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Kato Decomposition Theorem for Linear Pencils

Maher Mnif?, Raouia Neji?

*University of Sfax, Faculty of Science of Sfax, B.P. 1171, 3000 Sfax, Tunisia.

Abstract. The aim of this paper is to give a Kato decomposition, associated to a pair of operators, which
removes the jump at the origin. Exactly we will give the class of linear pencils having a constant jump as a
generalization of upper semi-Fredholm pencils and we get a Kato decomposition related to this class..

1. Introduction

Let X and Y be infinite dimensional Banach spaces. Denote by B(X, Y) the set of all bounded linear
operators from X into Y. For T € B(X, Y), we write D(T) C X for the domain, N(T) = KerT for the null space
and R(T) = RanT for the range of T. The nullity, a(T), of T is defined as the dimension of N(T) and the
deficiency, B(T), of T is defined as the codimension of R(T) in Y.

In this paper we will consider T and | two operators of B(X, Y) not equal to zero. We set N1(T,]) = N(T) c X,
and by iteration we define Ni(T, ]) = T (J(Ni-1(T, ])))

for all k > 2. Similarly, we define Ry(T,]) = R(T) and by iteration Ri(T,]) = T(J" (Re-1(T, ]))) for all k > 2.
Clearly N (T, ]) (respectively Ri(T, ])) are linear subspaces of X (respectively Y).

We recall ([4],[5]) that T € B(X,Y) is called upper semi-Fredholm if
T has a closed range and a(T) < oo.
For | € B(X,Y) write,

V. (XY, )={TeBXY):R(T)is closed, R(T) c R(]) and a(T — A))
is constant for 0 < |A| < €}.

In [9], West defined a jump of a semi-Fredholm operator. We extend this concept to the case of a larger
class. If T € W, (X, Y, ]) we define the upper jump, j.(T,]), associated to the couple (T, ]) by setting

]+(T/]) = (X(T) - a(T_ AI)/ 0< |A| <e.
With the understanding that for any real number 7, co — 1 = co.

Kato’s decomposition for linear operators, linear pencils and linear relations has been studied by many
authors under different conditions, see ([1],[2],[3],[6],[9]).
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Kato’s decomposition theorem [1, Theorem 4.5 ], says that if T € W, (X) = V. (X, X, I), and satisfying some
additional conditions then T = T; ® T,, where T; is nilpotent and j.(T2) = 0. The proof of this result is
based on the special case of Kato’s decomposition theorem given by [9, Theorem 7 ]. The purpose of this
work is to pursue the investigation started in [1] and to extend it to the class W, (X, Y, J). We shall show that
if satisfies some conditions then the Kato’s decomposition relative to | allows for T. Precisely, we prove
that if T € W.(X,Y,]) be such that N(T) and N(T) + J"}(R(T)) are complemented and N(T) N J~Y(R(T))
is finite dimensional then there exist closed subspaces X; and X, C X with T(X;) € J(X;) i = 1,2 such
that X = X; © Xp,dimX; < oo and X; C Ni(T,]) for some k > 1 and T/x, is upper semi-Fredholm with
j+(T/X2/]/Xz) =0.

The structure of this work is as follows. In section 2, we establish some preliminary results concerning the
family of subspaces Ni(T,]) and Ri(T, J). The section 3, is devoted to the proof of the main result of the

paper.
2. Preliminary results

Let X and Y be two Banach spaces and let T, ] € B(X, Y) be such that R(T) C R(J). We recall in this section
some definitions of subspaces related to (T, J) and some of their properties:

RE(T,J) = [\ Ru(T, ))
n=1

and

N(T,J) = N, )
n=1

where Ni(T, ]) = T"1(J(Ni-1(T, ]))) for all k > 2. Similarly, Ri(T, J) = T(J " (Rk-1(T, ]))) for all k > 2.
Lemma 2.1. Let T and | € B(X,Y) be such that R(T) c R(]). For k > 2, we have:
Ni-i(T, ]) € NK(T, ]) and Ri(T, ]) € Ri-1(T, ])-

Lemma22. IfA#0andT,] e B(X,Y) be such that R(T) C R(J). Then
N(T = A]) S JHR(T, ])).

Proof Let x € N(T — AJ). Then (T — AJ)(x) = 0. Thus T(x) = AJ(x) and so J(x) = A~'T(x) hence J(x) € R(T).
We must prove that J(x) € R,(T, ]), for each n > 2.
First, we prove that

J(x) € Rao(T, ).

Indeed, we have J(x) € R(T) then x € J7Y(R(T)) thus Tx € T(J"}(R(T)) so Tx € Ro(T,]) and J(x) = A"'Tx €
R>(T). And by induction, we have
J(x) € R.(T), foreachn > 2.

So, we prove that
x € JHR(T, ]).
This gives
N(T = A]) € JHR(T, ]).



M. Mnif, R. Neji / Filomat 34:4 (2020), 1157-1166 1159

We give here some useful notations for later. Let A,B € B(X,Y). For Hc Xand KC Y
(A™'B)(H) = A”'(B(H)), (AB™")(K) = A(B™'(K))
and by iteration we define forn > 2 :

(A7'BY"(H) = A/(B(A™'B)"(H))), (AB™)"(K) = A(B™'((AB™!)""!(K))).

Lemma2.3. LetTand] e B(X,Y).
(i) Let Hc X,n > 1 and x € X. Then,

x € (T"'))"(H) if and only if there exists y € H such that y € (J7'T)"({x}).

(i1) Foralln>1,m>2
(T'D"N(D) = Nusa (T, )

(TJ)' Ru(T, 1)) = Rus(T, 1) = T T)" (T (Roa (T, )))-
(iii) Let x,y € X. Then,

FU'D)"(xh) 0 (M) Ay} # @, then x —y € Ny(T, ]).
(i) IFN(T) C J7YRW(T,])) for all n > 1, then Ny(T, ]) C "X (Ru(T, ))) for all n,m > 1.

Proof

(i) We proceed by induction. The case n = 1is trivial. Assume now, that the result is valid for the order n.
Let x € (T~1))**}(H). Then x € T"Y(J(T~'])"(H)). So, Tx € J(T~'])*(H)). Therefore there exists z € (T~])"(H)
such that Tx = J(z). Then from induction assumption, there exists y € H such that:

ye(7D"(zh) < 7DD = D) ()

(if) The first equality is proved by induction. The case n = 1 is trivial. Assume now that the equality is
valid for the order n. We have:
(T ™ N(D) = TH((T ) (N(T)))
= T_l(](Nn+1(Tr )
= Nu2(T, ).
For the second equality, the case n = 1 is trivial. Suppose that the result holds in the order n and for all
m>2,
(T]™* Ru(T, 1)) = (T]HATT ) (Ru(T, 1))
= (T]_l)(Rner(T/ )
= (Rn+m+1(T/ ])
For the third equality, the case n = 1 is clear. Suppose now that the result is valid for order n and for all
m > 2, then we have
(T]™* Ru(T, 1)) = TG (T (Ru(T, ]))))
= T(J (T T)' (T (Ru-r(T, ])))
= T D" (7" Ry (T, ))))-

(iiiy We proceed by induction. For the case n = 1, let z € (J'T)({x}) N J'T)({y}). Then J(z) = Tx
and J(z) = Ty. Therefore T(x — y) = 0 and so, x — y € N(T). Assume now that the result is valid for the
order 1. Let z € (J7'T)"{x} N (J7'T)"*{y}. Then, z € J7'T)"(J' T){x} N J71T)"((J "' T){y}. Hence, there exists
a1 € (J7'T){x} and as € (J7'T){y} such that z € (J7'T)"(a1) N (J7'T)"(a2). Then, by hypothesis of induction we
have: a1 —ay € Ny (T, ]). On the other hand, J(a1) = Tx and J(a2) = Ty. So, T(x — y) = J(a1 — az) € J(Nu (T, ])).
Hence x — y € T-X(J(N (T, ) = Noa(T, ).
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(iv) The inclusion is proved by induction. The case n = 1 is a direct consequence of the hypothesis.
Assume now that the result is valid for the order n and for all m > 1. Let x € N,.1(T,]). Then by (i),
there exists z € N(T) such that z € (J7'T)"({x}). On the other hand, by hypothesis, we get z € N(T) C
J " Rusn(T, 1)) ¥ m > 1. Then, by (ii), J(2) € Ruen(T, ) = (T (Ru(T, ) = T(TTY" (I (Rou1(T, J)))- So, z €
J NI DT Rt (T, D)) = T T (R (T, )))- Then there exists y € (J7 T (Ru—1(T, ])) =
J7YRu(T,])) such that, z € J7'T)"({ym}). Hence, J7'T)"({y}) N J71T)"({x}) # 0. Using (iii) we get x — y,, €
JH(Ru(T, ])) and so, x € [ (Ru(T, ])). u

In the sequel we need the following theorem wish is an immediate consequence of Theorem 1 and Theorem

7 in [6].

Theorem 2.1. Let | € B(X,Y) and T be an upper semi-Fredholm operator such that R(T) C R(]). Then there exists
€ > 0such that a(A] + T) < a(T) for all |A| < €, and a(A] + T) is constant for all 0 < |A] < e.

According to this theorem we can see that

{T € B(X,Y) : T is upper semi-Fredholm operator with R(T) ¢ R(J)} € V.(X, Y, ]).

Lemma 2.4. Let T and | € B(X,Y) be such that R(T) C R(]). We have:
(i) TN R=(T, ])) € R¥(T, ]);
(i) If T € ©(X,Y) then R*(T, ]) is closed.

Proof (i) We have
R, J) = [ Ru(T, ) and Ry(T, ) = T Ry s(T, ) forall n 2.
ot
So,
JURE, D) = ()Rl ) = (R )
Then h B

TG RT D) = T( ) JHRAT D) < () TUHRAT D) < () Roa (T, ).
n=1

n=1 n=1

Then .
TG R (T, ) () Ru(T, ]
n=2

On the other hand we have
T HR (T, ) € R(T).

So, we have the result

T (R™(T, ) € R(T, ]).

(if) Since R™(T, ]) = ;=1 Ru(T, ]), the result is obtained if we prove that R, (T, ]) is closed for all n > 1.
We proceed by induction. For the case n =1, we have T € @, (X, Y), then Ri(T, J) = R(T) is closed. Assume
now that R, (T, ]) is closed.
Define Tl = T/N(T)+]*1(‘R,,(T,]))'
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Since T is closed with finite dimensional null space and J™(R,(T, ])) is closed we obtain that T; is closed.
We note that N(T1) = N(T) and hence y(T) < y(T1), where y is the reduced minimum defined by

Y(T) := supfe = 0;€ dist(x, N(T)) < ||Txl|, x € D(T)}.

Applying [7, Theorem 2, page 97], we deduce that R(T;) is closed. But R(T1) = R,+1(T, ]). Indeed, R(T1) =
TIN(T) + J7HRu(T, )))) = TU(Ru(T, )))) = Rus1(T, ]))- S0, Rus1(T, ]) is closed. m

Let T and | € B(X,Y) be such that R(T) c R(]). Define
T: ] (R(T,]) = R(T, )

the operator induced by T and
J:JHR(T, ) — R*(T, )
the operator induced by J.

Proposition 2.1. Let T and ] € B(X, Y) be such that R(T) C R()). If a(T) < oo then B(T) = 0 and a(T) < oo.

Proof We show that if x € R¥(T, ]) then T~!{x} N J"L(R™(T, ])) # 0. Indeed, x € R*(T, ]) then x € R(T) and so,
TY{x} # 0. Letw € T~!{x}, then T}{x} = w + N(T) which, by hypothesis, is a finite dimensional hyperplane.
Hence the decreasing sequence T~'{x} N J7}(R,(T, ])) terminates. Thus for some k

THx} 0 JHR(T, ) = T~ Had 0 JHR(T, ).
Now, x € R®(T,]) then x € (N R(T,]) so x € Res1(T,]), thus x € T(J"Y(Ri(T,])) then there exists y €
J7YR(T, ]) such that x = Ty. So, y € T~ {x}.
Finally y € T"Hx} N J[7Y(R(T, J) = T-Hx} N J7HR™(T, ])). So,
T Hx} N JHR(T, ])) + 0.
Now,

B(T) = dim(R(T, )/ T(J " (R=(T, ]))))-
So, we prove that R¥(T, ]) = T(J"{(R™(T, ]))). We have, T(J"1{(R™(T, ]))) € R™(T, ]) is evident.

If x € RO(T, ), then T~ {x} N J"YR™(T, ])) # 0. Let y € T~ {x} N JY(R™(T, ])). Then

yeT Hx; x=T(y);
{ ye U R(T, ). hen { y e [ (R™(T, ))).

So x € T(J7H(R>(T, ]))), which concludes the proof and

B(T) = dim(R™(T, )/ T(J""(R™(T, ])))) = 0.

In the other hand, we have T c T then N (T) c N(T). So,
a(?) < a(T) < oo.

Remark 2.1. From Proposition 2.1 we can conclude that if T is upper semi-Fredholm then T is Fredholm and ‘B(’T\) =0.
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3. Main results
The following theorem gives a characterization of a constant neighborhood nullity linear pencils (T, J) with
J+(T,J) = 0.
Theorem 3.1. If T € W.(X, Y, ]) has a finite dimensional intersection N(T) N J"X(Rk(T, ])) for some k € IN* then

ju(T,]) = 0 ifand only if N(T) € J"M(R™(T,])). (3.1)

Proof

Suppose that T € W, (X, Y, ]). If j.(T,]) = 0 we claim that
aT) <a(T) =T —A)) = a(T - AJ) < a(T) for0< | <e. (3.2)

Indeed, the first inequality is evident. The second equality comes from the assumption. The third equality
comes from Lemma 2.2. In fact, let x € N(T — A]) then (T — A))(x) = 0 and x € J7Y(R™(T,]J)). Thus,

{ x €Y R(T,)) ;
(T - A])(x) =0

So we have N(T — A]) = N(T — AJ) N J"Y(R>(T, J)) and by Lemma 2.2, we have N(T — A]) C J"{(R™(T, ])).
So a(T - AJ) = a(T — A]). The last inequality comes from Theorem 2.1 . Thus (3.2) gives

a(T) = a(T).

Thus, we have dim(N(T)) = dim(N(T)) N J"Y(R*(T, ]))) < . It follows that N(T) C J"}(R*(T, ])) and hence
using Lemma 2.3 (iv), we get N®(T, ]) € J"{(R™(T, ))).

Conversely, suppose that N°(T, ]) € J[7H(R>(T, J)). Then N(T) = N(T) N 7L (R>(T, ])) € N(T) N X (R(T, )))
is finite dimensional. Thus T is upper semi-Fredholm. By Proposition (2.1), we have T is Fredholm and
B(T) = 0. Thus we have, by [8, Theorem 5.11],

a(T) = a(T) = (T — A]) = a(T - A]) for0< || <e.

Whichsays that j.(T,]) = 0.m

Our main theorem is an extension of Kato’s decomposition theorem. The proof of this theorem is
inspired essentially from the proof of [9, Theorem 7] and [1, Theorem 4.5].

Theorem 3.2. If T € W, (X, Y, ]) satisfies that

N(T) and N(T) + [7X(R(T)) are complemented,
N(T) N J"YR(T)) is finite dimensional

then there exist closed subspaces X1 and X, € X with T(X;) € J(X;) i = 1,2 such that X = X3 & X5, dimX; <
oo and X1 C Ni(T, ]) for some k > 1 and T/x, is upper semi-Fredholm with j.(T/x,,]/x,) = 0.
Proof

If j.(T,]) = 0, then by (3.1), we have N°(T, ]) c J[71(R>(T, ])) and so N(T) c J"Y(R(T)); thus our assumption
says that dim(N(T)) < oo, then T is upper semi-Fredholm. Thus is nothing to prove.
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If j.(T,]) # 0 and therefore a(T) — a(T — A]) # 0O, then there is a smallest integer v > 1 such that N(T) C
J7H(Ro-1(T)) but N(T)) & ™1 (Ro(T)).-

If v > 2 then by assumption:
N(T) = N(T) N ] (Ro-1(T)) € N(T) N JHR(T))

is finite dimensional and hence T is upper semi-Fredholm.
Let L,_; be a finite-dimensional subspace such that

N(T) = Lo-1 & (N(T) N ] H(R(T, )))) (3.3)
with L,y ¢ N(T) and dim [(L,-1) =dimL,y =r > 1.
We have

J(Lo-1) NRo(T, ]) = {0}. (3-4)

Indeed, let z € J(L,-1) N Ry(T, ]). Then, there exist 11 € L,—1 and y2 € J"1(Ry(T, ])) such that z = J(y1) = J(12).
Hence, J(1 — 12) = 0 € Ry(T, ]) and s0, y1 — y2 € ] H(Ru(T, ))). It follows that y1 € ["X(R,(T, J)) N N(T) N Ly-1.
In combination with (3.3), this leads to z = 0 and (3.4) is proved. As, L,-1 € N(T) € J7Y(R,-1(T,])) and
s0 J(Ly-1) € T(J"Y(Ry-2(T, J))) we can find a subspace L,—» C J71(Ry-2(T, ])) such that T(L,—2) = J(L,-1) with
dim Ly, = dim L,_; = r. This implies, in particular, that L,_, N N(T) = {0}. Furthermore we have:

L,—> N N(]) = {0} (3.5)
Lo2 N ] (Roa(T, ])) = {0}, (3.6)
Ly C No(T, ). (3.7)
J(Lo-2) N Ro-1(T, J) = {O}. (3.8)

To prove (3.5), let x € L, N N(J). Then J(x) = 0 € R,-1(T,]) and so, x € J"Y(R,_1(T,J)). This leads to
T(x) € Ry(T, ]). On the other hand, T(x) € T(L,—3) = J(Ly-1). So, T(x) € J(L,—1) N Ry(T,]) = {0}. Hence, x = 0
since L, N N(T) = {0}.

Letnow, z € Ly_oNJ Y (Ry_1(T, ])). Then T(2) € J(L,_1) and J(z) € R,_1(T, ]). Thus, T(z) € J(L,-1)NR,(T, ]) = {0}.
So, z € N(T) N Ly—, = {0}. Hence, z = 0. This proves (3.6).

For (3.7), we have L,-; € N(T). Then J(L,-1) € J(N(T)). Therefore, T(L,—) € J(N(T)) and so, L,—» C
NZ(T/ ])

By iteration, we construct L; C ]‘172j(T, J) with dim L; = r such that J(Lj41) = T(Lj)) C Rj31(T,]); 0<j<v-2
and satisfying:

LinN(T)=1{0} forall0<j<ov-2. 3.9)
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LinN(J)=1{0} forall0<j<v-2. (3.10)
Lin] ' (Ri(T,])) = {0} forall0<j<ov-2. (3.11)
Lic No_i(T,]) forall0<j<v-2. (3.12)
JL) N R (T,J) = {0} forall0<j<v-2. (3.13)

We claim that the subspaces
J(Lo), J(La), ..., J(Ly) and R (T, ]))

are linearly independent for every 0 < k < v — 1. Indeed, let I/ € J(L;) for (0 < i < k) and x; € Ry41(T,))
such that x; + 1) + -+ +1; = 0. There exist; € L; 0 <i < k and x; € J Y (Ri41(T, ])) such that I = J(;) for
0 <i<kand x; = J(xg). We have J(lp) + -+ + J(lk) + J(xx) = 0 and for all 0 < i < k J(l;) € T(Li-1). Therefore,
J(o) € R(T) N J(Lo) = {0}. Then [(lp) = 0 and J(I1) + --- + J(Ix) + J(xx) = 0. Using (3.11) and continue the
processuswe getlj =17 =--- =1 =x =0.

For 0 <j<v-2,1et {y{,...,yi} be a basis of L; such that T(y{) = ](y{“) for all 0 < j < v — 2. Notice that
since dimL; = dim](L;), then {](y{), e ,](yi)} is a basis in J(L;).

Since J(Lo) and R(T) are linearly independent and by Lemma 2.4 (ii), we have R(T) is closed, then by
Hahn-Banach theorem we can find fl.O € Y for 1 < i < r such that ﬁo(](.‘/g)) = 0j; and fio € (R(T))* for
1<ig<r

We have J*f € (N(T))*. Indeed, let y € N(T).

IR = F£JW).
But, we have J(N(T)) € R,-1(T, J) € R(T). Then J* f2(y) = 0 and hence J'f € (N(T))* forall1 <i<r.

On the other hand, let x € T™!(J(Lo) + Rx(T, ])). We claim that J*f’(x) = 0 for all 1 < i < r. Indeed,
we have T(x) € J(Lo) + T(J"Y(R(T))), then there exists y € J"Y(R(T)) such that T(x) — T(y) € J(Lo). So
T(x —y) € J(Lo) N R(T) = {0} and then T(x) = T(y). Therefore T(x) € Ry(T,]). Thus T(x) = T(z) where
z € [7R(T)) and so x — z € N(T)  J"H(R(T)). Thus J' f’(x) = f2(J(x)) = 0. Applying [6, Lemma 3.3.4], there
exist fi € Y*, 1 <i <rsuchthatT*f! = J'f? and satisfying f!' € (J(Lo) +Rx(T, ]))*. Then we have LUy =0

forall 1 <i,q <rand f!(J(yp) = f/(TWN) =T () = £LUW) = big-

By iteration we construct ff € Y* for 1 <i<rand 1 <k < v — 1 such that:

Tf =TT
FETp) = bigdy 5 (3.14)
ff e Rea(T, D)
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We now introduce:
r v-1 ) )
P=) Y Jfley
i=1 j=0

and

—_

ro -

=)
N
Il

ey

Il
(=}

i=1
We claim that P; is a projection in B(X) with range X; = @::01 L; and kernel X, = ?i{frv_l N(* fl.j ), Py is a
projection in B(Y) and TP; = P,T. Indeed, for all x € X, T
TPi(x) = L1 Lo ()@ Ty,
=Y Li f](](x )TyZ

PaT(x) = Ty T3 £ (T (v)
= T X5 fTeTE )
=T i £ T T)
=Y L § FlIET).

Let us now see that T(X;7) C J(X7) and T(X3) C J(X3).
We have Xy = R(Pl) = Pl(X) So T(Xl) = TPl(X) = PQT(X) C R(Pz) C ](Xl)
To prove T(X3) C J(X3), let z, € T(X3). Then z, € T(I — P1)(X) = (I = Pz)T(X) C R(I — P,) = N(P,). Hence
7z € N(P2) N R(T) € N(P2) N R(J). Then, z; = J(x) for some x € X and fi] (z2) = 0 for all i, j. Therefore,
x e N(f o) forall i, jand so, z, € J(Xa).

Clearly we have dim X; < coand Xj € N,(T, ]). Indeed, by (3.12) X; = @v 'L c @ Noi(T, ) = No(T, ).

On the other hand a(T/x,) = dim N(T/x,) = dim [N(T) N X1] = dim L,.1 = r and a(J/x,) = 0. Then for all
A#0, a(T/x,—AJ/x,) = 0.Indeed, letx € N(T/x, —AJ/x,). ThenT/x,(x) = AJ/x,(x). Wehave x = xp+- - +x,1
with x; € L;.

T(xo) + -+ + T(xp-1) = AJ(x0) + -+ - + AJ(xp-1).

On the other hand, we have T(L;) = J(Li;1) for all 0 < i < v — 2. Then for x;, there exists x/, | € L;;1 such that
T(x;) = J(x,,)- Hence we get,

AJ(xo) = J(x}) = AJ(x1) + -+ + J(x,_1) = AJ(xp-1).

J(x0) =0
Andso { ](x?) = AJ(x) foralll<i<ov-1.

xo € Lo N N(J) = {0}
Thus, { x?_/\ii e N(J)nL; ={0}.

This processus can be continued and we prove that x = 0. Hence, a(T/x, — AJ/x,) = 0and j.(T/x,, J/x,) = 1.

Clearly we have T/, is upper semi-Fredholm and

J+(T/ %, J1%,) = jo(T,]) = jo(T/x0, /%)) = j+(T,]) = 7.

By Theorem 2.1, j.(T, ]) > 0, then continuing the processus a finite number of times reduces the jump of the
residual operator to zero.
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Now suppose
N(T) & J7HR(T)).

By assumption, we can find closed subspaces H, Z and W for wich

N(T)=HeN(T)Nn JH(R(T)) (3.15)

JHRM) = N(T) N HRD) & Z (3.16)
and

X=NTeoZoW. (3.17)

Thus there are continuous projections P € $(X) and Q € B(N(T)) for which
RP)=NT)and NP)=Zd W

and
Q(N(T)) = Hand N(Q) = N(T) N JY(R(T)).
Then we have

QP = (QP)?,

so that QP is a continuous projection on X with range H. Further,
T(QP(X)) = T(H) = {0},

QP(J"H(R(D)) = QP(Z & N(T) ] H(R(T))) = QIN(T) N ] (R(T)))) = {0}.

Thus T is reduced by the decomposition X = R(QP) & N(QP). Indeed, we have T(QP(X)) = {0} C J(QP(X)).
On the other hand we should prove that T(N(QP)) C J(N(QP)). We have N(QP) = R(I — QP). Let x € X.
Then by (3.15) and (3.17) there exist xy € H, Xy )01y € N(T) N J7YR(T)),xz € Z and xyy € W such
that x = xg + xn(m)nj1 wemy) + Xz + xw. Therefore, T(I — QP)(x) = T(xy(r)nj1 ) + Xz + xw) = T(xz + xw).
We claim that T(I — QP)(x) € J((I — QP)(J7X(R(T)))). We have R(T) c R(]), then there exists y € X such
that T(xz + xw) = J(y). So y € J"Y(R(T)). Then, by (3.16) there exist yunrnj-1rmy € N(T) N JHR(T)) and
yz € Z such that y = yymnwmy) + yz and (I — QP)(y) = y — QP(Ynm)nj 1wy + Yz) = Y. Therefore,
T(I - QP)(x) = J((I = QP)y) € J((I = QP)(J'(R(T)))). Hence T(N(QP))  J(N(QP)).

We write
T=T,&T,,

where T = T\R(QP) and T, = T\N(QP). Note that T; = 0. Since T has a closed range and
N(T2) = N(QP) N N(T) = ]/ (R(T)) N N(T)

is finite dimensional. it follows that T, is upper semi Fredholm. Again, by an analogous construction of
the first part of the proof we have the required result. In fact, we can find a decomposition X = Y; @Y,
such that T>(Y;) € J(Y;) (i = 1,2) and after a finite number of steps we obtain j.(T/v,,J/y,) = 0. Thus we
have T, = T»/Y5 and Y1 C Ni(T, ). This completes the proof. [ ]
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