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Abstract. In this paper, we propose an implicit iterative method and an explicit iterative method for
solving a general system of variational inequalities with a hierarchical fixed point problem constraint for
an infinite family of nonexpansive mappings. We show that the proposed algorithms converge strongly to
a solution of the general system of variational inequalities, which is a unique solution of the hierarchical
fixed point problem.

1. Introduction

Let X be a smooth Banach space. Let C ⊂ X be a nonempty closed convex set. Let T : C → X be a
nonlinear mapping. Use Fix(T) to denote the set of fixed points of T. A mapping T : C → X is called
L-Lipschitz continuous if there exists a constant L ≥ 0 such that

‖Tu − Tv‖ ≤ L‖u − v‖, ∀u, v ∈ C.

If L = 1, T is called nonexpansiv. If L ∈ [0, 1), T is called contractive.
Let A,B : C→ X be two nonlinear mappings. Recall that the general system of variational inequalities

(GSVI) is to find (u∗, v∗) ∈ C × C such that〈Av∗ + u∗ − v∗, j(u − u∗)〉 ≥ 0, ∀u ∈ C,
〈Bu∗ + v∗ − u∗, j(u − v∗)〉 ≥ 0, ∀u ∈ C.

(1)

In [11], the authors proved the equivalence between the GSVI (1) and the fixed point problem. Ceng et al.
[12] introduced a pair of implicit and explicit iterative methods for solving GSVI (1). It is worth mentioning
that the system of variational inequalities plays an important role in game theory and economics, see e.g.,
[3, 4, 14, 22] and the references therein.
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Note that the GSVI (1) was introduced and studied by Ceng, Wang and Yao [13] in a real Hilbert space.
Problem (1) can be reduced to the following classical variational inequality (VI) of finding u∗ ∈ C such that

〈Au∗,u − u∗〉 ≥ 0, ∀u ∈ C. (2)

This problem is a fundamental problem in the variational analysis; in particular, in the optimization theory
and mechanics; see e.g., [1, 2, 15, 18–21, 24, 27, 28, 33–35] and the references therein.

In case of Banach space setting and A = B and u∗ = v∗, then the VI is defined as

〈Au∗, j(u − u∗)〉 ≥ 0, ∀u ∈ C. (3)

Aoyama, Iiduka and Takahashi [5] proposed an iterative scheme to find the approximate solution of (3) and
proved the weak convergence of the sequences generated by the proposed scheme. In [16, 17], Kikkawa and
Takahashi studied an implicit iteration scheme that converges strongly to a solution of the stated problem.
Recently, in [29], Wang, Yu and Guo proposed a new implicit iteration method, which converges strongly
to a common fixed point, for solving some variational inequality in a Banach space. Buong and Phong [10]
introduced two new implicit iterative algorithms, which converge strongly in Banach spaces.

The purpose of this paper is to find a solution of a general system of variational inequalities (GSVI) with
a hierarchical fixed point problem (HFPP) constraint for an infinite family of nonexpansive mappings in a
real strictly convex and 2-uniformly smooth Banach space X. We propose an implicit iterative method and
an explicit iterative method. We show that the proposed algorithms converge strongly to a solution of the
GSVI, which is a unique solution of the HFPP. Our results improve and extend the corresponding results
in the literature.

2. Preliminaries and Algorithms

Let X be a real Banach space with its dual space X∗. Let U := {u ∈ X : ‖u‖ = 1} be the unit sphere. A
Banach space X is said to be strictly convex if for u, v ∈ U with u , v, we have ‖(1− δ)u + δv‖ < 1, ∀δ ∈ (0, 1).
X is said to be uniformly convex if for each ε ∈ (0, 2], there exists δ > 0 such that for all u, v ∈ U, ‖u − v‖ ≥ ε
implies ‖u + v‖/2 ≥ 1 − δ. Define a function ρ : [0,∞)→ [0,∞) as follows:

ρ(τ) = sup{
1
2

(‖u + v‖ + ‖u − v‖) − 1 : u, v ∈ X, ‖u‖ = 1, ‖v‖ = τ}.

X is said to be uniformly smooth if limτ→0 ρ(τ)/τ = 0. Let 1 < q ≤ 2. X is said to be q-uniformly smooth if
there exists a constant c > 0 such that ρ(τ) ≤ cτq for all τ > 0. The normalized duality mapping J : X→ 2X∗

is defined as

J(u) := {ϕ ∈ X∗ : 〈u, ϕ〉 = ‖u‖2 = ‖ϕ‖2}, ∀u ∈ X, (4)

where 〈·, ·〉 denotes the generalized duality pairing. It is known that J is single-valued if and only if X is
smooth. In the sequel, we shall denote the single-valued normalized duality mapping by j.

Recall that a mapping S : X→ X is said to be

(i) accretive if for each u, v ∈ X, there exists j(u − v) ∈ J(u − v) such that

〈S(u) − S(v), j(u − v)〉 ≥ 0.

(ii) δ-strongly accretive if for each u, v ∈ X, there exist j(u − v) ∈ J(u − v) and δ ∈ (0, 1) such that

〈S(u) − S(v), j(u − v)〉 ≥ δ‖u − v‖2.

(iii) ν-inverse-strongly accretive if for each u, v ∈ X, there exist j(u − v) ∈ J(u − v) and ν ∈ (0, 1) such that

〈S(u) − S(v), j(u − v)〉 ≥ ν‖S(u) − S(v)‖2.
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(iv) ζ-strictly pseudocontractive [8] if for each u, v ∈ X, there exist j(u− v) ∈ J(u− v) and ζ ∈ (0, 1) such that

〈S(u) − S(v), j(u − v)〉 ≤ ‖u − v‖2 − ζ‖u − v − (S(u) − S(v))‖2.

Lemma 2.1. ([30]) Let 1 < q ≤ 2 and X be a q-uniformly smooth Banach space. Then

‖u + v‖q ≤ ‖u‖q + q〈v, Jq(u)〉 + 2‖κv‖q, ∀u, v ∈ X,

where κ is the q-uniformly smooth constant of X and Jq is the generalized duality mapping from X into 2X∗ defined by

Jq(u) = {ϕ ∈ X∗ : 〈u, ϕ〉 = ‖u‖q, ‖ϕ‖ = ‖u‖q−1
}, ∀u ∈ X.

Let D be a subset of C and let Π be a mapping of C into D. Then Π is said to be sunny if

Π[Π(u) + $(u −Π(u))] = Π(u),

whenever Π(u) + $(u −Π(u)) ∈ C for u ∈ C and $ ≥ 0. A mapping Π of C into itself is called a retraction if
Π2 = Π. If a mapping Π of C into itself is a retraction, then Π(u) = u for each u ∈ R(Π), where R(Π) is the
range of Π. A subset D of C is called a sunny nonexpansive retract of C if there exists a sunny nonexpansive
retraction from C onto D.

Lemma 2.2. ([23]) Let C be a nonempty closed convex subset of a smooth Banach space X and D be a nonempty
subset of C and Π be a retraction of C onto D. Then the following are equivalent

(i) Π is sunny and nonexpansive;
(ii) ‖Π(u) −Π(v)‖2 ≤ 〈u − v, j(Π(u) −Π(v))〉,∀u, v ∈ C;

(iii) 〈u −Π(u), j(v −Π(u))〉 ≤ 0,∀u ∈ C, v ∈ D.

Lemma 2.3. ([11]) Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space X. Let ΠC
be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C → X be ν-inverse-strongly accretive
and ϑ-inverse-strongly accretive, respectively. For given u∗, v∗ ∈ C, (u∗, v∗) is a solution of the GSVI (1)) if and only
if u∗ ∈ GSVI(C,A,B) where GSVI(C,A,B) is the set of fixed points of the mapping G := ΠC(I − $A)ΠC(I − %B) and
v∗ = ΠC(u∗ − %Bu∗).

Proposition 2.4. ([11]) Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space X. Let
the mapping A : C→ X be ν-inverse-strongly accretive. Then,

‖(I − $A)u − (I − $A)v‖2 ≤ ‖u − v‖2 + 2$(κ2$ − ν)‖Au − Av‖2,

In particular, if 0 ≤ $ ≤ ν
κ2 , then I − $A is nonexpansive.

Lemma 2.5. ([11]) Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space X. Let ΠC
be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C → X be ν-inverse-strongly accretive
and ϑ-inverse-strongly accretive, respectively. Let the mapping G : C→ C be defined as G := ΠC(I−$A)ΠC(I−%B).
If 0 ≤ $ ≤ ν

κ2 and 0 ≤ % ≤ ϑ
κ2 , then G : C→ C is nonexpansive.

Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space X. Let ΠC be a
sunny nonexpansive retraction from X onto C. Let ΞC be the set of all contractive self-mappings on C. Let
the mappings A,B : C → X be ν-inverse-strongly accretive and ϑ-inverse-strongly accretive, respectively.
Let f ∈ ΞC with coefficient ρ ∈ (0, 1) and F : C→ X be δ-strongly accretive and ζ-strictly pseudocontractive
with δ + ζ ≥ 1. Assume that $ ∈ (0, νκ2 ] and % ∈ (0, ϑκ2 ] where κ is the 2-uniformly smooth constant of X (see
Lemma 2.1). Very recently, in order to solve GSVI (1), Ceng et al. [12] proved the following result.

Algorithm 2.6. ([12]) Let θt ∈ [0, 1),∀t ∈ (0, 1) such that limt→0+ θt/t = 0. Define the net {xt} by

xt = t f (xt) + (1 − t)ΠC(I − θtF)ΠC(I − $A)ΠC(I − %B)xt, ∀t ∈ (0, 1).
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It was proven in [12] that the net {xt} converges as t→ 0+ strongly to the unique solution p∗ ∈ GSVI(C,A,B)
to the follow VI:

〈(I − f )p∗, j(x − p∗)〉 ≥ 0, ∀x ∈ GSVI(C,A,B). (5)

Recently, Buong and Anh [9] proposed the following implicit iteration method:

xt = Ttxt, Tt := Tt
0Tt

N · · ·T
t
1, t ∈ (0, 1), (6)

where {Tt
i }

N
i=0 are defined by

Tt
i x := (1 − ϑi

t)x + ϑi
tTix, i = 1, ...,N, Tt

0y := (I − $t%F)y. (7)

Takahashi [26] introduced a W-mapping, generated by Tk,Tk−1, ...,T1 and real numbers νk, νk−1, ..., ν1 as
follows:

Uk,k+1 = I,
Uk,k = νkTkUk,k+1 + (1 − νk)I,
Uk,k−1 = νk−1Tk−1Uk,k + (1 − νk−1)I,
· · ·

Uk,2 = ν2T2Uk,3 + (1 − ν2)I,
Wk = Uk,1 = ν1T1Uk,2 + (1 − ν1)I.

(8)

Kikkawa and Takahashi [16] proved strong convergence of a sequence {xk}
∞

k=1, defined by the following
implicit iterative scheme: xk = ιk f (xk)+(1−ιk)Wkxk. In [9], they considered the following strongly convergent
implicit method:

Skx = (1 −
1
k

)Ux +
1
k

f (x), and Ux = lim
k→∞

Wkx = lim
k→∞

Uk,1x. (9)

Note that the method (9) contains the limit mapping U, and hence, it is quite difficult to realize.
In [10], Buong and Phuong introducd a mapping Vk, defined by

Vk = V1
k , Vi

k = TiTi+1
· · ·Tk, Ti = (1 − νi)I + νiTi, i = 1, 2, ..., k. (10)

Buong and Phuong presented the following iterations

xk = Vk(I − $kF)xk, ∀k ≥ 1, (11)

and

xk = ιk(I − $kF)xk + (I − ιk)Vkxk, ∀k ≥ 1, (12)

where$k and ιk are the positive parameters, satisfying some additional conditions. The authors [10] proved
the strong convergence theorems for the methods (11) and (12).

We will make use of the following well known results.

Lemma 2.7. Let X be a real Banach space. Then for all u, v ∈ X,

(i) ‖u + v‖2 ≤ ‖u‖2 + 2〈v, j(u + v)〉;
(ii) ‖u + v‖2 ≥ ‖u‖2 + 2〈v, j(u)〉.

Lemma 2.8. ([6, 7]) Let X be a uniformly convex Banach space or a reflexive Banach space satisfying Opial’s
condition, let C be a nonempty closed convex subset of X, and let T : C → C be a nonexpansive mapping with
Fix(T) , ∅. Then the mapping I − T is demiclosed on C, where I is the identity mapping; that is, if {xk} is a sequence
of C such that xk ⇀ x and (I − T)xk → y, then (I − T)x = y.
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Let LIM be a continuous linear functional on l∞ and (a1, a2, ...) ∈ l∞. We write LIMkak instead of
LIM((a1, a2, ...)). LIM is called a Banach limit if LIM satisfies ‖LIM‖ = LIMk1 = 1 and LIMkak+1 = LIMkak for
all (a1, a2, ...) ∈ l∞. It is well known that for the Banach limit LIM, the following hold:

(i) for all k ≥ 1, ak ≤ ck implies LIMkak ≤ LIMkck;
(ii) LIMkak+N = LIMkak for any fixed positive integer N;

(iii) lim infk→∞ ak ≤ LIMkak ≤ lim supk→∞ ak for all (a1, a2, ...) ∈ l∞.

Lemma 2.9. ([32]) Let (a1, a2, ...) ∈ l∞. If LIMkak = 0, then there exists a subsequence {aki } of {ak} such that aki → 0
as i→∞.

Lemma 2.10. ([11]) Let C be a nonempty closed convex subset of a real smooth Banach space X. Assume that the
mapping F : C → X is accretive and weakly continuous along segments (that is, F(x + ty) ⇀ F(x) as t → 0). Then
the variational inequality

find x∗ ∈ C : 〈F(x∗), j(x − x∗)〉 ≥ 0, ∀x ∈ C,

is equivalent to the dual variational inequality

find x∗ ∈ C : 〈F(x), j(x − x∗)〉 ≥ 0, ∀x ∈ C.

Lemma 2.11. ([11]) Let C be a nonempty closed convex subset of a real smooth Banach space X, and let F : C→ X
be a mapping.

(i) If F is ζ-strictly pseudocontractive, then F is Lipschitz continuous with constant 1 + 1
ζ .

(ii) If F is δ-strongly accretive and ζ-strictly pseudocontractive with δ + ζ ≥ 1, then I − F is Lipschitzian with

constant
√

1−δ
ζ ∈ (0, 1].

(iii) If F is δ-strongly accretive and ζ-strictly pseudocontractive with δ+ζ ≥ 1, then for any fixed number$ ∈ [0, 1),

I − $F is Lipschitzian with constant 1 − $(1 −
√

1−δ
ζ ) ∈ (0, 1].

3. Implicit Iterative Methods

In this section, we propose implicit iterative algorithms for solving a general system of variational
inequalities (GSVI) with a hierarchical fixed point problem (HFPP) constraint for an infinite family of
nonexpansive mappings, and derive the strong convergence of the sequences generated by the proposed
algorithms to a unique solution of the HFPP.

The following lemmas and proposition will be used to prove our main results in the sequel.

Lemma 3.1. ([10]) Let C be a nonempty closed convex subset of a strictly convex Banach space X and let {Ti}
k
i=1, k ≥ 1,

be k nonexpansive self-mappings on C such that the set of common fixed points F :=
⋂k

i=1 Fix(Ti) , ∅. Let a, b and
νi, i = 1, 2, ..., k, be real numbers such that 0 < a ≤ νi ≤ b < 1, and let Vk be a mapping, defined by (10) for all k ≥ 1.
Then, Fix(Vk) = F .

Lemma 3.2. ([10]) Let C be a nonempty closed convex subset of a Banach space X and let {Ti}
∞

i=1 be an infinite family
of nonexpansive self-mappings on C such that the set of common fixed points F :=

⋂
∞

i=1 Fix(Ti) , ∅. Let Vk be a
mapping, defined by (10). Then, for each x ∈ C and i ≥ 1, limk→∞ Vi

kx exists.

Remark 3.3. (i) We can define the mappings

Vi
∞x := lim

k→∞
Vi

kx and Vx := V1
∞x = lim

k→∞
Vkx, ∀x ∈ C. (13)

(ii) It can be readily seen from the proof of Lemma 3.2 that if D is a nonempty and bounded subset of C, then the
following holds:

lim
k→∞

sup
x∈D
‖Vi

kx − Vi
∞x‖ = 0, ∀i ≥ 1.
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Lemma 3.4. ([10]) Let C be a nonempty closed convex subset of a strictly convex Banach space X and let {Ti}
∞

i=1 be an
infinite family of nonexpansive self-mappings on C such that the set of common fixed points F :=

⋂
∞

i=1 Fix(Ti) , ∅.
Then, Fix(V) = F .

Inspired by Lemma 3.4, we present the following proposition.

Proposition 3.5. Let C be a nonempty closed convex subset of a real strictly convex and 2-uniformly smooth Banach
space X. Let ΠC be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C → X be ν-inverse-
strongly accretive and ϑ-inverse-strongly accretive, respectively. Let the mapping G : C → C ⊂ X be defined as
G := ΠC(I − $A)ΠC(I − %B) where 0 < $ ≤ ν

κ2 and 0 < % ≤ ϑ
κ2 . Let {Ti}

∞

i=1 be an infinite family of nonexpansive
self-mappings on C such that F :=

⋂
∞

i=1 Fix(Ti) ∩GSVI(C,A,B) , ∅. Then, Fix(V ◦ G) = F .

Proof. Let p ∈ F . Then it is obvious that Gp = p and Vi
kp = p for all integers i, k ≥ 1 with k ≥ i. So, we have

Vi
∞Gp = p for all integer i ≥ 1. In particular, we have (V ◦G)p = V1

∞Gp and hence F ⊂ Fix(V ◦G). Next, we
prove that Fix(V ◦ G) ⊂ F . Now, let x ∈ Fix(V ◦ G) and y ∈ F . Then,

‖VkGx − VkGy‖ = ‖V1
k Gx − V1

k Gy‖ = ‖(1 − ν1)(V2
k Gx − V2

k Gy) + ν1(T1V2
k Gx − T1V2

k Gy)‖

≤ (1 − ν1)‖V2
k Gx − V2

k Gy‖ + ν1‖V2
k Gx − V2

k Gy‖

= ‖V2
k Gx − V2

k Gy‖ ≤ ‖Vi+1
k Gx − Vi+1

k Gy‖ ≤ ‖Vk
kGx − Vk

kGy‖
≤ ‖Gx − Gy‖ ≤ ‖x − y‖,

which together with ‖(V ◦ G)x − (V ◦ G)y‖ = ‖x − y‖ implies that

‖Vi
∞Gx − Vi

∞Gy‖ = ‖Vi+1
∞ Gx − Vi+1

∞ Gy‖ = ‖Gx − y‖.

Therefore, we have

‖(1 − νi)(Vi+1
∞ Gx − Vi+1

∞ Gy) + νi(TiVi+1
∞ Gx − TiVi+1

∞ Gy)‖ = ‖Vi+1
∞ Gx − Vi+1

∞ Gy‖ = ‖Gx − y‖,

for every i ≥ 1. Since X is strictly convex, 0 < νi < 1, and y ∈ F , we have Gx − y = TiVi+1
∞ Gx − TiVi+1

∞ Gy =
TiVi+1

∞ Gx − y and Gx − y = Vi+1
∞ Gx − Vi+1

∞ Gy = Vi+1
∞ Gx − y, and hance, Gx = TiVi+1

∞ Gx and Gx = Vi+1
∞ Gx for

every i ≥ 1. Consequently, for every i ≥ 1, we have Gx = TiGx. In particular, when i = 1, we have that
Gx = T1V2

∞Gx and Gx = V2
∞Gx. So, it follows that x = (V ◦ G)x = (1 − ν1)V2

∞Gx + ν1T1V2
∞Gx = Gx, which

together with Gx = TiGx,∀i ≥ 1, implies that for every i ≥ 1, we have x = Tix. It means that x ∈ F .

Lemma 3.6. ([25]) Let {xn} and {zn} be bounded sequences in a Banach space X and let {νk} be a sequence in
[0, 1] such that 0 < lim infk→∞ νk ≤ lim supk→∞ νk < 1. Suppose that xk+1 = νkxk + (1 − νk)zk,∀k ≥ 1, and
lim supk→∞(‖zk+1 − zk‖ − ‖xk+1 − xk‖) ≤ 0. Then limk→∞ ‖zk − xk‖ = 0.

Lemma 3.7. ([31]) Let {ak} be a sequence of nonnegative real numbers satisfying

ak+1 ≤ (1 − ϑk)ak + ϑkιk + δk, ∀k ≥ 1,

where {ϑk}, {ιk} and {δk} satisfy the conditions:

(i) {ϑk} ⊂ [0, 1],
∑
∞

k=1 ϑk = ∞, or equivalently,
∏
∞

k=1(1 − ϑk) = 0;
(ii) lim supk→∞ ιk ≤ 0;

(iii) {δk} ⊂ [0,∞),
∑
∞

k=1 δk < ∞.

Then limk→∞ ak = 0.

Throughout this paper, we use ΞC to denote the set of all contractive self-mappings on C. Now, we are
in a position to prove the following main results.
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Theorem 3.8. Let C be a nonempty closed convex subset of a real strictly convex and 2-uniformly smooth Banach
space X. Let ΠC be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C → X be ν-inverse-
strongly accretive andϑ-inverse-strongly accretive, respectively. Let f ∈ ΞC with coefficient ρ ∈ (0, 1), and F : C→ X
be δ-strongly accretive and ζ-strictly pseudocontractive with δ + ζ ≥ 1. Assume that $ ∈ (0, νκ2 ] and % ∈ (0, ϑκ2 ]
where κ is the 2-uniformly smooth constant of X. Let {Ti}

∞

i=1 be an infinite family of nonexpansive self-mappings on
C. Let {Vk}

∞

k=1 be defined by (10). Let {xk}
∞

k=1 be generated in the implicit manner

xk = ιk f (xk) + (1 − ιk)ΠC(I − $kF)VkΠC(I − $A)ΠC(I − %B)xk, ∀k ≥ 1, (14)

where {$k}
∞

k=1 ⊂ [0, 1) and {ιk}∞k=1 ⊂ (0, 1) such that limk→∞ ιk = 0, limk→∞ $k/ιk = 0. Then F :=
⋂
∞

i=1 Fix(Ti) ∩
GSVI(C,A,B) , ∅ if and only if {xk}

∞

k=1 is bounded, and in this case, {xk}
∞

k=1 converges as k → ∞ strongly to an
element of F . In addition, if we define Q : ΞC → F by

Q( f ) := s− lim
k→∞

xk, ∀ f ∈ ΞC,

then Q( f ) solves the following VI

〈(I − f )(Q( f )), j(Q( f ) − x)〉 ≤ 0, ∀ f ∈ ΞC, x ∈ F . (15)

In particular, if f = u ∈ C is a constant, then the above mapping Q : ΞC → F reduces to the sunny nonexpansive
retraction of Reich from C onto F ,

〈Q(u) − u, j(Q(u) − x)〉 ≤ 0, ∀u ∈ C, x ∈ F .

Proof. Let the mapping G : C→ C be defined as G := ΠC(I−$A)ΠC(I− %B) where 0 < $ ≤ ν
κ2 and 0 < % ≤ ϑ

κ2 .
In terms of Lemma 2.5 we know that G is a nonexpansive mapping on C. Then, the implicit iterative scheme
(14) can be rewritten as

xk = ιk f (xk) + (1 − ιk)ΠC(I − $kF)VkGxk, ∀k ≥ 1. (16)

Consider the mapping Ukx = ιk f (x) + (1 − ιk)ΠC(I −$kF)VkGx,∀x ∈ C. From Lemma 2.11, it follows that for
each x, y ∈ C,

‖Ukx −Uky‖ = ‖ιk( f (x) − f (y)) + (1 − ιk)[ΠC(I − $kF)VkGx −ΠC(I − $kF)VkGy]‖
≤ ιk‖ f (x) − f (y)‖ + (1 − ιk)‖ΠC(I − $kF)VkGx −ΠC(I − $kF)VkGy‖
≤ ιkρ‖x − y‖ + (1 − ιk)‖(I − $kF)VkGx − (I − $kF)VkGy‖
≤ ιkρ‖x − y‖ + (1 − ιk)(1 − $kτ)‖VkGx − VkGy‖
≤ ιkρ‖x − y‖ + (1 − ιk)‖x − y‖
= (1 − ιk(1 − ρ))‖x − y‖,

where τ = 1 −
√

1−δ
ζ ∈ [0, 1). So, Uk : C → C is contraction. Therefore, the Banach contraction principle

guarantees that Uk has a unique fixed point in C, satisfying (16).
Next, we show that F , ∅ if and only if {xk}

∞

k=1 is bounded. Indeed, assume F , ∅. Take an arbitrarily
given p ∈ F . Then we get Vkp = p and Gp = p. So, it follows from (16) that for each k ≥ 1,

‖xk − p‖ ≤ ιk‖ f (xk) − p‖ + (1 − ιk)‖ΠC(I − $kF)VkGxk − p‖
≤ ιk(‖ f (xk) − f (p)‖ + ‖ f (p) − p‖) + (1 − ιk)[‖ΠC(I − $kF)VkGxk −ΠC(I − $kF)p‖ + ‖ΠC(I − $kF)p − p‖]
≤ ιk(ρ‖xk − p‖ + ‖ f (p) − p‖) + (1 − ιk)[‖(I − $kF)VkGxk − (I − $kF)p‖ + ‖(I − $kF)p − p‖]
≤ ιk(ρ‖xk − p‖ + ‖ f (p) − p‖) + (1 − ιk)[(1 − $kτ)‖VkGxk − p‖ + $k‖F(p)‖]
≤ ιk(ρ‖xk − p‖ + ‖ f (p) − p‖) + (1 − ιk)[(1 − $kτ)‖xk − p‖ + $k‖F(p)‖]
≤ ιk(ρ‖xk − p‖ + ‖ f (p) − p‖) + (1 − ιk)[‖xk − p‖ + $k‖F(p)‖]
= (1 − ιk(1 − ρ))‖xk − p‖ + ιk‖ f (p) − p‖ + (1 − ιk)$k‖F(p)‖
≤ ιk‖ f (p) − p‖ + (1 − ιk(1 − ρ))‖xk − p‖ + $k‖F(p)‖,
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which implies that

‖xk − p‖ ≤
1

1 − ρ
‖ f (p) − p‖ +

$k

ιk
·
‖F(p)‖
1 − ρ

.

Because limk→∞ $k/ιk = 0, we deduce that

lim sup
k→∞

‖xk‖ ≤ ‖p‖ +
1

1 − ρ
‖ f (p) − p‖ < ∞.

This shows that {xk}
∞

k=1 is bounded.
Conversely, assume {xk}

∞

k=1 is bounded. Then { f (xk)}, {Gxk}, {VkGxk} and {F(VGxk)} are bounded. In terms
of (16),

xk − VkGxk =
ιk

1 − ιk
( f (xk) − xk) + ΠC(I − $kF)VkGxk − VkGxk, (17)

we obtain

‖xk − VkGxk‖ ≤
ιk

1 − ιk
‖ f (xk) − xk‖ + ‖ΠC(I − $kF)VkGxk − VkGxk‖

≤
ιk

1 − ιk
‖ f (xk) − xk‖ + ‖(I − $kF)VkGxk − VkGxk‖

=
ιk

1 − ιk
‖ f (xk) − xk‖ + $k‖F(VkGxk)‖,

which together with limk→∞ ιk = 0, yields

lim
k→∞
‖xk − VkGxk‖ = 0. (18)

Furthermore, from Remark 3.3 (ii), we deduce that if D is a nonempty and bounded subset of C, then, for
ε > 0, there exists k0 > i such that for all k > k0

sup
x∈D
‖Vi

kx − Vi
∞x‖ ≤ ε. (19)

Taking D = {Gxk : k ≥ 1} and setting i = 1, from (19) we have

‖VkGxk − VGxk‖ ≤ sup
x∈D
‖VkGx − VGx‖ ≤ ε,

which immediately imply that

lim
k→∞
‖VkGxk − VGxk‖ = 0. (20)

Noticing that ‖xk − VGxk‖ ≤ ‖xk − VkGxk‖ + ‖VkGxk − VGxk‖, from (18) and (20) we get

lim
k→∞
‖xk − (V ◦ G)xk‖ = 0. (21)

Now, define 1 : C→ [0,∞) by

1(x) = LIMk‖xk − x‖2, ∀x ∈ C,

where LIM is a Banach limit on l∞. Let

K = {x ∈ C : 1(x) = min
y∈C

LIMk‖xk − y‖2}.
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It is clear that the nonexpansivity of Vk implies the one of V, which together with the one of G, leads to the
one of VG. Also, it is easily seen that K is a nonempty closed convex bounded subset of C. Since (note that
‖xk − VGxk‖ → 0)

1(VGx) = LIMk‖xk − VGx‖2

= LIMk‖VGxk − VGx‖2

≤ LIMk‖xk − x‖2 = 1(x),

it follows that (V ◦ G)(K) ⊂ K; that is, K is invariant under V ◦ G. Since a uniformly smooth Banach space
has the fixed point property for nonexpansive mappings, V ◦G has a fixed point, say z, in K. By Proposition
3.5, we get z ∈ (Fix)(V◦G) = F . Since z is also a minimizer of 1 over C, it follows that for t ∈ (0, 1) and x ∈ C,

0 ≤
1(z + t(x − z)) − 1(z)

t
= LIMk

‖(xk − z) + t(z − x)‖2 − ‖xk − z‖2

t
.

The uniform smoothness of X implies that the duality map j(·) is norm-to-norm uniformly continuous on
bounded sets of X. Letting t→ 0, we find that the two limits above can be interchanged and obtain

LIMk〈x − z, j(xk − z)〉 ≤ 0, ∀x ∈ C. (22)

Since xk − z = ιk( f (xk) − z) + (1 − ιk)(ΠC(I − $kF)VkGxk − z), we have

‖xk − z‖2 = ιk〈 f (xk) − z, j(xk − z)〉 + (1 − ιk)〈ΠC(I − $kF)VkGxk − z, j(xk − z)〉
≤ ιk〈 f (xk) − z, j(xk − z)〉 + (1 − ιk)‖ΠC(I − $kF)VkGxk − z‖‖xk − z‖
≤ ιk〈 f (xk) − z, j(xk − z)〉 + (1 − ιk)(‖ΠC(I − $kF)VkGxk −ΠC(I − $kF)z‖ + ‖ΠC(I − $kF)z − z‖)‖xk − z‖
≤ ιk〈 f (xk) − z, j(xk − z)〉 + (1 − ιk)(‖(I − $kF)VkGxk − (I − $kF)z‖ + ‖(I − $kF)z − z‖)‖xk − z‖
≤ ιk〈 f (xk) − z, j(xk − z)〉 + (1 − ιk)((1 − $kτ)‖VkGxk − z‖ + $k‖F(z)‖)‖xk − z‖
≤ ιk〈 f (xk) − z, j(xk − z)〉 + (1 − ιk)(‖xk − z‖ + $k‖F(z)‖)‖xk − z‖

≤ ιk〈 f (xk) − z, j(xk − z)〉 + (1 − ιk)‖xk − z‖2 + $k‖F(z)‖‖xk − z‖.

Hence,

‖xk − z‖2 ≤ 〈 f (xk) − z, j(xk − z)〉 +
$k

ιk
‖F(z)‖‖xk − z‖

= 〈 f (xk) − x, j(xk − z)〉 + 〈x − z, j(xk − z)〉 +
$k

ιk
‖F(z)‖‖xk − z‖.

(23)

So by (22), for x ∈ C,

LIMk‖xk − z‖2 ≤ LIMk〈 f (xk) − x, j(xk − z)〉 + LIMk〈x − z, j(xk − z)〉
≤ LIMk〈 f (xk) − x, j(xk − z)〉
≤ LIMk‖ f (xk) − x‖‖xk − z‖.

In particular,

LIMk‖xk − z‖2 ≤ LIMk‖ f (xk) − f (z)‖‖xk − z‖ ≤ ρ‖xk − z‖2.

thus,

LIMk‖xk − z‖2 = 0,

and there exists a subsequence which is denoted by {xki } such that xki → z as i→∞.
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Now, assume that there exists another subsequence {xkm } of {xk} such that xkm → z̄ ∈ Fix(V ◦G) = F (due
to (21) and Proposition 3.5). It follows from (23) that

‖z̄ − z‖2 ≤ 〈 f (z̄) − z, j(z̄ − z)〉. (24)

Interchange z̄ and z to obtain

‖z − z̄‖2 ≤ 〈 f (z) − z̄, j(z − z̄)〉. (25)

Adding up (24) and (25) yields

2‖z̄ − z‖2 ≤ 〈 f (z̄) − f (z), j(z̄ − z)〉 + 〈z̄ − z, j(z̄ − z)〉

≤ (1 + ρ)‖z̄ − z‖2.

Since ρ ∈ (0, 1), this implies that z̄ = z. Therefore, xk → z as k→∞.
Define Q : ΞC → F by

Q( f ) := s− lim
k→∞

xk. (26)

Since xk = ιk f (xk) + (1 − ιk)ΠC(I − $kF)VkGxk, we have

(I − f )xk = −
1 − ιk
ιk

(xk − VkGxk + VkGxk −ΠC(I − $kF)VkGxk). (27)

Hence, for p ∈ F ,

〈(I − f )xk, j(xk − p)〉 = −
1 − ιk
ιk
〈xk − VkGxk, j(xk − p)〉 −

1 − ιk
ιk
〈VkGxk −ΠC(I − $kF)VkGxk, j(xk − p)〉

≤
1 − ιk
ιk
‖VkGxk −ΠC(I − $kF)VkGxk‖‖xk − p‖

≤
1 − ιk
ιk
‖VkGxk − (I − $kF)VkGxk‖‖xk − p‖

=
$k

ιk
F(VkGxk)‖‖xk − p‖.

(28)

Because $k/ιk → 0 and xk → Q( f ) as k→∞, taking the limit as k→∞ in (28), we obtain that

〈(I − f )Q( f ), j(Q( f ) − p)〉 ≤ 0. (29)

If f (x) = u (∀x ∈ C) is a constant, then

〈Q(u) − u, j(Q(u) − p)〉 ≤ 0. (30)

Hence, Q reduces to the sunny nonexpansive retraction from C to F .

Theorem 3.9. Let C be a nonempty closed convex subset of a real strictly convex and 2-uniformly smooth Banach
space X with weakly sequentially continuous duality mapping j. Let ΠC be a sunny nonexpansive retraction from X
onto C. Let the mappings A,B : C→ X be ν-inverse-strongly accretive and ϑ-inverse-strongly accretive, respectively.
Let F : C → X be δ-strongly accretive and ζ-strictly pseudocontractive with δ + ζ > 1. Assume that 0 ≤ $ ≤ ν

κ2

and 0 ≤ % ≤ ϑ
κ2 where κ is the 2-uniformly smooth constant of X. Let {Ti}

∞

i=1 be an infinite family of nonexpansive
self-mappings on C such that F :=

⋂
∞

i=1 Fix(Ti) ∩ GSVI(C,A,B) , ∅. Let {Vk}
∞

k=1 be defined by (10). Let {xk}
∞

k=1 be
generated in the implicit manner

xk = ΠC(I − $kF)VkΠC(I − $A)ΠC(I − %B)xk, ∀k ≥ 1, (31)

where {$k}
∞

k=1 ⊂ (0, 1) such that limk→∞ $k = 0. Then {xk}
∞

k=1 converges in norm, as k → ∞, to the unique solution
of the following VI

find x̃ ∈ F : 〈F(x̃), j(x − x̃)〉 ≤ 0, ∀x ∈ F . (32)



L. C. Ceng et al. / Filomat 34:6 (2020), 1927–1947 1937

Proof. Let the mapping G : C→ C be defined as G := ΠC(I−$A)ΠC(I− %B) where 0 < $ ≤ ν
κ2 and 0 < % ≤ ϑ

κ2 .
Note that G is a nonexpansive mapping on C. Then, the implicit iterative scheme (31) can be rewritten as

xk = ΠC(I − $kF)VkGxk, ∀k ≥ 1. (33)

Consider the mapping Ukx = ΠC(I − $kF)VkGx,∀x ∈ C. By Proposition 2.4 and Lemma 8, we know that

ΠC(I − $A) and ΠC(I − %B) are nonexpansive, and I − $kF is contractive with coefficient 1 − ιk(1 −
√

1−δ
ζ ).

Hence,

‖Ukx −Uky‖ ≤ ‖(I − $kF)VkGx − (I − $kF)VkGy‖ ≤ (1 − $kτ)‖x − y‖,

for all x, y ∈ C, where τ = 1 −
√

1−δ
ζ . This means that Uk is a contraction. Therefore, the Banach contraction

principle guarantees that Uk has a unique fixed point in C, which we denote by xk. This shows that the
implicit scheme (33) is well defined.

Now, we show that {xk}
∞

k=1 is bounded. As a matter of fact, take an arbitrarily given p ∈ F . Then Vkp = p
and Gp = p. So, it follows from (33) and Lemma 2.11 that

‖xk − p‖ = ‖ΠC(I − $kF)VkGxk −ΠC(I − $kF)p + ΠC(I − $kF)p − p‖
≤ ‖ΠC(I − $kF)VkGxk −ΠC(I − $kF)p‖ + ‖ΠC(I − $kF)p − p‖
≤ ‖(I − $kF)VkGxk − (I − $kF)p‖ + ‖(I − $kF)p − p‖
≤ (1 − $kτ)‖VkGxk − p‖ + $k‖F(p)‖
≤ (1 − $kτ)‖xk − p‖ + $k‖F(p)‖,

where τ = 1 −
√

1−δ
ζ . Thus, it immediately follows that

‖xk − p‖ ≤
1
τ
‖F(p)‖.

Therefore, {xk}
∞

k=1 is bounded and so are the sequences {Gxk}
∞

k=1, {VkGxk}
∞

k=1 and {F(VkGxk)}∞k=1. Furthermore,
by the nonexpansivity of Vk and G, we know that VkG : C→ C is nonexpansive. Thus,

‖xk − VkGxk‖ = ‖ΠC(I − $kF)VkGxk − VkGxk‖ ≤ $k‖F(VkGxk)→ 0

as k→∞. That is,

lim
k→∞
‖xk − VkGxk‖ = 0. (34)

Repeating the same arguments as those of (20) in the proof of Theorem 3.8, we have

lim
k→∞
‖VkGxk − VGxk‖ = 0.

Noticing that ‖xk − VGxk‖ ≤ ‖xk − VkGxk‖ + ‖VkGxk − VGxk‖, from (34) we get

lim
k→∞
‖xk − (V ◦ G)xk‖ = 0. (35)

We can rewrite (33) as

xk = ΠC(I − $kF)VkGxk − (I − $kF)VkGxk + (I − $kF)VkGxk.

for any p ∈ F ⊂ C, by Lemma 2.2(iii), we have

〈xk − (I − $kF)VkGxk, j(xk − p)〉 = 〈ΠC(I − $kF)VkGxk − (I − $kF)VkGxk, j(ΠC(I − $kF)VkGxk − p)〉 ≤ 0.
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According to this fact, we deduce that

‖xk − p‖2 = 〈xk − p, j(xk − p)〉
= 〈xk − (I − $kF)VkGxk, j(xk − p)〉 + 〈(I − $kF)VkGxk − p, j(xk − p)〉
≤ 〈(I − $kF)VkGxk − p, j(xk − p)〉
= 〈(I − $kF)VkGxk − (I − $kF)p, j(xk − p)〉 − $k〈F(p), j(xk − p)〉
≤ (1 − $kτ)‖VkGxk − p‖‖xk − p‖ − $k〈F(p), j(xk − p)〉

≤ (1 − $kτ)‖xk − p‖2 − $k〈F(p), j(xk − p)〉.

It turns out that

‖xk − p‖2 ≤
1
τ
〈F(p), j(p − xk)〉, ∀p ∈ F . (36)

Since X is reflexive and {xk}
∞

k=1 is bounded, there exists a subsequence {xki } of {xk} such that xki ⇀ x̃ ∈ C.
Noticing (35), we can use Lemma 2.8 to get x̃ ∈ Fix(V ◦ G) = F . Therefore, we can substitute x̃ for p in (36)
to get

‖xk − x̃‖2 ≤
1
τ
〈F(x̃), j(x̃ − xk)〉, ∀p ∈ F , (37)

which together with the weakly sequential continuity of j implies that

lim
i→∞
‖xki − x̃‖ = 0.

We also show that x̃ solves the VI (32). From (33), we have

xk = ΠC(I − $kF)VkGxk − (I − $kF)VkGxk + (I − $kF)VkGxk

⇒ xk = ΠC(I − $kF)VkGxk − (I − $kF)VkGxk − ((I − $kF)xk − (I − $kF)VkGxk) + xk − $kF(xk)

⇒ F(xk) =
1
$k

[ΠC(I − $kF)VkGxk − (I − $kF)VkGxk − ((I − $kF)xk − (I − $kF)VkGxk)].

For any z ∈ F , utilizing the nonexpansivity of VkG, we obtain that

〈xk − VkGxk, j(xk − z)〉 = 〈(I − VkG)xk − (I − VkG)z, j(xk − z)〉 ≥ 0,

and hence,

〈F(xk), j(xk − z)〉 ≤ −
1
$k
〈(I − $kF)xk − (I − $kF)VkGxk, j(xk − z)〉

= −
1
$k
〈xk − VkGxk, j(xk − z)〉 + 〈F(xk) − F(VkGxk), j(xk − z)〉

≤ 〈F(xk) − F(VkGxk), j(xk − z)〉.

Therefore,

〈F(xk), j(xk − z)〉 ≤ 〈F(xk) − F(VkGxk), j(xk − z)〉. (38)

Since F is δ-strongly accretive, we have

0 ≤ δ‖xk − z‖2 ≤ 〈F(xk) − F(z), j(xk − z)〉.

It follows that

〈F(z), j(xk − z) ≤ 〈F(xk), j(xk − z)〉. (39)
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Combining (38) and (39), we get

〈F(z), j(xk − z) ≤ 〈F(xk) − F(VkGxk), j(xk − z)〉. (40)

Now, replacing k in (40) with ki and i→∞, noticing that xki → x̃ and xki −Vki Gxki → 0 (due to (34)) as i→∞,
we derive

〈F(z), j(x̃ − z)〉 ≤ 0, ∀z ∈ F ,

which is equivalent to its dual variational inequality (due to Lemma 2.10)

〈F(x̃), j(x̃ − z) ≤ 0, ∀z ∈ F . (41)

That is, x̃ ∈ F is a solution of VI (32). Now, we show that the solution set of VI (32) is a singleton. As a
matter of fact, we assume that x̄ ∈ F is another solution of VI (32). Then, we have

〈F(x̄), j(x̄ − x̃)〉 ≤ 0.

From (41), we have

〈F(x̃), j(x̃ − x̄)〉 ≤ 0.

So,

〈F(x̄), j(x̄ − x̃)〉 + 〈F(x̃), j(x̃ − x̄)〉 ≤ 0.

It follows that δ‖x̄ − x̃‖2 ≤ 0. Therefore, x̄ = x̃. In summary, we have shown that each (strong) cluster point
of the sequence {xk}

∞

k=1 (as k→∞) equals to x̃. Therefore, xk → x̃ as k→∞. This completes the proof.

4. Explicit Iterative Methods

In this section, we propose explicit iterative algorithms for solving a general system of variational
inequalities (GSVI) with a hierarchical fixed point problem (HFPP) constraint for an infinite family of
nonexpansive mappings, and derive the strong convergence of the sequences generated by the proposed
algorithms to a unique solution of the HFPP.

Algorithm 4.1. Let C be a nonempty closed convex subset of a real strictly convex and 2-uniformly smooth Banach
space X. Let ΠC be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C → X be ν-inverse-
strongly accretive and ϑ-inverse-strongly accretive, respectively. Let f ∈ ΞC with coefficient ρ ∈ (0, 1), and let
F : C → X be δ-strongly accretive and ζ-strictly pseudocontractive with δ + ζ ≥ 1. Assume that $ ∈ (0, νκ2 ] and
% ∈ (0, ϑκ2 ] where κ is the 2-uniformly smooth constant of X. Let {Ti}

∞

i=1 be an infinite family of nonexpansive self-
mappings on C such that F :=

⋂
∞

i=1 Fix(Ti) ∩ GSVI(C,A,B) , ∅. Let {Vk}
∞

k=1 be defined by (10). For an arbitrarily
given z1 ∈ C, let the sequence {zk}

∞

k=1 be generated iteratively by

zk+1 = ϑk f (zk) + (1 − ϑk)ΠC(I − $kF)VkΠC(I − $A)ΠC(I − %B)zk, ∀k ≥ 1, (42)

where {$k}
∞

k=1 ⊂ [0, 1) and {ϑk}
∞

k=1 ⊂ (0, 1) and $, % are two positive numbers.

Theorem 4.2. Assume that

(i) limk→∞ ϑk = 0 and
∑
∞

k=1 ϑk = ∞;
(ii) limk→∞ $k/ϑk = 0;

(iii)
∑
∞

k=1 |ϑk+1 − ϑk| < ∞ or limk→∞ ϑk/ϑk+1 = 1;
(iv)
∑
∞

k=1 |$k+1 − $k| < ∞ or limk→∞ |$k+1 − $k|/ϑk+1 = 1.
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Then the sequence {zk}
∞

k=1 generated by scheme (42) converges strongly to x̃ ∈ F , where x̃ = Q( f ) is given in (26),
provided limn→∞(

∑
∞

k=n νk+1)/ιn = 0.

Proof. Let the mapping G : C→ C be defined as G := ΠC(I−$A)ΠC(I− %B) where 0 < $ ≤ ν
κ2 and 0 < % ≤ ϑ

κ2 .
In terms of Lemma 2.5 we know that G is a nonexpansive mapping on C. Then the scheme (42) is rewritten
as

zk+1 = ϑk f (zk) + (1 − ϑk)ΠC(I − $kF)VkGzk, ∀k ≥ 1. (43)

It can be readily seen that ΠC(I − $kF) and Vk both are nonexpansive mappings on C. Take an arbitrarily
given p ∈ F . Then we have Gp = p and Vkp = p for all k ≥ 1. Thus, we deduce that

‖zk+1 − p‖ = ‖ϑk( f (zk) − p) + (1 − ϑk)(ΠC(I − $kF)VkGzk − p)‖
≤ ϑk‖ f (zk) − p‖ + (1 − ϑk)‖ΠC(I − $kF)VkGzk − p‖
≤ (1 − ϑk)(‖ΠC(I − $kF)VkGzk −ΠC(I − $kF)p‖ + ‖ΠC(I − $kF)p − p‖)

+ ϑk(‖ f (zk) − f (p)‖ + ‖ f (p) − p‖)
≤ ϑkρ‖zk − p‖ + ϑk‖ f (p) − p‖) + (1 − ϑk)(‖zk − p‖ + ‖(I − $kF)p − p‖)
≤ (1 − ϑk(1 − ρ))‖zk − p‖ + ϑk‖ f (p) − p‖ + $k‖F(p)‖.

(44)

Because limk→∞ $k/ϑk = 0, we may assume without loss of generality that$k ≤ ϑk for all k ≥ 1. Hence, from
(44), we get

‖zk+1 − p‖ ≤ (1 − ϑk(1 − ρ))‖zk − p‖ + ϑk(‖ f (p) − p‖ + ‖F(p)‖), ∀k ≥ 1.

By induction, we conclude that

‖zk − p‖ ≤ max{‖z1 − p‖,
‖ f (p) − p‖ + ‖F(p)‖

1 − ρ
}, ∀k ≥ 1. (45)

Therefore, {zk} is bounded, so are the sequences { f (zk)}, {Gzk}, {VGzk} and {F(VGzk)}. Also, from (43), we
have

‖zk+1 − VkGzk‖ ≤ ϑk‖ f (zk) − VkGzk‖ + (1 − ϑk)‖ΠC(I − $kF)VkGzk − VkGzk‖

≤ ϑk‖ f (zk) − VkGzk‖ + (1 − ϑk)‖(I − $kF)VkGzk − VkGzk‖

= ϑk‖ f (zk) − VkGzk‖ + (1 − ϑk)$k‖F(VkGzk)‖
≤ ϑk‖ f (zk) − VkGzk‖ + $k‖F(VkGzk)‖,

which together with ϑk → 0 and $k → 0, implies that

lim
k→∞
‖zk+1 − VkGzk‖ = 0. (46)

Now, we note that

‖ΠC(I − $kF)VkGzk−1 −ΠC(I − $k−1F)Vk−1Gzk−1‖ ≤ ‖ΠC(I − $kF)VkGzk−1 −ΠC(I − $kF)Vk−1Gzk−1‖

+ ‖ΠC(I − $kF)Vk−1Gzk−1 −ΠC(I − $k−1F)Vk−1Gzk−1‖

≤ ‖VkGzk−1 − Vk−1Gzk−1‖ + |$k − $k−1|‖F(Vk−1Gzk−1)‖
≤ νk‖Gzk−1 − TkGzk−1‖ + |$k − $k−1|‖F(Vk−1Gzk−1)‖.

Simple calculation shows that

zk+1 − zk = ϑk f (zk) + (1 − ϑk)ΠC(I − $kF)VkGzk − ϑk−1 f (zk−1) − (1 − ϑk−1)ΠC(I − $k−1F)Vk−1Gzk−1

= (ϑk − ϑk−1)( f (zk−1) −ΠC(I − $k−1F)Vk−1Gzk−1) + ϑk( f (zk) − f (zk−1))
+ (1 − ϑk)(ΠC(I − $kF)VkGzk −ΠC(I − $kF)VkGzk−1)
+ (1 − ϑk)(ΠC(I − $kF)VkGzk−1 −ΠC(I − $k−1F)Vk−1Gzk−1),
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which together with the last inequality, implies that

‖zk+1 − zk‖ ≤ |ϑk − ϑk−1|‖ f (zk−1) −ΠC(I − $k−1F)Vk−1Gzk−1‖ + ϑk‖ f (zk) − f (zk−1)‖
+ (1 − ϑk)‖ΠC(I − $kF)VkGzk −ΠC(I − $kF)VkGzk−1‖

+ (1 − ϑk)‖ΠC(I − $kF)VkGzk−1 −ΠC(I − $k−1F)Vk−1Gzk−1‖

≤ |ϑk − ϑk−1|‖ f (xk−1) −ΠC(I − $k−1F)Vk−1Gzk−1‖ + ϑkρ‖zk − zk−1‖

+ (1 − ϑk)‖zk − zk−1‖ + ‖ΠC(I − $kF)VkGzk−1 −ΠC(I − $k−1F)Vk−1Gzk−1‖

≤ |ϑk − ϑk−1|‖ f (zk−1) −ΠC(I − $k−1F)Vk−1Gzk−1‖ + ϑkρ‖zk − zk−1‖

+ (1 − ϑk)‖zk − zk−1‖ + νk‖Gzk−1 − TkGzk−1‖ + |$k − $k−1|‖F(Vk−1Gzk−1)‖
≤ |ϑk − ϑk−1|(‖ f (zk−1)‖ + ‖Vk−1Gzk−1‖ + ‖F(Vk−1Gzk−1)‖) + ϑkρ‖zk − zk−1‖

+ (1 − ϑk)‖zk − zk−1‖ + νk(‖Gzk−1‖ + ‖TkGzk−1‖) + |$k − $k−1|‖F(Vk−1Gzk−1)‖
≤ |ϑk − ϑk−1|M + ϑkρ‖zk − zk−1‖ + (1 − ϑk)‖zk − zk−1‖ + νkM + ‖$k − $k−1|M
= (1 − ϑk(1 − ρ))‖zk − zk−1‖ + M(|ϑk − ϑk−1| + |$k − $k−1|) + νkM,

where supk≥1{‖ f (zk)‖+ ‖VkGzk‖+ ‖F(VkGzk)‖+ ‖Gzk‖+ ‖Tk+1Gzk‖} ≤M for some M > 0. So, utilizing Lemma
3.7, we obtain that

lim
k→∞
‖zk+1 − zk‖ = 0.

This together with (46) implies that

lim
k→∞
‖zk − VkGzk‖ = 0.

From (19) in the proof of Theorem 3.8, we deduce that for any nonempty and bounded subset D of C,

lim
k→∞

sup
x∈D
‖Vkx − Vx‖ = 0.

Taking D = {Gzk : k ≥ 1}, we have

‖VkGzk − VGzk‖ ≤ sup
x∈D
‖Vkx − Vx‖ and ‖VnGzk − VGzk‖ ≤ sup

x∈D
‖Vnx − Vx‖, ∀k,n ≥ 1.

So, it follows that

lim
k→∞
‖VkGzk − VGzk‖ = 0 and lim

n→∞
‖VnGzk − VGzk‖ = 0, ∀k ≥ 1. (47)

Noticing that ‖zk − VGzk‖ ≤ ‖zk − VkGzk‖ + ‖VkGzk − VGzk‖, we get

lim
k→∞
‖zk − (V ◦ G)zk‖ = 0. (48)

Let us show that

lim sup
k→∞

〈x̃ − f (x̃), j(x̃ − zk)〉 ≤ 0, (49)

where x̃ = Q( f ). Indeed, in terms of (16), we can write

xn − zk = ιn( f (xn) − zk) + (1 − ιn)(ΠC(I − $nF)VnGxn − zk).

Putting

ak(n) = (‖VnGzk − zk‖ + $n‖F(VnGzk)‖)[2‖xn − zk‖ + ‖VnGzk − zk‖ + $n‖F(VnGzk)‖],
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and using Lemma 2.7 (i), we obtain

‖xn − zk‖
2
≤ (1 − ιn)2

‖ΠC(I − $nF)VnGxn − zk‖
2 + 2ιn〈 f (xn) − zk, j(xn − zk)〉

≤ (1 − ιn)2(‖ΠC(I − $nF)VnGxn −ΠC(I − $nF)VnGzk‖

+ ‖ΠC(I − $nF)VnGzk − zk‖)2 + 2ιn〈 f (xn) − xn, j(xn − zk)〉 + 2ιn‖xn − zk‖
2

≤ (1 − ιn)2(‖xn − zk‖ + ‖ΠC(I − $nF)VnGxz − zk‖)2

+ 2ιn〈 f (xn) − xn, j(xn − zk)〉 + 2ιn‖xn − zk‖
2

≤ (1 − ιn)2(‖xn − zk‖ + ‖VnGzk − zk‖ + $n‖F(VnGzk)‖)2

+ 2ιn〈 f (xn) − xn, j(xn − zk)〉 + 2ιn‖xn − zk‖
2

≤ (1 − ιn)2
‖xn − zk‖

2 + ak(n) + 2ιn〈 f (xn) − xn, j(xn − zk)〉 + 2ιn‖xn − zk‖
2.

The last inequality implies that

〈xn − f (xn), j(xn − zk)〉 ≤
ιn
2
‖xn − zk‖

2 +
1

2ιn
ak(n). (50)

In terms of (48), we get

lim sup
k→∞

1
2ιn

ak(n) = lim sup
k→∞

1
2ιn

(‖VnGzk − zk‖ + $n‖F(VnGzk)‖)[2‖xn − zk‖ + ‖VnGzk − zk‖ + $n‖F(VnGzk)‖]

≤ lim sup
k→∞

1
2ιn

(‖VnGzk − VGzk‖ + ‖VGzk − zk‖ + $n‖F(VnGzk)‖)[2‖xn − zk‖

+ ‖VnGzk − VGzk‖ + ‖VGzk − zk‖ + ‖F(VnGzk)‖]

= lim sup
k→∞

1
2ιn

(‖VnGzk − VGzk‖ + $n‖F(VnGzk)‖)[2‖xn − zk‖

+ ‖VnGzk − VGzk‖ + ‖F(VnGzk)‖].

(51)

Since for p ∈ F ,

‖VnGzk − VGzk‖ ≤

∞∑
l=n

‖Vl+1Gzk − VlGzk‖

≤

∞∑
l=n

(2νl+1‖Gzk − p‖)

≤ 2‖zk − p‖
∞∑

l=n

νl+1,

we conclude from (51) that

lim sup
k→∞

1
2ιn

ak(n) ≤ lim sup
k→∞

1
2ιn

(‖VnGzk − VGzk‖ + $n‖F(VnGzk)‖)[2‖xn − zk‖

+ ‖VnGzk − VGzk‖ + ‖F(VnGzk)‖]

≤ lim sup
k→∞

1
2ιn

(2‖zk − p‖
∞∑

l=n

νl+1 + $n‖F(VnGzk)‖)[2‖xn − p‖

+ 2‖zk − p‖ + ‖VnGzk − VGzk‖ + ‖F(VnGzk)‖]

≤
1

2ιn
(
∞∑

l=n

νl+1 + $n)M2
0,
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where supk,n≥1{2‖xn − p‖ + 2‖zk − p‖ + ‖VnGzk − VGzk‖ + ‖F(VnGzk)‖} ≤ M0 for some M0 > 0. So, it follows
from (50) that

lim sup
k→∞

〈xn − f (xn), j(xn − zk)〉 ≤
ιn
2

M2
0 +

1
2ιn

(
∞∑

l=n

νl+1 + $n)M2
0. (52)

Since limn→∞(
∑
∞

k=n νk+1)/ιn = 0 and limn→∞ $n/ιn = 0 (see the assumptions on the parameter sequences of
Theorem 3.8, taking the lim sup as n→∞ in (52) and noticing the fact that the two limits are interchangeable
due to the fact that the duality map J is norm-to-norm uniformly continuous on bounded sets of X, we
obtain (49).

Finally, we show that zk → x̃ as k→∞. Indeed, we write

zk+1 − x̃ = ϑk( f (zk) − x̃) + (1 − ϑk)(ΠC(I − $kF)VkGzk − x̃),

and apply Lemma 2.7 to get

‖zk+1 − x̃‖2 ≤ (1 − ϑk)2
‖ΠC(I − $kF)VkGzk − x̃‖2 + 2ϑk〈 f (zk) − x̃, j(zk+1 − x̃)〉

≤ (1 − ϑk)2(‖ΠC(I − $kF)VkGzk −ΠC(I − $kF)VkGx̃‖

+ ‖ΠC(I − $kF)VkGx̃ − x̃‖)2 + 2ϑk〈 f (zk) − x̃, j(zk+1 − x̃)〉

≤ (1 − ϑk)2(‖zk − x̃‖ + ‖ΠC(I − $kF)x̃ − x̃‖)2 + 2ϑk〈 f (zk) − x̃, j(zk+1 − x̃)〉

≤ (1 − ϑk)2(‖zk − x̃‖ + $k‖F(x̃)‖)2 + 2ϑk〈 f (zk) − f (x̃), j(zk+1 − x̃)〉 + 2ϑk〈 f (x̃) − x̃, j(zk+1 − x̃)〉

≤ (1 − ϑk)2
‖zk − x̃‖2 + $k‖F(x̃)‖(2‖zk − x̃‖ + $k‖F(x̃)‖)

+ 2ϑkρ‖zk − x̃‖‖zk+1 − x̃‖ + 2ϑk〈 f (x̃) − x̃, j(zk+1 − x̃)〉

≤ (1 − ϑk)2
‖zk − x̃‖2 + $k‖F(x̃)‖(2‖zk − x̃‖ + ‖F(x̃)‖)

+ ρϑk(‖zk − x̃‖2 + ‖zk+1 − x̃‖2) + 2ϑk〈 f (x̃) − x̃, j(zk+1 − x̃)〉.

It then follows that

‖zk+1 − x̃‖2 ≤
1 − (2 − ρ)ϑk + ϑ2

k

1 − ρϑk
‖zk − x̃‖2 +

ϑk

1 − ρϑk
[
$k

ϑk
‖F(x̃)‖(2‖zk − x̃‖ + ‖F(x̃)‖) + 2〈 f (x̃) − x̃, j(zk+1 − x̃)〉]

= (1 −
2(1 − ρ)ϑk

1 − ρϑk
)‖zk − x̃‖2 +

2(1 − ρ)ϑk

1 − ρϑk
·

1
2(1 − ρ)

[
$k

ϑk
‖F(x̃)‖(2‖zk − x̃‖ + ‖F(x̃)‖)

+ ϑk‖zk − x̃‖2 + 2〈 f (x̃) − x̃, j(zk+1 − x̃)〉].

Put ϑ̃k =
2(1−ρ)ϑk

1−ρϑk
and

ι̃k =
1

2(1 − ρ)
[
$k

ϑk
‖F(x̃)‖(2‖zk − x̃‖ + ‖F(x̃)‖) + ϑk‖zk − x̃‖2 + 2〈 f (x̃) − x̃, j(zk+1 − x̃)〉].

It follows that

‖zk+1 − x̃‖2 ≤ (1 − ϑ̃k)‖zk − x̃‖2 + ϑ̃k ι̃k. (53)

Observe that
lim sup

k→∞
〈 f (x̃) − x̃, j(zk+1 − x̃)〉 = lim sup

k→∞
(〈 f (x̃) − x̃, j(zk − x̃)〉 + 〈 f (x̃) − x̃, j(zk+1 − x̃) − j(zk − x̃)〉)

= lim sup
k→∞

〈 f (x̃) − x̃, j(zk − x̃)〉 ≤ 0

due to (49). It is easily seen from conditions (i), (ii) that

ϑ̃k → 0,
∞∑

k=1

ϑ̃k = ∞ and lim sup
k→∞

ι̃k ≤ 0.

Finally, apply Lemma 3.7 to (53) to conclude that zk → x̃ as k→∞.
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Algorithm 4.3. Let C be a nonempty closed convex subset of a real strictly convex and 2-uniformly smooth Banach
space X with weakly sequentially continuous duality mapping j. Let ΠC be a sunny nonexpansive retraction from X
onto C. Let the mappings A,B : C→ X be ν-inverse-strongly accretive and ϑ-inverse-strongly accretive, respectively.
Let F : C → X be δ-strongly accretive and ζ-strictly pseudocontractive with δ + ζ > 1. Assume that 0 < $ ≤ ν

κ2

and 0 < % ≤ ϑ
κ2 where κ is the 2-uniformly smooth constant of X. Let {Ti}

∞

i=1 be an infinite family of nonexpansive
self-mappings on C such that F :=

⋂
∞

i=1 Fix(Ti) ∩ GSVI(C,A,B) , ∅. Let {Vk}
∞

k=1 be defined by (10). For an
arbitrarily given z1 ∈ C, let the sequence {zk}

∞

k=1 be generated iteratively by

zk+1 = ϑkzk + (1 − ϑk)ΠC(I − $kF)VkΠC(I − $A)ΠC(I − %B)zk, ∀k ≥ 1, (54)

where {$k}
∞

k=1 and {ϑk}
∞

k=1 are two sequences in [0, 1] and $, % are two positive numbers.

Theorem 4.4. Assume that the sequences {$k}
∞

k=1 and {ϑk}
∞

k=1 satisfy the following conditions:

(i) limk→∞ $k = 0 and
∑
∞

k=1 $k = ∞;
(ii) 0 < lim infk→∞ ϑk ≤ lim supk→∞ ϑk < 1.

Then the sequence {zk}
∞

k=1 defined by (54) converges strongly to the unique solution x̃ ∈ F of VI (32).

Proof. Let the mapping G : C→ C be defined as G := ΠC(I−$A)ΠC(I−%B), where 0 < $ ≤ ν
κ2 and 0 < % ≤ ϑ

κ2 .
In terms of Lemma 2.5 we know that G is a nonexpansive mapping on C. Take an arbitrarily given p ∈ F .
Then Gp = p and Vkp = p for all k ≥ 1. By Lemma 2.11, we have

‖zk+1 − p‖ = ‖ϑk(zk − p) + (1 − ϑk)(ΠC(I − $kF)VkGzk − p)‖
≤ ϑk‖zk − p‖ + (1 − ϑk)‖(I − $kF)VkGzk − p‖
= ϑk‖zk − p‖ + (1 − ϑk)‖(I − $kF)VkGzk − (I − $kF)p + (I − $kF)p − p‖
≤ ϑk‖zk − p‖ + (1 − ϑk)[‖(I − $kF)VkGzk − (I − $kF)p‖ + ‖(I − $kF)p − p‖]
≤ ϑk‖zk − p‖ + (1 − ϑk)[(1 − $kτ)‖zk − p‖ + $k‖F(p)‖]

= (1 − (1 − ϑk)$kτ)‖zk − p‖ + (1 − ϑk)$kτ
‖F(p)‖
τ

,

where τ = 1 −
√

1−δ
ζ . By induction, we deduce that

‖zk − p‖ ≤ max{‖z1 − p‖,
‖F(p)‖
τ
}, ∀k ≥ 1.

Therefore, {zk}
∞

k=1 is bounded. Hence, {Gzk}
∞

k=1, {VkGzk}
∞

k=1 and {F(VkGzk)}∞k=1 are also bounded. Now, set
vk = ΠC(I − $kF)VkGzk for all k ≥ 1,then zk+1 = ϑkzk + (1 − ϑk)vk for all k ≥ 1. Hence, it follows that

‖vk+1 − vk‖ = ‖ΠC(I − $k+1F)Vk+1Gzk+1 −ΠC(I − $kF)VkGzk‖

≤ ‖(I − $k+1F)Vk+1Gzk+1 − (I − $kF)VkGzk‖

= ‖Vk+1Gzk+1 − VkGzk − $k+1F(Vk+1Gzk+1) + $kF(VkGzk)‖
≤ ‖Vk+1Gzk+1 − VkGzk‖ + $k+1‖F(Vk+1Gzk+1)‖ + $k‖F(VkGzk)‖
≤ ‖Vk+1Gzk+1 − Vk+1Gzk‖ + ‖Vk+1Gzk − VkGzk‖ + $k+1‖F(Vk+1Gzk+1)‖ + $k‖F(VkGzk)‖
≤ ‖zk+1 − zk‖ + νk+1‖Tk+1Gzk − Gzk‖ + $k+1‖F(Vk+1Gzk+1)‖ + $k‖F(VkGzk)‖,

which together with νk → 0, $k → 0 and the boundedness of {Gzk}, {Tk+1Gzk} and {F(VkGzk)} implies that

lim sup
k→∞

(‖vk+1 − vk‖ − ‖zk+1 − zk‖) ≤ 0.

So, by Lemma 3.6 we get

lim
k→∞
‖vk − zk‖ = 0.
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Consequently,

lim
k→∞
‖zk+1 − zk‖ = lim

k→∞
(1 − ϑk)‖vk − zk‖ = 0.

At the same time, we note that

‖vk − VkGzk‖ = ‖ΠC(I − $kF)VkGzk − VkGzk‖

≤ ‖(I − $kF)VkGzk − VkGzk‖

= $k‖F(VkGzk)‖ → 0 as k→∞.

It follows from ‖vk − zk‖ → 0 that

lim
k→∞
‖zk − VkGzk‖ = 0.

Repeating the same arguments as those of (20) in the proof of Theorem 3.8, we have

lim
k→∞
‖VkGzk − VGzk‖ = 0.

Noticing that ‖zk − VGzk‖ ≤ ‖zk − VkGzk‖ + ‖VkGzk − VGzk‖, we get

lim
k→∞
‖zk − (V ◦ G)zk‖ = 0. (55)

It is clear that, V is a nonexpansive self-mapping on C because Vk is a nonexpansive self-mapping on C
for all k ≥ 1. Taking into account vk = ΠC(I − $kF)VkGzk for all k ≥ 1, from Lemma 2.5 and (55) we have

‖vk − VGvk‖ ≤ ‖vk − zk‖ + ‖zk − VGzk‖ + ‖VGzk − VGvk‖

≤ ‖vk − zk‖ + ‖zk − VGzk‖ + ‖zk − vk‖

= 2‖vk − zk‖ + ‖zk − VGzk‖ → 0 as k→∞.
(56)

Next, we show that

lim sup
k→∞

〈F(x̃), j(x̃ − vk)〉 ≤ 0, (57)

where x̃ ∈ F is the unique solution of VI (32).
To see this, we choose a subsequence {vki } of {vk} such that

lim sup
k→∞

〈F(x̃), j(x̃ − vk)〉 = lim
i→∞
〈F(x̃), j(x̃ − vki )〉.

We may also assume that vki ⇀ z ∈ C. Note that z ∈ Fix(V ◦G) = F in terms of Propositions 2.4 and 3.5 and
(56). Therefore, it follows from VI (32) and the weakly sequential continuity of J that

lim sup
k→∞

〈F(x̃), j(x̃ − vk)〉 = lim
i→∞
〈F(x̃), j(x̃ − vki )〉 = 〈F(x̃), j(x̃ − z)〉 ≤ 0.

Since vk = ΠC(I − $kF)VkGzk for all k ≥ 1, according to Lemma 2.2 (iii), we have

〈(I − $kF)VkGzk −ΠC(I − $kF)VkGzk, j(x̃ − vk)〉 ≤ 0. (58)

From (58), we have

‖vk − x̃‖2 = 〈ΠC(I − $kF)VkGzk − x̃, j(vk − x̃)〉
= 〈ΠC(I − $kF)VkGzk − (I − $kF)VkGzk, j(vk − x̃)〉 + 〈(I − $kF)VkGzk − x̃, j(vk − x̃)〉
≤ 〈(I − $kF)VkGzk − x̃, j(vk − x̃)〉
= 〈(I − $kF)VkGzk − (I − $kF)x̃, j(vk − x̃)〉 + 〈(I − $kF)x̃ − x̃, j(vk − x̃)〉
≤ (1 − $kτ)‖zk − x̃‖‖vk − x̃‖ + $k〈F(x̃), j(x̃ − vk)〉

≤
(1 − $kτ)2

2
‖zk − x̃‖2 +

(1
2
‖vk − x̃‖2 + $k〈F(x̃), j(x̃ − vk)〉.
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It follows that

‖vk − x̃‖2 ≤ (1 − $kτ)2
‖zk − x̃‖2 + 2$k〈F(x̃), j(x̃ − vk)〉

≤ (1 − $kτ)‖zk − x̃‖2 + 2$k〈F(x̃), j(x̃ − vk)〉.
(59)

Finally, we prove that zk → x̃ as k→∞. Indeed, from (54) and (59), we find that

‖zk+1 − x̃‖2 ≤ ϑk‖zk − x̃‖2 + (1 − ϑk)‖vk − x̃‖2

≤ ϑk‖zk − x̃‖2 + (1 − ϑk)(1 − $kτ)‖zk − x̃‖2 + 2$k(1 − ϑk)〈F(x̃), j(x̃ − vk)〉

= [1 − $k(1 − ϑk)τ]‖zk − x̃‖2 + $k(1 − ϑk)τ(
2
τ
〈F(x̃), j(x̃ − vk)〉).

(60)

We apply Lemma 3.7 to the relation (60) and conclude that zk → x̃ as k→∞. This completes the proof.
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