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Abstract. In this paper, we introduce the definition of the generalized inverse f1s, whichis an outer inverse

of the homomorphism f of right R—-modules with prescribed image T and kernel S. Some basic properties
of the generalized inverse f;zs) are presented. It is shown that the Drazin inverse, the group inverse and the
Moore-Penrose inverse, if they exist, are all the generalized inverse f;z; In addition, we give necessary and

sufficient conditions for the existence of the generalized inverse f;ls’Z).

1. Introduction

Let A be a matrix over the field of complex number. It is well known [3,12] that the group inverse, the
Drazin inverse and the Moore-Penrose inverse of A are all the generalized inverse A(Tz)s, where T, S are the
range and null space of the outer inverse of A, respectively. In 1998, Wei presents an explicit expression for

the generalized inverse A(;)s' and establishes the characterization and representation theorem (see [15]).

In 2005, Yu and Wang [13] introduce the definition of the generalized inverse A(TZ?S of a matrix A over

a commutative ring R. They also give an explicit expression for A(Tz)s over integral domain. In addition, it
is shown that over integral domain, the Drazin inverse, the group inverse and the Moore-Penrose inverse
are all A(T?)S Furthermore, they extend the notion of the generalized inverse A(T?)S to the matrix A over
an associative ring [14]. It is obtained that the Drazin inverse, the group inverse and the Moore-Penrose
inverse, if they exist, are all the generalized inverse A(TZ, )s They also give necessary and sufficient conditions

12) (1,2)

for the existence of the generalized inverse Ay ; TS -

and some explicit expressions for A

From the view of homomorphisms, a matrix over the field of complex number can be regarded as
a homomorphism (or a linear transformation) of finite dimensional vector spaces, and a matrix over a
commutative (noncommutative) ring is corresponding exactly to a homomorphism of finitely generated
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free modules. Hence, one naturally wants to know whether the free modules could be generalized to
arbitrary modules over an associative ring.

Throughout this paper, R denotes an associative ring with unity, and M, N denote right R—modules.
If S is an R-submodule of M then we write S < M. We denote an R-homomorphism from M to N by
f € Homg(M, N). Im(f) and Ker(f) stand for the image and the kernel of f, respectively. Standard facts in
ring and module theory used without mention in the text can be found in [1].

An R-homomorphism f € Homg(M, N)is said to be von Neumman regular if there exists g € Homg (N, M)
such that f = fgf. In this case, g is called a {1}-inverse (or inner inverse) of f and denoted by f). Moreover,
we recall that g is a {2}-inverse (or outer inverse) of f if g = gfg, and denoted by f@. It is well known that
{1}-invertible property implies {2}-invertible property, i.e., {1}-invertible property={1, 2}-invertible property.

An endomorphism f € Endr(M) is said to be Drazin invertible if for some positive integer k there exists
an endomorphism g such that

() g = gfg, (i) f = f*'gand (i) fg = gf.

If g exists then it is unique and is called the Drazin inverse of f and denoted by fP. If k is the smallest
positive integer such that g and f satisfy (i), (ii) and (iii), then it is called the Drazin index and denoted by
Ind(f). If k = 1 then g is called the group inverse of f and denoted by f*.

Let * be an involution on the R~homomorphisms. Recall that f € Homgr(M, N)is said to be Moore-Penrose
invertible if there is a homomorphism g € Homg(N, M) such that

f=1faf, 9=9f9, (f9) = fgand (g9f)" = gf.

Here g is called the Moore-Penrose inverse of f and denoted by f*.

More generally, an R—homomorphism of modules is regarded as a morphism in the category of modules,
which is an additive category. The Moore-Penrose inverses and other generalized inverses of a morphism
in an additive category are studied by many authors (see [4,6,9-11]).

Our goal in this paper is to extend the generalized inverse A(T%)S of amatrix A to f;zs) of an R-homomorphism
f € Homgr(M, N), which is {2}-inverse of f with prescribed image T and kernel S. In Section 2, we establish

the definition of the generalized inverse f;zs), and give some explicit expressions for f}zs) by a projection or

group inverses. In addition, we also show that the Drazin inverse f7, the group inverse f* and the Moore-

Penrose inverse f1, if they exist, are all the generalized inverse f;zg

sufficient conditions for the existence of the generalized inverse f;léz). For any h € Homg(N, M), we obtain

some equivalent conditions for the existence of fl(irizh) Ker(

results of Yu and Wang [13,14], and some different methods are used in the proof of our main results.

In Section 3 we investigate necessary and

This paper is motivated by the interesting

2. The generalized inverse ff; of a homomorphism of right R—modules
We begin this section from the following result.
Lemma 2.1. Let f € Hompr(M, N) and let T <M, S < N. Then the following are equivalent.

(1) There exists g € Homg(N, M) such that gfg = g, Im(g) = T and Ker(g) = S.
(2) f(TY®S = Nand Ker(f) N T = {0}.
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Proof. (1) = (2). Lets € f(T) N S. Then there exists n € N such that s = fg(n) € S. From S = Ker(yg), it
follows that g(n) = gfg(n) = g(s) = 0. Then s = fg(n) = 0. This shows that f(T) N S = {0}. Take n € N. Then
g(n) € T,and (1 - fg)(n) € S since g = gfg and Ker(g) = S. Thus, we get

n=fgn)+ 1 - fg)n) e f(T)+S.

This shows that f(T) @S = N. Let t € Ker(f) N T. Then there exists n € N such that t = g(n) and f(t) = 0. So
we gett = g(n) = gfg(n) = gf(t) = 0, as required.
(2) = (1). Define
g:N—>M n=f(t)+s—1t whereteT, seS.

We show first that g is well defined. In fact, assume that f(f)+s = 0. Since N = f(T)®S, we haves = f(t) = 0.
This implies that t € Ker(f) N T = {0}, i.e., t = 0. Next, it is sufficient to prove

Im(g) =T, Ker(g) = Sand gfg = g.

By the definition of g, we get Im(g) € T. Lett € T. Then gf(t) = t. This shows that t € Im(g), and so
Im(g) = T. Let n € Ker(g). From (2), we have n = f(t) + s forsome t € T, s € S. Then t = g(n) = 0. Thus,
n=s¢€Ss, ie., Ker(g) C€S. Lets € S. Then g(s) = g(f(0) +5) = 0, and so s € Ker(g). This implies Ker(g) = S.
For any n € N, we may calculate directly

g9f9(n) = gfg(f(t) +5) = gf(t) = t = g(f(t) + 5) = g(n).
Hence, gfg=9. O

The following result should be well known, but we can not find it somewhere.

Lemma 2.2. Let f € Homg(M, N). Then the following hold.
(1) Puf = f ifand only if Im(f) < H, where N=H®K, Py: N - N, h+k h.
(2) fPw = f ifand only if K’ < Ker(f), where M =H' @K', Pu M - M, W +kK' —» I'.

Proof. (1). The implication follows from Im(f) = Im(Pyf) € H. For any m € M, we have f(m) = h + k for
some h € H, k € K. Note that Im(f) < H. Thenk = f(m)—h € HNK = {0} since N = H® K. This implies that
f(m) =h,and so
Py f(m) = Py(h) = h = f(m).
Thus, Py f = f.
(2). Letk’ € K. Then f(k’) = fPy (k") = f(0) = 0, as required. Conversely, for any m € M, it follows that
m=Hh +k' forsomel’ e H, k' € K’ from M = H & K’. Then

fPr(m) = () = fO +K) = flm),
which shows fPy = f. O

Let M = H @ K. Define Py : M — M; h +k — h. Then P%, = Py. Conversely, suppose p* = p € Endr(M).
Then M = Im(p) © Im(1 - p) := H @ K, which implies p = Py.

Proposition 2.3. If the conditions of Lemma 2.1 are satisfied, then g is unique.

Proof. Assume that g; and g satisfy the conditions of Lemma 2.1. Then we have Im(g;) = T = Im(g,) =
Im(g2fg2) € Im(g>f). Set H = Im(g»f). Since gofg> = g2, we get Im(g1) < Hand M = H® Im(1 - g»f).
Note that (92f)> = g2f. Then Py = g»f, and so we obtain that g; = Pyg1 = (92f)g1 by Lemma 2.2(1). Since
g1 = g1fg1, we have Im(1 — fg1) € Ker(g1) = S = Ker(g2). Take H' = Im(fg;) and K’ = Im(1 — fg1). Then
K" < Ker(g,) and M = H’' @ K’ with Py = fg;. This implies g, = g»(fg1) by Lemma 2.2(2). Thus, we get
g1=92. U
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A homomorphism g € Homgr(N, M) is called the generalized inverse, which is an outer inverse of
the homomorphism f € Homgr(M, N) with prescribed image T and kernel S if it satisfies the equivalent

conditions in Lemma 2.1, and is denoted by f;zs).

Proposition 2.4. Let f € Homg(M, N) have the generalized inverse ff; (say g). Set N = f(T) @ S, T = Im(g) and
S = Ker(g). Define f|r : T — f(T). Then flr is an isomorphism, and

9= (flr) "Prr),

where Pgry : N — N, f(t) +s = f(t).

Proof. It is clear that f|r is epimorphic. We show only that f|r is monomorphic. Let f(f) = 0 for t € T. Then
there exists n € N such that t = g(n). Setn = f(t') +s, wheret' € T, s € S. Thent’ = g(n’) for some n’ € N
since T = Im(g). Thus, we have

0=f(t) = flgtm) = fgf(¥') = fg(n') = f(¥).

This implies that t = g(n) = g(f(¢')+s) = g(s) = 0, as required. Next, it is sufficient to prove f;zg = (flr)™'P (1)

(fln) "' Prny f(flr) " Pyery = (flT)‘lPJZ:(T) = (flr)""Psry,

Im((fIr) " Psry) = (fI) ' A(T) =T,

Ker((flr)"'Psr) = Ker(Psr) = S.
So the proof is completed. [

Corollary 2.5. Let f € Homg(M, N). If the generalized inverse ffs) exists, then
(1) f2fh = hif and only if Im(k) < T, where b : X — M.
@) nf ff‘s) = hifand only if S < Ker(h), whereh : N — Y.

Proof. (1). Setyg = f;zs) Then the implication follows from
Im(h) = Im(gfh) CIm(g) = T.

For any x € X, say t = h(x). Note that Im(k) < T. Then there exists n € N such that t = g(n). By g = gfg, we
check easily that

gfh(x) = gf(t) = gfg(n) = g(n) = h(x).

So we get gfh = h.
(2). Lets € S = Ker(g). Then fh(s) = hfg(s) =0, i.e., s € Ker(h), as required. Conversely, for any n € N,
say n = f(t) + s forsome t € T, s € S. From Im(g) = T, there exists n’ € N such that t = g(n’). Thus, we have

hfg(n) = hfgf(t) = hfgfgn’) = hfg(n') = hf (D).

On the other hand, S < Ker(h) implies hf(t) = h(f(t) + s) = h(n), so one obtains hifg(n) = h(n). The proof is
completed. O

The following result is well known (also see [1, 3.6]).

Lemma 2.6. (The Factor Theorem) Let g, h : N — T be two R—homomorphisms. If h is an epimorphism with
Ker(h) < Ker(g), then there exists unique homomorphism w : T — T such that g = wh.



Z. Wang / Filomat 33:19 (2019), 6459-6468 6463

Theorem 2.7. Let f € Homg(M, N) and f;zs) exists (say ). If h : N — M satisfies Im(h) = T, Ker(h) = S, then
there exists an isomorphism w : M — M such that g = wh.

Proof. Note that Im(g) = T = Im(h). Then g, h reduce two epimorphisms g, 1 from N to T. Moreover,
Ker(g) S = Ker(h) implies Ker(j Ker(h) By Lemma 2.6, there exist @, v € Endg(T) such that g = @h and

h= vg Thus, we have g = wvg and I = Dah. Since both g and h are epimorphic, we get wv = 1r, v = 17,
i.e., w is an isomorphism. Note that T = Im(g) is a direct summand of M since gfg = g, say M = T & X.
Define w : M — M; m = t + x = w(t) + x. It is easy to check that w is an isomorphism and g = wh, as
desired. [

Corollary 2.8. Let f € Homr(M, N) and f;zs) exists. If h : N — M satisfies Im(h) = T, Ker(h) = S, then there exists
an isomorphism w : M — M such that

whfh =hand hfwh = h.
Proof. Set g = f(z) By Corollary 2.5, we have gfh = h and hfg = h. From Theorem 2.7, there exists an
isomorphism w € EndR (M) such that g = wh. Thus, we get
whfh=gfh=hand hfwh = hfwh = h.
The proof is completed. [

The following lemma is duo to Armendariz, Fisher and Snider [2, Proposition 2.3] (also see [7]).

Lemma 2.9. Let a be an endomorphism of right R—module M. Then the following are equivalent.
(1) The endomorphism « is strongly regular.

(2) There exists a direct decomposition M = Im(cx) @ Ker(c).

(2) The endomorphism «a is group invertible.

Theorem 2.10. Let f € Hompr(M, N), T < M, S < N. Suppose that f;zs) exists. If there is h € Homg(N, M) such
that Im(h) = T and Ker(h) = S, then both fh and hf are group invertible. Furthermore,

1o = h(fh)f = (nf)n.

Proof. We prove firstly that fh is group invertible. By Lemma 2.9, it is sufficient to show that

N = Im(fh) ® Ker(fh).
Note that Im(fh) = fIm(h) = f(T) and S = Ker(h) C Ker(fh). For any n € Ker(fh), by Lemma 2.1(2), we have
h(n) € Ker(f) N Im(h) = Ker(f) N T = {0}.

This shows that n € Ker(h), and so
Ker(fh) = Ker(h) =

Thus, by Lemma 2.1(1), we have
N = f(T)® S = Im(fh) @ Ker(fh).

Next, for any m € Im(h), there exists n € N such that m = h(n). Then

f(m) = fh(n) = (F)(FRF(Fh)(n) € Im((Fh)(fh)),
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ie., f(m) = (fh)(fh)“(n’) for some n’ € N. Thus, we get
m = h(fh)(’) € Ker(f) N T = {0},

and so

m = h(fh)(n’) € Tm(h(fh)").

This shows that
Im(h(fh)*) = Im(h) = T.

Note that Ker(fh) = Ker(h) = S. Then it is necessary to check that
Ker(h(fh)*) = Ker(fh).
Let fh(n) = 0. Then
FR(IHR) = (F1f fin) = 0.

This implies that
h(fh)(n) € Ker(f) N T = {0},

and so 1 € Ker(h(fh)*). Thus, we have Ker(fh) C Ker(h(fh)"). Note that

fh = (fF*(f)F = (FRf)(h(fR)?).

Then
Ker(h(fh)*) C Ker(fh).

This shows that Ker(h( fh)ﬁ) = Ker(fh), and so Ker(h( fh)ﬁ) = S. Note that

() fR(FRYF) = BOFRYF(FR)(FRYF = (fRY.
Thus, this shows that f;zs) = h(fh)*.
Setg = f;zs) By Theorem 2.7, we have g = wh for some automorphism of M. It follows that

Im(hf) € Im(h) = Im(hfg) C Im(hf)
from Corollary 2.5(2). This implies that
Im(hf) = Im(h) = T = Im(g) = Im(gf)

since gfg = g. Note that

Ker(hf) = Ker(whf) = Ker(gf) = Im(1 — gf),

and so we have

M =Im(gf) ® Im(1 - gf) = Im(hf) ® Ker(hf).

It follows that i f is group invertible from Lemma 2.9. Moreover, we can check that f;zs) = (hf)*h. O

In the next result, we will show that for an arbitrary homomorphism f of right R-modules, Drazin

inverse P, group inverse f¥ and Moore-Penrose inverse f*, if they exist, are all the generalized inverse f;zs)

Theorem 2.11. Let M, N be right R—modules.
D ,yi i — D _ ()
(1) Let f € Endr(M). If £~ exists with Ind(f) = k, then f° = flm(fk),Ker(fk)'
¥ oxi f_ Q)
(2) Let f € Endr(M). If f* exists, then f' T Ker(s)

(3) Let f € Homg(M, N). If f* exists with an involution * on homomorphisms of modules, then ft = f I(iz”r)l(f*),Ke,,( s
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Proof. (1). Since fPffP = fP, by Lemma 2.1(1), it is sufficient to show that
Tm(f") = Im(f*) and Ker(f”) = Ker(f").
Note that ffP = fPf and f* = f° f*1. Then
Im(f?) = Im(f2 £ f7) = Im((f° /)" f°) = Im(F4(F2)*!) € Im(f9),

and
Im(f*) = Im(fP 1) € Im(f").

It follows that Im(fP) = Im(f*). Since f* = f*1fD and fP = fPf P = fP(ffP)* = (fP)F*1 %, this implies that

Ker(fP) = Ker(f*). Thus, we have fP =

(2). Take k = 1in (1).
(3). Note that f*ff" = f7. By Lemma 2.1(1), it is only necessary to check that

f(z)
Imyso) Ker(ft)’

Im(f+) =Im(f") and Ker(f*) = Ker(f").
Since f € 12 and f* € (f*)¥, we can get easily that

Im(f') = Im(f" f) = Im((f" £)") = Im(f"(f*)") = Im(f"),

and
Ker(f") = Ker(ff") = Ker((ff")") = Ker((f")'f") = Ker(f").
The proof is completed. [

3. The generalized inverse £

1o of ahomomorphism of right R—modules

If the generalized inverse f;zs) satisfies f f;zs) f = f, then it is called the generalized inverse which is a

{1,2}-inverse of a homomorphism f of modules with prescribed image T and kernel S, and is denoted by
(12)
TS

Theorem 3.1. Let f € Homgr(M, N)and let T <M, S < N. Then the following are equivalent.
(1) f(M®S =N, Im(f)ynS =0and Ker(f) N T = {0}.
(2) There exists some g € Homp(N, M) such that

fof =f. 9fg9 =9, Im(g) =T and Ker(g) = S.
B)Im(f)® S =N and Ker(f)® T = M.
Proof. (1) = (2). From f(T)® S = N and Ker(f) N T = 0, we get that g = f;zs) exists and that Im(g) =

T, Ker(g) = S by Lemma 2.1. We only need to show that fgf = f. Note that gfg = g. Then we have
gfgf = gf, which implies

Im(fgf - f) € Im(f) N Ker(g) = Im(f) N S = (0).

So fgf = f, as required.

(2) = (3). From Im(g) = T, we have f(T) = Im(fg). Note that fgf = f implying Im(fg) = Im(f). Then
f(T) = Im(f). By (2), we know g = f;zs) Hence, N = f(T)® S = Im(f) ®S. Next, f = fgf implies that
Ker(f) = Im(Ip — gf). From Im(g) = T, we have

M =Im(Ip — gf) + Im(g) = Ker(f) + T.
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Hence, it follows from Ker(f) N T = {0}.

(3) = (1). Itis clear that Im(f) NS = {0} and Ker(f) N T = {0}. To obtain f(T) ® S = N, it is sufficient to
show f(T) = Im(f). For any n € Im(f), we have n = f(m) for some m € M. Since Ker(f) ®T = M, we can say
m = my + my where m; € Ker(f), m, € T. Thus, we get

n = f(m) = f(m) + f(ma) = f(mz) € f(T),
and so Im(f) € f(T). Clearly, f(T) € Im(f). Hence, f(T) = Im(f). O

Theorem 3.2. Let f € Homg(M, N)andlet T <M, S < N.
(1) If Ker(f) + T = M, then f(T) = Im(f).
) If f(T)®S =N, then
f(T) = Im(f) if and only if Im(f) N S = {0}.

Proof. (1) follows easily from the observation that

fM) = f(Ker(f) + T) < f(Ker(f)) + f(T) = f(T).

(2). Suppose that Im(f) 'S = {0}. Obviously, we have f(T) € Im(f). For any x € Im(f), x =
x1 + x2, where x; € f(T), x, € S. From f(T) € Im(f), x; € Im(f). Thus, x, = x —x; € Im(f) N S = {0}.
Therefore, we get x, = 0 and then x = x; € f(T). Hence Im(f) C f(T). Conversely, assume that f(T) = Im(f).
From f(T)®S = N, wehaveIm(f)NS=f(T)NS={0}. O

Lemma 3.3. (Jacobson Lemma) Let a, b € R. Then 1 — ab is invertible if and only if 1 — ba is invertible.

Let S = End(rN) and T = End(rM). The following lemma is duo to Puystjens and Hartwig [8, Corollary
1.]. We will give a proof for the sake of completeness.

Lemma 3.4. Suppose f € Homg(M, N) is reqular, and let f = ffO f. Then the following are equivalent for any
h € Homgr(N, M).

W) u=fhffO +Iy— ffY is invertible in S.

2)v=fOfhf + Iy — fOf is invertible in T.

(@) Sfhf =Sfand fhfT = fT.

Proof. (1) & (2). Note that u = Iy — (f — fhf)fV and v = Iy — fU(f — fhf). Then, by Lemma 3.3, u is
invertible in S if and only if v is invertible in T.

(1) (and (2)) = (3). It follows that uf = fhf = fov from (1) and (2). Note that u and v are both invertible.
Then it implies that Sfhf = Sf and fhfT = fT.

(3) = (1). Suppose that xfif = f = fhfy forsomex € S, y € T. Take a = fyf® + Iy — ff® and
B =xffD+Iy— ffY. Then we can directly calculate that ua = pu = Iy, as required. [

Theorem 3.5. Let f € Homg(M, N), h € Homgr(N, M). Then the following are equivalent.
(1) fis regular, u = fhf fO + Iy — ffY is invertible in S and Ker(f) N Im(h) = {0}.
(2) fis reqular,v = fO fhf + Iy — fOf is invertible in T and Ker(f) N Im(h) = {0}.
(1r2) :
3) flm(h),Ker(h) exists.

Proof. (1) & (2) is clear from Lemma 3.4.
(1) (and (2)) = (3). From (1) and (2), we can check easily that uf = fhif = fv and fo™! = u™'f. Set
@ = fo~2h. Then we have

o(fh) = fo?hfh = ufhfh =u ' fh = fo'h = fhfoh = (fh)e,
P(fh)p = u™ flifo™h = foh = @,
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and
(fe(fl) = fhfo"'h = fh.
This shows that fh is group invertible and ¢ = (fh). Set g = h(fh)*. Tt is easy to check that
9fg = h(FhY f(f) = h(fh) = g,
and
faf = fufohf =u” fhf = f.

Next, it is sufficient to show that Im(g) = Im(h) and Ker(g) = Ker(h). Since fh = (fh)*( fh)ﬁ = fhfg, we get
f(h—hfg) = 0. This implies that

Im(h — hfg) C Ker(f) N Im(h) = {0},

and so
h=hfg = hfh(fh)f = h(flytfh = gfh.
Note that
g = h(f1f = h(fnP)’ fh.
Then we can obtain that Im(g) = Im(h) and Ker(g) = Ker(h). Thus, it follows that fI(;’(Zh))/Key(h) exists and
9= Funity kerty
(3) = (1). Suppose fz(;z'(zh)),Ker(h) exists and say g = I(;’(zh))’Ker(h). By Theorem 2.10, we have g = h(fh)*. Take

S = End(gN) and T = End(zxM). Note that

Sfhf € Sf = Sfgf = SFh(fhyf = S(FF fhf € Sfhf.
Then Sfhf = Sf. It is easy to see

FHfT € fT C fafgfT = fh(fhFFR(FRFFT = (FROBFRP ST C fhT,
sowe get fhfT = fT. By Lemma 3.4, u is invertible in S. [J

Theorem 3.6. Let M, N be right R—modules.

(1,2) . . . . _ (1,2)
(1) If f € Endgr(M), then f[m( ) Ker(f) €XIStS if and only if f* exists. Moreover, f* = I(pKer(f)”

(2) If f € Homg(M, N) and = is an involution on the homomorphisms of modules, then f, (12

Im(f*),Ker(f*)
if f* exists. Moreover, f* = I(;(zf)) Ker(F)

exists if and only

(1,2)

Proof. (1). By Theorem 2.11, it is sufficient to show that the existence of f, implies existence of f*.

Im(f),Ker(f)

(1r2) — 2 — 2 (1/2) — (1/2) (1/2) 1
Then, by Theorem 2.10, f;,5 v = f(F) = (P, and 50 f £, oy = i enip - HHeNCE: i ke B8

the group inverse of f.

(2). To show that existence of f, - ) Ker(f)

PO sy = FFFF = (FF)4f. This implies that

(12) implies existence of fT, take i = f* as in Theorem 2.10. Then

(1,2) * (1,2) (1,2) « _ (1,2)
S unirrkerr)” = F i keriry A0 Sraniro ker(n S = St gere f-

Hence j}(;’(zf)*),Ker( ) is the Moore-Penrose inverse of f. Conversely, it follows from Theorem 2.11. [
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