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Abstract. In this paper, we show that the following three-dimensional system of difference equations
_ Zpn—2Xn-3 _ Xn-2Yn-3 _ Yn-2Zn-3
" s by T stz T ez +

,HENQ,

where the parameters a,b,c,d,¢, f and the initial values x_;, y_;,z_;, i € {1,2,3}, are real numbers, can
be solved, extending further some results in literature. Also, we determine the asymptotic behavior of
solutions and the forbidden set of the initial values by using the obtained formulas.

1. Introduction and Preliminaries

Nonlinear difference equations and systems have attracted attention of many authors in recent years(see,
e.g. [1,41] ). The domain trend in nonlinear difference equation and system is actually to find the equation
or system which can be solved in closed-form. Almost all of them are various generalizations of solvable
difference equations and systems. That is, when a solvable equation is found, generalizations such as
solvability with parameters, solvability with increasing order, solvability with periodic coefficients, and

solvability as two-dimensional or three-dimensional systems have been studied. For example, the following
equations

XnXn-1 Xp—1Xp-2
Xn+1 = —"  and Xn+1 = u, n € Ny, 1)
Xp + Xp—1 Xy + Xp—2

was first presented, among other things, by Elmetwally et al. in [7]. Then, in [28], Egs. (1) were generalized
to the following equation
Xn—kXn—k—s

= _omkTndkss e N
AxXp—k—s + bxn—s’ ’

Xn 2)
where k, s fixed natural numbers, a,b € R \ {0}, and the initial values x_;, i = 1,7, 7T := maxik, s} are real
numbers. Also, in [11], the first equation in (1) was extended to the following two-dimensional system of
difference equation
Xn-1Yn-2 Yn-1Xn-2
Xn = r Yn =
Yn-2 £ Yn- Xp—2 £ X1

, n € INp. (3)
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Some of their solution forms were proved by induction. Further, in [24], both the first equation in (1) and
system (3) were extended to the following difference equations system
xn—lyn—Z yn—lxn—Z
=———, Y= ————,neNp, 4
xn aYn-o +byn1” 7" cxyon +dxy e Mo 4)
where parameters a,b, ¢, d, as well as the initial values are real numbers. The authors showed that system
(3) is solvable in closed form and presented formulas for the solutions. They also studied the long-term
behavior of the solutions of system (3). In [9], the second equation in (1) was generalized to the following
three-dimensional system of difference equations

Xntl = = Ynt1l = T/ Znyl = ———, n€Ny. (G))
Some of their solution forms were proved by induction. Motivated by aforementioned studies, in this study,

we deal with the following system of difference equations

Zp—2Xn-3 Xn-2Yn-3 n—-2Zn-3
xi’l = %/ n = yd 7 Z?’l = y 7 n e NO, (6)
axp-3 + byn-1 CYn-3 + dzp—1 ezy-3 + fxn-1

where the parameters 4,b,c,d, ¢, f and the initial values x_;, y_;, z_;, i € {1,2,3}, are real numbers. We solve
system (6) in closed form and determine the asymptotic behavior of solutions and the forbidden set of the
initial values by using the obtained formulas. Also, we obtain the well-known Fibonacci numbers in the
solutions of aforementioned system whena =b =c =d = e = f = 1. Note that system (6) is a natural
generalization of both system (5) and the second equation in (1). Now, we should recall that the Fibonacci
sequence {F,},~, is defined by

Fuiz = Fue1 + Fy, n € Ny, )

with the initial values Fy and F;. Considering [16], it can be clearly obtained the characteristic equation
of (7) as the form x* — x — 1 = 0 having the roots a = 1+‘@ and g = = \F Thus, the Binet’s Formula for
Fibonacci sequence, F,, = v g , can be thought as a solutlon of F1bonacc1 sequence. Also, it is obtained to
extend negatively subscrlpted Fibonacci sequence as

Foy=Fopa—F_p1 = (=1)""'F,, neN,. (8)

In the analysing of solutions of a difference equation or a system, the matter of existence of solutions is
of prime importance as such in differential equations. Therefore, the following definition gives us the set
of all initial values which yields undefined solutions.

Definition 1.1. [31] Consider the following system of difference equations

o _ (1) @ @ (m) (m)

X - fl(nl’ X n—k’ nl’ T nk’ X nl""’xn—k)’

@ _ (1) O @ @ PR (m)

X, = fz(xn_l,..., X)Xy X X 1,...,xn_k),

(m)  _ R @ Padd) (m)
X, = fm( ae1r et Xy L X X T X 1,...,xn_k), )

n € No, where m, k € ]Nandx €R,j=1ki=1,m Thestring 0fvectors< M, ;2) ..,xﬁm)), -k < j < ng

where ny > —1, is called an undeﬁned solution of system (9) for 0 < j < ng + 1, and x('O) is not defined for an
io € {1,...,m}, that is the quantity f;, (x ( ,(110), .. .,xgo)fkﬂ,quzo), ... ,quzo)fkﬂ, ... ,xfﬂf), .. .,x;i)7k+l) is not defined. The set

of all initial values xf)]., j = 1,ki = 1,m which generate undefined solutions of system of difference equation (9) is
called domain of undefineble solutions of system of difference equations.
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2. Main Results

Let (x,,, yn,zn)nz_3 be a solution of system (6). If at least one of the initial values x_;, y_;,z_;, i = 1,2,3, is
equal to zero, then the solutions of system (6) is not defined. For example, if x_3 = 0, then xg = 0, y, = 0, and
so x3, Y5 and z4 can not be calculated. Similarly, if y_3 = 0 (or z_3 = 0), then 1o = 0,z = 0 (or zp = 0, x, = 0),
and so x4, y3 and z5 (or x5, ¥4 and z3) are not calculated. For i = 1,2, the other cases are similar. On the
other hand, if x,,, = 0 (19 € INp), x,, # 0, for =3 < n < ny — 1, and x4, yx and z; are defined for -3 <k <ny -1,
then according to the first equation in (6) we have that z,,» = 0. If ng — 2 < -1, then z_;, = 0 for iy € {1,2}.
If np > 1, then according to the third equation in (6) we get that y,,-4 = 0 or z,—5 = 0. If 2 < ny < 4 and
Yne—4 = 0, then from this and the second equation in (6), we have that y_; = 0for#; €{1,2,3}. If np > 4 and
Yne—4 = 0, from this and equations in (6) we have that x,,—3 = 0, which is a contradiction. If gy = 2, from
this and equations in (6) we have that z_3 = 0. If 19 > 2 and z,,,—5 = 0, then from this and the first equation
in (6) we have that x,,,—3 = 0, which is a contradiction. The other cases (1, = 0 and z,,, = 0) can be similarly
proved. Thus, for every well-defined solution of system (6), we get that x,,y,z, # 0, n > -3, if and only if
x_iy-iz—; # 0,1 € {1,2,3}. Note that the system (6) can be written in the form

Xn 1 Yn 1 Zy 1
=—, — = , = , ne No. 10
Zna A+ bPL Xna cH+dPR Yuo et 2 0 (10)
Next, by employing the change of variables
unzx",vnz yn,wnz Zn,l’lZ—l, (11)
Zp-2 Xn-2 Yn-2
system (10) is transformed into the following system
1 1
= , = , =, € N , 12
o a+ bvu,_q On ¢+ dw,—1 @n e+ fuy1 " 0 (12)
which can be written as
cfuyz+ce+d
= , 2, 13
tn (acf +bf)uy_3 + ace + ad + be " (13)
bevy_3 +ae+ f
= ,n>2, 14
O (bce + bd) v,_3 + ace + ad + cf " (14)
dw,,— b
w, adw,_3 + ac + -y (15)

" (ade + df)wy—3 + ace + cf + be’ "=
If we apply the decomposition of indices n — 3m +i,i € {-1,0,1} and m € N, to (13)-(15), then they can be
written as follows

cfu(i) +ce+d

m—1

) = 5 : (16)
(acf +bf)u; | +ace+ad + be
@ bev(i)_l +ae+f
Uy = U , (17)
(bce + bd) 053_1 +ace+ad+cf
O adw") L tac+b
w, e (18)

(ade + df) wiﬁ?_l +ace + cf + be
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where u() = Ui, v(i) = U3mti, w() = Wzm+i, M € Ny, 1 € {—1,0,1}. It is well-known that the substitutions

(acf +bf)u? +ace+a¢71+be—:—1 m e N, (19)
m
(bce + bd) v(l) | +ace+ad +cf = Ss—l m e N, (20)

,meN, (21)

(ade + df)wii)_l +ace+cf +be =

m—=1
transforms equations in (16)-(18) into the following second order linear difference equation, which repre-
sents one of the sequences (1), (Sm)men, aNd (tn)en, ,

Gm+1 — (ace + ad + be + cf) g — bdfqu—1 =0, m € N. (22)

From (22), the general solutions of the sequences ()N, (Sm)men, and (tn) e, are given by

Aaro =11, 11— A1t
= 2
T'm pr— A A Ay, m €Ny, (23)
AzSo m —/\150 m
= 24
Sy = /\2—)\1A /\2_/\1/\2,7;1611\]0, (24)
Axtg — t1 — Aqt
by = 22 pm . 2 TL0Am e N, (25)

A—A b -

when (ace + ad + be + cf)* + 4bdf # 0, and

rm = (rm + rgAq (1 — m)) /\’1”_1, m € N, (26)
Sy = (s1m + spAq1 (1 — m)) Al’”_l, m € Ny, (27)
tw = (tim + toAr (1 = m)) AT, m € Ny, (28)

dtbe+cf+\[(acerad-+bescf) +4bdf
when (ace + ad + be + Cf)2 + 4bdf = 0, where A, = ace+ad-+be+cf+ [ (ace+ad-+be+cf) +4bdf and

2

ace+ad+be+cf— (ace+ad+be+cf)2+4bd
Ay = . Note that A; and A, are roots of the characteristic equation of Eq.

(22) as the form A% — (ace +ad+be+cf)A —bdf = 0. By substituting (23)-(25) and (26)-(28) into (19)-(21),
respectively, we get that

o ()Lz—(acf+bf)ug)—ace—ad—be)/\;”+((acf+bf)ug)+ace+ad+be—/\1))\’2”
e (acf + bf) ((Az — (acf +bf)u? —ace - ad — be)/\g’l’1 + ((ucf+ bf)ul +ace +ad + be — /\1)/\;”’1)

ace + ad + be

acf +bf

(29)
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()\2 — (bce + bd) vg) —ace —ad — cf) AT+ ((bce + bd) vg) +ace+ad+cf — Al)A?

o . A
(bee + bd) (A2 — (bee + bd) o) — ace — ad — cf) A" + ((bee + bd) v + ace +ad + cf — Ay) Ay~
ace +ad +cf 30
bce + bd (30)
@ (/\2 — (ade + df)wg) —ace — be — cf) Al + ((ade + df)wg) +ace+be+cf — /\1))\31
w = . -
- ade +df) (A, — (ade + d ) w?® — ace — be — cF) A" + ((ade + d ) w? + ace + be + cf — A, ) A1
0 1 0 2
ace + be + cf
— 7 (31)
ade +df
when (ace + ad + be + cf)2 +4bdf #0,forme N,ie {-1,0,1} and
0 (((acf +bf)ul) +ace +ad + be) m+ A (1- m)) Apt _ace + ad + be )
" (acf + bf) (((acf +bf) ug) + ace + ad + be) (m-1)+A0Q2- m)) A2 acf +bf
0 (((bce + bd) vg) +ace +ad + cf) m+ A (1— m)) At ace +ad + cf )
v’ = , - ,
"1 (bee + bd) (((bee + bd) o) + ace +ad + cf) (m — 1) + A1 (2 = m)) A2 bee + bd
0 (((ade +df) wg) + ace + be + cf) m+ A (1— m)) Apt ace + be + cf 31
w? = - - ,
" (ade + df) (((ade +df) wg) + ace + be + cf) m-1)+A(2- m)) A2 ade +df
when (ace + ad + be + cf)* + 4bdf = 0, for m € N, i € {~1,0,1} and consequently
(Lo = 2 ) LiAp=" + (2 - Ly) LoAg!
Us(m-1)+i = - - (35)
(L= ) A + (35 - 1) 4y
(Mo = Z)MAT 4 (£ - M) MpAY—!
V3(m—-1)+i — 1 v 1 ’ (36)
(Mz_v,z)/\m +( Ml)/\gF
(N2 = Z5) NuAT !+ (25 = Ni ) NpAp !
W3(m-1)+i = N ) (37)
(N2 = 75) 407+ (525 - M)
when (ace + ad + be + cf)2 +4bdf #0,forme N,ie {-1,0,1} and
(acf + bf)* L1< Ll)m + (— -L; - M?—ibf)(ace+ad+be)(acf+bf) +A2
Us(m-1)+i = (38)

(acf +bf) (2 — La)m + (acf +bf)* (L1 = 22 ) + (acf + bf) Ay
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(bee + bd)* My (2 = M) m + (52 — My — i25;) (ace + ad + cf) (bee + bd) + 12

Vstm1ai = _ - , (39)
s (bee + by (2 — My ) m + (bee + bd)* (My — =) + (bee + bd) Ay
(ade+df)2N1(ﬁ —Nl)m+(yf—j2 -N; - M?Tldf)(ace+be+cf)(ade+df)+/\%
W3(m-1)+i = , (40)

(ade + df) (5 = Ni)m + (ade + df)? (N1 = 25 ) + (ade + df) Ay

i

. Ap— d+b Ar—(ace+ad+c
when (ace + ad + be + cf)2 +4bdf =0, form € N, i € {-1,0,1}, where L, = = (foiif ) M = = (bce+bd f),
/\k—(ace+be+cf)
Ny = —aderdr for k € {1,2}. From (11), we have that
Xom+l = Uem+1Z6m+1-2 = Uem+1Wem+1-2Yom+1-4 = Uem+1Weom+1-206m+1-4X6(n—1)+1, (41)
Yém+l = VomsiXom+1-2 = VomslUem+1-2Z6m+1-4 = VsmriUem+1-2Wem-+1-4Y6(m—1)+1, (42)
and
Zom+l = Wems1Yom+1-2 = Wem+106m+1-2X6m+1-4 = Wem+106m+1-2U6m+1-4Z6(m—1)+1s (43)
wherem € Nand !l € {-3,-2,-1,0, 1,2}, from which it follows that
m
Xom+3j+i+1 = X3j+i+1 H Uek+3j+i+1Wek+3j+i-106k+3j+i-37 (44)
k=1
m
Yem+3j+i+l = Y3jrit1 H Vbk+3j+i+1U6k+3j+i-1W6k+3j+i-3 (45)
k=1
m
Zom+3j+i+1 = Z3j+it+l H Wek+3j+i+106k+3j+i~1 Uok+3j+i-3 (46)
k=1

wherem € Ny, j € {-1,0} and i € {-1,0,1}. By substituting the formulas in (35)-(37) into (44)-(46), we obtain
the formulas for well-defined solutions of system (6) when (ace + ad + be + ¢ ) + 4bdf # 0. Similarly, by
using the formulas in (38)-(40) into (44)-(46), we get the formulas for well-defined solutions of system (6)
when (ace + ad + be + cf)* + 4bdf = 0.

Theorem 2.1. Assume that (ace + ad + be + cf)> + 4bdf > 0, ace + ad + be + cf # 0, Ay # ace +ad + cf, Ay #
ace + be + cf, Ay # ace +ad + be, Ly # ij M # xyj Ni # ﬁ, for k € {1,2} and i € {-1,0,1}, and that
(X, Yns Zn),5_3 is @ well-defined solution of system (6). Then the following results are true.

(a) If|A1] > Azl and |[LiMN1| < 1, then x, = 0, y, — Oand z, — 0, as n — oo.
(b) IfIA] > |Axl and |[LiMiN:| > 1, then |x,| — oo, |yn| — oo and |z,| — o0, as n — oo.
(c) If 1Al > Az and LiM Ny = 1, then (x,),5—3, (Yn),s_3 and (2,),>_5 are convergent.

(d) If |A1l > |A2| and LiMiNy = =1, then Xemi3jris1, Yem+3jrist ANd Zemssjviv1, for m € Ny, j € {=1,0},
i € {-1,0,1}, are convergent.

(e) If A1) < |Azl and |[LaMaNs| < 1, then x, — 0, y, = 0and z, — 0, as n — co.
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() If M) <Azl and |[LyMoNo| > 1, then |x,| — o0, |y,| — o0 and |z,| — o0, as n — oo,
(8) IfIM| <Azl and LoMoNo = 1, then (x4),5—3, (Yn)s_3 and (z4),»_3 are convergent.

(W) If |M| < |A2] and LyMaNy = =1, then Xemssjrist, Yem+sj+iv1l And Zemssjviv1, for m € Ny, j € {=1,0},
i € {-1,0,1}, are convergent,

Ax—(ace+ad+be) M, = Ae—(ace+ad-+cf) Ae—(ace+be+cf)

WhET’ELk— acfrbf T beerbd Nk: W,forke{l,Z}.

Proof. Firstly, in here we will just prove (a)-(d) since (e)-(h) can be thought in the same manner with them.
Note that from (44), (45) and (46), the limits of Xgp+3+i+1, Yem+3j+i+1 and Zem+3j+i+1, for every m € Ny, j € {~1, 0}
and i € {~1,0,1}, depend on the limits of u3(,—1)+i, V3(m—1)+i and w3,—1)+i, for every m € N and i € {-1,0,1}.
From (35), (36) and (37), we have

Lim w3-1)4i = L1, M 03p-1)i = M1, M wsgn-1)4: = N1, (47)
for every i € {-1,0,1}, when |A4]| > |A;], and
Lim uzgn-1y+i = Lo, M 03140 = Mo, im w3-1)45 = No, (48)

for every i € {-1,0,1}, when |A4] < [A,].

From (44)-(47), the results follow from the assumptions 1n (a) and (b)

Now, assume that A; = Lz— 5 Bi=5-L,C= Mz— 5 Di= - My, E; = Nz— = andF == —Nl,
foreveryie {-1,0,1}.

(c) : Using the Taylor expansion for (1 + x)_l, we have, for each j € {-1,0},

AOL1 2k+ s BoLz)\Zkﬂ E1N1/\§k+]‘_1 + F1N2A§k+j_1 C_lMl/\ik+j_1 + D_1M2A§k+j_1
Xem+3j = X3j H

2k 2k 2k+j-1 2k+j-1 2k+j-1 2k+j-1
w1 AT 4 BpadH EAYT 4 FASY CaAy 7 + DA

= x3,C (mo)kl:nlo LiMiN; (1 + (L2 —L1) By (&)Zkﬂ + O(Q)Zk) (1 + (N2 — Ny Fy (&)Zkﬂ_l +0 (A—j)Zk)

LA M M Ni1E4 A A
(My —M;) D4 (/\2 )2k+j_1 (7‘2 )Zk
142 Uz (22 o(22
X( TTMica L4 HRaVN
- (L =L1)By . A (N2 =N)F1 Ay (Mo — M) D_y (AZ)ZW (AZ)Zk
= X 1 22 22 4
x3fc(m°)l__m[( +( LA, T uNE T e, ) TO\n) ) @
=iy

for sufficiently large m, m > my,

Xom+3j+1 = x3j+1H

k=1

.X'3]+1C (ml) kH LiM1N; (1 + LA 1 +0 X
=1

(N2 —N1)F_4 (/\2 )2k+j (/\2 )Zk (M — My) Dy (/\2 )2k+j_1 (/\2 )Zk
X (1 + N.E, o +0 o 1+ M.Co o +0 o

" 2k+j 2k
(Lo =L1)By (No=Ny)F_1 Ay (My—M;)Dy (A2) ! ()\2)
. | | 1 1. n
X31+1C (111) ( ’ ( L1Aq - N1E_4 " MM Co M +o A '

ALA ¢ BleAZk“](E LNAZT L F 1N2A2"+J](COM1A?‘”‘1 . DOMZAik”‘l]

2k 2k 2k 2k 2k+j-1 2k+j-1
AN 4 B AT E AT 4 Py A2 CoAy 7™ + DoAy™

k:m1

(50)
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for sufficiently large m, m > m, and

Xem+3j+2 = x3j+2H

]L1A2k+1+1 +B. L2A2k+]+1 ] [E Nl/\2k+] + FON2A2k+] ] (ClM /\2k+j—1 + D M )\2k+j_1]

21 A2k+1+1 + BT Eo /\ikﬂ + F 2 c /\2k+] Ty DA
= xsj+zC(mz)kl:_[m2 LiMN; (1 " % (%)mm N 0(%)%)
e o o S (] ol
- o [[ 1+ (R - S R ) o5 )

k:mz

(51)

sufficiently large m, m > mj,, from which along with the assumptions LiMiN; = 1 and |A1] > |A;], the results
in (c) can be seen easily.
(d) : Employing the Taylor expansion for (1 +x)', we get, for each j € {~1,0},

AOL1 2k+ s BQLz)\Zk i E1N1A§k+]‘_l + F1N2A§k+j_1 C_lMlAka_l + D_1M2A§k+j_1
Xem+3j = X3j H

2k 2k 2k+j-1 2k+j-1 2k+j-1 2k+j-1
e AT 4 Bga EAYT 4 FASY CaAy 7 + DA

_ X3jC(mO)HL1M1N1 (1_M(&)Zkﬂ_’_()(&)%)(l_M(&)Zkﬂ'—l_’_()(%)zk)

k=rmo L1Ao A M N1E; M A
y 1_w(&)2"”‘1+0(&)2k
M1C_1 /\1 Al
- - Li—L2)By (N1 —Na)Fidy (Mg — My) Doy Ay \ (Ag \ P
= x3;C (my) (=1)""™*! 1—((1 220 4 + (—)
3 (mo) (=1) kl:[m( L1Ag NiEiA; M;C_1A; A
%
+O(%) ) (52)

for sufficiently large m, m > my,

Xem+3j+1 =  X3j+1 H

A1L1/\2k+] + B1L2)\2k+ ](E 1N1)\2k+ + F_ 1N2)\2k ]](C()Ml/\ik”_l + DoMz/\§k+/_1]

2k 2k 2k 2k 2k+j-1 2k+j-1
AN 4 B A E A 4 P A2 CoA] 7 4+ DAy

k=1
_ B (L1 - L) By (Az )2k+f (/\2 )2"
= X3]+1C (ml) kl:;l[ L1M1N1 (1 L1A1 A1 +0 /\1
y 1_(N1_N2)F1(&)2k+j+0(&)2k 1_(Ml_MQ)DO(&)2k+j_1+0(&)2k
NlE_l /\1 Al M1C0 /\1 /\1
el T Li—Lp)B1  (Ni—Np)Fy (Mg —My) Dol ) Az \*
x3j+1C (m1) (=1) kl:m[] ( ( I, + NE, + NLCols N
A 2k
+0(%) ). (53)
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for sufficiently large m, m > m, and

ﬁ A,1L A2k+j+1 +B, L )\2k+j+1 EONl/\ikH*‘FONZA;kH ClM /\2k+j_1 +D M )\2k+j_1
Xem+3j+2 = X3j+2 - ;
+3)+ J*+ 11 1/\2k+1+1 +B. )\2k+]+1 EO/\ikﬂ " POAikﬂ Cl/\zkﬂ 1 +Dy /\2k+] 1
(Ll _ LZ) B_1 (/12 )2k+j+1 (AZ )2k
= iC LiMiN{|1 - ————— (= +0|=—=
X3j+2 (mz)kl;lz 14Vl 1( LA o o T
o1 N -Na)Fo (&)2"“‘ .\ 0(&)% | _ My = Mo) Dy (&)2““ s 0(&)2k
NiE A A MG A A
- - Li—L)AB_y (Nt =N2)Fy  (My — Ma) DiAq | (A2 \*Y
— X _1 m—my+1 1 _ ( 1 2 (_)
x3j42C (m2) (=1) kl:_mlz( ( LA, + NE. + MiCihs py
A2
+O(—) , 54
7)) (54)
for sufficiently large m, m > m,, from which along with the assumptions LiM;N; = —1 and [A1] > |A;], the

results in () can be seen easily. Similarly, one can easily prove that (y,),._; and (z,),»_; are convergent when
[A1] > |zl and L{M1N7 = 1, and Yem+3j+i+1 and Zem+3j+i+1 are convergent when |A4| > |Ay| and LiM1N; = -1,
which completes the proof. [

Let
Ay = (acf + by Ll(—z—Ll)
B = (Zj‘—_iz—L1 e bf)(ace+ad+be)(acf+bf)+/\2,
Cui = (acf +bf) (——Ll)

Dy = (acf +bf) (Ll—Z%)+(acf+bf)A1,

As; = (bee+bd)PM, (i —Ml)
Xi-2
By; = (L—Ml M )(ace+acl+cf)(bce+bc7l)+/\2
g Xi_p bee + bd ’
Coi = (bce+Dbdy (——Ml)
Xi-2
Dyi = (bce+ bd) (Ml—xi)+(bce+bd)m,
i-2
Ag,i = (ade+df) Ny (——Nl),
Yi2
By = |—=—-Nj— M (ace + be + cf) (ade + df) + A2
SO Yia V7 ade + df ’

Csi = (ade+df) (——Nl),

Vi

Ds; = (ade+df) (N1 - yz—) + (ade +df) A1,

i-2
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where i € {-1,0,1},

Ajiv1 Aj+1ies Ajiso,iv2
Kj

1,1' . . ’

Ciit1 Cirrins Cirazinz
P Bjix1  Djin1 . Bjis1i43  Dji+1ie3 N Bj 42tz Dji2in2
i = - - - ,
Ajivt Ciint Ajsrivs Ciaivs Ajirzivz - Cjiazinn

where j; € {1,2,3} and i € {-1,0,1}. Throughout the manuscript, we assume that X;, 1, i+j, = Xj,;,, where

3, j1+k =0mod(3) 0, i+ j1=0mod(3)
X represents one of the A,B,C,D and j, := 11, j1+k =1mod3), i1 := <1, i+ j;=1mod(3) and
2, j1+k =2mod(3) -1, i+ j;=2mod(3)

ki1 €1{0,1,2}.

Theorem 2.2. Assume that (ace + ad + be + cf)2 +4bdf = 0, abedef # 0, Aj i1, Cjivt, Aji+ries, Cii1isss
Aj 2, Ciiaivz € R\ {0}, fori € {~1,0,1} and j; € {1,2,3}, and that (x,, y,,,z,,)nz_3 is a well-defined solution of
system (6). Then the following results are true.

(a) If|Ky,l <1, then x,, = 0asn — oo.
(b) If Kyl > 1, then |x,| — oo as n — oo.
(c) IfKy; =1and P1; <0, then x, = 0as n — oo.

(d) IfKy; =1and Py; > 0, then |x,| = o0 as n — oo.

(e) If Ky; = 1 and P1; = 0O, then the sequences (x6m+3j+i+1)m€]N , for m € Ny, j € {-1,0}, i € {-1,0,1}, are
0
convergent.

(f) IfKy;=—-1and P1; <0, then x, = 0as n — oo.

(¢) IfK1; =—1and P1; > 0, then |x,| = coasn — oo.

(h) If Ky, = =1 and Py; = 0, then X12m+j,, for m € Ny, j1 € {-3,-2,...,8}, are convergent.
(i) If|Koil <1, then y, = 0asn — oo.

(G) If Kyl > 1, then |y,| — coas n — oo.

(k) IfKp; =1and Pp; <0, then y, —» 0asn — oo.

(I) If Koj =1and Py; > 0, then |y,| — oo asn — oo.

(m) If K; = 1 and P1; = O, then the sequences (y(,m+3j+,-+1)m€N , for m € Ny, j € {-1,0}, i € {-1,0,1}, are
0
convergent.

(n) IfKy; =—1and P,; <0, then y, — 0asn — oo.

(0) IfKy; = —1and Py; > 0, then |y,| = coasn — oo.

(r) If Ky = —1and Py; = 0, then y1u+j,, for m € Ny, j1 € {~3,-2,...,8}, are convergent.
(q) IfIKsil <1, thenz, = 0asn — oo.

(r) IfIKs;i| > 1, then |z,| — coasn — oo.

(s) IfKs; =1and P3; <0, then z, — 0as n — co.

(t) IfK3; = 1and P3; > 0, then |z,| — coas n — oo.
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(u) If K3; = 1 and P3; = 0, then the sequences (Zém+3]'+i+1)m€N , form € Ny, j € {-1,0}, i € {-1,0,1}, are
0
convergent.

(v) IfKs; =—1and P3; <0, then z, —» 0asn — oo.

(w) IfKs; = —1and P3; > 0, then |z,| = coasn — oo.

(y) IfK3; = —1and P3; = 0, then ziopyj,, for m € Ny, j1 € {=3,-2,...,8}, are convergent.
Proof. (a), (b) : Employing the following facts

lim Al,O (27111 + ] + 1) + Bl,O A3,1 (27’111 + ]) + B3,1 AZ,—l (27111 + ]) + BZ,—l

- . - . - =Ki_1, 55
11— 00 Cl,O (27111 + ] + 1) + Dl,O C3,1 (27’/’11 + ]) + Dg/l CZ,—l (27111 + ]) + DZ,—l 11 ( )

lim Al,l (21’}’11 + ] + 1) + Bl,l A3/_1 (21’}11 + ] + 1) + Bg/_l AZ,O (2m1 + ]) + B2/0 —K (56)
myp—oo C1,1 (21711 + ] + 1) + D1,1 ’ C3,_1 (2m1 + ] + 1) + D3,_1 ‘CQ,O (27711 + ]) + D2,0 10/

lim Al,fl (2m1 + ] + 2) + Bl,fl A3,0 (2m1 + ] + 1) + B3,O AZ,l (Zml + ]) + Bz,l - K (57)
m;—00 Cl,—l (277’11 + ] + 2) + D1,_1 ’ C3,0 (27711 + ] + 1) + D3,0 .C2,1 (271’11 + ]) + D2,1 L1

for every j € {—1,0}, in (44), the results follow from the assumption in () and (b).
(c)-(e) : For each j € {—1, 0} and sufficiently large m, we have

o H A1p(2k+j+1)+ B\ (As1 (2k + j) + B3y \ [ Az—1 (2k + j) + By 1
o3l = LN Cy gk + j+ 1) + Dig )\ Ca1 (2k + J) + D31 J\ Coma (2k + J) + Doy

m 1 (M_%) 1 (h_’fﬁ) 1 <321_D21)

2k+j+1 \ A 0 Cl/g 2k+j A3,1 C3/1 2k+j Az/_ Cz/_

.X3]‘H 1+ = 1+ = o e 2
1,0 1 + 3,1 2,1

(2k+/)Ca1 1+ (2k+7)Ca1

m Bio Do\ 1 1 Bsi Dsi) 1 .
w10 (222wl (35 -2 ol

By1 Dy} 1 1
X(l +(A2,_1 - c)z—k +O(k_2))

- Bio Dip Bsi D3y Bo D2—1) 1 1 )
S (S IR SOy S EONEL ) .
3]1_[( (Al,O Cio Asi GCsi Ay Cy1)2k k2 ©8)

k=1 l + (2k+]‘+1)C1'0

for every j € {-1,0},

A11 (2k+ ] + 1) + Bll )(Ag,,_l (2k+ ] + 1) + B3,_1)(A2,0 (2k+ ]) + le())

Xom+3j+1 C1 1 (Zk + ] + 1) + D1 1 C3,_1 (2k + ] + 1) + D3,_1 Cz/o (2k + ]) + Dz,o

x3]+1

1+ 1+
Dy, Dj Dyyo

(2k+]+1)C11 1+ (2k+j+1)Cs,11 1+ (2k+/)Cap
- Bin  Dia) 1 1 Bs1 D31\ 1 1
Faj+1 H * (A1 T Cu ) 2% O(k2 ))( " (A3,_1 Cot ) T O(k2 ))
Boo  Dip) 1 1
X(l (A_o - c—o) 2% O(k_))

Biy D1 Ba -1 D3 Bzo Do) 1 1
= LRl oot : —’—+O(—), 59
x3]+1 ( (A1,1 Ci1 A3 1 C3, 1 Azo Cz,o) 2k K2 ) (59)

m 1 h_&) _1 (le_Dal) 1 (@_%)
2k+]+1 A11 C11 2k+j+1 A3,_1 C3,_1 2k+] AZ,O Cz/[)

= X3j+1 H 1+

=1

+
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for every j € {-1,0}, and
X ‘ . A1 1 (Zk + ] + 2) + B1 -1 AS,Q (2k + ] + 1) + B3,0 Az,l (Zk + ]) + B2,1
bm+3j¥2 = 3]+2 C1 -1 (2k + ] + 2) + D1 -1 Cg,o (2k + ] + 1) + D3,() C2,l (2k + ]) + D2,1
m Bll_Dll) 1 (M_%) L(%_%)
_ ) 2k+]+2 Al Ci 2k+j+1 A3'0 C3'0 2k+] AZ,l Cz,1
= X3j+2 H 1+ D11 + 14 D30 + 14+ Dy,
k=1 (2k+/+2)C1 - (2K+j+1)Ca0 (2Kk+/)Can
m
Bi.1 Dia)1 1 Bsp Dszo) 1 (1)
= ; 1 — 1+ -==
¥oj2 H( " (Al o Cia ) 2%k O(k2 ))( " (Ag,,o cg,,o) O\
By D21\ 1 1
X[1+—-—=— —
( +(A21 C21)2k+0(k2))
Bi-1 Di1 Bso Dsp  Byi Dap) 1 1
= ; 1+ _ —’——’—+O(—), 60
X3]+2 ( ( A1 Cia o Asg GCap Ay Cay ) 2k k2 ) (60)

for every j € {-1,0}. From (58), (59), (60) and the relations Z]‘”f=1 (1/j1) = o0 as m — oo, the results easily
follow in these cases.

(f)-(h) : For each j € {-1,0} and sufficiently large m, we obtain

A10(2k+]+1)+Blo
C10(2k+]+1)+D10

A3,1 (Zk + ]) + B3,1
C3,1 (2k + ]) + D3,1

AZ,—l (2k + ]) + B2,_1
Cg,_l (2k + ]) + DZ,—l

=

X6m+3j

il | | |

m Bip |, Dy, 0) 1 (_h %) 1 (_ By1 | Do )
_ x3 ) H 2k+]+1 A1 0 Cl 0 1+ 2k+] A3,1 C3,1 1+ 2k+] AZ,—l CZ,_1
= j D1y D3, Dy 1
k=1 (2k+]+1)C1 0 (2k+j)C3,1 (2k+]‘)C2',1
m
Bio Dip) 1 1 Bs1 Ds1\ 1 1
— ) 1— M1 (2L L il
*3j H( (A10 cm) 2k O(k2 ))( (A3,1 Con ) %" O(k2 ))
By1 Dyq)\ 1 1
x[-1-(22L -2 2 o=
( (A2,_1 Cot ) %O (k2 ))
m
Bio Dip Bsi Dsi  Box Dyl 1
O I O e 2 " ) Y (—) 1
Hi Y g ( (Al,O Cio Aa 1 G Ay G ) 2k 0 k2 ) (61)
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_ ﬁ Al,l (2k + ] + 1) + B]/l A3,,1 (2k + ] + 1) + B3/,1 AQ,O (2k + ]) + B2,0
X6m+3j+1 B X3]+1 C1,1 (Zk + ] + 1) + D1,1 C3,_1 (2k + ] + 1) + D3,_1 C2,0 (2k + ]) + Dz,()

m ;(_ﬁ %) #(_BS,I Ds, 1)
2k+j+1 Al,l C1/1 2k+]+1 A3,,1 C3/,1
X3j+1 | | 1+ -1+
1 Dy, 1 Ds 1

k=1 + (2k+j+1)C14 (2k+j+1)Ca 1
1 ( Bao |, Do )
«|-1+ 2k+j Az Cop
14 22
(2k+7)Ca0

Biin Dig) 1 1 Bs1 D31\ 1 1
- e (_1_(5 C1,1)2k O(k ))( ! (A3,_1 C3,_1)2k+0(k2))
Byo  Dip) 1 1
(-2 - &) aolw)

m

Bin Dig B31 Ds1 B Dzo) 1 1 )

= x3j41 (-D)" 1+4l——-——+—"—-———+—— - —+O(—), 62
31 (1) g( (A1,1 Cii Az1 G Ay Cop (62)

and

_ ﬁ A1,_1 (Zk + ] + 2) + Bl,—l Agl() (2k + ] + 1) + B3/0 A2,1 (2k + ]) + B2,1
Yome3jr2 = A3ja2 Cl,_1 (2k + ] + 2) + D1,_1 Cg,o (Zk + ] + 1) + D3,0 C2,1 (Zk + ]) + D2,1

m %(_311 Dy 1) %(_@ ’:ﬂ)
_ 2 +j+2 A1,_1 C1,_1 2 +j+1 Aszp Csp
= X3]+2H -1+ 1t Dy -1+ 1+ Dro
k=1 (2K+j+2)C1 -1 (2K+j+1)Cs0
B  Ds
a5 (- &)
x|-1+
1+ 22
(2k+/)Ca1
m
Bi,1 D11\ 1 Bsp Dsp) 1 1
- U e s P B —1————0(—)
X3]+zg( (A1,—1 Ci- 1) 2k )( (A3o C3,0) kF kz)
Byi Dyi\ 1 1
w1 (22L - 221 —+0(—)
m
Bi,1 D11 Bsp Di3p Byr D21\ 1 1
O I Y P e P R U T R 0(—). 63
Xz (71) g( +(A1,—1 Ci-1 +A3,0 Gz +A2,1 Cz,l) % T\ (63)

From (61), (62), (63) and using the fact that Z;.’Zzl (1/j1) — oo as m — oo, then the statements easily follows.
Proofs of the (i)-(y) are not given in here since they could be obtained similar with proofs of the (a)-(h). O

The following theorem gives us the forbidden set of the initial values for system (6).
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Theorem 2.3. The forbidden set of the initial values for system (6) is given by the set

Fo= LJ{(Laxaunhy44pzy4ﬂL&1%24)eR?:§i<=m090ffm(—§) or

melNy

;C—:;z(hogo f)-m(—cec;d) or Z—:;:(hogo f)—m(_”—czc;‘fb;be) or
Looson™(-f) o Logoson(-“2L) o
Z_:;z(gofoh)—m(——”z:eaf;;f) or %:(fohog)_m(—g) or
L (fonogy () o EL o (ronogrn (- )

=

I«

—3,X-2,X-1,Y-3,Y—2, Y—1,2-3,2-2,%2-1) € R’ : x3=00rx,=00rx_1=00ry_3=00r
Yyo2=00ry_1=00rz3=00rzo=00rz_4 =0} (64)
Proof. At the begininig of Section 2, we have obtained that the set
{(x_3,x_2, X-1,Y-3,Y-2,Y-1,2-3,2-2,2-1) € R’:x3=00rx,=00rx_;=0o0r y3=0ory,=0o0r
y-1=0o0orz3=00rzr,=00rz4 :O}

belongs to the forbidden set of the initial values for system (6). If x_; # 0, y_; # 0and z_; # 0,7 € {1,2,3},
then system (6) is undefined if and only if

axp—3 +by,-1 =0, cyy—3 +dz,-1 =0, ezy—3 + fx,-1 =0, (65)

for some n € INp. By taking into account the change of variables (11), we can write the corresponding
conditions

e a c
Up_1 = —J—(, Up_q = 3 and wy,_1 = — n € Np. (66)

Therefore we can determine the forbidden set of the initial values for system (6) by using system (12). We
know that the statements

usm = (hogo f)" (uy) (67)
Uz = (hogo f)" oh(v_y) (68)
it = (hogo Y ohog(w.y) (69)
Va1 = (g0 foh)" (va) (70)
U = (g0 foh)" og(w-1) 1)
Vst = (9o foh)"ogo f(un) (72)
Wy = (fohog)” (wa) (73)
Wy = (fohog)"of(ua) 74
Wi = (fohog)"ofoh(va) (75)

where f(x) = #, gx) = ﬁ and h(x) = - J}bx, characterize the solutions of system (12). By using the

conditions (66) and the statements (67)-(75), we have, for some m € N,

Uy =(ogof)™ (—;) (76)
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v1=(gofoh)y™oh™ (_ﬁ) —(gofohy™ (_aeb:f),

e ace+be+cf)
-7 s

W= (fooay ™ olrogy (5] = (ronog (-

va=(gofory™(-5).

wr=oneg™oq” ()= oo (5,

ace + ad + be)

= rogo oo )7 () = rogo (I

wa = (fohog)™(-3),

_ce+d
cf )

e fen e e () oo ().

U-1 =(hogof)_mof_l(—g)=(hogof)_m(

1181

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

where abcdef # 0,ade+df # 0,acf+bf # 0and bee+bd # 0. Also, let us indicate that the backward solutions

of Eq. (12) are the forward solutions of the system

ti=(hogo ) (ti1), b= (go foh) " (fia), tu=(fohog)™ (t11), n €Ny,
which corresponds the system

A —(ace +ad + be)t, 3 +ce+d
n - 7

(acf +bf)ty_s —cf

n —(ace +ad + cf) b3 +ae+ f
" (bce + bd) £, 3 —be
— —(ace+cf+be)/t;_3+ac+b

ti’l = 7

(ade + df) t,_3 — ad

where 1 > 2. Using the procedure used to solve system (12), from (86), one can obtain the solution

4 (@ef +bf)ti—cf + AT + (= MA = (acf + D) L+ cf)AFT

3m+i — + ,
" acf +bf ((acf +bf)ti—cf + LAWY + (= MA = (acf + byt +cf)Ay  acf +bf
~ 4 ((bce+bd) i —be + MA)AT + (= WA = (bee + bd) £ + be) A+t 4,
famvi = 777 — — t o
ce ((bee + bd) t; — be + ApA)A7 + (= M A — (bee + bd) t; + be)Ay  bee
_ 4 ((ade+dfyti—ad + LA + (= MA = (ade + df) b +ad)AJ
B3m+i =

— = + ,
ade+df ((ade + df)t — ad + LA + (= MA = (ade + df) b +ad)Ay  ade+df

when (ace + ad + be + cf)* 4bdf # 0, and

_A —A+(A+2(—cf+(acf+bf)t,-))(m+1)+ of
acf +bf —2A+<2A+4(—cf+(acf+bf)ti))m acf +bf’

3m+i —

(85)

(86)

(87)

(88)

(89)

(90)
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A A+(A+2(=be+ Qe+ bd)E))(m+1)

1)

Bmsi =

bee+bd A 4 (24 +4( ~ be + (bee + bd) ) m " bee+bd’

4 —A+(A+2-ad+(ade+df)E))m+1) 4y

B3m+i =

= + , (92)
ade+df _pp (2A + 4( —ad + (ade + df) ti))m ade +df

when (ace + ad + be + cf)* +4bdf = 0, form € Ngand i € {~1,0, 1}, where A = ace+ad +be +cf. By employing
(76)-(84) and the change of variables (11) to (87)-(92), we obtain the result in (64) O

3. The case a=b=c=d=e=f=1

In this section we will derive the solution forms of system (6) witha =b=c=d =e = f = 1, that is, the
system

Zn-2Xn-3 Xn—-2Yn-3 Yn-2Zn-3
Xn = s Yn = s in =T, neNO/ (93)
Xp-3 + Yn-1 Yn-3 + Zp-1 Zp-3 + Xp—1

is given in [9], through analytical approach. Also, the general solutions of system (93) are expressed in
terms of Fibonacci numbers. Now, to begin with, takinga =b =c=d =e = f = 1in (22), we have that

G+t = 4qm — gm-1 = 0, m € N. (94)
It can be clearly obtained from the roots A1 and A, of characteristic equation of (94) as the form A2—4A1-1 =0,

3 3
where A; =2+ V5 = (“T‘@) =a®and A; =2- V5= (1_7‘@) = . On the other hand, taking into account
Ly =M; =Ny =—8,L, = M; = Np = —a, af = -1 and the Binet Formula for Fibonacci numbers, then we
can rewrite the equations in (35)-(37) as, form € N and i € {-1,0,1},

_a3m—3 + ﬁ3m—3 _ uia3m—4 + uiﬁ3m—4
—q3m-2 4 ﬁ3m—2 _ uia3m—3 + uiﬁ3m—3’
Fam3 + uiF3m 4

= Doms +titsn-g 95
F3p—2 + uiF33 ®5)

Uzm-1)+i =

_aSm—S + ﬁSrn—S _ Ui&Sm—él + Uiﬁ3m_4
—a3m-2 4 ‘BSm—Z _ v,-oz3'"‘3 + viﬁ3m—3’
Fam—3 + UiF3-4

= Do toiban 9%
F3—0 + 0iF3,-3 ©6)

_a3m—3 + ‘BSm—S _ wla3m—4 + wiﬁ3m_4
—q3m-2 4 ‘BSm—Z _ wia3m—3 + ZUi‘B3m_3’
Fsm-3 + WiF3-4

= Dot Wilong 97
F3p—2 + wiF3-3 ©7)

W3m-1)+i =

where F,, is nth Fibonacci number, u; = 2, v; = 2~ and w; = ﬁ From (11), (93) and (95), we get that, for

Zji-2 Xi-2
meNandie{-1,0,1},
Fau 3 +u 1F354
Fapuo +u_1F3p3
Z3F3u-3 + X 1F34

_ , 98
z_3F3m—2 + x_1F3p-3 ©8)

Uz(m-1)-1
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F3u3 + uoF3m-4

Fam— + tgF3m-3

_ xX_3F32 + y-1F3m-3 99)
X_3F3m-1+ Y-1F3m—’

Uz(m-1)

Fan3 + u1F3m—4

Fam— + u1F3m-3

Y-3F3u-1 +z_1F3—2
Y-3F3m +z1F3n1

Uz(m-1)+1

(100)

Similarly, from (11), (93) and (96), we have that, for m € Nand i € {-1,0,1},

Fam3 +0_1F34

Fan2+ 0 1F33

_ X_3F3m—3 + y-1F31n-4 (101)
X_3F3m—2 + y-1F3m-3"

U3(m-1)-1

Fam3 + 0oF3m-4

Fam—2 + 09F3-3

_ Y-3F3m— +z_1F3m-3 (102)
Y-3F3m-1 + z_1F3m—’

U3(m-1) =

F3p_3 + 01F34
Fap2 + 01F33
Z3F3-1 + x_1F3p2

D3(m-1)+1 =

. 103
z_3F3y + x_1F3-1 (103)

Similarly, from (11), (93) and (97), we obtain that, for m € N and i € {-1,0,1},

Fam3 +w_1F3-4

Famo +w_1F3,3

_ Y-3F3m—3 +z2_1F31-4 (104)
Y-3F3m—2 + z_1Fam-3’

W3m-1)-1 =

Wy = F3-3 + woF3-4
F3u2 + woF3u-3

_ Z_3F3-2 + x_1F31,-3 (105)
z3F3u-1 + X_1F3m—"

F33 + w1F3y4

Fama + wiF3p-3

X-3F3mu-1 + y-1F3m—2
X_3F3u + y-1Fam-1

W3(m-1)+1

(106)

By substituting the formulas in (98)-(106) into (44)-(46) and changing indices, we have the following results.
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Theorem 3.1. Assume that (Xu, Yn, Zn),s_5 i a well-defined solution of system (93). Then the following results are

true.

Xem—2

Xem—1

Xem

Xem+1

X6m+2

Yom-3

Yem-2

Yom-1

Yem

Yom+1

Yom+2

Z6m-3

Zem-1

Z6m

; l—Il (¥—3Fgk+a + Y-1Fers3) (x-3F6k+2 + Y-1Fers1) (x=3F6k + Y-1F k1)
3

(x_3F¢k+5 + Y-1Ferra) (x_3Fgk+3 + Y-1Fek+2) (x=3F 61 + y-1Fer)”

k=

o o

H (y-3Fek+5 + z—1F6k+4) (V-3F6k+3 + z2—1Fek+2) (Y-3F ka1 + 2-1F k)
-2

x 7
(y-3Fek+6 + z-1F6k+5) (Y-3F6k+4 + Z-1F6k+3) (V-3F 642 + 2-1F6k+1)

k=

- o

=
—

e
(z—3F6k+6 + X—1F6k+5) (2—3F gksa + X_1Fgr43) (Z-3Fg+2 + X_1Fgj+1)
(

z_3F6k+7 + X_1F6ic+6) (2-3F6k+5 + X_1Fgk+a) (2—3Fgk+3 + X-1Fgrs2)”

k=0

—_

. T—[ (v—3F6k+7 + Y-1Fek+6) (X=3F6k+5 + Y-1Fksa) (X—3F6k+3 + Y-1Fk+2)
0

o (x-3Fekrs + Y-1Feks7) (X-3F6ks6 + Y-1Fek+5) (X-3Fokea + Y-1Fers3)’

_ o

TT1 (V=3Fk+s + z-1F6rs7) (V-3F k6 + Z-1Fek+5) (Y-3F 6k + Z-1F 6+3)
4 1 (y-sFekso + z-1Fek48) (Y-3F6r+7 + 2-1Fokr6) (Y-3F ks + 2-1F k)

=

1

m—1
- H (z_3Fgk+9 + X_1Feks8) (z_3F 67 + X_1Fgrs6) (2-3F6k45 + X_1F6k44)
+ 1 (z-3F6ke10 + x-1F6k49) (2-3F 648 + X-1Fkr7) (2-3F ke + X-1F645)”

y ﬁ (y-3Fek+4 + z-1Fek+3) (Y-3F6k+2 + Z-1Fgk41) (V-3F 6k + 2-1F 1)
-3 ,
+ o (y-3Fekes + z-1F6k+4) (Y-3Fer+3 + z-1Fek+2) (Y-3Fere1 +2-1Fer)

m—1
(z_3F6k+5 + X_1F6k+4) (z-3F k43 + X_1Fek42) (z_3F 61 + X_1F¢p)
4 1 (z-3Fkes + X-1Foks5) (2-3F6kra + X-1Fek43) (2-3Fers2 + X1 Fore1)”

Yo

m—1

y H (x—3Fek+6 + Y-1Fek+5) (x-3Fek+a + Y-1Fek+3) (X—3Fek+2 + y-1Fek+1)
1 ’
+ o (x-3Feks7 + Y-1Feics6) (X-3F6k+5 + Y-1Fek+a) (X-3F6ks3 + Y-1Fek+2)

y mHl (y-3Fek+7 + Z-1F ks6) (Y-3F6k+5 + 2-1F6k+4) (V-3F k43 + 2-1F6k+2)
0 7
+0 (y-3Fekss + z-1F6k+7) (V-3Fokrs + 2-1Fek+5) (Y-3Fek+a + Z-1F6ks3)

m—1

y (z—3F6k+8 + X-1Fekr7) (z—3F6k+6 + X—1Fek+5) (z—3F 6k+4 + X—1Fgt13)
1 | |
k=0

(z-3Fgk+9 + X_1Fgts8) (z—3F k47 + X-1F6k46) (2—3F 6145 + X—1F6kra)”

y ﬁ (x—3F6k+9 + Y-1Fek+8) (X-3F6k+7 + Y-1Fgkv6) (X_3F 645 + Y-1F61+4)
2 s
i (x—3F6k+10 + Y-1F6k+9) (X-3F k48 + Y—-1F6k+7) (X-3Fk+6 + Y—1F 6k+5)

m—1

H (z—3F6k+4 + X1Fere3) (z—3F 62 + X_1Ferr1) (z—3F 6 + X-1Fe—1)
-3

+ 1 (z-3F6kes + X1 Forra) (2-3F ke + X-1Fi2) (2-3F6ke1 + X-1F6r)”

m—=1

. H (x—3F6k+5 + Y-1Feksa) (x=3F6i+3 + Y-1Fek+2) (X—3F6k+1 + y-1Fek)
2 ’
20 (x—3F6k+6 + Y-1F6k+5) (x-3F6k+4 + Y-1F6k+3) (X-3Fgk+2 + Y-1F6r41)

, nﬁ (Y-3Fek+6 + z-1Fek+5) (Y-3Fek+a + z2-1F6k13) (Y-3F k2 + Z-1Fers1)
,1 7
0 (V=3F6ks7 + z2-1F6kes) (Y-3Fekss + z-1Fek+4) (Y-3Feks3 + 2-1Fer42)

m—1
(z_3Fek+7 + X_1F6i+6) (z-3F k45 + X_1Fgrs4) (2_3F 643 + X_1Fer12)
+ 4 (z-3F6kes + X1Foti7) (2-3F6kr6 + X-1Feks5) (2-3Feksa + X1 Fotr3)”

Zp
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-1

z - h (v—3F6k+8 + Y-1Fek+7) (X-3F6k+6 + Y-1F6k+5) (X_3F g4 + Y-1F6k43)
ol = 21 ,
" o (-3Fekeo + Y-1Fekss) (x-3Fgks7 + Y-1Fekr6) (x-3Fks5 + Y-1Fek+4)

. . ﬁ (y-3Fek+9 + z—1Fer+8) (Y-3F6k+7 + Z-1Fgks6) (V-3F 6145 + 2-1F6k+4)
6m+2 - 2 ’
" o (y-3Feks10 + 2-1F6k+9) (Y-3Fokes + z-1Fks7) (y-3Fekr6 + 2-1F6k+5)

where F,, is nth Fibonacci number.
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