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Parabolic Local Campanato Estimates for Commutators of Parabolic
Fractional Maximal and Integral Operators With Rough Kernel

Ferit Gürbüza

aHakkari University, Faculty of Education, Department of Mathematics Education, Hakkari, Turkey

Abstract. In this paper, the author introduces parabolic generalized local Morrey spaces and parabolic local
Campanato spaces, respectively and also establishes parabolic local Campanato estimates for commutators
of parabolic fractional maximal and integral operators with rough kernel on parabolic generalized local
Morrey spaces.

1. Introduction

Let Sn−1 = {x ∈ Rn : |x| = 1} denote the unit sphere onRn (n ≥ 2) equipped with the normalized Lebesgue
measure dσ (x′), where x′ denotes the unit vector in the direction of x and αn ≥ αn−1 ≥ · · · ≥ α1 ≥ 1 be fixed
real numbers.

Note that for each fixed x = (x1, . . . , xn) ∈ Rn, the function

F
(
x, ρ

)
=

n∑
i=1

x2
i

ρ2αi

is a strictly decreasing function of ρ > 0. Hence, there exists a unique ρ = ρ (x) such that F
(
x, ρ

)
= 1. It is

clear that for each fixed x ∈ Rn, the function F
(
x, ρ

)
is a decreasing function in ρ > 0. Fabes and Riviére [4]

showed that
(
Rn,ρ

)
is a metric space which is often called the mixed homogeneity space related to {αi}

n
i=1.

For t > 0, we let At be the diagonal n × n matrix

At = dia1 [tα1 , . . . , tαn ] =


tα1 0

. . .
0 tαn

 .
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Let ρ ∈ (0,∞) and 0 ≤ ϕn−1 ≤ 2π, 0 ≤ ϕi ≤ π, i = 1, . . . ,n − 2. For any x = (x1, x2, . . . , xn) ∈ Rn, set

x1 = ρα1 cosϕ1 . . . cosϕn−2 cosϕn−1,

x2 = ρα2 cosϕ1 . . . cosϕn−2 sinϕn−1,

...

xn−1 = ραn−1 cosϕ1 sinϕ2,

xn = ραn sinϕ1.

Thus dx = ρα−1 J (x′) dρdσ(x′), where α =

n∑
i=1

αi, x′ ∈ Sn−1, J (x′) =

n∑
i=1

αi

(
x′i

)2
, dσ is the element of area of Sn−1

and ρα−1 J (x′) is the Jacobian of the above transform. Obviously, J (x′) ∈ C∞
(
Sn−1

)
function and that there

exists M > 0 such that 1 ≤ J (x′) ≤M and x′ ∈ Sn−1.
Let P be a real n× n matrix, whose all the eigenvalues have positive real part. Let At = tP (t > 0), and set

γ = trP. Then, there exists a quasi-distance ρ associated with P such that (see [3])
(1 − 1) ρ (Atx) = tρ (x), t > 0, for every x ∈ Rn,
(1 − 2) ρ (0) = 0, ρ

(
x − y

)
= ρ

(
y − x

)
≥ 0, and ρ

(
x − y

)
≤ k

(
ρ (x − z) + ρ

(
y − z

))
,

(1 − 3) dx = ργ−1dσ (w) dρ, where ρ = ρ (x), w = Aρ−1 x and dσ (w) is a measure on the unit ellipsoid{
w : ρ (w) = 1

}
.

Then,
{
Rn, ρ, dx

}
becomes a space of homogeneous type in the sense of Coifman-Weiss (see [3]) and a

homogeneous group in the sense of Folland-Stein (see [5]).
Denote by E (x, r) the ellipsoid with center at x and radius r, more precisely, E (x, r) =

{
y ∈ Rn : ρ

(
x − y

)
< r

}
.

For k > 0, we denote kE (x, r) =
{
y ∈ Rn : ρ

(
x − y

)
< kr

}
. Moreover, by the property of ρ and the polar coor-

dinates transform above, we have

|E (x, r)| =
∫

ρ(x−y)<r

dy = υρrα1+···+αn = υρrγ,

where |E(x, r)| stands for the Lebesgue measure of E(x, r) and υρ is the volume of the unit ellipsoid on Rn.
By EC(x, r) = Rn

\ E (x, r), we denote the complement of E (x, r). If we take α1 = · · · = αn = 1 and P = I, then

obviously ρ (x) = |x| =

 n∑
i=1

x2
i


1
2

, γ = n,
(
Rn, ρ

)
= (Rn, |·|), EI(x, r) = B (x, r), At = tI and J (x′) ≡ 1. Moreover,

in the standard parabolic case P0 = dia1 [1, . . . , 1, 2] we have

ρ (x) =

√√
|x′|2 +

√
|x′|4 + x2

n

2
, x = (x′, xn) .

Suppose that Ω (x) is a real-valued and measurable function defined on Rn. Suppose that Sn−1 is the unit
sphere on Rn (n ≥ 2) equipped with the normalized Lebesgue surface measure dσ. Let Ω ∈ Ls(Sn−1) with
1 < s ≤ ∞ be homogeneous of degree zero with respect to At (Ω (x) is At-homogeneous of degree zero), that
is, Ω(Atx) = Ω(x), for any t > 0, x ∈ Rn. We define s′ = s

s−1 for any s > 1.
The parabolic fractional maximal and integral operators MP

Ω,α f and IP
Ω,α f by with rough kernels, 0 < α <

γ, of a function f ∈ Lloc (Rn) are defined by

MP
Ω,α f (x) = sup

t>0
|E(x, t)|−1+ α

γ

∫
E(x,t)

∣∣∣Ω (
x − y

)∣∣∣ | f (y)|dy,

IP
Ω,α f (x) =

∫
Rn

Ω(x − y)

ρ
(
x − y

)γ−α f (y)dy. (1)
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It is obvious that when Ω ≡ 1, MP
1,α ≡ MP

α and IP
1,α ≡ IP

α are the parabolic fractional maximal operator
and the parabolic fractional integral operator, respectively. If P = I, then MI

Ω,α ≡ MΩ,α and II
Ω,α ≡ IΩ,α

are the fractional maximal operator with rough kernel and fractional integral operator with rough kernel,
respectively. It is well known that the parabolic fractional maximal and integral operators play an important
role in harmonic analysis (see [2, 5, 7]).

We notice that when α = 0, the above operators become the parabolic Calderón–Zygmund singular
integral operator with rough kernel TP

Ω
= TP

Ω,0 and the corresponding parabolic maximal operator with
rough kernel MP

Ω,0 ≡MP
Ω

:

TP
Ω f (x) = p.v.

∫
Rn

Ω(x − y)
ρ
(
x − y

)γ f (y)dy,

MP
Ω f (x) = sup

t>0
|E(x, t)|−1

∫
E(x,t)

∣∣∣Ω (
x − y

)∣∣∣ | f (y)|dy.

It is obvious that when Ω ≡ 1, TP
Ω
≡ TP and MP

Ω
≡MP are the parabolic singular operator and the parabolic

maximal operator, respectively. If P = I, then MI
Ω
≡ MΩ is the Hardy-Littlewood maximal operator with

rough kernel, and TI
Ω
≡ TΩ is the homogeneous singular integral operator. It is well known that the

parabolic maximal and singular operators play an important role in harmonic analysis (see [2, 5, 6, 11]).
On the other hand let b be a locally integrable function onRn, then for 0 < α < γ, we define commutators

generated by parabolic fractional maximal and integral operators with rough kernel and b as follows,
respectively.

MP
Ω,b,α

(
f
)

(x) = sup
t>0
|E(x, t)|−1+ α

γ

∫
E(x,t)

∣∣∣b (x) − b
(
y
)∣∣∣ ∣∣∣Ω (

x − y
)∣∣∣ | f (y)|dy, (2)

[b, IP
Ω,α] f (x) ≡ b(x)IP

Ω,α f (x) − IP
Ω,α(b f )(x) =

∫
Rn

[b(x) − b(y)]
Ω(x − y)

ρ
(
x − y

)γ−α f (y)dy. (3)

Similarly, for α = 0, we define commutators generated by parabolic maximal and singular integral
operators by with rough kernels and b as follows, respectively.

MP
Ω,b

(
f
)

(x) = sup
t>0
|E(x, t)|−1

∫
E(x,t)

∣∣∣b (x) − b
(
y
)∣∣∣ ∣∣∣Ω (

x − y
)∣∣∣ | f (y)|dy, (4)

[b,TP
Ω] f (x) ≡ b(x)TP

Ω f (x) − TP
Ω(b f )(x) = p.v.

∫
Rn

[b(x) − b(y)]
Ω(x − y)
ρ
(
x − y

)γ f (y)dy. (5)

Because of the need for the study of partial differential equations (PDEs), Morrey [8] introduced Morrey
spaces Mp,λ which naturally are generalizations of Lebesgue spaces.

A measurable function f ∈ Lp (Rn), p ∈ (1,∞), belongs to the parabolic Morrey spaces Mp,λ,P (Rn) with
λ ∈

[
0, γ

)
if the following norm is finite:

∥∥∥ f
∥∥∥

Mp,λ,P
=

 sup
x∈Rn,r>0

1
rλ

∫
E(x,r)

∣∣∣ f (
y
)∣∣∣p dy


1/p

,

where E(x, r) stands for any ellipsoid with center at x and radius r. When λ = 0, Mp,λ,P (Rn) coincides with
the parabolic Lebesgue space Lp,P (Rn).
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If P = I, then Mp,λ,I(Rn) ≡ Mp,λ(Rn) and Lp,I (Rn) ≡ Lp (Rn) are the classical Morrey and the Lebesgue
spaces, respectively.

One of important issue in the study of operators is their boundedness. Spanne (published by Peetre
[9]) and Adams [1] proved the following boundedness properties of the fractional integral operator Iα for
0 < α < n on classical Morrey spaces Mp,λ (Rn).

For the parabolic fractional integral IP
α , their results can be summarized as follows.

Theorem 1.1. (Spanne, but published by Peetre [9]) Let 0 < α < γ, 1 < p < γ−λ
α , 0 < λ < γ − αp and 1

p −
1
q = α

γ .
Then, the operator IP

α is bounded from Mp,λ,P to Mq, λq
p ,P

.

Theorem 1.2. (Adams [1]) Let 0 < α < γ, 1 < p < γ−λ
α , 0 < λ < γ − αp and 1

p −
1
q = α

γ−λ . Then the operator IP
α is

bounded from Mp,λ,P to Mq,λ,P.

By Hölder’s inequality, one can observe that: The indices q1, q2 and µ satisfy the following relations:

1
q1

=
1
p
−
α
γ
,

1
q2

=
1
p
−

α
γ − λ

,
µ

q1
=
λ
p
.

Since q1 < q2, by Hölder’s inequality we get∥∥∥IP
α f

∥∥∥
Mq1 ,µ,P

≤

∥∥∥IP
α f

∥∥∥
Mq2 ,λ,P

.

Thus, Theorem 1.2 is a sharper result than Theorem 1.1, in other words, Theorem 1.2 improves Theorem 1.1
when 1 < p < γ−λ

α :∥∥∥IP
α f

∥∥∥
Mq1 ,µ,P

≤

∥∥∥IP
α f

∥∥∥
Mq2 ,λ,P

≤ C
∥∥∥ f

∥∥∥
Mp,λ,P

.

Recall that, for 0 < α < γ,

MP
α f (x) ≤ ν

α
γ−1
n IP

α

(∣∣∣ f ∣∣∣) (x)

holds (see [7]). Hence Theorems 1.1 and 1.2 also imply boundedness of the parabolic fractional maximal
operator MP

α, where υn is the volume of the unit ellipsoid on Rn.
The following theorem is valid.

Theorem 1.3. Let Ω ∈ Ls(Sn−1), 1 < s ≤ ∞, be At-homogeneous of degree zero. Let also 0 < α < γ, 1 < p, q < ∞
and 0 < λ, µ < γ. If the operators IP

Ω,α and MP
Ω,α are bounded from Mp,λ,P to Mq,µ,P, then

γ − µ

q
=
γ − λ

p
− α, (6)

and

max
(
1,

γ − λ

γ − µ + α

)
< p <

γ − λ

α
. (7)

Proof. Let τ > 0 and ψτ f (x) = f (τx). Then, it is obvious that

IP
Ω,α f (x) = ταIP

Ω,α

(
ψτ f

) (x
τ

)
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and ∥∥∥ψτ f
∥∥∥

Mp,λ,P
= τ−

γ−λ
p

∥∥∥ f
∥∥∥

Mp,λ,P
.

Since the operator IP
Ω,α is bounded from Mp,λ,P to Mq,µ,P, then∥∥∥IP

Ω,α f
∥∥∥

Mq,µ,P
= r−

µ
q
∥∥∥IP

Ω,α f
∥∥∥

Lq(E(x,r))

≤ τα+
γ−µ

q
∥∥∥IP

Ω,α

(
ψτ f

)∥∥∥
Mq,µ,P

. τα+
γ−µ

q
∥∥∥ψτ f

∥∥∥
Mp,λ,P

. τα+
γ−µ

q −
γ−λ

p
∥∥∥ f

∥∥∥
Mp,λ,P

.

Thus, (6) is hold and it follows that p < γ−λ
α . Since q > 1 and by (6), then

0 ≤
(
γ − µ

)
−
γ − µ

q
=

(
γ − µ

)
−

(
γ − λ

p
− α

)
= γ − µ + α −

(
γ − λ

p

)
and thus

p ≥
γ − λ

γ − µ + α
.

As a result, (7) is hold.
Set

ĨP
|Ω|,α

(∣∣∣ f ∣∣∣) (x) =

∫
Rn

∣∣∣Ω(x − y)
∣∣∣

ρ
(
x − y

)γ−α ∣∣∣ f (y)
∣∣∣ dy 0 < α < γ,

where Ω ∈ Ls(Sn−1) (s > 1) is At-homogeneous of degree zero on Rn. It is easy to see that, for ĨP
|Ω|,α

, Theorem
7 is also hold. On the other hand, for any t > 0, we have

ĨP
|Ω|,α

(∣∣∣ f ∣∣∣) (x) ≥
∫

E(x,t)

∣∣∣Ω(x − y)
∣∣∣

ρ
(
x − y

)γ−α ∣∣∣ f (y)
∣∣∣ dy

≥
1

tγ−α

∫
E(x,t)

∣∣∣Ω(x − y)
∣∣∣ ∣∣∣ f (y)

∣∣∣ dy.

Taking the supremum for t > 0 on the inequality above, we get

C−1
γ,α̃IP
|Ω|,α

(∣∣∣ f ∣∣∣) (x) ≥MP
Ω,α f (x) Cγ,α = |E (0, 1)|

γ−α
γ .

Remark 1.4. (6) is the sufficient condition in inequalities above (see Theorems 1.1 and 1.2). Indeed, if we take µ =
λq
p

and µ = λ, the remainder statement is the same and we omit it.

We now recall the definition of parabolic generalized local (central) Morrey space LM{x0}

p,ϕ,P in the following.
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Definition 1.5. [6, 7] (parabolic generalized local (central) Morrey space) Let ϕ(x, r) be a positive measurable
function on Rn

× (0,∞) and 1 ≤ p < ∞. For any fixed x0 ∈ Rn we denote by LM{x0}

p,ϕ,P ≡ LM{x0}

p,ϕ,P(Rn) the parabolic
generalized local Morrey space, the space of all functions f ∈ Lloc

p (Rn) with finite quasinorm

‖ f ‖LM{x0 }
p,ϕ,P

= sup
r>0

ϕ(x0, r)−1
|E(x0, r)|−

1
p ‖ f ‖Lp(E(x0,r)) < ∞.

According to this definition, we recover the local parabolic Morrey space LM{x0}

p,λ,P and weak local parabolic Morrey

space WLM{x0}

p,λ,P under the choice ϕ(x0, r) = r
λ−γ

p :

LM{x0}

p,λ,P = LM{x0}

p,ϕ,P |ϕ(x0,r)=r
λ−γ

p
, WLM{x0}

p,λ,P = WLM{x0}

p,ϕ,P |ϕ(x0,r)=r
λ−γ

p
.

Now, let us recall the defination of the space of LC{x0}

p,λ,P (parabolic local Campanato space).

Definition 1.6. [6, 7] Let 1 ≤ p < ∞ and 0 ≤ λ < 1
γ . A parabolic local Campanato function b ∈ Lloc

p (Rn) is said to

belong to the LC{x0}

p,λ,P (Rn), if

‖b‖
LC{x0}

p,λ,P

= sup
r>0

 1

|E (x0, r)|1+λp

∫
E(x0,r)

∣∣∣b (
y
)
− bE(x0,r)

∣∣∣p dy


1
p

< ∞,

where

bE(x0,r) =
1

|E (x0, r)|

∫
E(x0,r)

b
(
y
)

dy.

Define

LC{x0}

p,λ,P (Rn) =

{
b ∈ Lloc

p (Rn) : ‖b‖
LC{x0}

p,λ,P

< ∞

}
.

In [6, 7] the boundedness of a class of parabolic sublinear operators with rough kernel and their
commutators on the parabolic generalized local Morrey spaces under generic size conditions which are
satisfied by most of the operators in harmonic analysis has been investigated, respectively.

Inspired by [6, 7], our main purpose in this paper is to consider the boundedness of above operators
([b,TP

Ω
], MP

Ω,b, [b, IP
Ω,α], MP

Ω,b,α) on the parabolic generalized local Morrey spaces, respectively. But, the
techniques and non-trivial estimates which have been used in the proofs of our main results are quite
different from [6, 7]. For example, using inequality about the weighted Hardy operator Hw in [6, 7], in this
paper we will only use the following relationship between essential supremum and essential infimum(

essinf
x∈E

f (x)
)−1

= esssup
x∈E

1
f (x)

, (8)

where f is any real-valued nonnegative function and measurable on E (see [10], page 143).
Our main results can be formulated as follows.

Theorem 1.7. Suppose that x0 ∈ Rn, Ω ∈ Ls(Sn−1), 1 < s ≤ ∞, is At-homogeneous of degree zero. Let 0 < α < γ,
1 < p < γ

α , b ∈ LC{x0}

p2,λ,P
(Rn), 0 ≤ λ < 1

γ , 1
p = 1

p1
+ 1

p2
, 1

q = 1
p −

α
γ , 1

q1
= 1

p1
−

α
γ , MP

Ω,b,α, [b, IP
Ω,α] are defined as (2), (3)

and [b, IP
Ω,α] satisfies Theorem 3.4 in [7].
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Let also, for s′ ≤ p the pair (ϕ1, ϕ2) satisfies the condition

∞∫
r

(
1 + ln

t
r

) essinf
t<τ<∞

ϕ1(x0, τ)τ
γ

p1

t
γ
q1

+1−γλ
dt ≤ Cϕ2(x0, r), (9)

and for q1 < s the pair (ϕ1, ϕ2) satisfies the condition

∞∫
r

(
1 + ln

t
r

) essinf
t<τ<∞

ϕ1(x0, τ)τ
γ

p1

t
γ
q1
−
γ
s +1−γλ

dt ≤ Cϕ2(x0, r)r
γ
s ,

where C does not depend on r.
Then the operators MP

Ω,b,α and [b, IP
Ω,α] are bounded from LM{x0}

p1,ϕ1,P
to LM{x0}

q,ϕ2,P
. Moreover,∥∥∥MP

Ω,b,α f
∥∥∥

LM{x0 }
q,ϕ2 ,P
.

∥∥∥[b, IP
Ω,α] f

∥∥∥
LM{x0 }

q,ϕ2 ,P
. ‖b‖

LC{x0}
p2 ,λ,P

∥∥∥ f
∥∥∥

LM{x0}
p1 ,ϕ1 ,P

.

Using the idea of proving Theorem 1.3, we can obtain the following pointwise relation:

Lemma 1.8. Let 0 < α < γ and Ω ∈ Ls(Sn−1), 1 < s ≤ ∞, be At-homogeneous of degree zero. Then we have

MP
Ω,b,α f (x) ≤ [b, ĨP

|Ω|,α]
(∣∣∣ f ∣∣∣) (x) for x ∈ Rn.

Proof. For any t > 0, we have

[b, ĨP
|Ω|,α]

(∣∣∣ f ∣∣∣) (x) ≥
∫

ρ(x−y)<t

∣∣∣b (x) − b
(
y
)∣∣∣ ∣∣∣Ω(x − y)

∣∣∣
ρ
(
x − y

)γ−α ∣∣∣ f (y)
∣∣∣ dy

≥
1

tγ−α

∫
E(x,t)

∣∣∣b (x) − b
(
y
)∣∣∣ ∣∣∣Ω(x − y)

∣∣∣ ∣∣∣ f (y)
∣∣∣ dy.

Taking the supremum for t > 0 on the inequality above, we get

[b, ĨP
|Ω|,α]

(∣∣∣ f ∣∣∣) (x) ≥MP
Ω,b,α f (x) for x ∈ Rn.

Theorem 1.9. Suppose that x0 ∈ Rn, Ω ∈ Ls(Sn−1), 1 < s ≤ ∞, is At-homogeneous of degree zero. Let b ∈
LC{x0}

p2,λ,P
(Rn), 0 ≤ λ < 1

γ and 1
p = 1

p1
+ 1

p2
, MP

Ω,b, [b,TP
Ω

] are defined as (4), (5) and [b,TP
Ω

] satisfies Theorem 3.2. in
[6]. Let also, for s′ ≤ p the pair (ϕ1, ϕ2) satisfies the condition

∞∫
r

(
1 + ln

t
r

) essinf
t<τ<∞

ϕ1(x0, τ)τ
γ

p1

t
γ

p1
+1−γλ

dt ≤ Cϕ2(x0, r), (10)

and for p1 < s the pair (ϕ1, ϕ2) satisfies the condition

∞∫
r

(
1 + ln

t
r

) essinf
t<τ<∞

ϕ1(x0, τ)τ
γ

p1

t
γ

p1
−
γ
s +1−γλ

dt ≤ Cϕ2(x0, r)r
γ
s ,

where C does not depend on r.
Then, the operators [b,TP

Ω
] and MP

Ω,b are bounded from LM{x0}

p1,ϕ1,P
to LM{x0}

p,ϕ2,P
. Moreover,∥∥∥MP

Ω,b f
∥∥∥

LM{x0 }
p,ϕ2 ,P
.

∥∥∥[b,TP
Ω] f

∥∥∥
LM{x0 }

p,ϕ2 ,P
. ‖b‖

LC{x0}
p2 ,λ,P

∥∥∥ f
∥∥∥

LM{x0 }
p1 ,ϕ1 ,P

.
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Lemma 1.10. Let Ω ∈ Ls(Sn−1), 1 < s ≤ ∞, be At-homogeneous of degree zero. Then we have

MP
Ω,b f (x) ≤ [b, T̃P

|Ω|]
(∣∣∣ f ∣∣∣) (x) for x ∈ Rn.

Proof. For any t > 0, we have

[b, T̃P
|Ω|]

(∣∣∣ f ∣∣∣) (x) ≥
∫

ρ(x−y)<t

∣∣∣b (x) − b
(
y
)∣∣∣ ∣∣∣Ω(x − y)

∣∣∣
ρ
(
x − y

)γ ∣∣∣ f (y)
∣∣∣ dy

≥
1
tγ

∫
E(x,t)

m∏
i=1

∣∣∣b (x) − b
(
y
)∣∣∣ ∣∣∣Ω(x − y)

∣∣∣ ∣∣∣ f (y)
∣∣∣ dy.

Taking the supremum for t > 0 on the inequality above, we get

[b, T̃P
|Ω|]

(∣∣∣ f ∣∣∣) (x) ≥MP
Ω,b f (x) for x ∈ Rn.

Throughout the paper all constants are denoted by C which may vary from one position to another. For
two values F and G, F ≈ G means that there are positive constants C1 and C2 such that C1G ≤ F ≤ C2G.
Also, F . G means that there exists a positive constant C such that F ≤ CG. For s > 1, we denote by s′ = s

s−1
the conjugate exponent of s.

2. Proofs of the main results

2.1. Proof of Theorem 1.7

Proof. We consider [b, IP
Ω,α] firstly. Since f ∈ LM{x0}

p1,ϕ1,P
, by (8) and it is also non-decreasing, with respect to t,

of the norm
∥∥∥ f

∥∥∥
Lp1 (E(x0,t))

, we get∥∥∥ f
∥∥∥

Lp1 (E(x0,t))

essinf
0<t<τ<∞

ϕ1(x0, τ)τ
γ

p1

≤ esssup
0<t<τ<∞

∥∥∥ f
∥∥∥

Lp1 (E(x0,t))

ϕ1(x0, τ)τ
γ

p1

≤ esssup
0<τ<∞

∥∥∥ f
∥∥∥

Lp1 (E(x0,τ))

ϕ1(x0, τ)τ
γ

p1

≤ ‖ f ‖LM{x0 }
p1 ,ϕ1 ,P

. (11)

For s′ ≤ p, since (ϕ1, ϕ2) satisfies (9) and by (11), we have

∞∫
r

(
1 + ln

t
r

) ∥∥∥ f
∥∥∥

Lp1 (E(x0,t))

t
γ
q1
−γλ+1

dt

≤

∞∫
r

(
1 + ln

t
r

) ∥∥∥ f
∥∥∥

Lp1 (E(x0,t))

essinf
t<τ<∞

ϕ1(x0, τ)τ
γ

p1

essinf
t<τ<∞

ϕ1(x0, τ)τ
γ

p1

t
γ
q1
−γλ+1

dt

.
∥∥∥ f

∥∥∥
LM{x0 }

p1 ,ϕ1 ,P

∞∫
r

(
1 + ln

t
r

) essinf
t<τ<∞

ϕ1(x0, τ)τ
γ

p1

t
γ
q1
−γλ+1

dt

.
∥∥∥ f

∥∥∥
LM{x0 }

p1 ,ϕ1 ,P
ϕ2(x0, r). (12)
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Then by Definition 1.5, Theorem 3.4 in [7] and (12), we get∥∥∥[b, IP
Ω,α] f

∥∥∥
LM{x0 }

q,ϕ2 ,P
= sup

r>0
ϕ2 (x0, r)−1

|E(x0, r)|−
1
q
∥∥∥[b, IP

Ω,α] f
∥∥∥

Lq(E(x0,r))

. ‖b‖
LC{x0}

p2 ,λ,P

sup
r>0

ϕ2 (x0, r)−1

∞∫
r

(
1 + ln

t
r

) ∥∥∥ f
∥∥∥

Lp1 (E(x0,t))

t
γ
q1
−γλ+1

dt

. ‖b‖
LC{x0}

p2 ,λ,P

∥∥∥ f
∥∥∥

LM{x0 }
p1 ,ϕ1 ,P

. (13)

From the process proving (13), it is easy to see that the conclusions of (13) also hold for [b, ĨP
|Ω|,α

]. Combining
this with Lemma 1.8, we can immediately obtain∥∥∥MP

Ω,b,α f
∥∥∥

LM{x0}
q,ϕ2 ,P
. ‖b‖

LC{x0}
p2 ,λ,P

∥∥∥ f
∥∥∥

LM{x0 }
p1 ,ϕ1 ,P

.

For the case of q1 < s, we can also use the same method, so we omit the details. This completes the proof
of Theorem 1.7.

2.2. Proof of Theorem 1.9
Proof. Similar to the proof of Theorem 1.7, we consider [b,TP

Ω
] firstly.

For s′ ≤ p, since (ϕ1, ϕ2) satisfies (10) and by (11), we have

∞∫
r

(
1 + ln

t
r

) ∥∥∥ f
∥∥∥

Lp1 (E(x0,t))

t
γ

p1
+1−γλ

dt

≤

∞∫
r

(
1 + ln

t
r

) ∥∥∥ f
∥∥∥

Lp1 (E(x0,t))

essinf
t<τ<∞

ϕ1(x0, τ)τ
γ

p1

essinf
t<τ<∞

ϕ1(x0, τ)τ
γ

p1

t
γ

p1
+1−γλ

dt

.
∥∥∥ f

∥∥∥
LM{x0 }

p1 ,ϕ1 ,P

∞∫
r

(
1 + ln

t
r

) essinf
t<τ<∞

ϕ1(x0, τ)τ
γ

p1

t
γ

p1
+1−γλ

dt

.
∥∥∥ f

∥∥∥
LM{x0 }

p1 ,ϕ1 ,P
ϕ2(x0, r). (14)

Then by Definition 1.5, Theorem 3.2. in [6] and (14), we get∥∥∥[b,TP
Ω] f

∥∥∥
LM{x0}

p,ϕ2 ,P
= sup

r>0
ϕ2 (x0, r)−1

|E(x0, r)|−
1
p
∥∥∥[b,TP

Ω] f
∥∥∥

Lp(E(x0,r))

. ‖b‖
LC{x0}

p2 ,λ,P

sup
r>0

ϕ2 (x0, r)−1

∞∫
r

(
1 + ln

t
r

) ∥∥∥ f
∥∥∥

Lp1 (E(x0,t))

t
γ

p1
−γλ+1

dt

. ‖b‖
LC{x0}

p2 ,λ,P

∥∥∥ f
∥∥∥

LM{x0}
p1 ,ϕ1 ,P

. (15)

From the process proving (15), it is easy to see that the conclusions of (15) also hold for [b, T̃P
|Ω|

]. Combining
this with Lemma 1.10, we can immediately obtain∥∥∥MP

Ω,b f
∥∥∥

LM{x0 }
p,ϕ2 ,P
. ‖b‖

LC{x0}
p2 ,λ,P

∥∥∥ f
∥∥∥

LM{x0 }
p1 ,ϕ1 ,P

.

For the case of p1 < s, we can also use the same method, so we omit the details. This completes the proof
of Theorem 1.9.
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