ln(1) =

[
ln

2β
α + β

]ε
+

[
ln
α + β

2α

]ε
. (15)

Using (15), the inequality in Corollary 2.2 amounts to:

Γ(ε + 1)[
ln 2β

α+β

]ε
+

[
ln α+β

2α

]ε [
Jε( α+β

2

)−H(α) + Jε( α+β
2

)+ H(β)
]
≤ 2 max

{
h(α), h(β)

}
.

2.2. Midpoint type Inequalities in Generalized form

The following lemma will be needed in the proof of our results in this subsection:

Lemma 2.3 ([2]). Let ε > 0 and let the mappingω be as in Theorem 2.1. If h : [α, β]→ R be a differentiable mapping
on (α, β) with α < β, then the following equality holds:

Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]
− h

(
α + β

2

)
=

β − α

4Λε
ω(1)

∫ 1

0
Λε
ω(τ)

[
h′

(
τ
2
α +

2 − τ
2

β
)
− h′

(
τ
2
β +

2 − τ
2

α
)]

dτ,

where the mappings H and Λε
ω are defined as in (2) and (3), respectively.

Theorem 2.4. Let ε > 0 and let the mappings ω and h be as in Theorem 2.1 and Lemma 2.3, respectively. If |h′| is
an η-quasiconvex mapping on [α, β], then the following generalized fractional integral inequality holds:∣∣∣∣∣∣Γ(ε + 1)

2Λε
ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]
− h

(
α + β

2

)∣∣∣∣∣∣
≤

β − α

4Λε
ω(1)

[
M

β
α(|h′|; η) +N

β
α(|h′|; η)

] ∫ 1

0
Λε
ω(τ) dτ.

Proof. Given that the function |h′| is η-quasiconvex on [α, β] implies that for all τ ∈ [0, 1], the following
inequalities hold:∣∣∣∣∣h′ (τ2β +

2 − τ
2

α
)∣∣∣∣∣ ≤ Mβ

α(|h′|; η) (16)

and ∣∣∣∣∣h′ (τ2α +
2 − τ

2
β
)∣∣∣∣∣ ≤ Nβ

α(|h′|; η). (17)

Taking absolute values of both sides of Lemma 2.3 and using inequalities (16) and (17), we get∣∣∣∣∣∣Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]
− h

(
α + β

2

)∣∣∣∣∣∣
≤

β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣ ∣∣∣∣∣h′ (τ2α +
2 − τ

2
β
)
− h′

(
τ
2
β +

2 − τ
2

α
)∣∣∣∣∣ dτ

≤
β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣ ∣∣∣∣∣h′ (τ2α +
2 − τ

2
β
)∣∣∣∣∣ dτ

+
β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣ ∣∣∣∣∣h′ (τ2β +
2 − τ

2
α
)∣∣∣∣∣ dτ

≤
β − α

4Λε
ω(1)

[
M

β
α(|h′|; η) +N

β
α(|h′|; η)

] ∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣ dτ.

This completes the proof.
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Corollary 2.5. Let ε > 0 and let the mappings ω and h be as in Theorem 2.1 and Lemma 2.3, respectively. If |h′| is a
quasiconvex mapping on [α, β], then the following generalized fractional integral inequality holds:∣∣∣∣∣∣Γ(ε + 1)

2Λε
ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]
− h

(
α + β

2

)∣∣∣∣∣∣
≤

β − α

2Λε
ω(1)

max
{
|h′(α)|, |h′(β)|

} ∫ 1

0
Λε
ω(τ) dτ.

Proof. The proof follows by taking η(x, y) = x − y and then observing that

M
β
α(|h′|; η) = N

β
α(|h′|; η) = max

{
|h′(α)|, |h′(β)|

}
.

Corollary 2.6. Let ε > 0 and let the mapping h be as in Lemma 2.3. If |h′| is a quasiconvex mapping on [α, β], then
the following Riemann–Liouville fractional integral inequality holds:∣∣∣∣∣∣Iε( α+β

2

)−H(α) + Iε( α+β
2

)+ H(β) −
(β − α)ε

Γ(ε + 1)2ε−2 h
(
α + β

2

)∣∣∣∣∣∣
≤

(β − α)ε+1

2ε−1Γ(ε + 2)
max

{
|h′(α)|, |h′(β)|

}
.

Proof. Let 0 < α < β and ω : [α, β]→ R be defined by ω(x) = k(x) = x. From (3), we observe that

Λε
k(τ) :=

(β − α)ε

2ε−1 τε,

and ∫ 1

0

∣∣∣Λε
k(τ)

∣∣∣ dτ =

∫ 1

0

(β − α)ε

2ε−1 τε dτ =
(β − α)ε

(ε + 1)2ε−1 .

Hence, we get the desired inequality by applying Corollary 2.5.

Corollary 2.7. Let ε > 0 and let the mapping h be as in Lemma 2.3. If |h′| is a quasiconvex mapping on [α, β], then
the following Hadamard fractional integral inequality holds:∣∣∣∣∣∣Jε( α+β

2

)−H(α) + Jε( α+β
2

)+ H(β) −
2

Γ(ε + 1)

([
ln

2β
α + β

]ε
+

[
ln
α + β

2α

]ε)
h
(
α + β

2

)∣∣∣∣∣∣
≤

β − α

Γ(ε + 1)
max

{
|h′(α)|, |h′(β)|

} ∫ 1

0
Λε

ln(τ) dτ,

where

Λε
ln(τ) =

[
ln

(
2β

τα + (2 − τ)β

)]ε
+

[
ln

(
τβ + (2 − τ)α

2α

)]ε
. (18)

Proof. In this case, let 0 < α < β and ω : [α, β]→ R be defined by ω(x) = ln x. We get the intended result by
applying (3) and (15) in Corollary 2.5.

Theorem 2.8. Let ε > 0 and let the mappings ω and h be as in Theorem 2.1 and Lemma 2.3, respectively. If |h′|q,
q > 1, is an η-quasiconvex mapping on [α, β] with 1

p + 1
q = 1, then the following generalized fractional integral

inequality holds:∣∣∣∣∣∣Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]
− h

(
α + β

2

)∣∣∣∣∣∣
≤

β − α

4Λε
ω(1)

[∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣p dτ
] 1

p [(
M

β
α(|h′|q; η)

) 1
q

+
(
N
β
α(|h′|q; η)

) 1
q
]
.
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Proof. Following a similar approach as in the proof of Theorem 2.4 and using the Hölder’s inequality, one
gets ∣∣∣∣∣∣Γ(ε + 1)

2Λε
ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]
− h

(
α + β

2

)∣∣∣∣∣∣
≤

β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣ ∣∣∣∣∣h′ (τ2α +
2 − τ

2
β
)
− h′

(
τ
2
β +

2 − τ
2

α
)∣∣∣∣∣ dτ

≤
β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣ ∣∣∣∣∣h′ (τ2α +
2 − τ

2
β
)∣∣∣∣∣ dτ

+
β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣ ∣∣∣∣∣h′ (τ2β +
2 − τ

2
α
)∣∣∣∣∣ dτ

≤
β − α

4Λε
ω(1)

[∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣p dτ
] 1

p
[∫ 1

0

∣∣∣∣∣h′ (τ2α +
2 − τ

2
β
)∣∣∣∣∣q dτ

] 1
q

+
β − α

4Λε
ω(1)

[∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣p dτ
] 1

p
[∫ 1

0

∣∣∣∣∣h′ (τ2β +
2 − τ

2
α
)∣∣∣∣∣q dτ

] 1
q

≤
β − α

4Λε
ω(1)

[∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣p dτ
] 1

p [(
M

β
α(|h′|q; η)

) 1
q

+
(
N
β
α(|h′|q; η)

) 1
q
]
.

The desired inequality is achieved.

Substituting η(x, y) = x − y, one gets:

Corollary 2.9. Let ε > 0 and let the mappings ω and h be as in Theorem 2.1 and Lemma 2.3, respectively. If |h′|q,
q > 1, is a quasiconvex mapping on [α, β] with 1

p + 1
q = 1, then the following generalized fractional integral inequality

holds: ∣∣∣∣∣∣Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]
− h

(
α + β

2

)∣∣∣∣∣∣
≤

β − α

2Λε
ω(1)

[∫ 1

0

∣∣∣Λε
ω(τ)

∣∣∣p dτ
] 1

p [
max

{
|h′(α)|q, |h′(β)|q

}] 1
q
.

2.3. Trapezoid type Inequalities in Generalized form

The main result, in this subsection, shall be anchored on the following lemma:

Lemma 2.10 ([2]). Let ε > 0 and let the mapping ω be as in Theorem 2.1. If h : [α, β] → R be a differentiable
mapping on (α, β) with α < β, then the following equality holds:

h(α) + h(β)
2

−
Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]

=
β − α

4Λε
ω(1)

∫ 1

0

(
Λε
ω(1) −Λε

ω(τ)
) [

h′
(
τ
2
α +

2 − τ
2

β
)
− h′

(
τ
2
β +

2 − τ
2

α
)]

dτ,

where the mappings H and Λε
ω are the same as in Lemma 2.3.
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Theorem 2.11. Let ε > 0 and let the mappings ω and h be as in Theorem 2.1 and Lemma 2.10, respectively. If |h′| is
an η-quasiconvex mapping on [α, β], then the following generalized fractional integral inequality holds:∣∣∣∣∣∣h(α) + h(β)

2
−

Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]∣∣∣∣∣∣

≤
β − α

4Λε
ω(1)

[
M

β
α(|h′|; η) +N

β
α(|h′|; η)

] ∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣ dτ.

Proof. In this case, we employ Lemma 2.10 and take absolute values of both sides to obtain:∣∣∣∣∣∣h(α) + h(β)
2

−
Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]∣∣∣∣∣∣

≤
β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣ ∣∣∣∣∣h′ (τ2α +

2 − τ
2

β
)
− h′

(
τ
2
β +

2 − τ
2

α
)∣∣∣∣∣ dτ,

≤
β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣ ∣∣∣∣∣h′ (τ2α +

2 − τ
2

β
)∣∣∣∣∣ dτ

+
β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣ ∣∣∣∣∣h′ (τ2β +

2 − τ
2

α
)∣∣∣∣∣ dτ

≤
β − α

4Λε
ω(1)

[
M

β
α(|h′|; η) +N

β
α(|h′|; η)

] ∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣ dτ.

This finishes the proof.

Putting η(x, y) = x − y, gives:

Corollary 2.12. Let ε > 0 and let the mappings ω and h be as in Theorem 2.1 and Lemma 2.10, respectively. If |h′|
is a quasiconvex mapping on [α, β], then the following generalized fractional integral inequality holds:∣∣∣∣∣∣h(α) + h(β)

2
−

Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]∣∣∣∣∣∣

≤
β − α

2Λε
ω(1)

max
{
|h′(α)|, |h′(β)|

} ∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣ dτ.

Let 0 < α < β and ω : [α, β]→ R be defined by ω(x) = k(x) = x. Then∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣ dτ =

(β − α)ε

2ε−1

∫ 1

0
(1 − τε) dτ =

(β − α)ε

2ε−1

ε
ε + 1

.

Hence, the inequality in Corollary 2.12 reduces to the following result involving the fractional Riemann–
Liouville operators:∣∣∣∣∣∣h(α) + h(β)

2
−

2ε−2Γ(ε + 1)
(β − α)ε

[
Iε( α+β

2

)−H(α) + Iε( α+β
2

)+ H(β)
]∣∣∣∣∣∣

≤
(β − α)ε
2(ε + 1)

max
{
|h′(α)|, |h′(β)|

}
.

If, in the other hand, we let ω(x) = ln x with x ∈ [α, β] ⊂ (0,∞). Then we deduce from Corollary 2.12 the
following Hadamard fractional integral inequality:
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∣∣∣∣∣∣h(α) + h(β)
2

−
Γ(ε + 1)
2Λε

ln(1)

[
Jε( α+β

2

)−H(α) + Jε( α+β
2

)+ H(β)
]∣∣∣∣∣∣

≤
β − α

2Λε
ln(1)

max
{
|h′(α)|, |h′(β)|

} ∫ 1

0

∣∣∣Λε
ln(1) −Λε

ln(τ)
∣∣∣ dτ,

where Λε
ln(1) and Λε

ln(τ) are defined by (15) and (18), respectively.

Theorem 2.13. Let ε > 0 and let the mappings ω and h be as in Theorem 2.1 and Lemma 2.10, respectively. If
|h′|q, q > 1, is an η-quasiconvex mapping on [α, β] with 1

p + 1
q = 1, then the following generalized fractional integral

inequality holds:∣∣∣∣∣∣h(α) + h(β)
2

−
Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]∣∣∣∣∣∣

≤
β − α

4Λε
ω(1)

[∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣p dτ

] 1
p [(
M

β
α(|h′|q; η)

) 1
q

+
(
N
β
α(|h′|q; η)

) 1
q
]
.

Proof. Applying Lemma 2.10 together with the Hölder’s inequality and the η-quasiconvexity of |h′|q, one
gets ∣∣∣∣∣∣h(α) + h(β)

2
−

Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]∣∣∣∣∣∣

≤
β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣ ∣∣∣∣∣h′ (τ2α +

2 − τ
2

β
)
− h′

(
τ
2
β +

2 − τ
2

α
)∣∣∣∣∣ dτ

≤
β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣ ∣∣∣∣∣h′ (τ2α +

2 − τ
2

β
)∣∣∣∣∣ dτ

+
β − α

4Λε
ω(1)

∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣ ∣∣∣∣∣h′ (τ2β +

2 − τ
2

α
)∣∣∣∣∣ dτ

≤
β − α

4Λε
ω(1)

[∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣p dτ

] 1
p
[∫ 1

0

∣∣∣∣∣h′ (τ2α +
2 − τ

2
β
)∣∣∣∣∣q dτ

] 1
q

+
β − α

4Λε
ω(1)

[∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣p dτ

] 1
p
[∫ 1

0

∣∣∣∣∣h′ (τ2β +
2 − τ

2
α
)∣∣∣∣∣q dτ

] 1
q

≤
β − α

4Λε
ω(1)

[∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣p dτ

] 1
p [(
M

β
α(|h′|q; η)

) 1
q

+
(
N
β
α(|h′|q; η)

) 1
q
]
.

The desired inequality is obtained.

Corollary 2.14. Let ε > 0 and let the mappings ω and h be as in Theorem 2.1 and Lemma 2.10, respectively. If
|h′|q, q > 1, is an quasiconvex mapping on [α, β] with 1

p + 1
q = 1, then the following generalized fractional integral

inequality holds:∣∣∣∣∣∣h(α) + h(β)
2

−
Γ(ε + 1)
2Λε

ω(1)

[
Jε( α+β

2

)−
;ω

H(α) + Jε( α+β
2

)+
;ω

H(β)
]∣∣∣∣∣∣

≤
β − α

2Λε
ω(1)

[∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣p dτ

] 1
p [

max
{
|h′(α)|q, |h′(β)|q

}] 1
q
.
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Remark 2.15. Many interesting inequalities can be deduced from Corollaries 2.9 and 2.14 by choosing different
functions for ω. For instance, if we take ω(x) = x and ε ∈ (0, 1], then

β − α

2Λε
ω(1)

[∫ 1

0

∣∣∣Λε
ω(1) −Λε

ω(τ)
∣∣∣p dτ

] 1
p

=
β − α

2

[∫ 1

0
|1 − τε|p dτ

] 1
p

≤
β − α

2

[∫ 1

0
|1 − τ|pε dτ

] 1
p

=
β − α

2

(
1

pε + 1

) 1
p

.

Using this, the inequality in Corollary 2.14 becomes the following estimate involving the Riemann–Liouville fractional
integral operators:∣∣∣∣∣∣h(α) + h(β)

2
−

2ε−2Γ(ε + 1)
(β − α)ε

[
Iε( α+β

2

)−H(α) + Iε( α+β
2

)+ H(β)
]∣∣∣∣∣∣

≤
β − α

2

(
1

pε + 1

) 1
p [

max
{
|h′(α)|q, |h′(β)|q

}] 1
q
.

3. Conclusion

In 2016, the class of η-(quasi)convex function was introduced. Some results concerning this class of
functions have been published, see [1, 3, 4, 8, 9, 11, 14–16] and the references therein. In this article,
fractional integral inequalities of the Hermite–Hadamard, midpoint and trapezoid types are established.
Our results reduce to inequalities involving the Riemann–Liouville and Hadamard operators as particular
cases. Since this is a new class, we anticipate that this paper will stimulate further interest in this regard.
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Bolyai Mathematica, 60(3) (2015), 355–366.
[7] M. Jleli, B. Samet, On Hermite–Hadamard type inequalities via fractional integrals of a function with respect to another function,

Journal of Nonlinear Sciences and Applications, 9 (2016), 1252–1260.
[8] S. Kermausuor, E. R. Nwaeze, Some new inequalities involving the Katugampola fractional integrals for strongly η-convex

functions, Tbilisi Mathematical Journal, 12(1) (2019), 117–130.
[9] S. Kermausuor, E. R. Nwaeze, A. M. Tameru, New integral inequalities via the Katugampola fractional integrals for functions

whose second derivatives are strongly η-convex, Mathematics, 7(2) (2019), art. 183.
[10] A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional Differential Equations, Elsevier Science B.V.,

Amsterdam, (2006).
[11] M. A. Khan, Y. Khurshid, T. Ali, Hermite–Hadamard Inequality for fractional integrals via η-convex functions, Acta Mathematica

Universitatis Comenianae, LXXXVI(1) (2017), 153–164.
[12] S. Mubeen, S. Iqbal, M. Tomar, On Hermite–Hadamard type inequalities via fractional integrals of a function with respect to

another function and k-parameter, J. Inequal. Math. Appl. 1 (2016), 1–9.



E. R. Nwaeze, A. Kashuri / Filomat 34:10 (2020), 3349–3360 3360

[13] M. A. Noor, M. U. Awan, Some integral inequalities for two kinds of convexities via fractional integrals, TJMM, 5 (2) (2013),
129–136.

[14] E. R. Nwaeze, S. Kermausuor, A. M. Tameru, Some new k-Riemann–Liouville fractional integral inequalities associated with the
strongly η-quasiconvex functions with modulus µ ≥ 0, Journal of Inequalities and Applications, 2018:139 (2018).

[15] E. R. Nwaeze, Generalized Fractional Integral Inequalities by means of Quasiconvexity, Advances in Difference Equations,
2019:262 (2019).

[16] E. R. Nwaeze, D. F. M. Torres, Novel results on the Hermite–Hadamard kind inequality for η-convex functions by means of
the (k, r)-fractional integral operators. In: Silvestru Sever Dragomir, Praveen Agarwal, Mohamed Jleli and Bessem Samet (eds.)
Advances in Mathematical Inequalities and Applications (AMIA). Trends in Mathematics. Birkhäuser, Singapore, (2018), 311–321.
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