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Abstract. In the present paper we introduce the Bézier variant of the Szasz-Durrmeyer type operators,
involving the Poisson-Charlier polynomials. Our study focuses on a direct approximation theorem in terms

of the Ditzian-Totik modulus of smoothness and the rate of convergence for differential functions whose
derivatives are of bounded variation.

1. Introduction

In 1912 Bernstein [5] presented for any real-valued function f : [0, 1] — R the well known linear positive
operators

i = Y fpra -t E),

k=0

as a useful and interesting tool for the proof of the Weierstrass approximation theorem. Thanks to some
important properties as uniform approximation, shape preservation and variation diminishing, Bernstein
polynomials have opened a new era in the approximation theory. These polynomials together with Bézier
curves play an important role in computer aided geometric design, as well as in other areas of computer
science. Powerful algorithms for their construction and visualization are available in the literature. They are
used for the design of curves and could be taken as starting point for several generalizations. Among other
polynomials with influence in applied mathematics, we recall here the class of orthogonal polynomials.
Although the orthogonal polynomials are of particular importance in applied mathematics, they appear
quite rarely in the approximation process by linear and positive operators. As we can see in [20], one

example in this sense could be the operators constructed by Cheney and Sharma for a fixed t < 0, f € C[0, 1]
and x € [0,1)

(o)
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where L;(”)(t) denotes the Laguerre polynomials. It is know that (see [18])

e N (1K (D)
wo-2 ()5

j=0

Also in [20], Varma and Tagdelen proposed for research a problem which requested to find a generalization
of the Szasz operators [19], involving the orthogonal polynomials. As a solution of the recalled problem,
they considered the linear positive operators based on the Poisson-Charlier polynomials [18], with the
generating function of the form

~ F\H s g tk
e f(1+a) =Y O g, M<a (1)

k=0
and the explicit representation

k

) = Z(—l)k-V(’v‘)a-V(u>v,

v=0

where (m), denote the rising factorial given by (m)y = 1, (m), = m(m +1)---(m +r — 1), for r > 1. We note
that for a > 0 and u > 0 the Poisson-Charlier polynomials are positive. However, depending on the context,
the generating function of the Poisson-Charlier polynomials could also be

t u (S tk

¢ — (@)

e (1 - 5) = kE:O G, (u)- L [t < a. (2)
The generating function written at (2) can be obtained from the relation (1) by changing the variable t := —t.

Taking into account the definitions of the Laguerre, as well as of the Poisson-Charlier polynomials, in [12]
is presented an interesting relationship between these two ortoghonal polynomials, given by

Clu) = Z(—l)”(’j)w(u» =a"-nl- L"), ®)
v=0

which means that the Poisson-Charlier polynomials are a parametric reshuffling of the classical Laguerre
polynomials. More detalis about these orthogonal polynomials can be found in [18] and [12]. Based on
this relationship (3), the unknown reviewer of the present paper suggested to present some advantages
(if there exists), concerning the use of the Poisson-Charlier polynomials instead of the classical Laguerre
polynomials. At this moment, in literature we may find many articles that have the Poisson-Charlier
polynomials as a central study issue at the expense of the classical Laguerre polynomials, but we cannot
present some advantages of their use. If there exists, we let an open door for other researchers to bring
them to the light. We return to our problem, so the explicit solution of the problem proposed by Varma and
Tasdelen was to introduce the following positive linear operators

. a—1)nx y— C(g) —(a-1
L = 3w (£ <o (- ) F EETD k), o
k=0 !
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k=0

fora > 1 and x € [0,00). In the case when a — oo and taking x — % instead of x, these operators (4)

become the well-known Szdsz operators [19]. Based on the operators (4), for y > 0 and f € C,[0,00) =
{f € C[0,00)|f(t) = O(t’) ast — oo} Kajla and Agrawal [11] introduced the following Durrmeyer type
modification defined as follows

ST 1 © K
Sn,a(f; x) = kzz()‘ W"’k(X)B(k +1,n) L‘ 1+ t),1+k+1 f(t)dt/ ®)
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where nn > y,a > 1 and B(k + 1, n) is the beta function given by

ot _ T(x)-T(y)
B(X,y)—fo‘ (1+t)x+ydt— T+ y) , forx,y > 0.

Also in [11], some interesting and nice properties for the presented operators (5) are established. The
Bézier variant of Bernstein-Durrmeyer operators was introduced by Zeng and Chen in [23]. Srivastava and
Gupta [14] got the rate of convergence for the Bézier variant of the Bleimann Butzer and Hahn operators
for functions with bounded variation. In 2007, Guo et al. [9] studied Baskakov-Bézier operators and
established direct, inverse and equivalence approximation theorems with the help of Ditzian-Totik modulus
of smoothness. Very recently, Agrawal etal. [3] introduced mixed hybrid operators for which they got direct
results and the rate of convergence for differential functions whose derivatives are of bounded variation.
Many other interesting Bézier type operators were studied by several researchers, and the reader is invited
to see [1], [2], [4], [6], [8], [10], [13], [15], [16], [17], [21], [22]. For 6 > 1 we consider the Bézier variant of the
operators S, f, defined by

a 1 * tk
S"’e(f; x) = kZ ”k“( )B(k +1,n) L (1 + tyn+k+l f(bdt, (6)

0 0 -
where folza(x) = ( I k(x)) —( e +1(x)) ,with 7 (x) = Z W, »(x). Alternatively, we may rewrite the operators

(6) as

(o8]

S0 = [ Pusatw0f0, xe10,) )

0

where

tk
Pnoalx ) = Z anﬂ B(k+ 1,1) (1 + tyr+ket”

For O = 1, the operators 5* 0 f reduce to the operators S, f.

The aim of this paper is to introduce the Bézier variant (6) of the Szasz-Durrmeyer type operators,
involving the Poisson-Charlier polynomials. Our further study focuses on a direct approximation theorem
in terms of the Ditzian-Totik modulus of smoothness and the rate of convergence for differential functions
whose derivatives are of bounded variation on every finite subinterval of (0, o0), for the presented operators

).

2. Auxiliary results

Let IN be the set of positive integers and INg = IN U {0}. Throughout this paper, C denotes a positive
constant independent of n and x, not necessarily the same at each occurrence. For these new operators
(6) we establish some auxiliary results. The monomials e;(x) = x*, for k € Ny called test functions play an
important role in uniform approximation by linear positive operators. We recall some results established
in [11].

Lemma 2.1. [11] For any n € IN, n > 2, the images of test functions by Durrmeyer type operators (5) are given by

nx+2 1

1
Sn/a(EO;X) = 1, Sn/a(€1;.X) = jl Sw(ez;x) = m (n2x2 + nx (6 + _l) + 7)
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Lemma 2.2. [11] Foranyn € IN, n > 2, the computation of the central moments up to the second order for Durrmeyer
type operators (5) is given by

ey Xt2 VTN U S R R )
Snaler x,x)—n_l, Sn,g((ez x),x)—(n_z)(n_l) (nx(2+a_1)+x(n+2)+8x+7 .
Lemma 2.3. Let f be a real-valued function continuous and bounded on [0, c0), with ||f]l = sup |f(x)|, then

x€[0,+00)

1Sna(HI < NIfIL

Lemma 2.4. Let f be a real-valued function continuous and bounded on [0, %), then |S} ,(f)I < 6| fl|.

Proof. Applying the well known property |a* — b*| < aja — b|, with 0 < a,b < 1, @ > 1 and the definition of
Qflz ,(¥), we have

0<(J,) = (7 @) <007, = Ty () = OW,(2). ®)
Hence, from the definition of 5] ,(f) operators and Lemma 2.3, we get
1S5,6()I < 61Sua(f)l < OIIfIl-
0

Lemma 2.5. Let x € (0, o0), then for O > 1 and sufficiently large n, we have

Yy 2
) Conalts ) = [ Prsato it < 220 O <y<n,
0 . (x—y) )
i) 1 — Cn,G,a(x/ z) = Pn,(—},u(x/ t)ydt < QA(a) (j—(z))Z' x<z<oo,

z
where A(a) is a positive constant depending on a.

Proof. i) Using Lemma 2.4 and (Eq. (2.2) from [11]), we get

Y Yy
x—t\?
n,0,a\X, = P04 ,tdt_ —— | PLoa ,tdt
Cral ) Of e <0f(x_y) e
2
< ST (=252 (= )2 < Ot~ 20— y) 2 < 2@ PO gy

no(x=yp
i) Analogously could be proved the second relation. O

In order to present our further results, we recall from [7] the definitions of the Ditizian-Totik modulus of
smoothness. Let ¢(x) = 4/x(1 + x), and 0 < 1 < 1, then

wgn(f,t) = sup sup { f(x+ W)—f(X— w)

0<h<t x+h¢1(x)/2>0

and the appropriate Peetre’s K-functional is defined by
Koi(f, 1) = inf{lIf = gll + tho"g'l}, ¢>0,
geVy

where V,, = {g € C[0, +0) | g € ACio[0, +0), [|¢"g’|| < oo}. Based on the theory from [7], it is well known that
K?” (f, 1) ~ we(f, ), which means that there exists a constant M > 0, such that

M wg(f, t) < Kgn(f, £) < Mawg(f, ). )
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3. Direct Theorem

Now we are able to prove the following direct approximation theorem in terms of the Ditzian-Totik
modulus of smoothness.

Theorem 3.1. Let f € Cp[0, o), then for any x € [0, +o0) yields

— @' (x)

58,0061 = )] < Carn(£, 7 ) (10)
where C is an absolute constant.
Proof. Using the definition of K¢,11 (f, 1), for fixed n, x, 1 we can choose g = g,,x, € V;, such that

P 7(x) ' (x)
IF - gll + 219 1l < 2R, =2 a1
Vi R

Since §° 9(6‘0 ;X) = 1, we may write

|58 o(f:) = F)| < 211f = gll +1S2 5(: %) — g(@)!. (12)

¢
Using the representation g(t) = g(x) + f g’ (u)du, we get
X
t t t du

|5 o(g:%) — g(0)| = |5 ( f g’(u)du;x) <8, ( f g (u)du; x) <7 s2, ( perns ;x). (13)

Applying the Holder’s inequality and the relation |a + b|’ < |af’ + [b)?, fora,b € R, 0 <p <1, we have
t t 1 ¢ 1 1
|~ i f Au | [ ( LI ) (14)
x P1(u) P(u) » P \Vi+x VI+t
<|t x|— @+ 4 1 +2)772).
Combining (13) and (14), we get
./ a |t _ X|
|52 o(g: %) — g(x)] < 27" II{qb 1(x)S2 (It — x|; x) + x77282 (mx)} (15)

In order to estimate the second term on the right hand side of (15), we note that for any m > 0, the inequality
Sho(@+57x) < Cra(l+x)7" (16)

holds, where C,,, is a constant that depends on m and a. To prove (16), we remark that the presented
inequality holds for m = 0. For m > 0, we may write

ﬂ 3 . < Q) x)I(n + k + 1)T(n + m)
Sn,é'((l +1)7x) = kzz()‘ B k I 1 Tl f (1 + t)n+k+m+1 = Z r(n +m+k+ 1)F(n) 17
1\ D C(“)(—(a — 1)nx) ¥k I'(n+k+1I(n+m)
“m -1 k
<0(1+x) kZ=o‘ € (1 - ;) k! (L4 xy e T+ m+ k+ 1D0(n)”

By using the ratio test, it follows that for each x > 0, the series on the right hand side (17) is convergent.
Lemma 2.4, the Cauchy-Schwarz inequality and the estimation presented in [11] (equation (2.2)), lead us to

9% 1) )1/2 \/6/\(a gb(x)

82 o1t = xl;x) < (S5 o((er - (18)
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Using again the same estimation presented in [11] (equation (2.2)), form the relation (16) we get

. |t — x| ] |t — x| _ 2 .
Sn,e(m,x) < esn,a(m,x) < 0(Sual(er = 0%2) " (Snal(1 +872))" (19)

<G —*Wm(l + x)—n/Z_
\n

Replacing the inequalities (18) and (19) in the relation (15), it follows

1-n
|SZ,3(9} X) — (x)’ < Cllp"yg’ ”¢ \/_(x) .

Combining the relations (9), (11), (12) and (20), we get the desired result (10). O

4. Rate of Convergence

Let f € DBV, (0, ),y > 0, be the class of differentiable functions defined on (0, o), whose derivatives f’
are of bounded variation on every finite subinterval of (0, o) and |f(t)| < M#”, for all t > 0 and some M > 0.
The functions f € DBV, (0, o) could be represented

s = | gt + £
where g is a function of bounded variation on each finite subinterval of (0, o).

Theorem 4.1. Let f € DBV, (0,0), 0 > 1 and \/2(f2) be the total variation of f. on [a,b] C (0, o). Then, for every
x € (0, o) and sufficiently large n, we have

L)+ 0] | 209 + |2 g O
[V ] x+x/k x+x/\n

e V2 Vg BN g 2

k=1 x—x/k xx/f X

[St,0f3) - F@)] < s - pom >\

where A(a) is a positive constant depending on a and the auxiliary function f; is defined by

)= Fxm), 0<t<x
f)(,(t) = 0, t=x

i) —f(x+) x<t<1.
Proof. Since j; Pyoa(x, t)dt = 5[:1,9(@0 ;x) = 1, we can write

00 00 t
S o(F32) - f(x) = fo (F(t) = F()) Proa(x, Dt = fo ( f f’(u)du)Pn,e,a(x,t)dt. 1)

Using the definition of the function f{, for any f € DBV,,(0, ), it follows

£ =5 (£ + 05 6) + £100 22)
+ %( Fat) - f’(x—))(sgn(t —0+ %) +5 (t)( Fx) - %( £ + f’(x—))),
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where
1, x=t
6"(t)_{ 0, x#t
It is clear that

fo Py on(t ) f ( Fx) - %( Fae) + f’(x—)))éx(u)dudt 0.

Using the definition of the operators (7), then simple computations lead us to

Elzf:(fteﬂ(f (v4) + O (x— ))du) 00X, D)t (23)
= |f )+ 0 f’(x—)’ f It = x|Pyy 00, B)dt < ﬁ( Fa+) + 0 f’(x—))(sgg((e1 — )
Aa)

Sl + 0560 2w

Ex = fo ([ 3w - reo)sene-
i .

x| Py ga(x, t)dt = ——

and

0-1
- 1)du)Pn,H,u(x, Hdt (24)

S)[s? (1t = x1;2)

)\(a
a
<o (S5 (e - 97)) " < 2 D .
Involving the relations (21)—(24), we obtain the following estimate
a ! ’ vé ’ '’ A a
1S,0(f2) = F@)| <Anoa(f,2) + Bugalfi, )] + m‘f (x+) + Of <x—>\ o0 (25)

where

Anoalflx) = fo ( f t f;(u)du)Pn,@,a(x,t)dt and By ou(fl,x) = f m( f t f;(u)du)Pn,g,g(x,t)dt.

For a complete proof of the theorem, it remains to estimate the terms A, g,4(fr, x) and B, 4(fy, x). Since

fa ’ diCnoa(x,t) < 1, for all [a,b] C (0,0), using integration by parts and applying Lemma 2.5 with y =

x — (x/ \/n), it follows
fox ( jxf f;;(u)du)dtCn,Q,a(X, | = 3 ( joer f;)

A@*(x) Y\, . N/
<ot fo V(e %ar+ fj Vg

MOPW (N x
<072 [V Gty ar 7V w

|An00(ff, 0| = (O |Coalx,

fo Copaly, ) fL (D
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Taking u = x/(x — t) into account, we get

x—x/
M) 0 (—t)W(fx)dt A0+ f V/ (o

n x—x/u
x [Vn] x
A(u)(l +x) f"“ /\(a)(l +x)
fodu < 0———— £
Z x\gu ; x\x//k
Hence, we reach the following estimation
[Vn] «x
/ A@)(1 + ) ,
Anoalfi o] < 0=—==3 \/ (f)+ v (f)- (26)

k=1 X—X/k x x/\/7

Using again the integration by parts and applying Lemma 2.5 with z = x + x/ v/, it follows

00 t
Buoa(f.r )] = f ( f f,:(u)du)Pn,e,a(x,ﬂdt] 27)
Z t 00 t
- f ( f f;<u>du)dt<1—cn,s,a<x,t>>+ f ( f f;<u>du)dt<1—cn,s,aoc,t»

= [(f: f;(u)du) (1= Cuoa(x, t))I - jj FIBA = Croalx, B)dt

00 t
+ fz ( fx f,;(u)du)dt(l—Cn,e,a(x,t))

=\( f f;<u>du)<1—cn,a,a<x,z»— f £ = Cnaalx, D)t

+ [( j: f;ﬁ(u)du) (1= Cuoalx, t‘))];>o - f; ) F(OA = Cuoalx, t))dt’

O = Coaale it + [ £ = Gy, )|
A 2 SIS z
<0 (”)f ® fz \/(f’)x(t—x)‘zdt+ f \/(f,;)dt

A 2 x+x/\n
M V<fx><t— a2\ ()

x+x/\n oy
Taking u = x/(t — x) into account, we get
M@ () AP /
L L [V / G 08)
x+x/\n oy
(Vi1 k1 x+x/u 1 x+x/k
Aa)(1 + x) , a)(l + X)
<ot kak V o <0 Z\X/m
Using the relations (27)-(28), we get the following estimation
1x+x/k x+x/\n
A(a)(l +0) Y :

|Bn 0,0 fx )l <O0——— Z \x/ (fx n \x/ (fx) (29)

The relations (25), (26) and (29) lead us to the desired result. O
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