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Abstract. The Szász–Mirakjan–Kantorovich operators and the Baskakov–Kantorovich operators are shown
to be controlled by the Hardy–Littlewood maximal operator. The Szász–Mirakjan–Kantorovich operators
and the Baskakov–Kantorovich operators turn out to be uniformly bounded in Lebesgue spaces and Morrey
spaces with variable exponents when the integral exponent is global log-Hölder continuous.

1. Introduction

The Szász–Mirakjan–Kantorovich operators and the Baskakov–Kantorovich operators are used in ap-
proximation theory. In this paper we prove that these operators are subject to the control of the Hardy–
Littlewood maximal operator. What is important here is that the constant is 1 or 2 and that our bound is
sharp in the case of the Szász–Mirakjan–Kantorovich operators.

Density of the continuous functions in L1([0, 1]) plays a key role in many fields of mathematics. There is a
constructive proof which uses the Baskakov–Kantorovich operators. Recall that the Baskakov–Kantorovich
operator Vn of order n ∈N on the interval [0, 1] is defined for f ∈ L1([0, 1]) by

Vn( f , x) := n
n−1∑
k=0

mn,k(x)
∫ k+1

n

k
n

f (t)dt, x ∈ [0, 1],

where

mn,k(x) :=
(
n − 1

k

)
xk

(1 + x)n+k
,

(
n
k

)
:=

n!
k!(n − k)!

.

Let 1 ≤ p < ∞. We know that lim
n→∞

Vn( f , x) = f (x) in Lp([0, 1]) for f ∈ Lp([0, 1]). This well-known fact is also a
direct consequence of the estimate we will prove in this paper. We will show that each Vn is subject to the
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control by the Hardy–Littlewood maximal operator M is given by

M f (x) := sup
0<r1<r2<1

χ(r1,r2)(x)
r2 − r1

∫ r2

r1

| f (y)|dy

for f ∈ L1([0, 1]). Here and in what follows χS is the characteristic function of the set S.

Theorem 1.1. Let Vn be the Baskakov–Kantorovich operator of order n ∈N. Then

|Vn( f , x)| ≤ 2M f (x), x ∈ [0, 1],

where f is a locally integrable function on [0, 1].

When we consider the approximation of defined on [0,∞), we can use the Szász–Mirakjan–Kantorovich
operators {Tn}

∞

n=1 defined for f ∈ L1
loc([0,∞)) by

Tn( f , x) :=
∞∑

k=0

npn,k(x)
∫ k+1

n

k
n

f (t)dt, x ∈ [0,∞),

where pn,k(x) := e−nx (nx)k

k! , n ∈ N. We know that lim
n→∞

Tn( f , x) = f (x) almost everywhere in (0,∞) for

f ∈ L1(0,∞) such that f (x) =
d

dx

∫ x

0
f (s)ds; see [4, Theorem 2].

Accordingly, we consider the Hardy–Littlewood maximal operator M given by

M f (x) := sup
r2>r1>0

χ(r1,r2)(x)
r2 − r1

∫ r2

r1

| f (y)|dy

for f ∈ L1
loc([0,∞)).

We have a counterpart of Theorem 1.1.

Theorem 1.2. Let Tn be the Szász–Mirakjan–Kantorovich operator of order n ∈ N. Then |Tn( f , x)| ≤ M f (x), for
any x ∈ [0,∞) and f ∈ L1

loc([0,∞)).

As the example of f ≡ 1 shows, we can not replace M f (x) with aM f (x) for any a ∈ (0, 1). Theorem 1.2
improves [4, Theorem 3], which asserts that |Tn( f , x)| ≤ 3M f (x).

Theorems 1.1 and 1.2 have many applications. Among others we consider the uniform boundedness of
Vn and Tn acting on variable Lebesgue spaces and variable Morrey spaces.

We recall definitions and fix notation. We call a measurable function p(·) a variable exponent. For a
variable exponent p(·) : [0, 1]→ R, we denote

p− := essinfx∈[0,1]p(x) and p+ := esssupx∈[0,1]p(x).

The set P([0, 1]) consists of all variable exponents p(·) satisfying p− > 1 and p+ < ∞. Let p(·) ∈ P([0, 1]). The
Lebesgue space Lp(·)([0, 1]) with variable exponent p(·) is defined by

Lp(·)([0, 1]) :=
{

f : [0, 1]→ C : f is measurable,
∫ 1

0

(
| f (x)|
λ

)p(x)

dx < ∞ for some λ > 0
}
.

The norm is given by

‖ f ‖Lp(·)([0,1]) := inf
{
λ > 0 :

∫ 1

0

(
| f (x)|
λ

)p(x)

dx ≤ 1
}
.

Variable function spaces go back to [17]. Starting from a seminal paper [16], the theory of variable function
spaces has been developed quickly; see the books [6, 8, 10, 14, 15, 19].

Theorem 1.1 yields the uniform boundedness of the Baskakov–Kantorovich operators {Vn}
∞

n=1.
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Theorem 1.3. If M is bounded in Lp(·)([0, 1]), then there exists a constant C such that

‖Vn( f )‖Lp(·)([0,1]) ≤ C‖ f ‖Lp(·)([0,1])

for all f ∈ Lp(·)([0, 1]).

We do not prove Theorem 1.3 since Theorem 1.1 immediately reduces the matters to the boundedness
of M on Lp(·)([0, 1]).

The tools we need to prove Theorems 1.1, 1.2 and 4.2 are the Abel transformation and the following
fundamental pointwise estimate for intervals I and measurable functions f :

1
|I|

∫
I
| f (x)|dx ≤M f (y) (y ∈ I)

or equivalently∫
I
| f (x)|dx ≤

∫
I
M f (y)dx (y ∈ I). (1)

See also Lemma 4.1 to follow, which is a useful tool. Lemma 4.1 seems interesting in itself.
We can also investigate variable Morrey spaces. Here we recall the definition due to Almeida, Hasanov

and Samko [1]. Let p(·), q(·) ∈ P([0, 1]) satisfy 1 < q− ≤ q(·) ≤ p(·) ≤ p+ < ∞. Then the Morrey space
M

p(·)
q(·)([0, 1]) with variable exponents p(·) and q(·) is the set of all measurable functions f for which

‖ f ‖
M

p(·)
q(·)([0,1]) := sup

0≤α<β≤1
|β − α|

1

p
(
α+β

2

)− 1

q
(
α+β

2

)
‖ f ‖Lq(·)([α,β]) < ∞.

To guarantee that M is bounded on Mp(·)
q(·)([0, 1]), we postulate the following conditions on the variable

exponent q(·).

Definition 1.4. Let q(·) be a real-valued measurable function on [0, 1]. If there exists a constant C1 such that

|q(x) − q(y)| ≤
C1

− log(|x − y|)

(
x, y ∈ [0, 1] , |x − y| <

1
2

)
,

then q(·) is called locally log-Hölder continuous. In this case write q(·) ∈ Clog([0, 1]).

Actually, concerning the class Clog([0, 1]), we have the following boundedness properties:

Lemma 1.5. [8, Theorem 4.3.8] Let p(·) ∈ Clog([0, 1]) and satisfy p− > 1. Then M is bounded on Lp(·)([0, 1]).

Lemma 1.6. [1, Theorem 2] Let p(·) ∈ P([0, 1]) and q(·) ∈ Clog([0, 1]), and suppose 1 < q− ≤ q(·) ≤ p(·) ≤ p+ < ∞.
Then M is bounded onMp(·)

q(·)([0, 1]).

Let Vn be the Baskakov–Kantorovich operator of order n ∈ N as above. The following result is a
consequence of Theorem 1.3 and Lemma 1.5.

Corollary 1.7. If p(·) ∈ Clog([0, 1]) and p− > 1, then {Vn}
∞

n=1 is uniformly bounded on Lp(·)([0, 1]).

The following corollary follows from Theorem 1.3 and Lemma 1.6.

Theorem 1.8. If p(·) ∈ P([0, 1]), q(·) ∈ Clog([0, 1]) and 1 < q− ≤ q(·) ≤ p(·) ≤ p+ < ∞, then {Vn}
∞

n=1 is uniformly
bounded onMp(·)

q(·)([0, 1]).
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We move on to function spaces on [0,∞). For a variable exponent p(·) : [0,∞)→ R, we denote

p− := ess inf
x∈[0,∞)

p(x) and p+ := ess sup
x∈[0,∞)

p(x).

The set P([0,∞)) consists of all variable exponents p(·) satisfying p− > 1 and p+ < ∞. Let p(·) ∈ P([0,∞)).
The Lebesgue space Lp(·)([0,∞)) with variable exponent p(·) is defined by

Lp(·)([0,∞)) :=
{

f is measurable :
∫
∞

0

(
| f (x)|
λ

)p(x)

dx < ∞ for some λ > 0
}
.

The norm is given by

‖ f ‖Lp(·)([0,∞)) := inf
{
λ > 0 :

∫
∞

0

(
| f (x)|
λ

)p(x)

dx ≤ 1
}
.

Theorem 1.2 yields the uniform boundedness of the Szász–Mirakjan–Kantorovich operator Tn, n ∈N.

Theorem 1.9. Let p(·) ∈ P([0,∞)). If M is bounded on Lp(·)([0,∞)), then there exists a constant C independent of n
such that

‖Tn( f )‖Lp(·)([0,∞)) ≤ C‖ f ‖Lp(·)([0,∞))

for all f ∈ Lp(·)([0,∞)).

To guarantee that M is bounded on Lq(·)([0,∞)) we postulate the following conditions on the variable
exponent q(·) or its reciprocal 1

q(·) .

Definition 1.10. Let r(·) be a real-valued measurable function on [0,∞).

(i) If there exists a constant C1 such that

|r(x) − r(y)| ≤
C1

− log(|x − y|)

(
x, y ∈ [0,∞) , |x − y| <

1
2

)
,

then r(·) is called locally log-Hölder continuous. In this case write r(·) ∈ Clog
0 ([0,∞)).

(ii) If there exists r∞ ∈ R satisfying

|r(x) − r∞| ≤
C2

log(e + x)
(x ∈ [0,∞)),

then r(·) is called log-Hölder continuous at infinity. In this case write r(·) ∈ Clog
∞ ([0,∞)).

(iii) If r(·) is both locally log-Hölder continuous and log-Hölder continuous at infinity, then r(·) is called global
log-Hölder continuous. In this case write r(·) ∈ Clog([0,∞)).

Following [11], we define Morrey spaces with variable exponent on [0,∞). Let p(·), q(·) ∈ P([0,∞)) satisfy
1 < q− ≤ q(·) ≤ p(·) ≤ p+ < ∞. Assume that r(·) ∈ Clog([0,∞)), where r(·) := q(·)/p(·) − 1. Then the Morrey
spaceMp(·)

q(·)([0,∞)) with variable exponents p(·) and q(·) is the set of all measurable functions f for which

‖ f ‖
M

p(·)
q(·)([0,∞)) := sup

0≤α<β<α+1<∞
|β − α|

1

p
(
α+β

2

)− 1

q
(
α+β

2

)
‖ f ‖Lq(·)([α,β]) + sup

0≤α<α+1≤β<∞
|β − α|

r∞

q
(
α+β

2

)
‖ f ‖Lq(·)([α,β]) < ∞.

Actually, concerning the class Clog([0,∞)), we have the following boundedness properties:

Lemma 1.11. Let p(·) ∈ P([0,∞)) ∩ Clog([0,∞)). Then M is bounded on Lp(·)([0,∞)).
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Lemma 1.12. Let p(·) ∈ P([0,∞)), q(·) ∈ Clog([0,∞)), and let 1 < q− ≤ q(·) ≤ p(·) ≤ p+ < ∞. Assume in addition
that r(·) ∈ Clog([0,∞)), where r(·) := q(·)/p(·) − 1. Then M is bounded onMp(·)

q(·)([0,∞)).

It seems that the proof of Lemma 1.12 is missing. However, by considering exponents P(·) and Q(·)
obtained by extending p(·), q(·) to even functions respectively, we are in the position of using [11, Theorem
3.5]. So, we omit the details here.

Recall that Tn is the Szász–Mirakjan–Kantorovich operator of order n ∈ N. The following corollary
follows from Lemma 1.11 and Theorem 1.9.

Corollary 1.13. If p(·) ∈ P([0,∞)) satisfy p(·) ∈ Clog([0,∞)), then {Tn}
∞

n=1 is uniformly bounded on Lp(·)([0,∞)).

Theorem 1.2 and Lemma 1.12 yield the following conclusion.

Theorem 1.14. Let p(·), q(·) ∈ Clog([0,∞)) satisfy 1 < q− ≤ q(·) ≤ p(·) ≤ p+ < ∞. Assume in addition that
r(·) ∈ Clog

0 ([0,∞)), where r(·) := q(·)/p(·) − 1. Then {Tn}
∞

n=1 is uniformly bounded onMp(·)
q(·)([0,∞)).

Let p(·) ∈ P([0,∞)). Denote by M̃p(·)
q(·)(I) the closure of C∞c (Int(I)) inMp(·)

q(·)(I). If we use Theorems 1.3, 1.8,
1.9 and 1.14, then we have the following conclusion as a byproduct of these theorems.

Theorem 1.15. Under the assumptions in Theorem 1.3, lim
n→∞

Vn( f ) = f in Lp(·)([0, 1]) for all f ∈ Lp(·)([0, 1]).

Theorem 1.16. Under the assumptions in Theorem 1.8, lim
n→∞

Vn( f ) = f inMp(·)
q(·)([0, 1]) for all f ∈ M̃p(·)

q(·)([0, 1]).

Theorem 1.17. Under the assumptions in Theorem 1.9, lim
n→∞

Tn( f ) = f in Lp(·)([0,∞)) for all f ∈ Lp(·)([0,∞)).

Theorem 1.18. Under the assumptions in Theorem 1.14, lim
n→∞

Tn( f ) = f inMp(·)
q(·)([0,∞)) for all f ∈ M̃p(·)

q(·)([0,∞)).

The proofs of Theorems 1.15–1.18 are based on the fact that the operators are uniformly bounded and
that the operators approximate the smooth functions nicely. We omit the details.

We make a historical remark on these operators. We remark that the original Baskakov–Kantorovich
operator Ṽn is considered in (0,∞) and given by

Ṽn( f , x) := n
∞∑

k=0

mn,k(x)
∫ k+1

n

k
n

f (t)dt x ∈ [0,∞),

see [9, Page 115]. We can say that the idea of a constructive approximation of the functions by polynomials
goes back to the original functions as we considered in [2]. In [2], Bernstein introduced the operator Bn for
each n ∈N. For f in C[0, 1] the Bernstein operator Bn is defined by

Bn( f , x) :=
n∑

k=0

bn,k(x) f
( k

n

)
, x ∈ [0, 1],

Theorem 1.1 substitutes for the estimate obtained in [3] for the functions in L1([0, 1]). In [13] Kantorovich
considered the approximation of the functions in Lp[0, 1], p ∈ [1,∞). Write

bn,k(x) :=
(
n
k

)
xk(1 − x)n−k, x ∈ [0, 1]

for x ∈ [0, 1], k,n ∈ Z satisfying 0 ≤ k ≤ n. Kantorovich in [13] introduced the operator Kn, n ∈ N defined
for f ∈ L1([0, 1]) by

Kn( f ; x) := (n + 1)
n∑

k=0

bn,k(x)
∫ k+1

n+1

k
n+1

f (t)dt, x ∈ [0, 1].
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The operators Vn and Kn overcome the problem of Bn. In fact, we can not define Bn( f , x) for f ∈ L1([0, 1]).
There are many variants and generalizations of the Kantorovich operators. Indeed, Srivastava and Zeng
in [22] investigated a class of approximation operators (namely, the Szász-Bézier integral operators) which
contain the modified Szász-Mirakyan operators as their special case. In [18], Özarslan, Dumanb and
Srivastava considered a general sequence of Kantorovich-type operators associated with some special
polynomials. In [21] the authors introduced a family of q-Szász-Mirakjan-Kantorovich type positive linear
operators. In [20] the authors gave approximation properties of an extended family of the Szász-Mirakjan
Beta-type operators. Recently, in [3] Burenkov, Ghorbanalizadeh and the first author of the paper obtained
the uniform boundedness of Kantorovich operators in Morrey spaces. In [24], it was showed the uniform
boundedness of Kantorovich operators in variable Morrey spaces. In [27], Zhou considered approximation
by means of positive linear operators on variable Lebesgue spaces.

In Section 2, we prove Theorem 1.1 and consider Baskakov–Kantorovich operators, which are rational
expressions. Section 3 is the proof of Theorem 1.2. In Section 4, we obtain that the conjugate operator of Kn
is also controlled by the Hardy–Littlewood maximal operator. And we show that the Kantorovich-Stancu
type of Szasz-Mirakyan operators are controlled by the Hardy–Littlewood maximal operator in a certain
interval. We will employ the method in [3] for the proof of Theorems 1.1, 1.2 and 4.2.

2. Baskakov–Kantorovich operators – Proof of Theorem 1.1

Let x ∈ [0, 1] and n ≥ 2. Write nx := [nx] here and below in Section 2, so that nx ≤ nx < nx + 1.

Lemma 2.1.

1. The difference mn,k(x) −mn,k−1(x) is non-negative for k ∈ {1, . . . ,nx − 1}.
2. The difference mn,k−1(x) −mn,k(x) is non-negative for k ∈ {nx + 1, . . . ,n}.

Proof. Arithmetic shows

mn,k(x) −mn,k−1(x) =
(n + k − 2)!xk−1(nx − x − k)

k!(n − 1)!(1 + x)n+k
.

This equality clearly yields the desired result.

We suppose f is a nonnegative measurable function to prove Theorem 1.1; otherwise, we replace f by
| f |. Let x ∈ [0, 1]. We write

I := n
nx−1∑
k=0

mn,k(x)
∫ k+1

n

k
n

f (t)dt, II := nmn,nx (x)
∫ nx+1

n

nx
n

f (t)dt, III := n
n−1∑

k=nx+1

mn,k(x)
∫ k+1

n

k
n

f (t)dt,

so that Vn( f , x) = I + II + III. First, keeping in mind that k + 1 ≤ nx for k ≤ nx − 1, we have

I = n
nx−1∑
k=0

mn,k(x)
( ∫ x

k
n

f (t)dt −
∫ x

k+1
n

f (t)dt
)
.

We further decompose I to have

I = nmn,0(x)
∫ x

0
f (t)dt − nmn,nx−1(x)

∫ x

nx
n

f (t)dt + n
nx−1∑
k=1

mn,k(x)
∫ x

k
n

f (t)dt − n
nx−1∑
k=1

mn,k−1(x)
∫ x

k
n

f (t)dt

= nmn,0(x)
∫ x

0
f (t)dt − nmn,nx−1(x)

∫ x

nx
n

f (t)dt + n
nx−1∑
k=1

(mn,k(x) −mn,k−1(x))
∫ x

k
n

f (t)dt.
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Secondly, keeping in mind that nx ≤ nx < nx + 1 we decompose

II = nmn,nx (x)
∫ nx+1

n

x
f (t)dt + nmn,nx (x)

∫ x

nx
n

f (t)dt.

Similar to I, we obtain that

III = nmn,n−1(x)
∫ 1

x
f (t)dt − nmn,nx+1(x)

∫ nx+1
n

x
f (t)dt + n

n−1∑
k=nx+2

(mn,k−1(x) −mn,k(x))
∫ k

n

x
f (t)dt.

Consequently we have

Vn( f , x) = nmn,0(x)
∫ x

0
f (t)dt + n

nx−1∑
k=1

(
mn,k(x) −mn,k−1(x)

) ∫ x

k
n

f (t)dt (2)

− nmn,nx−1(x)
∫ x

nx
n

f (t)dt + nmn,nx (x)
∫ x

nx
n

f (t)dt + nmn,n−1(x)
∫ 1

x
f (t)dt

+ n
n−1∑

k=nx+1

(
mn,k−1(x) −mn,k(x)

) ∫ k
n

x
f (t)dt.

Since −nmn,nx−1(x)
∫ x

nx
n

f (t)dt ≤ 0, we obtain

Vn( f , x) ≤ nmn,0(x)
∫ x

0
f (t)dt + n

nx−1∑
k=1

(
mn,k(x) −mn,k−1(x)

) ∫ x

k
n

f (t)dt (3)

+ nmn,nx (x)
∫ x

nx
n

f (t)dt + nmn,n−1(x)
∫ 1

x
f (t)dt + n

n−1∑
k=nx+1

(
mn,k−1(x) −mn,k(x)

) ∫ k
n

x
f (t)dt.

Using (1), we can replace the function f by the constant function M f (x) and obtain that

Vn( f , x) ≤ nmn,0(x)
∫ x

0
M f (x)dt + n

nx−1∑
k=1

(
mn,k(x) −mn,k−1(x)

) ∫ x

k
n

M f (x)dt (4)

+ nmn,nx (x)
∫ x

nx
n

M f (x)dt + nmn,n−1(x)
∫ 1

x
M f (x)dt

+ n
n−1∑

k=nx+1

(
mn,k−1(x) −mn,k(x)

) ∫ k
n

x
M f (x)dt.

Furthermore, in (2), replace the function f by the constant function M f (x), we have

M f (x) = Vn(M f (x), x)

= nmn,0(x)
∫ x

0
M f (x)dt + n

nx−1∑
k=1

(
mn,k(x) −mn,k−1(x)

) ∫ x

k
n

M f (x)dt

+ nmn,nx (x)
∫ x

nx
n

M f (x)dt − nmn,nx−1

∫ x

nx
n

M f (x)dt + nmn,n−1(x)
∫ 1

x
M f (x)dt

+ n
n−1∑

k=nx+1

(
mn,k−1(x) −mn,k(x)

) ∫ k
n

x
M f (x)dt + nmn,nx−1

∫ x

nx
n

M f (x)dt.
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Now we have

Vn( f , x) ≤ nmn,0(x)
∫ x

0
M f (x)dt + n

nx−1∑
k=1

(
mn,k(x) −mn,k−1(x)

) ∫ x

k
n

M f (x)dt

+ nmn,nx (x)
∫ x

nx
n

M f (x)dt + nmn,n−1(x)
∫ 1

x
M f (x)dt

+ n
n−1∑

k=nx+1

(
mn,k−1(x) −mn,k(x)

) ∫ k
n

x
M f (x)dt

= nmn,0(x)
∫ x

0
M f (x)dt + n

nx−1∑
k=1

(
mn,k(x) −mn,k−1(x)

) ∫ x

k
n

M f (x)dt

+ nmn,nx (x)
∫ x

nx
n

M f (x)dt − nmn,nx−1

∫ x

nx
n

M f (x)dt + nmn,n−1(x)
∫ 1

x
M f (x)dt

+ n
n−1∑

k=nx+1

(
mn,k−1(x) −mn,k(x)

) ∫ k
n

x
M f (x)dt + nmn,nx−1

∫ x

nx
n

M f (x)dt

+ nmn,nx−1

∫ x

nx
n

M f (x)dt

= M f (x) + nmn,nx−1

∫ x

nx
n

M f (x)dt

≤ 2M f (x).

Consequently, we obtain the desired result.

3. Szász–Mirakjan–Kantorovich operators – Proof of Theorem 1.2

Let x ≥ 0. We write nx := [nx], so that nx ≤ nx < nx + 1. We set

I = n
nx−1∑
k=0

e−nx (nx)k

k!

∫ k+1
n

k
n

f (t)dt,

II = ne−nx (nx)nx

nx!

∫ nx+1
n

nx
n

f (t)dt,

III = n
∞∑

k=nx+1

e−nx (nx)k

k!

∫ k+1
n

k
n

f (t)dt.

Then we have Tn( f , x) = I + II + III. First, we have

I = ne−nx
∫ x

0
f (t)dt − ne−nx (nx)nx−1

(nx − 1)!

∫ x

nx
n

f (t)dt + n
nx−1∑
k=1

e−nx
( (nx)k

k!
−

(nx)k−1

(k − 1)!

) ∫ x

k
n

f (t)dt.

Next, keeping in mind that nx ≤ nx < nx + 1 we decompose

II = ne−nx (nx)nx

(nx)!

∫ nx+1
n

x
f (t)dt + ne−nx (nx)nx

(nx)!

∫ x

nx
n

f (t)dt
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Finally, as for III, we obtain that

III = n
∞∑

k=nx+2

e−nx
( (nx)k−1

(k − 1)!
−

(nx)k

k!

) ∫ k
n

x
f (t)dt − ne−nx (nx)nx+1

(nx + 1)!

∫ nx+1
n

x
f (t)dt,

Putting together all these decompositions, we obtain that

Tn( f , x) = I + II + III

= ne−nx
∫ x

0
f (t)dt + n

nx∑
k=1

e−nx
( (nx)k

k!
−

(nx)k−1

(k − 1)!

) ∫ x

k
n

f (t)dt

+ n
∞∑

k=nx+1

e−nx
( (nx)k−1

(k − 1)!
−

(nx)k

k!

) ∫ k
n

x
f (t)dt.

If we have k ∈ [0,nx], then k ≤ nx. Hence,

(nx)k

k!
−

(nx)k−1

(k − 1)!
=

(nx)k−1

(k − 1)!

(nx
k
− 1

)
> 0.

By the same way, if k ∈ [nx + 1,∞), then

(nx)k−1

(k − 1)!
−

(nx)k

k!
=

(nx)k−1

(k − 1)!

(
1 −

nx
k

)
> 0.

Consequently

|Tn( f , x)| ≤ ne−nx
∫ x

0
| f (t)|dt + n

nx∑
k=1

e−nx
( (nx)k

k!
−

(nx)k−1

(k − 1)!

) ∫ x

k
n

| f (t)|dt

+ n
∞∑

k=nx+1

e−nx
( (nx)k−1

(k − 1)!
−

(nx)k

k!

) ∫ k
n

x
| f (t)|dt.

Using (1), we have

|Tn( f , x)| ≤ ne−nx
∫ x

0
M f (x)dt + n

nx−1∑
k=1

e−nx
( (nx)k

k!
−

(nx)k−1

(k − 1)!

) ∫ x

k
n

M f (x)dt

+ n
∞∑

k=nx+2

e−nx
( (nx)k−1

(k − 1)!
−

(nx)k

k!

) ∫ k
n

x
M f (x)dt

+ ne−nx (nx)nx−1

(nx − 1)!

(nx
nx
− 1

) ∫ x

nx
n

M f (x)dt + ne−nx (nx)nx

(nx)!

(
1 −

nx
nx + 1

) ∫ nx+1
n

x
M f (x)dt

= Tn(M f (x), x).

So, we have

|Tn( f , x)| ≤ n
∞∑

k=0

e−nx (nx)k

k!

∫ k+1
n

k
n

M f (x)dt =

∞∑
k=0

e−nx (nx)k

k!
M f (x) = M f (x).
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4. Appendix

4.1. The conjugate of Kn

Then the conjugate operator of Kn is given by

K∗n(1, t) =

n∑
k=0

χ( k
n+1 ,

k+1
n+1 )(t)

∫ 1

0
(n + 1)bn,k(x)1(x)dx, t ∈ [0, 1].

To handle the operator of this type, we will use the following lemma:

Lemma 4.1. Let 1 : [0, 1] → [0,∞) be a function increasing on [0, a] and decreasing on [a, 1]. Then for any
measurable function f ,∫ 1

0
1(t)| f (t)|dt ≤M f (a)

∫ 1

0
1(t)dt.

Proof. By approximating 1 by a function of the form
N∑

j=0
λ jχ[a j,b j], where a j ≤ a ≤ b j and λ j ≥ 0, we may

assume that 1 itself is such a function. In this case, we can resort to (1).

If we set

b̃n,k(t) := max
(
bn,k

( k
n

)
χ( k

n+1 ,
k+1
n+1 )(t), bn,k(t)

)
,

then b̃n,k(t) attains its maximum at any point in ( k
n+1 ,

k+1
n+1 ), since bn,k increases in [0, k

n ] and decreases in [ k
n , 1].

Furthermore,∫ 1

0
(n + 1)b̃n,k(t)dt ≤

∫ 1

0
(n + 1)bn,k(t)dt +

1
n + 1

bn,k

(
k
n

)
= 1 +

(
n
k

)
kk(n − k)n−k

nn(n + 1)
.

Consequently

|K∗n(1, t)| ≤
(
1 +

(
n
k

)
kk(n − k)n−k

nn(n + 1)

)
M1(t) ≤

(
1 +

1
n + 1

)
M1(t) ≤ 2M1(t)

for all t ∈ [ k
n+1 ,

k+1
n+1 ].

According to [3, Theorem 1.1] we have |Kn( f ; x)| ≤ M f (x), x ∈ [0, 1]. Thus Kn are uniformly bounded
on Lp(·)([0, 1]) which the Hardy-Littlewood maximal operator is bounded on. However the necessity of the
Hardy-Littlewood maximal operator bounds on Lp(·)([0, 1]) is p− > 1. Using the above estimate of K∗n, we
learn that the uniformly boundedness of Kn on Lp(·)([0, 1]) is possible for p− ≥ 1 as long as p+ < ∞, in other
words, if the Hardy-Littlewood maximal operator is bounded on Lp′(·)([0, 1]), then Kn are also uniformly
bounded on Lp(·)([0, 1]).

4.2. Kantorovich-Stancu type of Szasz-Mirakyan operators

The Kantorovich-Stancu type of Szasz-Mirakyan operators are defined as follows:

T(α,β)
n ( f , x) =

∞∑
k=0

(n + β)pn,k(x)
∫ k+α+1

n+β

k+α
n+β

f (t)dt, x ∈ [0,∞),

where pn,k(x) := e−nx (nx)k

k! ,n ∈N, k ∈N ∪ {0} and α, β ≥ 0 are parameters. We have the following result:
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Theorem 4.2. Let T(α,β)
n be the Kantorovich-Stancu type for every n ∈ N, M be the Hardy-Littlewood maximal

function. Then

|T(α,β)
n ( f , x)| ≤M f (x),

whenever f is a locally integrable function on [0,∞) and

max
(
α − 1
β

,
α

n + β

)
≤ x ≤

α
β
.

Proof. By the triangle inequality, we may assume that f is non-negative. Let nx := [(n +β)x−α] for x ∈ [0, 1],
so that nx ≤ (n + β)x − α < nx + 1. We set

I :=
nx−1∑
k=0

e−nx (nx)k

k!

∫ k+α+1
n+β

k+α
n+β

f (t)dt =

nx−1∑
k=0

e−nx (nx)k

k!

( ∫ x

k+α
n+β

f (t)dt −
∫ x

k+α+1
n+β

f (t)dt
)
,

II := e−nx (nx)kx

kx!

∫ kx+α+1
n+β

kx+α
n+β

f (t)dt,

III :=
∞∑

k=nx+1

e−nx (nx)k

k!

∫ k+α+1
n+β

k+α
n+β

f (t)dt =

∞∑
k=nx+1

e−nx (nx)k

k!

( ∫ k+α+1
n+β

x
f (t)dt −

∫ k+α
n+β

x
f (t)dt

)
.

Then we have T(α,β)
n ( f , x) = (n + β)(I + II + III).

We consider the Abel transform of I to have

I =

nx−1∑
k=0

e−nx (nx)k

k!

∫ x

k+α
n+β

f (t)dt −
nx∑

k=1

e−nx (nx)k−1

(k − 1)!

∫ x

k+α
n+β

f (t)dt

= e−nx
∫ x

α
n+β

f (t)dt +

nx−1∑
k=1

e−nx
( (nx)k

k!
−

(nx)k−1

(k − 1)!

) ∫ x

k+α
n+β

f (t)dt − e−nx (nx)nx−1

(nx − 1)!

∫ x

nx+α
n+β

f (t)dt

Secondly, keeping in mind that nx ≤ (n + β)x − α < nx + 1, we decompose

II = e−nx (nx)nx

(nx)!

∫ nx+α+1
n+β

x
f (t)dt + e−nx (nx)nx

(nx)!

∫ x

nx+α
n+β

f (t)dt

We consider the Abel transform of III to have

III =

∞∑
k=nx+2

e−nx (nx)k−1

(k − 1)!

∫ k+α
n+β

x
f (t)dt −

n−1∑
k=nx+1

e−nx (nx)k

k!

∫ k+α
n+β

x
f (t)dt

=

∞∑
k=nx+2

e−nx
( (nx)k−1

(k − 1)!
−

(nx)k

k!

) ∫ k+α
n+β

x
f (t)dt − e−nx (nx)nx+1

(nx + 1)!

∫ nx+α+1
n+β

x
f (t)dt.

So, we have

I + II + III

= e−nx
∫ x

α
n+β

f (t)dt +

nx∑
k=1

e−nx
( (nx)k

k!
−

(nx)k−1

(k − 1)!

) ∫ x

k+α
n+β

f (t)dt +

∞∑
k=nx+1

e−nx
( (nx)k−1

(k − 1)!
−

(nx)k

k!

) ∫ k+α
n+β

x
f (t)dt.
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From the definition of nx nx ≤ (n + β)x − α < nx + 1. If k ∈ [0,nx], then nx − k ≥ nx − nx ≥ α − βx ≥ 0. Hence,
the following conclusion is established.

(nx)k

k!
−

(nx)k−1

(k − 1)!
=

(nx)k−1

(k − 1)!

(nx
k
− 1

)
> 0.

In the same way, if k ∈ [nx + 1,∞), we have k − nx ≥ nx + 2 − nx ≥ βx + 1 − α ≥ 0. Thus

(nx)k−1

(k − 1)!
−

(nx)k

k!
=

(nx)k−1

(k − 1)!

(
1 −

nx
k

)
> 0.

Using (1), we have

I + II + III ≤ e−nx
∫ x

α
n+β

M f (x)dt +

nx∑
k=1

e−nx
( (nx)k

k!
−

(nx)k−1

(k − 1)!

) ∫ x

k+α
n+β

M f (x)dt

+

∞∑
k=nx+1

e−nx
( (nx)k−1

(k − 1)!
−

(nx)k

k!

) ∫ k+α
n+β

x
M f (x)dt = M f (x).
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