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A Non-Iterative Reconstruction Method for Bioluminescence
Tomography
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“Monastir University, Department of Mathematics, Faculty of Sciences Avenue de I’Environnement 5000, Monastir, Tunisia

Abstract. In this paper, we study an inverse source problem of the bioluminescence tomography in
three dimensional case. Our aim is to reconstruct a bioluminescent source distribution within a body
from the knowledge of the boundary measurements. The inverse source problem is reformulated as a
topology optimization one minimizing an energy like type functional. It measures the difference between
the solutions of two auxiliary boundary value problems. An asymptotic expansion of the considered
functional with respect to a set of ball-shaped anomalies is computed using the topological sensitivity
analysis method. The obtained theoretical result leads to build a non-iterative reconstruction algorithm.

Finally, some numerical examples in 3D are presented in order to show the effectiveness of the devised
reconstruction algorithm.

1. Introduction

The inverse problem identifying the source in Partial Differential Equations (PDEs) from overdeter-
mined boundary data have been involved in several areas of science and engineering covering a wide
spectrum of applications: Environmental applications [7, 8, 20], Medical applications [1] and Biolumines-
cence tomography [42].

In this work, we are interested in the inverse problem of the bioluminescence tomography that consists
of determining an internal bioluminescent source distribution generated by luciferase inducted by reporter
genes [42]. More precisely, we work with the simplest mathematical model for the bioluminescence
tomography in three dimensional case which is the diffusion approximation of the radiative transport

equation [21]: Then, let Q be an open bounded domain of IR* with sufficiently regular boundary 9. Let
Y : QO — R denote the photon density. Thus,

—div(DVY) + pup = f in Q. (1)
where f* represents the bioluminescent source function. Moreover, we assume that the absorption coeffi-
cient > 0 as well as the diffusion coefficient D > 9, > 0 for some positive constant Dy.

The main purpose of this work concerns the problem of recovering the bioluminescent source f* in the

diffusion equation (1) from the Cauchy data (d,¢r, ) prescribed on the boundary I' = Q) where d, = %
and v is the outward unit normal to I'.
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The major difficulty of this inverse source problem from boundary data concerns the non-uniqueness
of general sources term, see [21, Corollary 2.4] for example. Theoretically, the bioluminescent source
uniqueness shows that a priori information has a quite effect on source detection. Here, to cope with these
difficulties the source term f* is modeled as a linear combination of a finite number of solid ball sources,
namely,

fi(x) = Zyi)((a):) with w} N a); =Qforalli#jandije(l,.., m}, (2)
i=1
where w; C Q is a solid ball of center s} € Q) and radii ;, that is,
w; = (xeR®: lx —si| <7},

with x(w;) is the characteristic function of the set @}, m is a given non-negative integer, the intensity ; is
non-null scalar. See the sketch in Figure 1.

support(f*)

Figure 1: The inverse source problem.

Practically, we know that the source intensity is closely related to the strength of the molecular/cellular
activity, such as gene expression. Thus, it is often reasonable to take the intensity or its parametric form as
known to find the unique solution. Hence, in this article, we assume that the source intensity y; is known
and we reconstruct the geometrical support of the sources w* = U, w; with the help of the Cauchy data
(@vrr, Yr). In addition, for the sake of simplicity, we assume that y; = ... = y,, = y.

Then our inverse source problem is formulated as follows: giveny € R*, © > 0, u > 0, and (@, ¢) €
H~Y2(T') x H'/2(T'), reconstruct the source term f* = Y12, yx(w}) (i.e @* = U™, w}) such that the solution of
the following boundary value problem

=div(DVY) + up = £ in Q, 3
Do,y =¢ onT, ®)

satisfies

Yp=¢ onl. (4)

In the literature, there have been many authors who were interested in similar works. In the particular
case y = 0, in [9, 23, 27, 28, 33] the authors applied some iterative algorithm to reconstruct the shape of a
source. In the case u # 0 (with p = —k? and O = 1) EL Badia and Nara in [18] proposed a direct method
the so-called algebraic method, requires algebraic relationships between source parameters and observable
data. For the diffusion equation in [11, 13, 21, 22] the authors used a regularization procedure performed to
determine the source function f* = yx(«”) (i.e ] = ... = @}, = ") such that y is unknown function and w" is
a given permissible region about the source function. While Kreutzmann and Rieder [32] reconstructed the
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source f*, using a method based on the minimization of the Mumford-Shah like functional which penalizes
the perimeter of the domains w}, i = 1, ...,m. More recently, in the context of source-term problem of the
Poisson equation Canelas et al [12] proposed a reconstruction approach based on the minimization of the
L?(Q)-norm of the error function by using the topological derivative method. Moreover, there have been
closer works to our problem was presented in [2, 14-17, 39, 40].

In this paper, we follow the approach introduced in [26] (see also [25]) and we propose a non-iterative
algorithm for the reconstruction of the source term f* from a single Cauchy data, but without using the
Newtonian potential to complement the unavailable information about the hidden boundary as presented
in [12]. The proposed approach is based on the advantage of the Kohn-Vogelius formulation [31] and
the topological sensitivity analysis method [3, 19]. The Kohn-Vogelius formulation is a self regularization
technique and rephrases the inverse source problem as a topology optimization problem, where the support
of the bioluminescent source is the unknown variable. The main advantage of the proposed approach is
that, it provides fast and accurate results for detection (location and shape).

The main contribution of this work concerns the theoretical and numerical aspects. In the theoretical
part, we study the diffusion equation in the three dimensional case. We derive a topological sensitivity of an
energy like functional with respect to a set of ball-shaped sources. In the numerical part, from the obtained
theoretical results, we present a non-iterative reconstruction algorithm to recover the location, shape and
the size of a hidden source within a body in 3D domain.

The outline of the paper is as follows. In Section 2, we prove that the considered inverse problem
does not have a unique solution when we want to determine both, the topology of w* and the intensity y.
Then, Section 3 is devoted to solve the inverse problem. In Section 4, we derive a topological asymptotic
expansion of an energy like functional with respect to a finite number of perturbed source. Based of this
asymptotic expansion, we propose in Section 5 a fast and accurate reconstruction algorithm.

2. Non-uniqueness result

As is pointed out in the introduction, without a priori information on the source, the uniqueness is not
guaranteed for general sources. We consider in this section the sources f* of the form

fr=yx() withw={xeR¥: 0<ry<|x—5s|<r)}, (5)

where s* € Q and w C Q is hollow ball if 7y > 0 and a solid ball if 7y = 0.

The purpose of this section is to prove that the inverse problem (3)-(4) cannot be solved uniquely when
both, the topology of w* and the intensity y, are unknown simultaneously.

Before establishing non-uniqueness result, for sources term of the form (5), we need the following lemma
for the diffusion equation given in [42, Lemma D.2]:

Lemma 2.1. For any constant D > 0, u > 0 and any solution y of

—div(DVpo) + ppg = 0 in Br(xp),

‘f"(‘)<|X—x0|<7’1 dex B (‘fro1 Vdrd_lé(r) d}’) HDO(JC()),

where Br(x) is the sphere of center xy and radius R, 0 < vy < 11 <R, V; is the surface area of the unit sphere in RY,
and &(r) is the unique positive radial solution of

we have

—DAE + ué = —D(g” + d;g’) +uE=0

with £(0) = 1 and & (0) = 0. Moreover, we have, foru =0,

& =1,
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and for >0,
J 0( %1’), lf d=2
£ =1 sinh(y[Bn
— X2 ifd=3,
Now, we prove that both the intensity y and the domain w cannot uniquely be reconstructed from the

Cauchy data. To do that one has to establish two different sources fi* = yix(w;)and two functions i; such
that

where ], is a Bessel function of the first kind.

=div(DVYy) + uy; = f7 in Q, Y1 =1, P =d,ponT.

Let f* = yix(wi), i = 1,2, where w; are two hollow or solid balls with same center xo and different radii ré, rg,
such that

., fr smh( r) dr = v, f smh( \/7 r)

T

(6)

Define the functlon w by
—div(DVw) + pw = f; — f; in Q,
w=0 onTI,
and let 9 be an arbitrary function in the space of the homogeneous diffusion equation V, defined by
V, = {9 e H(Q) : —div(DVI) + ud = 0}.
By multiplying the first equation of (7) by 9 and by integrating parts, we have

—f&vw 8ds+f8v8 wds=y2f de—ylf 9dx. (8)
T T [} w1

Thus, from lemma 2.1, one has

sinh( %r)
f 9dx = 4nd(xg) | rP——=——dr, i=1,2.

i rf) '%r

Then, we deduce that
smh( \/7 1 sinh( \/g r)
f& w 9ds + fa S wds = y24n\9(x0)f dr - )/14719(x0)f rP————dr
2 rl ©
0 0 \/;r

Consequently, from (6) and (7), we obtain

f&vw dds = favs wds = 0.
r r

Moreover, using that H/2(T') is dense in L*(T) [10], we get:
d,w=0 onT.

Therefore, the desired result is obtained by choosing the functions ¥y and 1, = 1 + w.
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Remark 2.2. A similar result is obtained for the Helmholtz equation was presented in [18].

Next, we present the proposed approach to solve the inverse source problem (3)-(4).

3. Problem reformulation

Since the considered inverse problem is written in the form of an ill-posed boundary value problem,
the idea is to rewrite it as a topology optimization problem. In particular, an energy like functional is
minimized with respect to a set of ball-shaped anomalies by using the concept of topological sensitivity.
More precisely, Subsection 3.1, is devoted to minimize the misfit between the solutions of two forward
problems that contain information on the boundary measurements. In other words, we minimize a Kohn-
Vogelius type functional obtained from the Kohn-Vogelius formulation. While in Subsection 3.2, we
introduce the topological sensitivity analysis method to minimize this functional.

We define the following class of admissible sources:

Ug(Q) :={h e L(Q) : h =yx(w), w C Qis a Lebesgue measurable set}.

Here, x(w) denotes the indicator function of the set w and y € IR* is given. Moreover, we assume that the
sets w in U,y(w) are of the form:

m
W= Ua)iwithEﬂUj=(2)fori¢j and i, je{l,..,mj,
i=1

where each w; C Q is a solid ball of center s; € () and radii 7;, that is,

wi={xeR: |x—si| <rl

3.1. The Kohn-Vogelius formulation

The Kohn-Vogelius formulation is a self regularization technique and rephrase the considered inverse
source problem into a topology optimization one. It leads to define for any given source f € U,:(QQ) two
auxiliary problems. The first one is associated to the Neumann datum ¢, which will be named as the
“Neumann problem”:

~div(DVYNIfD) + pgnlfl = f in Q,

9
DI Yn[fl=¢ onT. ®)

The second one is associated to the Dirichlet (measured) datum ¢ :
—~div(DVYplf]) + pyplfl = f in Q, .

Yplfl=¢ onT.

The existence and the uniqueness of n[f] and 1p[f] is guaranteed by Lax-Milgram Lemma [10]. Notice
that in the particular case = 0, the problem (9) has a unique solution up to an additive constant. To ensure
uniqueness, the boundary force ¢ and the source f should satisfy the compatibility condition:

ffdx+f(pds:0.
Q r

One can remark that if @ = U, w; coincides with the actual support sources w* = U, ! (i.e f* = f)
then Yn[f] = Yplf]in Q. According to this observation, we propose a reconstruction process based on the
minimization of the so-called Kohn-Vogelius functional :

7= [ Dlv(ontr1 - wolr) .
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Thus, the inverse source problem can be formulated as an optimization problem as follows :

Find the source term f* = ") such that Y= min . 11
i uree term f = ) , (@) I = min T() an

Remark 3.1. It is not difficult to verify that for any f, g € L*(Q),
J(tf +1=1)g) <tT(f)+ A -HT(g) forall t € (0,1).

Hence, the functional J is convex.

The theoretical aspect of the inverse source problem for the diffusion equation (3)-(4) has been the subject
of various researcher’s works. Particularly, in [42] Wang et al. discussed the uniqueness solution of the
inverse source problem (3)-(4) in the two and three dimensional cases. They established the uniqueness

in determining the bioluminescent source f* from a measurement on a part Py of the exterior boundary I'.
Thus, we have the following identifiability theorem from [42, Theorem IV.3]:

Theorem 3.2. Let y
A=Y yix (B, () and fo(y) = Y Aix(Bs g (X))
i=1 i=1

be two solutions to the problem (3)-(4), then n = M and there exist a permutation t of [1,n] and a map C : [1,n] —
[1, T] such that x; = X, and

v RIO
Vi f T’d_léc(i)(l’)dr = A’[(i) f T’d_léc(,‘)(l’)di’, fOI’ i= 1, ceey T,
r R

(i)
0 0

where B,r(z) = {x e R?: r < |x —z| < R} withd € {2,3},0 < r < R < coand &; is the unique solution of
-D; (él + d%é,) +uig&i =0,

&) =1, &O0)=0.

The following corollary follows from the identifiability Theorem 3.2. It gives the uniqueness solution of
the considered inverse problem.

Corollary 3.3. The source term f* = Y.i"; yx(w}) (see (2)) and the function 1 that satisfy (3) and (4) are uniquely
defined by the nontrivial Cauchy data (@, ).

Proof. The proof of this corollary is a direct consequence of Theorem 3.2 and Lemma 2.1. [

Thanks to Corollary 3.3, we obtain the following uniqueness result of the minimization problem (11):

Lemma 3.4. Let (¢,¢) € H™V/*(T') x HY(T) be given nontrivial Cauchy data. If f* = Y111 yx(w)) € Uea(Q) is
the solution of the inverse problem with respect to the data (@, ) then f* is the unique equilibrium function of the
Kohn-Vogelius cost functional J :

T <T(f) forall fe Uy(Q).

Proof. If f*=Y1", yXx(@}) € Uyg(Q) is the solution of the overdetermined problem (3)-(4), then ¢ = Yn[f*] +
constant which implies Vin[f*] = Vip[f*]. Consequently, f* will be the minimum of the functional J with
J(f) =0.Let f = Y. yx(wi) € Uyg(Q) be another minimizer of J. Then n[f] verifies problem (3) with
Un[f] = ¢ on L. From the Corollary 3.3, we get w; = w} fori=1,..,m(i.e f = f*). O

Now, to solve the optimization problem (11), we apply a method based on the concept of the topolog-
ical sensitivity. This concept was originally introduced by Sokolowski and Zochowski [38]. Since then,
this concept has been successfully applied to many relevant scientific and engineering problems such as
geometry inverse problems [5, 25, 30, 37], topology optimization [3, 6, 34, 35], structural mechanics [19, 41],
image processing [24, 29], and damage evolution modeling [4], and many other applications.
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3.2. Topological sensitivity analysis

The topological sensitivity analysis consists to study the variations of a given shape functional with
respect to the insertion of a small topological perturbation, such as cavities, inclusions, source-terms or
even cracks. For more details about this approach we refer the reader to the book by Novotny and
Sokolowski [36] and references therein.

To present the main idea of this method, let us consider a geometry perturbation of w;, 1 < i < m,
confined in a small set w,, . = z; + €0; where ¢ > 0, z; € Qand O; C R3isa given fixed and bounded domain
containing the origin. We consider the particular case w;,. = B.(z;), where B,(z;) is a small ball of radius ¢
and center z; € Q for i = 1,...,m. Moreover, we assume that 8.(z;) N T = 0 and B.(z;) N B.(z;) = 0 for each
i#jandi je{l,..,m}.

To this end, for a given source term f in the diffusion equation (1), let 0f, . be a finite topological
perturbation of f on the form

Sfe(®) = Y yX(Bu(z), (12)
i=1

wherez = (z1, ..., Zm) € QX...XQ. Then the Kohn-Vogelius shape functional J associated with the topological
perturbation 6f, . is written as

2
T(f+0f.0) = fQ DV(9nlf +0f.c1 - Yolf +of.])| dx,
with YN[ f + 0f;.¢] be the solution of the perturbed Neumann boundary value problem
—div(DVYN[f + 0f.e]) + uPnlf + 0foc]l = f +0f. in Q,

13
DIYNIf +0fre]l =@ onT (13)

and p[f + 0f..] be the solution of the perturbed Dirichlet boundary value problem
—div(DVYplf + 0foe]) + plf + 0foel = f +0f. in Q, "

Yplf +0f.e] =¢ onT.

From these elements, the topological sensitivity analysis leads to an asymptotic expansion of the shape
functional J of the form,

J(f +0fe) = T(f) + C(€)0T (2) + 0(C(¢)), forall z; € O, (15)

where

® ¢ = ((¢) is a scalar positive function such that {(¢) — 0, when ¢ — 0.

o The function z = 6J(z) is independent of ¢ and it is called the “topological sensitivity” or “topological
gradient” of J at z. Therefore, this gradient can be seen as a first order correction of [J(f) to approximate
J(f + 0f¢). In particular, after rearranging (15) we obtain

I +0f)=Tf) _ o(C(¢))
A
The limit passage ¢ — 0 in the above expression leads to the definition for the topological gradient
j(f"' 6fz,s) _j(f)
c(e) '

Hence, if we want to minimize the functional 7, the best location of the source function 0f; . in ) is where
the so-called topological gradient 0.7 is most negative. In fact if 67 (z) < 0, we have J(f + 0f..) < J (f) for
small ¢ > 0. Particularly, if f = 0 the solution of the minimization problem;

T (O fze)

09 (z) := lirr(}

min
0 fz, e €Uat(Q)
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is given by 6. , = Z YX(Be(z}), such that 5.7 (z*) < 0 and 6.7 (2*) < 8T (2), for all z € Q™.
i=1
Next, we calculate the exact expression of the function C and the topological gradient 6.7

4. Asymptotic expansion

In this section, we derive a topological sensitivity analysis for the diffusion equation with respect to a
small topological perturbation of the source term. More precisely, for a given source term f in the diffusion
equation (1), we study the variation of the Kohn-Vogelius functional J with respect to a finite topological
perturbation 6 f, . defined in (12) of f on the form (15).

Let us introduce On[f] and Op|f] are solutions to the following adjoint problems:

Find Oy[f] € HY(Q), such that

Alw, Ox1f]) = -2 f DVENIF] - Yl f])-Vaodx for all w € HY(Q), (16)
Q
Find 6p[f] € H}(CY), such that
(17)

A(w, Oplf]) = —ZLDV(lpD[f] — Yn[f]).-Vwdx for all w € H(l)(Q),

with
Aw,v) = | DVu.Vodx+u f u v dx for all u,v € HY(Q).
Q Q

The following theorem gives us the topological asymptotic expansion of the Kohn-Vogelius functional

N

Theorem 4.1. Let 6f, . be a small topological perturbation defined in (12) of a given source term f, then the Kohn-
Vogelius functional J admits the following topological asymptotic expansion:

T +5£) =T )+ ) 6T @) +o(e), (18)
i=1

with 6 is the topological gradient given by
4m
0 (x) = ?y(QN(x) + Op(x)), forall x € Q).

To prove Theorem 4.1, we need to establish the following preliminary lemma.

Lemma 4.2. Let YN[f + 6f.c] and Yp[f + 0f..] be the solutions to the perturbed value problems (13) and (14),
respectively. Then there exists a constant c > 0, independent of €, such that the inequalities

lentf +0fscl = 9l il g < ™2 -
¥l + 8] = 0ol < 252 20

are satisfied for any small parameter € > 0.

Proof. Here, we will prove only the estimate (19) and the other estimate is treated analogous.
Posing un[f] = Ynlf + 6fe] — Pnl[f]. One can easily remark that uy[f] is solution to the system

—div(DVun[f]) + p un[f] = 6f., in Q,

Daqu[f] =0 onT. (21)
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The variational formulation of (21) is: find uy[f] € H'(Q) such that
f DVun[f].VEédx + yf un[f1Edx
Q 0

= f 0f.e&dx, forall & € HYQ).
Q

By taking & = un[f] in (22) as a test function, we have

fQ DIVun[fIPdx + fQ ulunLfIPdx = fQ 5f.cunlfldx.

Then, there exists a constant ¢ > 0, independent of ¢, such that

Wy < ¢ [ Jofecint ]

311

(22)

(23)

Using Holder inequality (p = 6/5 and g = 6) and the fact that H'(Q) < L%(Q) (see for example [10]), it

follows
f |6 £-,cunlf1| dx < cllo fo,ellrosoyllun oy < clld feellissyllnflllen -
Q

From the definition of 0f; . (see (12)) and the fact that |B.(z;)| ~ 43—“53, we obtain

lan LI gy < € Y 1Bz Ollun T Fllln
i=1

< c&®llun[flllzn -

Hence,

IYNLf + 6 feel = UNL i) = lunlfllln) < ce¥2.
[}

Now, we are ready to prove the Theorem 4.1.

Proof of Theorem 4.1.. The Kohn-Vogelius functional J can be decomposed as
j(f + 5fza) = jNN(f + 6fz,e) + jDD(f + 6](2,8) - 2jDN(f + 5fz,e)/

where

Tan(f +5f.0) = fQ DIVENLf +5f. P dx,
Toolf +5F.0) = fQ DIVYLf +5£.1F dx,

Ton(f +6f.0) = fQ DVYDLf + 5F.c | VNLf +5F..] dx.

Next, we calculate the variation of each functional Jnn, Jpp and Jpn separately.
o Variation of Jnn : the variation of Sy reads

INN(f +0fze) = Inn(f) = fQDIVlPN[f+6fz,s]|2 dx—LD|V¢N[f]|2 dx,

_2 f DVYNLVNLE +5F.] - Pl f]) d + f DIVNLS +5f.c] — YnlFDP dx.
Q Q

(24)
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Let 9y[f] € HY(Q) be the solution of the following auxiliary variational problem:

fZ)Vw.VSN[f] dx+ywaN[f] dxz2f1)V1/)N[f].Vw dx, for all w € H'(Q).
Q Q Q

By taking w = YN[ f + 0f..] — Yn[f] in (25) as a test function, we obtain
fQ DVUNIS +0fze] = YnIfD)-VOnIfl dx + fQ(IPN[f +0f2c] = n[fDINISf] dx
=2 [ DVUNAILYGLS + 0fl = gl

Inserting (26) into (24), we deduce
Tan(f +6£.0) — Tan(f) = fQ DYWNLS + 5] - UnLFD.VONIf] dx
+ f WONLF + 6.l — N FDONLF] dx + f DIV +5f..] - OlfDP dx.
Q Q

Choosing & = 9n[f] in (22) as a test function, we get

fQ DVNIS + 0fze] = PnIf])-VOnIfldx + fQ HNLS + 0fze] = YN[ ONIf1dx

- f 5f..Snlfldx
Q

T +5£.0) = Tan(f) = fQ 5f. Onlf] dx + fQ DIVWALF + 5] — UnlfDP dx.

Consequently,

Thanks to Lemma 4.2 and using definition of 0f, . (see (12)), we obtain

Tan(f +6£.0) = Tan(f) = fQ 5 £, On[f] dx + o(c?)

=Y B tonlfle) + Y| f YISALA - SwLFIE) dx + o),
i=1 i—1 Y Be(z)

312

(25)

(26)

(27)

Now, we estimate Z f — In[f1(z)} dx. Using the smoothness of Iy[f] in B,(z;), Taylor’s

B, (z)
theorem, and the change of variable x = z; + ey for i = 1, ..., m, one obtains

SNIf1 + ey) = Snlf1(z) + eVINIFIE)y, with & € B.(z).

Then there exist a positive constant ¢ independent of ¢ such that

2 f VIONLfT = OIf1(z)) d| =
i=1 3<Z>

Therefore, from (28) and |B.(z;)| ~ £¢*, we have

Zye I, esstac as

m

Tan(f + 8.0 = Tn(f) = Y, Ty nl @) + o(e).

i=1

<cet =o(ed).

(28)

(29)
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o Variation of Jpp : in a similar way as we get (29), we obtain
AT

Too(f +0fse) = Too(f) = ) €579l f1(z0) + o) (30)
i=1

1

with 9p[f] e Hé(Q) is the solution to the adjoint problem:

f DVw.VIp[f] dx + f pw Sp[f] dx
o) Q
=2 f DVYp[f].Vw dx, for all w € Hy(Q). (31)
Q
o Variation of Jpn : we have
Ipon(f +0fze) = Ipn(f) = L@V(IPDU +0fe] = Uplf)-VWUNISf + 6f2e] — ¥n[f]) dx
+ f DVYNIf + 6fe] Vipplf] dx — f DVYp[f1.VYnIf] dx.
Q Q
+ f DVYplf +0fre]. VNI f] dx — f DVYp|[f1.Vynlf] dx. (32)
o) o)

Let us first study fDV(ng[f + 0f.e]l = UplfD).VWNIf + 0f.c] — Ynlf]) dx. Using the Cauchy-Schwarz
Q

inequality and Lemma 4.2, we have

‘ fQ DVWoLS +5fse] — Yol f).V@NIF +6fsc] - onlf] dx
<clyplf +ofze] = Yl fllnllYnlf + 01l = YNl

< céd.

Then, the first term on the right-hand-side of the equality (32), it can be estimated as

L DVWpLS +0fee] = Yol fD.V@NLS +0f.c] = nIf]) dx = o(e?). (33)

To examine the second terms on the right-hand-side of (32), let us introduce an adjoint stat px[f] € H'(Q)
as the solution of the following adjoint problem

f DVw.Von[f] dx + f yw pn[f] dx
Q Q
= f DVYp[f].Vw dx, for all w € H(Q). (34)
Q
Then, we have

fZ)VI/;N[f+(SfZ,g].V¢D[f] dx—fﬂvw[f].wn[f] dx
Q Q
_ fQ DVNLS +6fc] - Pnlf).VYolf] d.

Choosing w = Pn[f + 0f.] — Yn[f]in (34) and & = pn[f] in (22) as test functions, we get

f DVWNLS + 6] — Ol F).VDlf] dx = f 5f..pnlfldx.
Q Q



M. Hrizi / Filomat 34:2 (2020), 303-321

Therefore,

f DVYNLf + 5F.. 1. VioLf] dx - f DVYDFLVenLS] dx = f 5f..pxlfldx
Q Q Q

=Y VB Glonl fl(z) dx + Y f ylonlf1 - pulf1Gz) d.
i=1 i=1 v B:(z)

Using the same argument as the one used in the deduction of (28), we obtain

[ [ pleat1 - el i) ] < cet = o),
i=1 vY8B:(z)

Consequently,

[ vontr+or.dvylfidr— [ DVRIAVIMA = Y & Frpalla) + ol

m
i=1

Similarly, we have

m

LDVIPD[f +0fzel . VnIfl dx — LDVIPD[f]-VlPN[f] dx = gs%VPD[f](Zi) +o(e%),

i=1

with pp[f] € Hj(Q) is the solution to the following adjoint problem

fDVw.VpD[f] dx+fywpD[f] dx
o) o)
=fDngN[f].dex, forallweH(l)(Q).
Q

Gathering (33), (35) and (36), we obtain

m

Tonf +£.0) = Ton(D) = Y, &2 ylpol 1z + pulfIE) +o(e).

i=1

Combining (29), (30) and (38), the variation of the Kohn-Vogelius functional 7 has the form:

J(f+0fe) =T (f) = Z 5343_7-(7/{\9D[f] + 90l f1(z) = 2pplf1 - 2on[f1}(z) + o).

i=1

314

(35)

(36)

(37)

(38)

From (25) and (34) one can deduce that the adjoint state Oy[f] € H!(Q) solution to (16) can be written as

On[fT=OnIf]-2pnIf]
Similarly, from (31) and (37) the adjoint state 6p € Hé(Q) solution to (17) can be written as

Oplf]=9plf]-2pplf]

Finally, combining the above equalities the functional J has the following asymptotic expansion:

J(f+06f) =T (f) = '

5

53%y(eD[f](zi> + Op[f1(z)) + o(e).
=1

O

This result was proved in [25] to describe the variation of a Kohn-Vogelius type functional with respect

to a single small topological perturbation of sources.
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5. Numerical Results

In this section, we present some numerical experiments in three dimensions. The use of the topological
gradient aims to give us the number of sources and their qualitative location. We propose a fast and efficient
reconstruction procedure. Our numerical algorithm is based on the asymptotic formula (18) to reconstruct
and locate an internal bioluminescence source distribution subject to Cauchy data. The measurements
data ¢ are synthetic, that is, generated by a numerical computation: we fix a support source w*, solve
the diffusion problem (3) and extract the measurement ¢ by computing ¢ on I'. To make the numerical
simulations presented here, we use IP; finite elements discretization to solve the problems (16), (17), (9) and
(10).

For our numerical results, Q is the cube [0, 1]°. The parameters y, i, and y’ are chosen as y = 1, the
absorption coefficient u = 0.21 and the reduced scattering coefficient y” = 0.2. Moreover, having p and y’,
we can derive the diffusion coefficient by relation

1
D=7—-.
3(u+w)
In the particular case f = 0, the variation of the functional J with respect to a small topological
perturbation 6 £, = x(z + ¢B(0, 1)) (i.e m = 1), is given by (see Theorem 4.1)

J©Ofz) = T0) = €0 (2) + 0(e”), (39)
with 07 is the topological gradient given by

0J (x) = 43—7-((61\[[0] + 0p[0])(x), forall x € Q, (40)

where Oy[0] and 0p[0] solve respectively problems (16) and (17) with f = 0.

Our reconstruction procedure is a non-iterative algorithm based on the following steps.
Non-iterative algorithm:

1. Solve the problems (9) and (10) in Q with f =0,

2. Solve the problems (16) and (17) in Q with f =0,

3. Compute the topological gradient function 6J defined in (40).

4. Determine the support @ of the source term f*.

The location of w" is given by the point z* € Q) where the topological gradient 6 is most negative. The
size of " is approximated using numerical simulation. Let 6, = 6.9 (z) < 0 (x) for all x € Q, the support
source w”* is approximated as follows

w ={xe, (SJ(X) < = aOmin},

where a* € (0, 1) such that
T (yx(we)) < J(yx(wa)) forall a € (0,1),
with w, = {x € Q, 0 (x) < c = aduin} -

Remark 5.1. In the particular case when the exact support source w* is known, the best value o of the parameter o
can be determined as the minimum of the following error functional,

dy = [meas(w* U w,) — meas(w™ N wy)]/meas(w®), a € [0,1] 41)
where meas(E) is the Lebesgue measure of the set E.

Concerning the mesh, we impose a fixed number of discretization points for the exterior boundary T,
that is 35 points for each direction (in order to have a uniform mesh h = 1/35, see Figure 2).

Next, we show the effectiveness of the proposed reconstruction algorithm by presenting some numerical
examples. We will consider four numerical examples. The first one concerns the reconstruction of a ball-
shaped source. Then in the second example, we test our algorithm to reconstruct an ellipsoidal-shaped
source. While in the third example, we test our numerical algorithm to determine the total number of
sources. In the fourth example we investigate the robustness of the numerical algorithm with respect to
noisy boundary measurement. All the numerical experiments are done using the free software FreeFem + +.
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5.1. Example 1: Reconstruction of spherical-shaped sources

In this example, we test our algorithm on ball-shaped support source. In Figure 3(a)-(b), we apply the
procedure described above on a ball centered at (0.5, 0.5) with radii r* = 0.35 where in Figure 3(a) we plot
the sensitivity function 69 in Q (the negative zone of 67 is the red zone) while the iso-values of 5 are
projected on xz-, xy- and yz-planes (i.e y = 0, z = 0 and x = 0 respectively) was presented in Figure 3(b)-(d).

As one can observe in Figure 3(a)-(b), the unknown support of the source is located in the region where
the topological gradient 7 is the most negative (see Figure 3(a) red zone).

To reconstruct the exact source in Figure 3(a) (ball centered at (0.5, 0.5) with radii 7* = 0.35), we minimize
the error function d, and we take " = arg min, ., ;) da. In order to compute numerically an approximation of
the minimum of the function d,, we divide the interval (0, 1) into M equal subintervals (i.e., of size 1/M). We
denote by a; = i/M, 1 <i < M the (M + 1) endpoints of these intervals and we take a* = arg min | dg.
The reconstruction results are illustrated in Figures 4 and 5.

a€glay,....am

5.2. Example 2: Reconstruction of ellipsoidal-shaped sources

In this example, the unknown support source w* is described by an ellipsoid centered at (0.5,0.5,0.5).
We represent the detection results in Figure 6. Here again, as one can see from Figure 6, the non-iterative
algorithm gives quite efficient reconstruction result of ellipsoid-shaped source.

Next, we prove that the computation of the topological gradient does not depend on the number of
sources.

5.3. Example 3: Reconstruction of multiples sources

Now we suppose that the number of sources is unknown and we apply our reconstruction algorithm
to find the correct number of balls. More precisely, we reconstruct two balls with centers z] = (0.5,0.5,0.5),
z; = (0.8,0.5,0.7) and with shared radii »* = 0.15. Therefore, from the detection result in Figure 7, we
observe that the algorithm reconstruct the location and the number of the sources (two balls) and we give
an acceptable approximation of its shape. We emphasize that this result is again obtained in only one
iteration. The obtained results serve as a good initial guess for an iterative optimization process based on
the shape derivative, for instance, level-set method [3, 27].

5.4. Example 4: Effect of noisy data

Reconstruction stability with respect to the noise level is examined in this example. More precisely, the
boundary measurement ¢ is replaced by

Pc(x) = p(xX)(1 + ¢ Xrand(-1,1)), x€l (42)

where rand(—1,1) is a random number uniformly distributed in (-1,1) and the scaling parameter ¢ > 0
indicates a relative noise level.

The idea is to verify the stability of the reconstruction algorithm with respect to noisy data. The
source configuration is the same as the one when the actual support source w* is defined by two balls
in example 3 (see Figure 7(a)). The reconstruction results of w* with respect to each level of noisy ¢ €
{0.1%, 0.2%, 0.5%, 1.2%} are presented in Figure 8. One observes that if ¢ is no more than 5% the algorithm is
able to reconstruct the source reasonably and if ¢ is more than 1.2% the reconstruction becomes completely
wrong.

6. Conclusions

In this paper, we consider the inverse source problem for the bioluminescence tomography from mea-
surements on the boundary in three dimensional case. We want to detect the location, the number and
the shape of the hidden sources within a body. We transform the detection problem into an optimization
problem, where the support of the bioluminescent source distribution is the unknown variable. The Kohn-
Vogelius type functional is minimized using the topological sensitivity analysis method. An asymptotic
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expansion is derived with the help of preliminary estimation describing the influence of the perturbed

source on a Dirichlet and Neumann solutions. The unknown bioluminescent source is reconstructed using

a level-set curve of the topological gradient. An accurate and fast reconstruction algorithm is proposed.
The presented approach is general and can be adapted for various geometric inverse source problems.
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Figure 2: Discretization of the domain Omega.

(a)Topological gradient 67 in QO (b)Isovalues of 67 projected on xz-plane
(c) Isovalues of 69 projected on xy-plane (d) Isovalues of 69 projected on yz-plane

Figure 3: Topological gradient and the isovalues projected on xz-, xy- and yz-planes
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LA

(a) True source term (b) Reconstruction with a* = 0.42

Figure 4: Reconstruction of ball-shaped source
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Figure 5: The variation of the error function d, with respect to

LA

(a) True source term (b) Reconstruction a* = 0.75

Figure 6: Reconstruction of ellipsoidal-shaped source
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(a) True source term (b) Reconstruction a* = 0.016

Figure 7: Reconstruction of two balls

(@) a* =0.016 and ¢ = 0.1% (b) a* = 0.016 and ¢ = 0.2%

(¢) a* =0.016 and ¢ = 0.5% (d) @* =0.016 and ¢ = 1.2%

Figure 8: Effect of noisy data



