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NEW SPECIAL GEODESIC MAPPINGS OF
GENERAL AFFINE CONNECTION SPACES

Miéa S. Stankovié¢ and Svetislav M. Miné&ié

Abstract
In this work! we define I;—projective geodesic mappings (6 =1, ..., 5)

of two general affine connection spaces and obtain some invariant geo-
metric objects of these mappings, generalizing Weyl’s tensor. Also,
we define I;t-projectively flat affine connection spaces GAy and find

necessary conditions for the space GAp to be %l{-projectively flat.

Introduction

Consider two N-dimensional differentiable manifolds GAy and GApy and dif-
ferentiable mapping f : GAy — GAy. We can consider these manifolds in the
common by this mapping system of local coordinates. If the connection coefficients
L} (z) and f;-k (z), for the connection introduced in GAy and GAy respectively,
are non-symmetric in lower indices, we call GAy and GApy general affine connection
spaces.

One says that reciprocal one valued mapping f : GAy = GAny is geodesic,
[5,6] if geodesics of the space GAn pass to geodesics of the space GAy. In the
corresponding points M (z) and M (z) we can put

(0.1) Lina) =L@ + Ph(@), (Lik=1,..,N),

where P_;k (z) is the deformation tensor of the connection L of GAx according to
the mapping f : GAy — GAy.
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A necessary and sufficient condition that the mapping f be geodesic [5] is that
the deformaton tensor P}, from (0.2) has the form

(0.2) 4 () = 8% () + 6L s () + (),
where
¥
(0.3) i = 55 @5 — L),
(0.4) €y = I;J“ - 3;5«

and jk denotes symmetrisation and jk -antisymmetrisation with respect to j, k. In

\'4
G Ap one can define four kinds of covariant derivatives (1,2,3]. For example, for a
tensor aj in GApn we have

. i P _pp i i _ i i oo _ P i
ajlm_aj,m+L a; — L a aj:lm-aj‘m-!-L a; — L, .a

pmy JmSps mp=j mjp?
i R i P_gyp i i == 1 P_ 1P _i
aj:';m =), + meaj Lmjap, aj»l;m =0aj ., + meaj ijap.

Denote by |, | a covariant derivative of the kind 8 in GAy and GAy respectively.
99
In the case of the space GAn we have five independent curvature tensors [4] (in
(4] Iéf is denoted by 12{)

112*',-,,,,, = L — Linm + Lo iy - I8 LY,

o= Dingn = Dy Dyl — TR L,

13#1'"1” = Lj'm.u - szj,m + L?mLftp - fojL:am + Lfnm(L::j - L;'p);

Iji.fmn = ij.n - L:-zj,m + L?mLinp = LﬂjL;m * Lfnn(L:;j = Lj'p)?

o= 5Bt B D= B + L B+ B
— L, Lt — LR LL).

By virtue of the geodesic mapping f : GAy — GAy we obtain tensors Tﬁm" (8=
1,...,5), where for example

(0.5) Rin = Dimn — Lionm + Do Eon =I5

1dmn jn,m +
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In the case of ' geodesic mapping f : Ay — Ay of the symmetric affine connection
spaces Ay and Ay we have an invariant geometric object

Wﬂjmn = szmn N + 16] R[ mn]
1

tNT

(0.6) (67, (NRjn + Ryj) — 85 (NRjm + Rumj)],

where R, is Riemann-Cristoffel’s curvature tensor of the space Ay, and Rjm

Richi’s tensor.

The object W& ymn 15 called Weil’s tensor, or a tensor of projective curvature [8].
Having a geodesic mapping of two general affine connection spaces, we can not find
a generalization of Weil’s tensor as an invariant of geodesic mapping in general case.
For that reason we define a special geodesic mapping.

1. Ili-pro jective mappings

For the first kind curvature tensors of the spaces GAy and GAy respectively we
find the relation

R;mn = IEijmn + 6;" (“lbmn - @lbnm) + ‘sfn ’-lbjn - ‘551 1{’jm
(1.1) _5:.11 fn¢?+5:1 ?m"lbp'l"fj'mln_ ;n|m+2¢j :.:n.n.
1 1
+ ;',mf;:m i fng;;m + QL%nwj # szr\llﬂwpa; i ZL’?"\GF‘?‘E}P’
"agbmn :¢m|n _"J)m"‘.bm (6: 152)-
L

Contracting with respect to ¢ and n from (1.1) we get

Rgm = jm ¢[Jm] - (N - 1)11").?7" ( i 1) fm"’bp + g;mip

(1.2)
gyplm + T/)JLMP + 20— 'qum + ZL;J"/}p + 2L” q

Here ?jm and Il%jm are the first kind Ricci tensors of the spaces GAy and GAy

respectively and [jm] denotes an alternation without a division. ;jFrom (1.2) we
obtain

Biim) = Bijm) = 2(im) = (N = Difim] +2(N ~ 1E50s
(1.3) + Jmlp .’n‘Pl & mpiJ +2¢g mp 21!)’"35‘1’ +2 ;'Jm g?

- jq 2 e gj+4L‘° 1b,,+2L " —2L” Lo
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from where

(N + 1pjm) = Bsm) = Bijm] +2(N = )&} 9, + ,m“, 5

JP|""
(14 P I* P cq P 2 q p
T 2L mp = Wby + 2658 + 4L Vp + 2Lingll, — 215,

Substituting (1.4) in (1.2), we get

1 —
(N - 1)'¢’Jm = R.vm - IJm - W[R[J'm] - 1;E[J"m] +2(N = 1)& %y

TP P
+2¢7 Jmlp JP|"1- + EPPL? + 21‘!)3 ma 2""'}ij1= +2 jm gq

(1.5)
+ 4Lp ‘pp + 2Lp q - 2Lp fmp] +(N - ) m¥p + .'rme gjpim
2T+ Gt ~ i+ 2+ 2t
Let us denote
N — 2 —=p T + NLP ¢£% 4+ [P ¢4
?.'im N1 + 1 ,m%”/p =1 (N‘»bjLn;p ~ Ym ip + Lnaq p + J;:JE"‘P)
(1.6) 2
P A B .
N+1£5'"‘§”" N1Y mt N mf‘b"’
Now, (1.5) we can expresed in the form
1 = 1 o=
% Yim = 5= {Bim = Bim = 577 [Bijm) = Bijm)
: P .
+2¢; gmlp — Jplm +¢ P|J] + Jmtp jplm}—}_?’m’
i.e.
= 1 —
Vim = 37— Bim ~ Bim) = 55— (B{jm] — Bijm))
1
P P
(1.8) + N+1(L_1m|p Liwp) N+1(Lmlm Laﬂm)

1
- e (me;g mp”) +D.?m
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Substituting (1.8) in (1.1) one obtains
Bimn = Bimn + 7% (Bin) = Bimn)
5 Nz—l_ﬁ?} (2B mn) = 2B ma)) + 7 (Lmn|p L)
(1.9) — N_N_]__laj (ffnp%n - E::'plm - Lfnplﬂ ¥ Lﬂplm) N2 1_ 15; (-I_’"l’lm - I"zwlﬂ
Vi i Vi
= Ll + Egya) + 85 Do+ 57y 8 (B = T
- N%léﬁn (Bijn) = Bijn)) + Nilt?' (ffnlp Linis)
- 'N'%‘S:n (LJ n - L’;p|n) Nzl 51 (Imola nPlJ) +5;
= N—O'fl (Bjm —?jm) + —]\72*1'_—1'53; (Rjm) — ?{jm])
(L9) - N 1% Cipte = i) = 570 Cppm = L)
*m— Ng (meh Lfnph,) JTil ?jm - ‘sfn ?ﬂ'ﬂbp 2 ‘5:; fm'ﬁbp + f;mln

- Jn|m + 2¢J ‘:m'i + Jn1£P" 'ng;.?m + 2Ll 1ﬂ¢3 + 2Lf"\1,ﬂ1'bp5; * ZL{’JQ,HEJ::P'

Introducing the condition

‘5; ?[mn] F J:n Djn
(1.10)

(1.9) can be expresed in the form

= ai Djm = J:n _;Jn'lrl}p + 6:1 _;'Jm"lbp + 2¢J '::nn
b i — i+ 2Ly + 20 4212085, =

ip

(1.11) W(B) jn = W(B) jmn
where

W(}lz) jmn 1121]'"’111 N+ 1(5] R[mn} + [(NRJn + Rng)é‘

1 i N2 =l —

~ (NBim + Bmg)80 ] - s ety majp ﬁ‘s Lionpyn = Lopim

(1.12) 1
¢ P Z T 7P
_N+1'§mL:iJ11p+N O (N 3p1n+N 1 RP|J)+N+15“LJM|P
1 p
- N_|_1‘S (NLJ‘.'P|m = 1meb) LJmin+LJnIm

)
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Definition 1.1. The geodesic mapping f : GAy — GAy is Ili-projective if the
condition (1.10) is satisfied.
Definition 1.2. The space GAy is JIR-projectively flat if there exists an ll%—pmjective

mapping of the space GAn to a flat space (i.e. to a space, whose connection
coeffitients in special coordinates are zero). So, we proved

Theorem 1.1. The tensor (1.12) is an invariaent of an 112-projective mapping.

Theorem 1.2. If GAy is fll—pmjectively flat, then

(1.13) W(R)

Jmn -

Proof. GAy is a flat space. Then by (1.12) we get W(R)‘Jmn = 0, and using (1.11)
we can see that (1.13) holds.

2. Ij—projective mappings

Definition 2.1. The geodesic mapping f : GAy — GAy is g-projective if the
following condition is satisfied

8 Dy} + 8 Din = 8 Djm = 8y, Enihp + 61, € by + 29560

() D : 1;
* g’r’;‘l.jgﬂp = ftjgmp + 2L;pwj F ZLft‘anllan(sJ + 2Lﬁ&n£pg =0.
where
N — 2 —p
?jm N +1 mﬂ!’p (N'l,b; pm ¢er_y' + NLE\?: gj
(2.2) 1 Lo 2
P __— gp q - —_
Ly )+N+1mJ i e L o A

For the curvature tensors 12{ and ;R of the space GAy and GAy we have the
relation

'lzizmn = I}ijmn + 6; (ﬁzbmn, - "12bnm) + 5;1 Tv”)jn - 5:1 T4")_1"1%
(23) _6:11 £J¢P+6:t :;ijp-i_{:nﬂn_ nﬂm+2¢1
+&0 G ot 2L' mWj + 202 05 +20R &
v v
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Analogously to the previous case, we get an invariant of an Izi—projective mapping

f:GAN — GZN
W(Izi) jmn gl:rmn N+ 16; 5lmn] +t =T N2 — [(NRJn + an)rf"

NZ—N 1

— . " i £ - p
(ijjm + Ijm‘y)é,}] N n 1(51 nm|‘p + o1 % (5 (Limm vanlm)
(2.4) L 1 ,,
_N+15mL7:'/J|P N+1 m(N pﬂn N-1 pn|3)+N+161lele
1 i 3
- N+16" (NLPJ|m N._]_Lp;‘rrnLj)- m:|n+Ln_1|m

Consequently, the next theorems are valid

Theorem 2.1. The tensor (2.4) is an invarient of an Izi-projectiﬂe mapping f :

GAN -t GZN
Theorem 2.2. If GAy is é%-pmjectiuely flat then we have
W(R)" =

jmn

3. Igi-projective mappings

Definition 3.1. The geodesic mapping f : GAy — GAy is Ig-projective if the

following condition holds

& Dimn) + 6, Din = 0n Djm + 265 Lonto + 26%, L;’nw,,

(3.1) + (85,65 — 0 05000 + €5y o+ 20n(L] -+£in,-)

+ 2 (L + 655) + QEﬂm(L;y + 5;13') =1
v
where

Djm = fm%*“mﬁfm ap Nz w57 (2 (L7 '+€,’;j)

(LR + &) = 95 (L + &) + :;mL" ~£’;,Lzm]
1

+m[2¢p(L5y+£ﬂlj)+2¢m(Lp +E2)) + 268 (L%j+ 9 -

Fabom)
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Definition 3.2. The space GAy is Ié’,-projectively flat if there exists an Iai-pmjective

mapping of the space GAy into a flat space. _
In the case of curvature tensors of the third kind of the spaces GAx and GApy
we get the relation

Bimn = Bljmn + 8 (brun = Yam) + G in = 5, $im
(3.2) +Up(8, & — G E0) + f;ian - :;J-Im + &L, —
+ 2 (Lin; + Eing) + 2 (L + £05) + 260m Ly + 55).
Also, it holds
(3.3) fm“ = ?mn + 2L£€n1,bp.
(From (3.2) and (3.3) we get
Bimn = Bljman + 8 (b = Yom) + 81 i = 8,95 + 26} Loty
(34 + 26, L}’J;‘/)p + (6}, = &, £ )p + g;an = fljlm €5 :%p o ;m
+ 2a(Lin; + &mj) + 2om (L:;v,- + &) + 27 (Lps + &5)-

Contracting (3.4) with respect to i and n we get

Tom = Bim = ftsm1 = (V= D+ (V4 Dby + o =
2 2

(3.5)

+ Emap — Eabom + 2p(Lin; +€05) + 2om (L + &) + 265 (L +£55),
hence

(N+U$mn=§mw—§WM+ﬂN+Uiﬂ¢+2%y-ﬁmﬁ'&P

\' v

= 29(Lom + &om) +2 .’;’m(L%,- +&;) — 2y, (Lym + &m)-

Substituting (3.6) in (3.5) we get

1 _
(N = 1)%jm = Rjm — Bjm — ~—[R{im1 — Riim] + 26
(3.7) )ljm 37 37 N+1[3[Jm] 3[.1'7"] jmip

— i Sl 3] FE5 pilm + (V= 1)Djm,

pi|lm " Spm|j jm|p ~ Spijm
1 1 2 1
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Now, from (3.4,6,7) by condition (3.1) we get

(38) W(g)i_jmn = W('lg%)ijmn
where
i i i 1 z
i 2
- (Nij * ij)5n] G e N (2Lmﬂ|p L£m|n =+ L;pn|m Lfnn|p)
+ 16;( pmin pn|m)+ 5! (2L§’ﬂ|p Lm|n+LpnlJ)
i i P P
= lam (L2 olo L%ln) Nz o —10n 2Ly me Lymy)
t -1 N— (Lamlp Lgvjlm)_ Jmln+Ln3Im

Consequently, the next theorems hold:
Theorem 3.1. The tensor W(lg?)’

imn 1S QR INVATIGNE of an Ij-pmjectwe Mapping.

Theorem 3.2. If GAy is lg%—pmjectively flat then

W(‘?)ijmn =0.

4. {!%—projective mappings

Definition 4.1. A geodesic mapping f : GAy — GAp is {i%-projective if the

following condition is satisfied
85 Diun) + O Din — 8 D + 285 Ly + 20}, L;f'vnw,,
(41) + (6:1 gfm - 5i )% + ‘E;Jm ; ?nﬁ;;m + 2¢H(L;IJ + E:ﬂ.])
v

+2wm(L +§n;,)+2Emn(L +§M)_0

where

1

+wm(LP- £r) — (L pm+§£m)+fﬁ,,qL;J E;’ngm]

[211[)13( 'm,]) §5 21:’5??1 (LF + ’ ) * ggfnq(L + ‘Eg_g) quggm]
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Definition 4.2. The space GAy is R—pro jectively flat if there exists an R—progectwe

mapping of the space GAy into a ﬂat space.
For curvature tensors of the fourth kind we get

R;m" = "s%ijmn + 6; (Tgmﬂ - "lpﬂm) + 51151 wjﬂ - dfa. "vbjm
(4.2) + TI)P(J; ffm - 6;1 zg) + gjmln - nﬂm + p Pn :am
2
+ 2n (L + &) + 20m (L + &) + 2f£m<L;;j +&;).
v v v

Now analogously to the previous cases, we get an invariant of an i%—pro jective map-
ping in the form

W({I%)ijmn = ?Jm“ 1JJ % mn] ¥ N {(NJR".,,1 + R"J)J‘
= (N Bjm + )] + w5} Lty - Limln -
- Lfﬂﬂlp) + mé; (ngnl[n pnim) + 51 (2L§nlp
- Liﬂn +Lpﬂ|3) f\r-l__a (L;)nlp nglﬂ) N2 16'1' (2Lfmlp
_L£J|m+L§W)+N%5 (LfmIp L%.lm) - %"i”%ﬂ”‘

i.e. the next theorems hold:

Theorem 4.1. The tensor W(J;i)ijmn s an invariani of an i{—pmjective mapping.

Theorem 4.2. If GAy is .i%—pmjectively flat then

5. 15?,-pro Jjective mappings

Definition 5.1. A geodesic mapping f : GAy — GAy is R-pr0]ect1ve if the
following condition is satisfied

2 1
6 4 P _ 62 q
51y N+1Y mnpa N+16 Sinbin ~ F10n Embhe
. o |
=TT e gty + bl ~ Gty = 0
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Definition 5.2. The space GAp is Is%—projective]y flat if there exists an }52—

projective mapping of the space GApy into a flat space. _ ”
For curvature tensors of the fifth kind (0.9) of the spaces GAy and GAy we find if
the relation |

. 1 \
R;mn = Rijmn "'("f"rnn Pam + Pman — T!')n_m) |
2 3 2 1 |
1 1 3 1 i i
(5.2) - 5 (Ysn + Yin) = 560 @im + $im) + 5 Emn ~ Enpm
+ g:nﬂn - :z_ﬂm ij;}lﬂ - Emp + Efn_g i — Eﬂgé‘;m)- i
4 3

Putting |
1

ﬂ’m'n = E(wmn + 'd)mn.) 1

12 1 2 |

we get from (5.2)

1

(5 3) 'g;ﬂlﬂ = 'gwjmn (;‘_gmn - w)-ﬁ—{s:‘n q'bj“ - 6:1 T/)jm + 5( ;mln - _;:ﬂim

i P
+ E:n_ﬂn - :U'Em ngpn - : + gmggnp zm)
4 3

Eliminating 1y, from (5.3), analogously to the previous cases, we get
12

(54) W(}sz)ijmn = W(?)ijmn
where
i i 1
W(}sz) fmn = ]5{ imn T N + 163 JR[mn] e NZ [(NR_;m, + Rn;)
— (VB + B)3h] = g8 o + Lo
1 T P P P
2(N + 1)5-’ (Lﬂplm meln + Lxmlm - Lp\vp;n)
14 v 1 |
sy om Cinge + L) + 5wz =1y 0m Lpy + Lpnls) |
. a (LY L 1 — 0 (L2 Lr . |
+2(N2—1) ( Jpln+ wlﬂ) 2AAN+1) " ( 3m|p+ mJ|'P :
|
1 3 r N D I
_—Q(NQ— )6 (me+L IJ) ) )5« (Lwlm Lﬂy;m) |
(Lﬂmlﬂ Jnlm * Lm;rlﬂ - Lfylm)-

Hence:
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Theorem 5.1. The tensor W(IEE)ijmn is an invariant of an Ig-projectz've mepping.

Theorem 5.2. If GAy is lf’i—projectiﬂely fat then

W(R);n = 0.

5/ Jmn

In the case of generalized Riemannian space (GRy) the connection coeffitiens
are defined by means of a non-symmetric basic tensor [1]-(3], [7] and they are
non-symmetric too. The tensors VV(R}Jmﬂ [9] obtained as invariants of a map

f GRN — GRy are particular cases of obtained here tensors W(R) (8 =

-+ 5). For example

jimn

W(R Jmn = Il?jmn N+ 153 -llz[mn] + 1[(N}12Jn G Ilzﬂj)(sm
i 2 iR 1 i P
— (NRJm + ij)dn} = N—H(SJ L%nip o= ‘N,—Hé,m LJ;IE_‘!P
"_Nﬁ,_l‘s1 L;}mlp Jmin_i'LJ'-'"tlm

When GAy (GRy) reduces to the Riemannian space, the magnitudes W( )
{W(R) ) (8 =1,---5) reduce to the Weil’s tensor [§]

i i 1 i i
ngn = szmﬂ + m(am Rjn — 611 ij)'
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