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Characterizations of Majorization on Summable Sequences
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Abstract. In this paper, we prove a necessary and sufficient condition for majorization on the summable
sequence space. For this we redefine the notion of majorization on an infinite dimensional space and therein

investigate properties of the majorization. We also prove the infinite dimensional Schur-Horn type and
Hardy-Littlewood-Pélya type theorems.

1. Introduction

The theory of majorization arose while studying a number of apparently different unrelated topics
such as wealth distribution, inequalities involving convex functions etc., around the early part of the
twentieth century. The theory of majorization in finite dimensional space plays a vital role in mathematics
[1,2,4,5,8,13], statistics [15], quantum mechanics [7, 16] etc.

Let 04% > a% > .-+ > a}, be the non-increasing rearrangement of the components of an element

(a1, ao,...,a,) iInR". Suppose x,y € IR". Then x is said to be majorized by y (we denote it by x < y) if
k k n n
Zx,.lSZ:yii for 1<k<n-1 and in:Zyi.
i=1 i=1 i=1 i=1

We recall well-known characterizations of majorization in IR".

Theorem 1.1. Let x,y € R". Then

1. Hardy, Littlewood and Pélya Theorem [10] x < y if and only if x = Dy for some doubly stochastic matrix
D.

2. Schur-Horn Theorem [11] Given a self-adjoint n X n matrix H having eigenvalue list in y, there is a basis for
which H has diagonal entries x if and only if x < y.

3. x < yifand only sz g(xj) < Z g(y;) for any convex function g on R [10].
j=1 j=1

By extending the notion of majorization to the space of all absolutely summable real sequences I,
Markus et. al. [9, 14] proved Hardy-Littlewood-Pélya theorem and Schur-Horn theorem for monotonically
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decreasing sequences in I'. Let & = {a;} and p = {B;} be two sequences in ¢y, the space of all real sequences
converging to zero. We say that o < 8 [9] if

k k
sup Z QAnomy) < SUp Z Bromy (k=1,2,3,...),
m=1 m=1

where the supremum is taken over all permutations 7 on IN. Let a = {a;} and f = {;} be two sequences in
I'. We say that a < B [9] if

a<xpf, —a<—f and ia]:iﬁj.

J=1 =1

Later in 1999, Nuemann, A [17], proved Horn type of theorems by using the notion of convex hull of
all permutations of an infinite sequence. Recently, Arveson and Kadison [5] and Kaftal and Weiss [12]
established infinite dimensional Schur-Horn theorem for sequences decreasing monotonically to zero.
To avoid having to pass to decreasing sequences monotonically to zero, in this paper we will focus on
sequences in [! that are neither decreasing nor increasing. In this stand point we redefine majorization to
I' and investigate the nomenclature of majorization in I'. We give a characterization of majorization in
I' using convex functions. We also prove infinite dimensional Hardy-Littlewood-Pdlya type theorem and
Schur-Horn type theorem for such sequences.

2. MAJORIZATION ON [!

Let a,b € R. Define a V b = max{a, b}. The positive part of 2 (denotedby a*) is a Vv 0, and the
negative part of a (denotedby a7) is —a V0. Let & = {&j} € I!, the positive part of the sequence & is

&Y = (&,&},...) and the negative part of the sequence & is &~ = (£],&5,...). Let &+ = (Efl,égl,...) and
&= (51_1, & L ...), where é;l > é;i > ... is the decreasing rearrangement of components of the sequence
& and él_l > égi > ... is the decreasing rearrangement of components of the sequence £~. Without loss of
generality, in this paper, we redefine &* by &' and &~ by &1

Definition 2.1. Let & = {&;}and 1 = {n;} be two sequences in 1'. We say that & is majorized by 1 if &+ < 7,
& < n and Z &= Z nj. We denote it by & < 1.

j=1 j=1
Fact2.2. Let & ={&j) and n ={nj}beinl'. Then & < n = &<,
Proof. For k € N, let us consider N = max{l <i<k: &' > 0}. Then

N
2.
j=1
N
= sup Z En(j)
j=1

N
sup 2 Nr(j) (as & < 1)

Ny
—
|

<
j=1
N
< +
< 2
Jj=1
k
< *.
< 2

=1
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As k is arbitrary, we have £* < n*. In a similar manner, one can show that £~ << n~. Hence £ <. O
Let x = (x1, %2, -+ ,X,) € R". One can contemplate x as a sequence of I! by setting x; = 0 for all k > n.
Fact2.3. Let x = (x1,X2,++ ,xp) and y = (Y1, Y2, -+ , Yn) be two elements in R". Then x < yifandonlyifx < y.

Proof. Let my, m, be the number of non negative components in x and y respectively. Suppose x < y. For
the case m; < my, as x* < y* and x~ < y~, we have

k k
l 1
ijSZyjforlékéim (1)
j=1 j=1
and
k k
Z—xi_]-SZ—yt_jfork:0,1,2,...,n—m2—1. )
=0 =0
n n m m
i = . l l _
Using (1), (2) and Xj = yj, we get Zx]. < Z Y form = 1,2,..,n. Therefore, x < y. For the case

j=1 =1 j=1 =1

k k k k
my > my, as x* < y*, wehave Z X} < Z y]i. forl < k < my. Alsobyx™ < y~, we get 2 —xi_j < Z —yi_j
j=1 j=1 j=0 j=0
k k
forO0<k<n-m-1. Therefore,Zx} < Zy}l for1 <k <n.Hencex <y.
j=1 j=1
Conversely, assume that x < y. For the case m; < m,, one may observe that x* < y*. Also we have

k k
_xi_jSZ—yi_].forOSkSn—mz—l .
j=0 j=0
and
k n—my—1
! !

Z(J‘xn_]-z ZO‘ yn_jforn—mz—lskSn—ml—l. )
J= j=

Now by (3) and (4), we get x~ < y~. Hence x < y. Proceeding in the same manner, one can deduce that
x <y, when mq > mj,. This completes the proof. [J

Fact 2.2 and Fact 2.3, show that the notation of majorization defined in Definition 2.1 is proper and
well-defined.

Let H be a self-adjoint operator on a separable Hilbert space K. As we are interested in the case that
H is a non-positive operator (which is neither a positive operator nor a negative operator), we assume the
following on the spectrum of H.

Definition 2.4. Let 1) € I'. Then nis said to be pure if both = and 1+ are either in cop or not in cop, where coo denotes
the space of all finite sequences.

It is to be observed that if 17 is the eigenspectrum of H and 7 is pure, then H is non-positive operator.
Here we adopt techniques used in [6, 9]. In this case 1 can be rearranged such that 1o, > 0 and 1,41 < 0
for alln € N. Also < is independent on permuting the coordinates of vectors in I'. Through out this paper,
we assume 1y, > 0, 12,41 < 0 for all n € IN and {12,,} is monotonically decreasing, {12,+1} is monotonically
increasing. Though the following theorem can be proved using the techniques employed in [5] and by the
splitting the operator H as H = H* — H™, we prove it in a different way, which turns out to be a simple and
straight forwarded method.
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Theorem 2.5. Let H be a self-adjoint operator on a separable Hilbert space K and & = {&;} € I'. Supposen = {n;} € I!
is the eigenspectrum of H and pure. If & < n, then there exists an orthonormal basis of K which is the union of
{132, and { f] 1 (0 <m < o0) such that (Ho;, ¢;) = &; for j € N and (Hfj, f;) =0for j=1,2,3,.

Proof. Suppose {¢); : j € N} is the system of orthonormal eigenvectors corresponding to the eigenvalues
{nj : j € N}J. For & > 0, as & < 117, there exists a unique k such that 0 < 1y¢41) < &1 < 1. Let S be the
subspace spanned by {{2, Yox+1)}. As (H-,-) is continuous on the closed unit ball in S, we get a unit vector

¢1 € S such that (Ho1, 1) = &1. Let Sq be the closed linear span by the vectors {¢; : j € N}. Suppose 1 is
the unit vector orthogonal to ¢; in S. Construct a new orthonormal basis {yl); : j € N} of Sy, by

(?1 if n =2k
Wo=dw if n=2(k+1)

Y, otherwise.

Then Z(Hl[i;, 1/)}) = Z(Hlp i»¥j). Hence (HY, ) = nak + Maks1) — E1. Consider a new set of eigenvectors
j=1

¢(l) ] € IN} and a pair sequences {1 (1)} {5(1)} in I' determined by
(@) é;l) =& forj>1.
(b) ’72]+1 M2j+1 and l#2]+1 ¥3j4q forall j.
(c) 77(21]') =1pjfor j <k, T]Zk = Mok + Magk+1) — &1 and 17(21].) =+ for j 2 k+ 1.
(d) ¢3) =gy forj <k ¢y =yand ¢y) = )., forj2k+1.
Assertion (a). £V < 1M, where £V = {5(1)} and nV = {r]§1>}

oo n
Proof of Assertion (a): It is easy to observe that &1~ < (U=, Z 55.1) = Z 17;1) and Z 551)+ < nj.m forn <

j=1 j=1 j=1 j=1
k—1.Now forn > k
n n+l
O+ _ +
x&" = L
=1 =2
n+1

IA I
I g A g
= fia
= o

| |

fip [t

(= —_

=
k-1 n+l
= Y i+ Y e, - &
j:l j=k+2
-1 n
_ W+ O+, W+ _ N ()
-l M Z VRS DI
j= j=k+1 j=1

Hence EM* <« nM*. This completes the proof of the assertion (a).
For &1 < 0, as & < 17, there exists a unique k such that fy3 < a1 < Boxs1 < 0. By applying similar
argument as in the case &; > 0, we get ¢1 and ¢ such that (He1, ¢1) = & and (HY, ) = Nake1 + Nakes — &1
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Let us consider a new set of eigenvectors {z,b;l) : j € N} and two sequences of real numbers n¥ = {17;1)},
&b = {55,1)} in /' determined by

(e) &V =&jforjz1.
(f) ny) = mojand ) = vy for all ;.
(h) 77,1 = tjen for j <k, my), = Mower + s = Ex and )y, = majus for j 2 k+ 1.

(i) Y57,y = Yaje for j <k, 5 =y and ¢ | = Pojis for j2k+1.

By using the similar technique used in assertion (a), we get &1 < . Since &V < nM, we get a unit vector ¢,

and the sequence of eigenvetors {¢§2)} also a pair of sequences £@) 77(2) in I, such that ( Hoo, o) = 5(11) =&,

@ @y _ 2 @ @
(Hyb]. Y ) 1 and &% < ',

As <¢1,l7[)§.1)> =0, for all j € IN, we have (¢1, p2) = 0. By repeating the same process, we get a system
of orthonormal vectors {qu}]f'il such that (H¢j, ¢;) = a; for all j € IN. Let K; be the closed linear span of
{¢pj}. If Ky = K, then m = 0. If not, we consider the subspace K+, the orthogonal complement of K;j in K.

Let {gj};,":l (1 £ m < o) be the orthonormal basis of K;-. As tr(H) = Z(Hgbj, i) = an = Zéj, then
=1 =1 =1

Z(ng, g;> = 0. Hence, there is a unit vector f; € Kll such that (Hfi, fi) = 0. Let K; be the orthogonal
j=1

complement of the subspace spanned by the f; in Ki". Repeating this argument and using transfinite
induction we get an orthonormal basis { fj}}":l of K with (Hf}, f;i} = 0 (j = 1,2,..,m). Thus the union of
(¢ j}]i"’zl and { f]};”: | forms an orthonormal basis of K. [J

Let & = {&j}, 11 = {n;} be two sequences in ' and 7 is pure. Let K be a separable Hilbert space with an

orthonormal basis {i; : j € IN}. Define an operator H on K by H(x) = Z ni{x, Y)y; for all x € K. It is to
j=1

be observed that H is bounded, self-adjoint, compact operator on K and {n; : j € IN} is the eigenspectrum

of H. Now if & < 7, then by Theorem 2.5, there exists an orthonormal set {¢; : j € IN} in K such that

(Hoj, dj) = & for j € N. This states Horn type theorem for sequences in I!, which essentially says that if

a < B, then there exists a compact self-adjoint operator H for which « is the diagonal vector and f is the

eigenspectrum.

Theorem 2.6. Let K be a separable Hilbert space and &, € Iy. Suppose n is pure. If & < n, then there exists an
orthonormal basis of K which is the union of {¢ j};?‘;l and { fj};.”zl (0 < m < o0) and a self-adjoint compact operator H

on K such that {n; : j € IN} is the eigenspectrum of H and (H¢;, ;) = &; for j € N,(Hf;, fi) = 0for j=1,2,...,m.
Remark 2.7. In the above results, if the coordinates of 1 are positive, then coordinates of & are also non-negative and

the self-adjoint operator H in the above theorem becomes a positive compact operator. In this case, m turns out to be
0. Thus {¢; : j € IN} becomes an orthonormal basis of K.

Let & = {&j} € I'. Denote a new sequence E = {Ej} by including finite or infinite number of zeros as

components in the sequence &. It is to be observed that £ < n & &< n for any 7 € I'. The following result
is Hardy-Littlewood-Pdlya type theorem.

Theorem 2.8. Let & = {&j}, 1 = {n;} € I' and n is pure. Then & < n yj‘g: Mn for some infinite matrix M = (m;;),
with mj; > 0 and Z mjj = 1,2 mij =1, for i, j € IN, where gis defined above.
j=1 i=1
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Proof. First, assume that & < 1. Then by Theorem 2.6, for any separable Hilbert space K with an orthonormal

basis {1); : j € N}, there exists a self-adjoint operator H defined by H(x) = Z 1nj{x, Y)Y ; and an orthonormal
j=1

basis {(ﬁj}]?'il U {fj}}il such that {n; : j € IN} is the eigenspectrum of H and (H¢;,¢;) = &; for j € N,

(Hfj, fj» = 0forj=1,2,...,m. Define { gb ={p;}u f]-};.”:1 and a unitary operator U on Kby U(y;) = ql)] forje IN.

Now for any j € N,

& =(He), ¢ = (HUy;), Uy
= < Z KUY, Yoy, ul/’]'>
k=1
= ) Uy, Y, Ugy)
k=1

8

Yl Uy P

k=1
Set mj =| <U1//], Yr) [> for jok € N. Then mj > 0 and E Mn, where M = (m,]) As U is a unitary operator,
Z mi = Z [ U, Yr) [?= 1 for all k € N. In a similar fashion, we have Z mpy =1for j € N.
=1 =1 k=l
Conversely, assume that &= Mn. Forne N, fix N = Max{l <i<n: Ef > 0}. Now we rearrange the

coordinates of & in such a way that the first N components of & are the same as the first N components of
&*. Therefore,

35 -

=

N
Z Z M jiTlk

j=1 k=1

) c N
mezwk L2 i
=1 j=

k=1

[\”/]z

II
—_

0 14 20

= Skng,  where S5; = Z M jok
k=1 =1
N-1 )
= ) S+ ) Sunt
k=1 k=N
N-1 )
< Y S+ ) S
k=1 k=N
N-1 N-1
< Skn; + (N Sk)’?N
k=1 k=1
N-1
= Sk(me = 1x) + Ny
k=1
N-1

+

(17 — ) + Ny

IA
o~
I\
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As n is arbitrary, we have &< n*. By repeating the same one can derive that &< n~ Also Z .57 =
j=1

My = Z k. Hence < 7. This completes the proof. [J
k=1

gk
1=
3

gk
1=

=1 k=1 k=1 j

-
]
—_

Example 2.9. Let n = {n;}, where n; = (‘j?" for j € Nand & = {&;}, where & = m;rnz’ &, = ”"’l;rq”“ forn > 2.

00 (o] n n 1 1 1 n 1 n
L — . + i - - S + . . + +
Then ;5] = ;n]. Also ;éj = ; 2[(2],)2 + 2j+ 2)2] < ; 27 = ;‘n].. As nis arbitrary, £ < n*. In
a similar fashion, one can derive that £~ < 1~. Thus & < nand & = Dn, where

O ON= ONIR O

O O ONI- ONI-
ONIR ONR O O

i

I
O O O ONIENI=
NIk, ONIR O O O

OoONI—R O O © O
NI O O O O O

3. CONVEX FUNCTIONS AND MAJORIZATION

In R", the theory of majorization has a close relation with convex functions (for more information, the
reader can go through [10]). In this section, we prove an inequality involving majorization in I' and convex
functions. We also give a characterization of majorization in /' using convex functions.

Theorem 3.1. Let & = {&j},n = {n;} € I' and n is pure. Assume that & < 1. Suppose g : R — R is a continuous
convex function. Then the following hold.

L If{g(n)} € L, then Z g(&)) < Z g9(n;).

=1 =1

2. If almost all g(n;)’s have the same sign except finitely many terms, then Z g(a) < Z g(n;), where &= {a}
j=1 j=1
defined above.

Proof. By Theorem 2.8, E: Mn where M = (mij) such that m;j = 0, Z mij=1= Z m;;. By convexity of g,
]':1 =1
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we have g(;) < Z mjg(ny) for all j € IN. If {g(n;)} € l1, then g(0) = 0. Hence
k=1

I
1
=
I
N

i 9(E)
=1

IA
ek
?Mg

=

S}

z

i 9&) <
=1

Il
DM 1D 1P
Ingk
3
:
S

O

Remark 3.2. It is to be noted that, in the above theorem one cannot expect Z g(&)) < Z g(n;), always. If one of the
j=1 j=1

0o

series ) g(&;)and Z g(n;) is conditionally convergent say 2 g(&;), then by the Riemann rearrangement theorem,
=1 j=1 j=1

there exist two rearrangements o1(n) and o(n) with Z 9(Eoy(j)) < o0 and Z 9(Eoy(j)) =

j=1 j=1

Finally, we provide a characterization of majorization in I' through convex functions and it is an analogue
of Theorem II.1.3 in [3], for an infinite dimensional settings.

Theorem 3.3. Let a = {a;}, = {B;} € I'. Then the following are equivalent

1. a<[3

2. Z(a] —H* i -, i(t - a]-)+ < Z(t —ﬁj)+for allt e Rand ia,- = iﬁj.

:1 j=1 ]':1 ]':1 j=1

Proof. Assume that @ < . Then Z aj = Z Bj. For t > 0, both series z(t —aj)" and z(t - Bj)" diverge
j=1 j=1 j=1 j=1

(o8]

to 0. So, Z(t —aj)t < Z(t =BT It > af, then0 = Z(aj -t < Z(ﬁj — t)*. Otherwise, there exists a
j=1 j=1 j=1 j=1
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k € IN such that ak St< a;. Now

o)

k
Z(a]- -t = Za;r — kt
=1 =1
< Zk:ﬁj — kt
=1
k
= Y. -b
=1
< Z(ﬁ] -H*.

In a similar manner, one can prove (2), when t<0.

e8]

Conversely, suppose Z(a] -Ht < Z(ﬁ] -H", Z(t —aj)* Z Bj)" forallt € R and i aj = i B

j=1 j=1 j=1

Fix some k € IN. Let us consider ¢ = g . Then Z(ﬁ =" Z ﬁ —kt and
j=1

k

Y taj -
=1

Y (aj-n*
j=1

i(a‘j -1*
j=1

k

L5 -
j=1

.
I M»
LR
o
<
>
Y
|

IA

IA

>

k
Thus Z af Z ﬁ and hence a* < p*. In a similar way, one can show thata™ < 7. Hencea <. O
j= =

Corollary 3.4. Let a,f € I' with Z aj = Z Bj- IfZ g(a)) < 2 g(B)) for any convex function g on R, then
j=1 j=1 j=1
a<p.
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