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Abstract. In this paper, we define the quaternionic Fock spaces Fp
α of entire slice hyperholomorphic

functions in a quaternionic unit ball B inH. We also study growth estimates and various results of entire
slice regular functions in these spaces. The work of this paper is motivated by the recent work of [5] and
[26].

1. Introduction

The notation of slice hyperholomorphicity is introduced in [15] in 2006 and till then a lot of works
have been done in this direction. Several function spaces like Hardy spaces, Bergman spaces, Bloch
spaces, Besov spaces, Dirichlet spaces, Pontryagin De Branges Rovnyak spaces, etc are studied in the
slice hyperholomorphic settings, see [5–12, 23, 26]. We refer to survey [14] and the book [13] for details
information and references for the systematic development of slice hyperholomorphic functions and their
applications. The Fock spaces in the slice hyperholomorphic settings were studied by D. Alpay, F. Colombo
and I. Sabadini, [7]. The Fock spaces are fundamental for their role in quantum mechanics, see [3, 9, 28]
and references therein. By symbol

H = {x0 + x1i + x2 j + x3k : xl ∈ R for 0 ≤ l ≤ 3},

we denote the set of 4-dimensional non-commutative real algebra of quaternions generated by imaginary
units i, j, k such that

i2 = j2 = k2 = −1, i j = − ji = k, jk = −kj = i, ki = −ik = j.

The Euclidean norm of a quaternion q is given by

|q| =
√

qq̄ =
√

q̄q =

√√√ 3∑
l=0

x2
l , for xl ∈ R,
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where q̄ = Rel(q) − Im(q) = x0 − (x1i + x2 j + x3k), denote the congugate of q. The multiplicative inverse of

non-zero quarternion q is given by
q̄
|q|2

.

The set
S = {q ∈H : q = x1i + x2 j + x3k and x2

1 + x2
2 + x2

3 = 1}

represents the two-dimensional unit sphere of purely imaginary quaternions. Any element I ∈ S is such
that I2 = −1. This implies that the elements of S are imaginary units. The quaternion is considered as the
union of complex plane CI = R + RI (also called slices) each one is identified by an imaginary unit I ∈ S.
Let ΩI = Ω ∩ CI, for some domain Ω ofH. For any quaternion q we can write

q = x0 + x1i + x2 j + x3k = x0 + Im(q) = x0 + |Im(q)|Iq = x + yIq

with Iq =
Im(q)
|Im(q)|

if |Im(q)| , 0, otherwise we take arbitrary I in S.

Here, we begin with some basic results in the quaternionic-valued slice regular functions.

Definition 1.1. [14, Definition 2.1.1] Let Ω be a domain inH. A real differentiable function f : Ω→ H is said to
be the (left) slice regular or slice hyperholomorphic if for any I ∈ S, fI is holomorphic in ΩI, i.e:,(

∂
∂x0

+ I
∂
∂y

)
fI(x0 + yI) = 0,

where fI denote the restriction of f to ΩI. The class of slice regular function on Ω is denoted by SR(Ω).

For slice regular functions, we have the following useful result.

Theorem 1.2. [16, Theorem 2.7] A function f : B→H is said to be slice regular if and only if it has a power series
of the form

f (q) =

∞∑
n=0

qnan, where an =
1
n!
∂n f (0)
∂xn (1)

converging uniformly on B.

Splitting Lemma gives the relation between classical holomorphy and slice regularity.

Lemma 1.3. [14, Definition 2.1.4] (Splitting Lemma) If f is a slice regular function on the domain Ω, then for any
i, j ∈ S, with i⊥ j there exists two holomorphic functions F,L : ΩI → CI such that

fI(z) = F(z) + L(z)J for any z = x + yI. (2)

Definition 1.4. [14, Definition 2.2.1] Let Ω be an open set in H. We say Ω is axially symmetric if for any
q = x + yIq ∈ Ω all the elements x + yI are contained in Ω, for all I ∈ S and Ω is said to be slice domain if Ω ∩R is
non empty and Ω ∩ CI is a domain in CI for all I ∈ S.

Theorem 1.5. [14, Theorem 2.2.4] (Representation Formula) Let f be a slice regular function in the domain Ω ⊂H.
Then for any j ∈ S and for all z = x + yI ∈ Ω,

f (x + yI) =
1
2
{(1 + IJ) f (x − yI) + (1 − IJ) f (x + yI)}.

Remark 1.6. Let I, J be orthogonal imaginary units in S and Ω be an axially symmetric slice domain. Then the
Splitting Lemma and the Representation formula generate a class of operators on the slice regular functions as follows:

QI : SR(Ω)→ hol(ΩI) + hol(ΩI)J
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QI : f 7→ f1 + f2 J

PI : hol(ΩI) + hol(ΩI)J→ SR(Ω)

PI[ f ](q) = PI[ f ](x + yIq) =
1
2

[(1 − IqI) f (x + yI) + (1 + IqI) f (x − yI)].

Also,
PI ◦QI = ISR(Ω) and QI ◦ PI = ISR(hol(ΩI)+hol(ΩI)),

where I is an identity operator.

Since pointwise product of functions does not preserve slice regularity (see [13]) a new multiplication
operation for regular functions is defined. In the special case of power series, the regular product (or
?−product) of f (q) =

∑
∞

n=0 qnan and 1(q) =
∑
∞

n=0 qnbn is

f ? 1(q) =
∑
n≥0

qn
n∑

k=0

akbn−k.

The ?−product is related to the standard pointwise product by the following formula.

Theorem 1.7. [8, Proposition 2.4] Let f , 1 be regular functions on B. Then f ? 1(q) = 0 if f (q) = 0 and
f (q)1( f (q)−1q f (q)) if f (q) , 0. The reciprocal f−? of a regular function f (q) =

∑
∞

n=0 qnan with respect to the
?−product is

f?(q) =
1

f ? f c(q)
f c(q),

where f c(q) =
∑
∞

n=0 qnan is the regular conjugate of f . The function f−? is regular on B \ (q ∈ B| f ? f c(q) = 0) and
f ? f−? = 1 there.

2. Fock spaces

In this section, we study some basic properties of Fock spaces in the slice hyperholomorphic settings.
Fock spaces of holomorphic functions are discussed in details in the book [28]. The slice hyperholomorphic
quaternionic Fock spaces are studied in [7]. Let dA be the normalized area measure on C. For 0 < p < ∞,
the Fock space Fp,C is defined as the space of entire functions f : C→ C such that

αp
2π

∫
C

∣∣∣ f (z)e
−α
2 |z|

2 ∣∣∣p dA(z) < ∞,

where z ∈ C and dA(z) = 1
πdxdy, z = x + jy, x, y ∈ R. Let B(0, 1) = B = {q = x + yIq : |q| < 1} be the

quaternionic unit ball centered at origin in H and B ∩ CI = BI denote unit disk in the complex plane CI
for I ∈ S. A function slice regular on the quaternionic space H is called all slice regular and have power
series representation of the form (1) converging everywhere in H and uniformily on the compact subsets
of H. Let SR(H) denote the space of entire slice regular functions on the unit ball B. Here we begin with
the following definition.

Definition 2.1. For 0 < p < ∞ and I ∈ S, the quaternionic right linear space of entire slice regular functions f is
said to be the quaternionic slice regular Fock space on the unit ball B, if for any q ∈ B

αp
2π

sup
I∈S

∫
BI

∣∣∣ f (q)e
−α
2 |q|

2 ∣∣∣p dAI(q) < ∞,

that is,

F
p
α = { f ∈ SR(H) :

αp
2π

sup
I∈S

∫
BI

∣∣∣ f (q)e
−α
2 |q|

2 ∣∣∣p dAI(q) < ∞},



S. Kumar et al. / Filomat 34:4 (2020), 1197–1207 1200

where dAI(q) denote the normalized differential area in the complex plane CI such that area of BI is equal to one and
is Möbius invariant measure on B with norm given by

‖ f ‖Fp
α

=

(
αp
2π

sup
I∈S

∫
BI

∣∣∣ f (q)e
−α
2 |q|

2 ∣∣∣p dAI(q) : q = x + yIq ∈ B

) 1
p

.

By Fp
α,I, we denote the quaternionic right linear space of entire slice regular functions on B such that

αp
2π

∫
BI

∣∣∣ f (z)e
−α
2 |z|

2 ∣∣∣p dAI(z) < ∞.

Furthermore, for each function f ∈ Fp
α,I, we define

‖ f ‖Fp
α,I

=

(
αp
2π

∫
BI

∣∣∣ f (z)e
−α
2 |z|

2 ∣∣∣p dAI(z) : z = x + yI ∈ B ∩ CI

) 1
p

.

Remark 2.2. [26] Let I ∈ S be such that J⊥I. Then there exist holomorphic functions f1, f2 : BI → CI such that
fI = QI[ f ] = f1 + f2 J for some holomorphic map QI[ f ] in complex variable z ∈ BI. Then∣∣∣ fl(z)e

−α
2 |z|

2 ∣∣∣p ≤ ∣∣∣ f (z)e
−α
2 |z|

2 ∣∣∣p ≤ 2max{0,p−1}
∣∣∣ f1(z)e

−α
2 |z|

2 ∣∣∣p + 2max{0,p−1}
∣∣∣ f2(z)e

−α
2 |z|

2 ∣∣∣p .
The condition f ∈ Fp

α,I is equivalent to f1 and f2 belonging to one dimensional complex Fock space.

Proposition 2.3. Suppose I ∈ S and α > 0. Then f ∈ Fp
α,I, p > 1 if and only if f ∈ Fp

α. Moreover, the spaces
(Fp

α,I, ‖.‖Fp
α,I

) and (Fp
α, ‖.‖Fp

α
) have equivalent norms. More precisely, one has

‖ f ‖p
F

p
α,I
≤ ‖ f ‖p

F
p
α
≤ 2p
‖ f ‖p

F
p
α,I
.

Proof. Let f ∈ Fp
α. SinceBI ⊂ B. Then by definition, ‖ f ‖p

F
p
α,I
≤ ‖ f ‖p

F
p
α

which impliesFp
α ⊂ F

p
α,I.Now, let f ∈ Fp

α,I.

For q = x + yIq ∈ B with Iq =
Im(q)
|Im(q)| and z = x + yI ∈ BI and as |q| = |z|. Then by Representation Formula for

slice regular functions, we have

αp
2π

∫
BI

∣∣∣ f (q)e
−α
2 |q|

2 ∣∣∣p dAI(q) =
αp
2π

∫
BI

1
2
|(1 − IqI)( f (z)e

−α
2 |z|

2
)

+ (1 + IqI)( f (z̄)e
−α
2 |z̄|

2
)|pdAI(z)

≤ 2max{0,p−1} αp
2π

∫
BI

∣∣∣ f (z)e
−α
2 |z|

2 ∣∣∣p dAI(z)

+ 2max{0,p−1} αp
2π

∫
BI

∣∣∣ f (z̄)e
−α
2 |z̄|

2 ∣∣∣p dAI(z̄).

Hence on taking supremum over all I ∈ S, we have

‖ f ‖p
F

p
α
≤ 2max{0,p−1} αp

2π

(∫
BI

∣∣∣ f (z)e
−α
2 |z|

2 ∣∣∣p dAI(z) +

∫
BI

∣∣∣ f (z̄)e
−α
2 |z̄|

2 ∣∣∣p dAI(z̄)
)

≤ 2p−12‖ f ‖Fp
α,I
.

This completes the proof.

We can easily prove the following results.
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Proposition 2.4. Suppose p > 1, α > 0. If f ∈ SR(H), then following statements are equivalent:
(a) f ∈ Fp

α;
(b) f ∈ Fp

α,I for some I ∈ S.

Proposition 2.5. Let I, J ∈ S, p > 1 and α > 0. If f ∈ SR(H), then f ∈ Fp
α,I if and only if f ∈ Fp

α,J.

Proposition 2.6. The space Fp
α, p > 1 and α > 0 is complete.

Proof. Let { fm}m∈N be a Cauchy sequence in Fp
α. Then, for I ∈ S, { fm} is Cauchy sequence in Fp

α,I. Let J ∈ S be
such that J⊥I and let fm,1, fm,2 be holomorphic functions such that fI = QI[ f ] = fm,1 + fm,2 J. Since { fm,1}m≥0
and { fm,2}m≥0 are Cauchy sequences in the complex Fock space Fp

α,CI
and the fact that Fp

α,CI
is complete, so

we conclude that, there exist functions fl ∈ F
p
α,CI

such that each fm,l → fl as m → ∞ for l = 1, 2. Now set
f = PI( f1 + f2 J). Therefore,

‖ fm − f ‖p
F

p
α,I
≤ ‖ fm,1 − f1‖

p
F

p
α,CI

+ ‖ fm,2 − f2‖
p
F

p
α,CI

→ 0 as m→∞.

This implies that fm → f in Fp
α,I. Hence f ∈ Fp

α,I and so f ∈ Fp
α. Thus, the slice regular Fock space Fp

α is
complete.

Remark 2.7. If we write
dλα,I(q) =

α
π

e−α|q|
2
dAI(q); q = x + yIq ∈ B,

then the slice regular Fock space has the structure of quaternionic Hilbert space with their inner product 〈., .〉α defined
by

〈 f , 1〉α =

∫
BI

f (q)1(q)dλα,I(q)

for f , 1 ∈ Fp
α.

Proposition 2.8. On the slice regular Fock Fp
α, the function 〈., .〉α is a quaternionic right linear inner product, i.e.,

for all f , 1, h ∈ Fp
α and a ∈H, we have

(i) positivity: 〈 f , f 〉α ≥ 0 and 〈 f , f 〉α = 0 if and only if f = 0;

(ii) quaternionic hermiticity: 〈 f , 1〉α = 〈1, f 〉α;

(iii) right linearity: 〈 f , 1a + h〉α = 〈 f , 1〉αa + 〈 f , h〉α.

Proposition 2.9. For p > 1 and α > 0, the space (Fp
α, 〈., .〉α) is quaternionic Hilbert space.

Proof. From Proposition 2.8, it follows that the function 〈., .〉α is a quaternionic right linear inner product
and Proposition 2.6 shows that the slice regular Fock space is complete.

Remark 2.10. By Lp(BI, dλα,I,H), we define the set of functions 1 : BI →H such that∫
BI

|1(w)|pdλα,I(w) < ∞,

where dλα,I(w) = α
π e−α|z|2 dAI(w) for α > 0 is called the Gaussian probability measure. Note that for J ∈ S with J⊥I

and 1 = 11 + 12 J with 11, 12 : BI → CI, then 1 ∈ Lp(BI, dλα,I,H) if and only if 11, 12 ∈ Lp(BI, dλα,I,CI).
Clearly, Fp

α is a closed subspace of Lp(BI, dλα,I,H). In complex analysis, the reproducing kernel of complex Fock space
for p = 2 is given by

KCI
α (z,w) = eα〈z,w〉; z,w ∈ CI.
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This gives the motivation for the following definition.

Definition 2.11. For any q ∈ B, the slice regular exponential function is given by

eq =

∞∑
n=0

qn

n!
.

Let ezw =

∞∑
n=0

znwn

n
be a holomorphic function in variable z in the complex plane CI. Clearly, ezw is not slice regular

in both variable. Setting eqw
? =

∞∑
n=0

qnwn

n!
, then we see that the function is left slice regular in q and right slice regular

in w, where ? denote the slice regular product. By Representation Formula, we can obtain the extension of function
ezw toH, as

ext(ezw) =
1
2
{(1 − IJ)ezw + (1 + IJ)ez̄w

} = eqw,

where q ∈ B and for some arbitrary w. For I ∈ S and α > 0, we define

Bα(q,w) = eαqw̄
? f or each q ∈ B

and is called slice regular reproducing kernel of quaternionic Fock space.

Proposition 2.12. For any positive integer m, the set of the form em(q) = qm
√
α
m is orthonormal in the quaternionic

Fock space F2
α(B).

Proof. By Lemma 1.3, we can write fI = f1 + f2 J for some CI-valued holomorphic functions f1, f2. Now for
any m > 0, we have

〈 f , em〉α = 〈 f1 + f2 J, em〉α = 〈 f1, em〉α + 〈 f2 J, em〉α

=

∫
BI

f1(z)emdλα,I(z) +

∫
BI

f2(z)emdλα,I(z)J.

In complex plane every power series of the form fl(z) =

∞∑
k=0

zkal,k, l = 1, 2 converges uniformly on |z| < R,

for each z ∈ BI.
Therefore, we obtain

< f , em >α =

∫
|z|<R

∞∑
k=0

zka1,kem(z)dλα,I(z) +

∫
|z|<R

∞∑
k=0

zka2,kem(z)dλα,I(z)J

=

∞∑
k=0

a1,k

∫
|z|<R

zkem(z)dλα,I(z) +

∞∑
k=0

a2,k

∫
|z|<R

zkem(z)dλα,I(z)J

= lim
R→∞

(a1,m + a2,m J)
∫
|z|<R

zkemdλα,I(z)

= lim
R→∞

dm

∫
BI

qkem(q)dλα,I(q),

where dm = a1,m + a2,m J. But in complex Fock space F2
α(BI), each al,k = 0 for l = 1, 2 implies dm = 0 and so

f = 0. Thus the sequence {em}m>0 is complete in F2
α(B).

Proposition 2.13. For some I ∈ S, the slice regular orthogonal projection onB is defined by Tα,I : L2(BI, dλα,I,H)→
F2
α. Then for all q,w ∈ B, the integral representaion for Tα,I is given by

Tα,I f (q) =
αp
2π

∫
BI

f (w)Bα(q,w)e−α|w|
2
dAI(w)

for all f ∈ L2(BI, dλα,I,H), where Bα(q,w) = eα〈q,w〉? = eαqw̄
? is reproducing kernel for F2

α.
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Proof. Given f ∈ L2(BI, dλα,I,H), let QI[ f ] = fI be its restriction. Then we write QI[ f ] = f1 + f2 J,where J is an
element of S such that J⊥I and f1, f2 are complex valued holomorphic functions. Further, if for all z,w ∈ BI,
then the two functions KCI

α (z,w) and Bα(z,w) coincide and from the fact that f = 〈 f ,Bα〉 (see [7, Theorem
3.10]), one conclude

Tα,I f = 〈Tα,I f ,Bα(., .)〉α
= 〈Tα,I( f1 + f2 J),KCI

α 〉α

= 〈Tα,I f1,KCI
α 〉α + 〈Tα,I f2 J,KCI

α 〉α

= 〈 f1,KCI
α 〉α + 〈 f2 J,KCI

α 〉α

= 〈 f1 + f2 J,KCI
α 〉α

= 〈 f ,Bα〉α

=

∫
BI

f (w)Bα(q,w)dλα,I(w)

=
αp
2π

∫
BI

f (w)Bα(q,w)e−α|w|
2
dAI(w).

This completes the proof.

In the next result, we give the growth rate estimation for entire slice regular functions in quaternionic Fock
space.

Theorem 2.14. Let 1 < p ≤ ∞ and α > 0. Then for every f ∈ Fp
α,

sup
q∈B

{
| f (q)| : ‖ f ‖Fp

α
≤ 1

}
≤ 2e

α
2 |q|

2
, where q = x + yIq and Iq =

Im(q)
|Im(q)|

.

Proof. Let I, J be the orthogonal imaginary units in two dimensional sphere S. If f ∈ Fp
α, then by Proposition

2.4, f ∈ Fp
α,I and ‖ f ‖Fp

α,I
≤ 1. Now, we can find two holomorphic functions f1, f2 in Fp

α,CI
such that QI[ f ] =

f1 + f2 J. By using [28, Theorem 2.7], each fl satisfies sup
z∈BI

{
| fl(z)| : ‖ fl‖Fp

α,CI
≤ 1

}
= e

α
2 |z|

2
. Furthermore,

sup
z∈BI

{
| f (z)| : ‖ f ‖Fp

α,I
≤ 1

}
≤ sup

z∈BI

{
| f1(z)| : ‖ f1‖Fp

α,CI
≤ 1

}
+ sup

z∈BI

{
| f2(z)| : ‖ f2‖Fp

α,CI
≤ 1

}
.

Let q = x + yIq and z = x + yI. By using triangle inequality and Theorem 1.5, we have

| f (q)| ≤ | f (z)| + | f (z̄)|.

On taking supremum over all q ∈ B, we conclude that

sup
q∈B

{
| f (q)| : ‖ f ‖Fp

α
≤ 1

}
≤ sup

z∈BI

{
| f (z)| : ‖ f ‖Fp

α,I
≤ 1

}
+ sup

z∈BI

{
| f (z̄)| : ‖ f ‖Fp

α,I
≤ 1

}
= 2e

α
2 |z|

2

= 2e
α
2 |q|

2
.

Hence the result.

Corollary 2.15. Suppose p > 1 and α > 0. If f is in Fp
α(B), then

| f (q)| ≤ 2p+1e
α
2 |q|

2
‖ f ‖Fp

α
, f or all q = x + yIq ∈ B.

Proof. Let f ∈ Fp
α,I. Then by Remark 2.2 and [28, Corollary 2.8], we have

| f (z)|p ≤ 2p−1(| f1(z)|p + | f2(z)|p)

≤ 2p−1(e
αp
2 |z|

2
‖ f1‖

p
F

p
α,CI

+ e
αp
2 |z|

2
‖ f2‖

p
F

p
α,CI

)

≤ 2pe
αp
2 |z|

2
‖ f ‖p

F
p
α,I
. (3)
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Now, on applying Representation Formula, condition (3) and Remark 2.3, we obtain

| f (q)|p ≤ 2| f (z)|p ≤ 2p+1e
αp
2 |z|

2
‖ f ‖p

F
p
α,I
≤ 2p+1e

αp
2 |z|

2
‖ f ‖p

F
p
α
.

We can easily prove the following result.

Proposition 2.16. Let 1 < p < ∞ and r ∈ (0, 1). Then for any f ∈ Fp
α

lim
r→1
‖ fr − f ‖p

F
p
α

= 0,

where fr(q) = f (rq) =

∞∑
k=0

rkqkak, for all q ∈ B.

Proof. Let f ∈ Fp
α. Then f ∈ Fp

α,I. Let I, J ∈ S be such that I⊥J. Let f1, f2 be holomorphic functions in BI. By
Remark 2.2, it follows that f1, f2 lie in the complex Fock space Fp

α,CI
. By applying corresponding results [28,

Proposition 2.9 (a)] to f1, f2 in Fp
α,CI
, we obatin lim

r→1
‖ fl,r − fl‖

p
F

p
α,CI

= 0, l = 1, 2. Since ‖ f ‖p
F

p
α
≤ 2p
‖ f ‖p

F
p
α,I
, we have

lim
r→1
‖ fr − f ‖p

F
p
α
≤ 2p lim

r→1
‖ fr − f ‖p

F
p
α,I

≤ 2p
(
lim
r→1
‖ f1,r − f1‖Fp

α,CI
− lim

r→1
‖ f2,r − f2‖Fp

α,CI

)
= 0.

Hence lim
r→1
‖ fr − f ‖p

F
p
α

= 0.

Proposition 2.17. For 1 < p < ∞, the slice regular Fock space is the closure of the sequence {pm} of quaternionic

polynomials of the form pm(q) =

m∑
k=0

qkβm,k, where βm,k ∈ H with norm ‖.‖Fp
α
. In particular, the slice regular Fock

space Fp
α is separable.

Proof. Suppose f ∈ Fp
α. Then f ∈ Fp

α,I so that f1, f2 ∈ hol(BI), where fl, l = 1, 2, is given by Splitting Lemma
1.3. Let βm,k = ζm,k + γm,k J, where ζm,k, γm,k ∈ CI. By denseness property of polynomials in complex Fock

space, we can choose polynomials of the form p1,m(z) =

m∑
k=0

zkζm,k and p2,m(z) =

m∑
k=0

zkγm,k. Applying [28,

Proposition 2.9 (b)] to each fl, pl,m, l = 1, 2, we see ‖pl,m − fl‖Fp
α,CI
→ 0 as m→∞. Thus, we have

‖ f − pm‖Fp
α
≤ 2p

‖ f − pm‖Fp
α,I

= 2p
‖( f1 + f2 J) − (p1,m + p2,m J)‖Fp

α,CI

≤ 2p
‖ f1 − p1,m‖Fp

α,CI
− 2p
‖ f2 − p2,m‖Fp

α,CI
→ 0 as m→∞.

Hence, Fp
α is separable.

Proposition 2.18. For 1 < p < u < ∞ with 1
p + 1

u = 1, Fp
α ⊂ F

u
α. Moreover ‖ f ‖u

Fu
α
≤ 2u+1 u

p
‖ f ‖u

F
p
α
.

Proof. Let f ∈ Fp
α. For any I, J ∈ S with I⊥J. Then Lemma 1.3, guarantees the existence of holomorphic

functions f1, f2 : B ∩ CI → CI such that QI[ f ](z) = f1(z) + f2(z)J, for all z = x + yI ∈ BI. From Remark
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2.2, it follows that f1, f2 lie in the complex Fock space Fp
α,CI
. Therefore, from [28, Theorem 2.10], we have

‖ fl‖uFu
α,CI

≤
u
p ‖ fl‖u

F
p
α,CI

for l = 1, 2. Furthermore,

αu
2π

∫
BI

∣∣∣ f (z)e
−α
2 |z|

2 ∣∣∣u dAI(z) ≤ 2u−1αu
2π

∫
BI

∣∣∣ f1(z)e
−α
2 |z|

2 ∣∣∣u dAI(z)

+ 2u−1αu
2π

∫
BI

∣∣∣ f2(z)e
−α
2 |z|

2 ∣∣∣u dAI(z)

= 2u−1(‖ f1‖uFu
α,CI

+ ‖ f2‖uFu
α,CI

)

≤ 2u−1 u
p

(‖ f1‖u
F

p
α,CI

+ ‖ f2‖u
F

p
α,CI

)

≤ 2u u
p
‖ f ‖u

F
p
α,I
. (4)

Now, Theorem 1.5 follows | f (q)| ≤ | f (z)|+ | f (z̄)|, where q = x + yIq ∈ Bwith Iq =
Im(q)
|Im(q)| and z = x + yI ∈ BI for

all x, y ∈ R and by equation (4), we conclude that

αu
2π

∫
BI

∣∣∣ f (q)e
−α
2 |q|

2 ∣∣∣u dAI(q) ≤
αu
2π

∫
BI

∣∣∣ f (z)e
−α
2 |z|

2 ∣∣∣u dAI(z)

+
αu
2π

∫
BI

∣∣∣ f (z̄)e
−α
2 |z|

2 ∣∣∣u dAI(z̄)

≤ 2
αu
2π

∫
BI

∣∣∣ f (z)e
−α
2 |z|

2 ∣∣∣u dAI(z)

≤ 2u+1 u
p
‖ f ‖u

F
p
α,I

≤ 2u+1 u
p
‖ f ‖u

F
p
α
.

Hence the result.

Proposition 2.19. Let 1 < p < ∞. Then for all q,w ∈ B, the function f (q) = PI

n∑
m=0

eβqw̄m am is dense in Fp
α for some

positive parameters α and β.

Proof. If f ∈ Fp
α, then f ∈ Fp

α,I. Let f1, f2 ∈ hol(BI) given as in Lemma 1.3 such that QI[ f ] = f1 + f2 J. Therefore

from [28, Lemma 2.11], each functions of the form f1(z) =

n∑
m=0

eβqw̄m cm and f2(z) =

n∑
m=0

eβqw̄m dm is dense on

F
p
α,CI

on BI. Consequently,

QI[ f ](z) = f1(z) + f2(z)J =

n∑
m=0

eβzw̄m cm +

n∑
m=0

eβzw̄m dm J.

This implies that for each q,w ∈ B, we have

f = PI ◦QI[ f ] = PI

 n∑
m=0

eβqw̄m (cm + dm J)

 = PI

 n∑
m=0

eβqw̄m am

 ,
where the sequence am = cm + dm J lie in lp(H). Thus, the density of f1 and f2 in Fp

α,CI
implies f is dense in

F
p
α,I. Therefore, from Proposition 2.4, we conclude that the set of functions f is dense Fp

α.
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Proposition 2.20. Let 0 < p ≤ ∞ and for some I ∈ S. Then f ∈ Fp
α(B) if and only if there exists H-valued Borel

measure µ such that

f (q) =

∫
BI

eαζ̄q− α2 |ζ|
2
dµ(ζ) for each ζ, q ∈ B and {|µ|(G1 + w) : w ∈H} ∈ lp(H). (5)

Proof. Suppose f ∈ Fp
α(B) implies f ∈ Fp

α,I(BI). Let J ∈ S be such that J⊥I. Then f decomposes as fI = f1 + f2 J,
where f1, f2 : B ∩ CI → CI with J⊥I. Clearly the holomorphic functions f1, f2 lie in the complex Fock space
F

p
α,CI

onBI. Further, for each fl ∈ F
p
α,CI

(BI), l = 1, 2 (see [28, p 91]), there exist complex positive Borel measure

µ1 and µ2 on BI such that fl(z) =

∫
BI

eαζ̄z− α2 |ζ|
2
dµl(ζ), for each z = x + yI ∈ BI and {|µl|(Gr + w) : w ∈ rR2

} ∈

lp(CI). Now if we decompose µ = µ1 + µ2 J, then, we can write

f (q) = QI[ f1 + f2](q) =

∫
BI

eαζ̄q− α2 |ζ|
2
dµ1(ζ) +

∫
BI

eαζ̄q− α2 |ζ|
2
dµ2(ζ)J

=

∫
BI

eαζ̄q− α2 |ζ|
2
dµ(ζ).

Conversely, assume the condition (5) holds. So we can find complex valued Borel measure µ1 and µ2 in CI
such that µ = µ1 + µ2 J. Therefore, for each z ∈ BI

f1(z) + f2(z)J = QI[ f ](z) =

∫
BI

eαζ̄z− α2 |ζ|
2
dµ1(ζ) +

∫
BI

eαζ̄z− α2 |ζ|
2
dµ2(ζ)J.

Therefore, fl(z) =

∫
BI

eαζ̄z− α2 |ζ|
2
dµl(ζ), l = 1, 2 and as {|µ|(Gr + w) : w ∈H} ∈ lp(H), it follows that {|µl|(Gr + w) :

w ∈ rR2
} ∈ lp(CI). This implies f1 and f2 belong to complex Fock space Fp

α,CI
(BI) which is equivalent to

f ∈ Fp
α,I and hence f ∈ Fp

α in B.
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[24] S. Ueki, Characterization for Fock-type spaces via higher order derivatives and its applications, Complex Anal. Oper. Theory 8

(2014), 1475-1486.
[25] S. Ueki, Higher order derivative characterization for Fock-type spaces, Integr. Equ. Oper. Theory 84 (2016), 89-104.
[26] C. M. P. C. Villalba, F. Colombo, J. Gantner and J. O. G. Cervantes, Bloch, Besov asnd Dirichlet spaces of slice hyerhlomorphic

functions, Complex Anal. Oper. Theory 9 (2015), 479-517.
[27] K. Zhu, Operator Theory in Function Spaces, Marcel Dekker, New York, 1990.
[28] K. Zhu, Analysis on Fock Spaces, Graduate Texts in Mathematics 263, Springer, New York, 2012.


