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Abstract. In this paper, we apply the Faber polynomial expansions to find upper bounds for the general
coefficients |a,x.+1](k 2 3) of functions in the subclass Ny, (7, 7; ). The results presented in this paper would
generalize and improve some recent works.

1. Introduction

Let A denote the class of functions of the form

f@)=z+ i a,z", 1)

n=2

which are analytic in the open unit discID = {z € C : |z|] < 1} and let S denote the class of functions in f € A
that are univalent in ID. It is well known (see [6]) that every function f € S has an inverse map !, defined

by f(f(2) = 2,z € D) and £(f (@) = w, ({w] < ro(f), ro(f) 2 1), where
F(w) = w - apw® + (211% - a3)w’ - (5{13 — Bagaz + ag)wt + - . (2)

A function f € A is said to be bi-univalent in ID, if both f and f~! are univalent in D. Let 0 denote the
class of bi-univalent functions in ID.

In 1967, Lewin [11] introduced this class 0g and proved that the bound for the second coefficients of
every f € og satisfies the inequality |a,| £ 1.52. At same time, Netenyahu [12] showed that max |a;| = 4/3
for f € 0.

Also, for bi-univalent polynomial f(z) = z + axz* + a3z> with real coefficients, Smith [16] showed that
las| < 2/ V27 and |as| < 4/ V27. He also demonstrated fthat if z + a,z" is bi-univalent, then |a,| < (n=1)""1/n"
with equality best possible for n = 2, 3. Kedzierawski and Waniurski [9] proved the conjecture of Smith [16]
for n = 3,4 in the case of bi-univalent polynomial of degree n.
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In fact, this widely-cited work by Srivastava et al. [25] actually revived the study of analytic and bi-

univalent functions in recent years and that it has led to a flood of papers on the subject by (for example)
Srivastava et al. [17-20, 22-25, 29, 32, 33] and others [5, 14, 35] .
However, finding upper bounds of the Taylor-Maclaurin coefficients |a,| (n = 3) for each f € og is coefficient
estimate problem and still an open problem. To the best of our knowledge, there is no direct way to obtain
bound for coefficients greater than three. For some special cases there are some papers in which the Faber
polynomial methods were used for determining upper bounds for higher order coefficients (for example
see [28, 34]).

Also the coefficients of g = f~! are given by the Faber polynomial [7] (see also [1, 2]):

9w = @ =0+ Y LK@, ), ©
n=2
where
o _ (=n)! e (=n)! . (—n)! e
K= e D= ™ 1 Q2(—n + 1)l(n -3 s + (=21 + 3)l(n — 4)1 2 o
(=n)! (—n)!

ag‘S X [as + (—n + Z)ag] + 'ag‘6[a6 + (=21 + 5)azay]

n=jyrs.
+ Z a, 'V,

=7

T2+ 2) (=5 (—2n 1 5)1(1 — 6)

such that Vi with 7 £ j £ n is a homogeneous polynomial in the variables a5, a3, - - - , a,.
For each function f € S function, the function

h(z) = Vf(@z") (4)

is univalent and maps the unit disk ID into a region with m-fold symmetry. We recal, a function is said to
be m-fold symmetric (see [10, 15]) if it has the following normalized form

f)=z+ Z A2 (z € D, m € N). )
k=1

We denote by S, the class of m-fold symmetric univalent functions in ID.

The functions in the class S are said to be one-fold symmetric. The normalized form of f is given as in
(7) and the series expansion for f~!, which has been recently proven by Srivastava et al. [27], is given as
follows:

Fl@) = w+ ) A (6)
k=1
1
= w- am+1wm+1 +[(m + 1)“3,1+1 - a2m+1]w2m+1 - [E(m +1)(Bm + 2)013m+1 = (Bm + 2)au1182m41
+a3m+1]w3m+1 + .. (7)

We denote by L, the class of m-fold symmetric bi-univalent functions in ID. Thus, when m = 1, the formula
(7) coincides with the Eq. (2).

Recently, researchers are interented to study the m-fold symmetric bi-univalent functions class L, (see
[13, 20, 21, 30, 31]) and obtain non-sharp estimates on the first two Taylor-Maclaurin coefficients |a,,+1| and
|azim1l-

In this respect, Atshan and Kazim [4] introduced subclasses Nx, (7, y; ) and Ng” of m-fold symmetric
bi-univalent function class X,, and obtained non sharp estimates on the initial coefficients |a,,+1| and |az+1]
for functions in the subclass Nx,, (T, 7; ) .
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Definition 1.1. [4] A function f € L, given by (5) is said to be in the subclass N, (7,y;B) (1 € C—{0},0 =y <
1,0 £ B < 1), if the following conditions are satisfied:

[ +))2f7 () +2f'(@)
" (1 i [ T+ )2f @ - 7 /@)

1])>[3 (zeD)

and

1+ 2 + ’
%(1 1 [( P @) + wg @) _ 1]) 5 weD),
7| (1 +y)wg (w)—yg(w)
where the function g is the inverse of f given by (6).
It is stated that in Theorem 3.1, the calculations done by Atshan and Kazim (see [4]) for the bound |a5,,41] are
inaccurate. To remove this remarkable mistake, we’ve revised the calculations appropriately (see Theeorem
1.2).

Theorem 1.2. [4] Let f € Ny, (t,7;8) (t € C—{0},0 £y < 1,0 £ B < 1) be of the form (5). Then

0] < 2|7|(1 - p)
e m((m + D[2m(1 +y) +1] = [m(1 +y) + 112

and

2|1~ p)*(m + 1) |I(1 - B)
m2m(1+y)+ 112 m2m(1+y)+1]

|‘12m+1| é

Definition 1.3. [4] A function f € ¥, given by (5) is said to be in the subclass Ngm (0 £ B < 1), if the following
conditions are satisfied:

zf"(2)
[

wy" (w)
g'(w)

‘R(1+ )>ﬁ and ‘R(l+ )>ﬁ (z,w e D),

where the function g is the inverse of f given by (6).

In 2014, Hamidi and Jahangiri [8] introduced the following subclass of the m-fold symmetric bi-univalent
functions L.

Definition 1.4. [8] A function f € ¥, given by (5) is said to be m-fold symmetric bi-starlike of order p (0 £ g < 1),
if the following conditions are satisfied:

z2f'(2) wg' (w))
‘R(f(z))>ﬁ and ‘R( 2(0) >B (z,weD),

where the function g is the inverse of f given by (6).

In this paper, we generalize parameter y of the subclass Ny, (7,7;5) to =1 £ y < 1. We use the Faber
polynomial expansion [7] to obtain not only improvement of estimates of coefficients |a,,+1| and |az+1]
which obtained by Atshan and Kazim, but also we find estimates of coefficients |a,1/(k = 3) of functions
in the subclass Ny, (7, y; ) (see section 3).
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2. Preliminaries

For finding the coefficients for functions belonging to the subclass Ny, (7,y;8) (1 € C-{0},-1 £ y <
1,0 £ B < 1), we need the following lemmas.

Lemma 2.1. [1,2] Let f(z) =z + Y, a,2" € S. Then for any u € R, there are the polynomials K}, such that
n=2

z

H o0
Z 1
(f—( )) =1+ ZKZ(HZ,%'” ,n41)Z",
n=1

where

Pu-Dp  H# s u!

u _
Ky (a2,a3- -+ ,ap41) = Pape1 + 5 p (y—3)!3!D”+m+ (

@ —n)n! Div
where

K@)" - (@)"

vilevy!

4

k k
Dn = Dn(a2/a3r e ,ﬂn+1) = Z
where the sum is taken over all non negative integers vy, - - - , vy satisfying

m+vato+v, =k
V1 +2vy+ - +nv, =n.

Lemma 2.2. [3] Let f(z) =z + ), a,2" € S. Then
n=2

zf'(z) 1 Z Fut,
pay

fe)
where Fy = Fr(az, a3, - -+ ,ax+1) is a Faber polynomial of degree k,
Fi(az, a3, ,a541) = Z A, i)y 05 -0 8)
i1+2ip+-+kip=k
and
iy +3ip 4o (it - Dk
A(il,iz,m,ik) = (_1)k+211+312+ +(k+1)ix —— — ] )
11:0pe = T
The first Faber polynomials Fi(az, a3, - -, ax+1) are given by:
Fi(ap) = —a, Fa(az,a3) = a% —2a3 and Fs(ap,a3,a4) = —ag + 3aya3 — 3ay.
Lemma 2.3. Let f(z) =z + ), Q124 € S,,. Then we can write,
k=1
zf'(z) .
=1- Z Li@ms1, -+ Amir1)2™,
@ L.
where
Lk(am+1/ e /akarl) = ka(ol Tty 0/ am+1/ O/ Tty 0/ a"lk+1) (10)
mk
‘m i m iY‘Vl
= Z A(ilrin-A-rimk)alm+1a122m+l a .am£+1'

My +21Migyy ++--+ ki =mk
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Proof. By using Lemma 2.2 for function f(z) =z + }, A2 € S,,,, we have

zf'(z) B P
) =1 ;sz.

Assume thatt,j € Nand 1 £ j £ m — 1, and consider three cases for k.

(i) If 1<k <m—1,then Fx(0,---,0) = 0.
———
k

(ii) If k = tm, then, we have

2 i i
th(or Tty 0/ Am+1, 0/ Tty O/ A2m+1, O/ Tty 0/ atm+1) = A(l'l,iz,...,l},,,)a " oa o

m+1%2m+1 "

Wiy +2Miy, +-+EMiy, =tm
tm

(iii) If k = tm + j, then

th-%—j(ol'” lolam+1/0/' o /0/a2m+1/0/' o /Olatm+110/'” IO) =
———

j

tm+j

.. . im i2m e itm
Alisig i) 1B Pt
My + 21y, -+t Mgy, =tm+j

Since the equation
Miy, + 2Miny + - -+ + tMip, = tm + |,

does not have positive ineger solution, so

th+j(0,"’ lolam+1/0/' o /0/a2m+1/0/' o /O/lltm+1/0/"' IO) =0.

|
Remark 2.4. In the special case, if A1 = - -+ = Apg—-1)+1 = 0, then
Li@ms1, s0min1) =0; 1SiZk-1
and

Li(@ms1, -+ 5 Amis1) = =Ky

Lemma 2.5. Let f(z) =z + Y ay12"™*! € S, Then
k=1

(L +7)22f"(2) +2f'(2)
(1 +y)zf'(2) - 7f(@2)

= 1= ) L(Im(L+9) + aper, -, k(L +9) + Uageen )",
k=1

where Lk([m(l +9) + 1apysr, -+, [mk(1 +y) + 1]amk+1) given by (10).

2577
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Proof. For function f(z) = z + E A2 € S, we have
k=1
A+))2f"@) +zf'(2) (1 +7)zf'(2) - v f (Z)),
A+9)zf' @) -yfle)  A+pzf@@)-yfl)

Making use of Lemma 2.2, we get

z((l +)zf'(z) — )/f(z))’ . z (z + é‘l[mk(l +y)+ 1]amk+1zmk+1)

A+Y)zf'@) -yfz) ~  z+ k§1[mk(1 + ) + g 121

(o)

=1-
k

Li([m(1 +9) + Uager, -+ k(1 + ) + Uty )2
1

0
Remark 2.6. If a1 =+ = ayg—1)+1 = 0, then
L([m(@ +7) + aner, -, [mk(1 + ) + Uty ) =0; 1Si<k-1
and
L([m( +y) + Uaer, -, [mk(1+y) + Uapier) = —mk{mk(1 + ) + ayee.
Lemma 2.7. [15] If p € P, then |ck| £ 2 for each k, where P is the family of all analytic functions p in ID for which
R (p(z)) > Owhere p(z) =1+ c1z+ 0z + c32° + -+ - .
3. Main results

In this section, we give the main results of our contribution.
Theorem 3.1. Let f € Ny (t,v;8) (t €e C-{0},-1 =y < 1,0 =B < 1) be of the form (5). If aps1 = -+ =
Ame-1)+1 = O, then

27|(1 - p) _
mk[mk(1+y)+1]’

(k = 3).

|amk+1| <

Proof. Applying Lemma 2.5, for m-fold symmetric bi-univalent functions f of the form (5), we have:

1[A+9)22f" (@) +2f (2) _ = Li(@mst,  Guks1)
e e =L : = an
Similarly, for its inverse map, g(w) = f~H(w) = w + E A1 w1, it yields:
k=1
1A +9)g" (W) +z9'w) 1l=1- 1 Li(A, Awies1) i (12)
T [ (1 +y)wg (W) - yg(w) P T '

Since f € N, (t,7;pB), by definition, there exist two positive real-part functions p(z) = 1 + Y, pxz™ and
k=1

gw) =1+ Y, guw™, where R p(z) > 0 and R g(w) > 0 in ID so that:
k=1

1+ )22 f"(2) +zf'(2)
(1 +y)zf'(2) = rf(2)

1
T

1+

- 1] — 14 1= Y K p)2™ (13)
k=1
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and

1A +y)wy” (W) + wg' (w)
[ A+ Y)wg'w) —yg(w)

- 1] 14 (=) Y K g™ (14
k=1

Equating the corresponding coefficients of (11) and (13), we have:

L@, -+ i)
T

=(1- ﬁ)Kll(Pmr o Pmk)- (15)
Similarly, from (12) and (14), we obtain

_Lk(Am+1r e rAmk+1)
T

= (1 - ﬁ)K/}(Qm/ Tty qu) (16)

Note that fora,,;;1 =0(12igk—-1),wehave A1 =01 2ik—1)and As1 = — a1
By using Remark 2.6 the equalities (15), (16) can be rewritten as follows:

mk[mk(1 +y) + 1]

Amk+1 = (1 - ﬁ)pmk/

T
mk[mk(1 +y) + 1] mk[mk(1 + ) + 1]
T v Apks1 = — ( T v Amk+1 = (1 - ,B)qu'

Using the absolute values of either of the above two equations and Lemma 2.7, we get:

|7I(1 = B)lpm] 1@ = Plgwad 207l = B)

mk[mk(1 +y) + 1] a mk[mk(1 + y) + 1] = mk[mk(1 +y) + 1]

k1] =

O
Now, we give estimates for the initial coefficients of functions f € Ny, (7, 7; f).

Theorem 3.2. Let f € Ny, (t,v;5) (t€ C—-{0},-1 £y < 1,0 £ B <1)beof the form (5). Then

= mlm(+7) + 0\ n((m + D[2m(@ +y) + 1] - [m(1 + ) + 1)

and
2/t (m + 1)(1 - p)? N |l(1 - B)
m2m(1+y)+ 12 m[2m(1 +y) + 1]’
|7l(m + 1)(1 - B) }
m((m+ D[2m(1 +y) + 1] = [m(1 +y) + 1))

la2m+1] £ min{

Proof. Comparing equations (15) and (16) for k = 1,2, we have

m[m(1 +y)+1]

T ams1 = (1 = B)pm, (17)
2
zm[Zm(l: N+ w 2 = (1= B)pams (18)

_m[m(l +7)+1]

- ame1 = (1 = B)qm (19)
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and
2m[2m(1 +y) + 1[(m + Da? | — a1l m[m(1 +y) + 1]
Y +1 2m+1 _ [ ( V) ] aiHl _ (1 _,B)q2m- (20)
T T
From (17) and (19), we get
Pm = —m (1)
and
21 — B2(12 + g2
afn+1 - T ( ﬁ) (pm + qm) (22)
2m?[m(1 + y) + 1]J?
Adding (18) and (20), it yields
1- m m
a%n+1 _ T( ,3)(?2 +q2 ) ) (23)

2m((m + [2m(1 +y) + 1] = [m(1 +y) + 1]?)
Therefore, from equations (22), (23) and Lemma 2.7, we have

2|7|(1 - p)

< AT
il < mlm(1 +y) +1]

and

. 2l =) |
U7\ (o + D2m(1 +9) + 11 = (1 +7) +1P)

respectively. So we get the desired estimate on the coefficient |a,,41].
Next, in order to find the bound on the coefficient |a5.+1], we subtract (20) from (18). We thus get

(1’}1 + 1) 2 (1 - ﬁ)(pZM - qu)

) ' 24
A2m+1 ) A1 + 411’[[2111(1 " 7/) " 1] ( )
Substituting the value of 42 | from (22) into (24), it follows that
2 1-— 2 +1 2 + 2 1_ o
Aoms1 = (1 = B)*(m + 1)(ps, + 95,) N (1 = B)(pam — G2m) )

4m?[m(1 + y) + 1]? dm[2m(1 +y)+ 1]

On the other hand, substituting the value of ai .1 from (23) into (24), it follows that

t[(20m + DI2m@ +y) + 1] = [m(1 +y) + 11 )paw + [m(1 + ) + 1Pg2m] (1 = p) 6
Moms1 = .
e am((m + D[2m(1+y) + 1] = [m(1 + ) + 12)[2m(1 +y) + 1]

By applying Lemma 2.7 for equations (25) and (26), we immediately have

2|t (1 - B)*(m + 1) . |7l(1 - B)
m?[m(1+y)+ 11>  m2m(1+y) +1]

lagm1| £

and

| < |7l(m + 1)(1 - p) _
e m((m +D2m(1 +y)+ 1] = [m(1 +y) + 1]2)

This evidently completes the proof of Theorem 3.2. [
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4. Corollaries and Consequences

By setting 7 = 1 and y = —1 in Theorem 3.1, we conclude the following result.

Corollary 4.1. Let f given by (5) be m-fold symmetric bi-starlike of order . If a1 = - -+ = Apg—1y+1 = 0, then

2(1 -
amir1] S (mkﬁ) ;0 (k= 3).

By taking m = 1 in Corollary 4.1, we have the following result.

Corollary 4.2. Let f given by (1) be bi-starlike of order p. If ay = --- = a, = 0, then

2(1-p)
R

a1 £ (k = 3).

Setting 7 = 1 and y = 0 in Theorem 3.1, we conclude the following result.

Corollary 4.3. Let f given by (5) be in the subclass Ng Ifayuy = = apg—1+1 = 0, then
2(1-p)
< -0 '’ . >
1] < Kk +1) ' (k = 3).

Taking m = 1 in Corollary 4.3, gives the following result.

Corollary 4.4. Let f given by (1) be bi-convex of order . Ifa, = --- = ay = 0, then
2(1-p)
< — "7 . >

Remark 4.5. The bound on |a,.1| given in Theorem 3.2 is better than that of Theorem 1.2. Because

2|7|(1 - B) 27|(1-p) ,
mlm(+) + 17\ (n + D[2m(1+ y) + 11 - (1 +y) + 1)’
- m[m(1 + y) + 1]?

2tl((m + D[2m(1 +y) + 1] = [m(1 +y) + 1]2)

I\

Setting 7 = 1 and y = —1 in Theorem 3.2, we conclude the following result.

Corollary 4.6. Let f given by (5) be m-fold symmetric bi-starlike of order B. Then

2(1-
o 0sps)
|yl £
20-p) . 1
0B tgp<
and
(m+1)(1-p) . 1+2
—e— 5 0SB=5ny
lagm+1| £

2Am A= | 1B, 142
pre] + 50 sy SP<L

By setting m = 1 in Corollary 4.6, we conclude the following result.
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Corollary 4.7. Let f given by (1) be bi-starlike of order B. Then

V21-p); 0<B=<3

201-p) ; zsp<l

laz| <

and

2(1-p) ; 0SB}
las| <
(1-p)5-4p) ; 2<Bp<l.

By setting 7 = 1 and y = 0 in Theorem 3.2, we conclude the following result.

Corollary 4.8. Let f given by (5) be in the subclass Ngm, Then

2(1-p) X 2
m(m+1) 4 0 s ﬁ = 1- 2(r}:11+1)
|‘1m+1| é
20-p) .
W2l) 1- 2(:::+1) =p<1
and
1-8 . 2m—m2+1
7 ; 05p< —27?2,;"+{')
a2 +1] S ,
2(1-p) 1-f . 2m—m?+1
W20y T m@mil) 7 omy =P <1

By setting m = 1 in Corollary 4.8, we conclude the following result.

Corollary 4.9. Let f given by (1) be bi-convex of order p. Then

1-f ; 0sp=}

las| <
1-g; 3sB<1
and
1-g ; 0sp=<i
sl £ (1-p)(a-3p)
SRR isp<
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