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The m—Extension of Fibonacci and Lucas p—Difference Sequences

Cahit Kome?, Yasin Yazlik?

“Nevsehir Haci Bektag Veli University, Department of Mathematics, 50300, Turkey, Nevsehir

Abstract. In this paper we define the m—extension of Fibonacci and Lucas p—difference sequences by
using the m—extension of Fibonacci and Lucas p—numbers. We investigate some properties of our new
sequences and introduce some relations between the m—extension of Fibonacci and Lucas p—difference
sequences and the m—extension of Fibonacci and Lucas p—numbers. Moreover, we present the sums and
generating function of the m—extension of Fibonacci and Lucas p—difference sequences. Finally, we study
the m—extension of Fibonacci p—difference Newton polynomial interpolation.

1. Introduction

Fibonacci and Lucas numbers are the most popular and fascinating sequences in mathematics and related
fields [1]. The classical Fibonacci and Lucas numbers are defined by F,.» = Fye1 + Fy and Lyip = Lyy1 + Ly,
for n € Ny, with the initial conditions Fp = 0, F; = 1and Ly = 2, L; = 1, respectively. One of the
important mathematical discovery of the modern Golden Section and Fibonacci and Lucas numbers theory
is Fibonacci and Lucas p—numbers. Stakhov and Rozin presented the Fibonacci and Lucas p—sequence by
the recurrence relations

Fy(n)=Fy,(n—1)+F,(n—p-1) )
and
Lyn)=L,(n—1)+L,(n—-p-1) ()

with the initial conditions, F,(0) = 0,F,(1) = 1,...,Fy(p) = 1 and L,(0) = p +1,L,(1) = 1,...,L,(p) = 1,
respectively, in [3]. Later on, Kocer et al. defined the m—extension of the Fibonacci and Lucas p—numbers,

Fpu(n+p+1)=mF,,,(n+p)+F,n(n) 3)
and

Lp,m(n +p+1)= mLp,m(n +p)+ Lp,m(n), 4)
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with the initial conditions F,,(0) = 0,F, (1) = 1,F,;u(2) = m,Fyu(3) = m2, ..., Fym(p +1) = mP and
Lym(0) =p+1,Lyu(1) =m,Lyu(2) =m? L,uB3) =m?,...,Lyu(p+1) = mP*!, where p and n are non-negative
integers and m is a positive real number [4]. Falcon and Plaza introduced the k—Fibonacci numbers that
generalize both the classical Fibonacci and the Pell sequences [5]. Moreover, the k—Fibonacci numbers are
the special case of the m—extension of Fibonacci p—numbers for p = 1 and k = m. After that, Falcon applied
the concept of the finite difference to the k—Fibonacci numbers and introduced the k—Fibonacci difference
sequence [2]. Also in the literature, it can be found more research works related with difference sequences
such that [6] and [7].

The aim of this study is to extend the k—Fibonacci difference sequence into the m—extension of Fibonacci
p—difference sequence. In addition, we define the m—extension of Lucas p—difference sequence and give
some properties of these sequences.

2. The m—extension of Fibonacci and Lucas p—difference sequences

In this section we apply the finite difference to the m—extension of Fibonacci and Lucas p—numbers and
call the m—extension of Fibonacci and Lucas p—difference sequences. If we apply the finite difference to the
m—extension of Fibonacci and Lucas p—sequence F,; = {Fy,»} and L, ,u = {Lp,m,1}, then we obtain A(F, ;) =
Fp,m,n+l - Fp,m,n and A(Lp,m,n) = Lp,m,n+l - Lp,m,w Moreover, A? (Fp,m,n) = A(A(Fp,m,n)) = Fp,m,n+2 - 2Fp,m,n+1 +Fp,m,n
and Az(Lp,m,n) = A(A(Lpmn)) = Lymn+2 = 2Ly mpn+1 + Lpmn. More general, we can write

AOEy) = Fyy =AM )} = (FSDh = (0D~ 0 5)
and

AN Lp) = Ly = ALy )} = (L) = LS = L), (6)
Ifi = 0, then F;,(,)Z,,,n = Fpmn and L;?Z,,’n =Lpmn Ifi=1,itis Al = A. Note that, to avoid cumbersome notations

we denote both F, ;, , and Ly, ., by

n—-1

Fp,m,n ’ if Vp,m,O = 0/ Vp,m,l = 1/ ceey )/p,m,n =m
YVpmn = . " 7)
Lp,m,n zlf Vp,m,O =p + 1/ Vp,m,l = 1/ cee /7/p,m,n =m.

We define the m—extension of Fibonacci and Lucas p—difference sequences by using the definition of
difference relation as

i

: (i
y;,)m,n = Z(_l)](j)yp,m,mij- 8)

=0

Note that the m—extension of Fibonacci and Lucas p—difference sequences are

i .
i i
o = Z(—l)]( .)Fp,m,m_,- ©)
=V
and
i i (1
L = Z(—l)f(j)Lp,m,m_j. (10)
j=0

Next, we will prove the m—extension of Fibonacci and Lucas p—difference sequences verify also the following
relation.
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Lemma 2.1. Forn > p, the m—extension of Fibonacci and Lucas p—difference sequences satisfy the recurrence relation
that is

(i) _ (O] @
yp,m,n+1 - myp,m,n + Yp,nl,n—p' (11)

Proof. We use induction to prove the Lemma. Fori =1,

) _

yp,m,n+1 yp,m,n+2 - Yp,m,n+l
= (mVp,m,nH + Vp,m,n—p+1) - (mVp,m,n + Vp,m,n—p)
= m (Yp,m,n+1 - ]/p,m,n) + (Vp,m,n—p+1 - Vp,m,n—p)
- ) )
- myp,m,n + Yp/m,n—p'
; ; i 4,00 — (@) (@) .
Let us suppose this formula is true for i: Yomnet = M Y pmn—p: Then:
(i+1) 0 _
yp,m,n+1 - yp,m,n+2 yp,m,n+1

(@ (@) (@ (@)
(m‘)/p,m,n+1 + yp,m,n—p+1) - (myp,m,n + yp,m,n—p>
— U] (@) ] )
= m (yp,m,n+1 - yl’:’”r”) + (yp,m,n—w—l - )/P,m,"—l’)

_ @i+1) @i+1)
- myp,m,n + Vp,m,n—p'

O

Theorem 2.2. For n > 2p, the m—extension of Fibonacci p—difference sequence satisfy the relation

M,

p-1
i = FpmnpstFypg + Y FomanpiFon, - (12)
=0

Proof. We prove the theorem by induction on n. For n = 2p, we obtain

(1) _ () ()

Fp,mfzp B me,m,Mfl + Fp,m,nfl
— (@) (i) (i)
= m[mEy O L+ ED
— 2 (D) (i) (@)
= m Fp,m,2p—2 + Fp,m,p—l + me,m,p—Z
= P(i) + F(i) +m F(i) +m? F(i)
- pm,2p-3 pmp-1 pm,p—2 pm,p-3

— p () (@) (1) p—-2 () p—11()
= m Pp/m/p + Fp,m,p—l + me/m/p_z +---4+m 1—"p,m,1 +m Fp/m/o.

By considering the initial conditions of the m—extension of the Fibonacci p—numbers, we have

(@) _ (i) (i) (@) . (i) (i) (i)
Fp,m,2p - Fp,m,p+1Fp,m,p + prmrlpp,m,p—l + prmrzpp,m,p—Z + + Fprmrl’*zpp,m,z + FprmrP*]Fp,m,l + Fpr"’rppp,m,O'
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Assume that Eq. (12) is true for n > 2p + 1. Then we have

(@) — () (i)
Fpmn+1 - memn+Fpnrnp
= . (@)
= m [Fp " ”_p"'lFl’ mp + FP m "—2P+1Fp m,p—1 + + Fp’m’n_pr,m,O]
i
FFpmn- ZP“FWP + Fpmn- 3P+1Fpmp 1t +Fp,m,n—2PF;,)m,0

i
= (me m,n—p+1 + Fp m n—2p+1)Fp m,p + (me,m,n—2p+1 + Fp,m,n—3p+1)F;,)m,p_1 +--

+( Fpmn—p +Fpmn 2p)Fpm0

— (@) )
- Fp,m,n—p+2Pp mp + Z‘ Fp,m,n+1—p—]Fp,m,jr

which completes the proof. [

Theorem 2.3. Fori > 1, n > p+1and m > 1, the m—extension of Fibonacci and Lucas p—difference sequences
satisfy the relation,

Yo = (=150 450 (13)

-1 _ -1

with the initial condition yg)m = Vot ™ Vpmiop

Proof. From the definition of the m—extension of Fibonacci and Lucas p—difference sequences, we obtain
ST
(i-1) _ 1 —
Vomnp = Z(_l)]( ' )y” mn=pi=j-1
=0 J
and

ypmn Z( 1)]( . )ylﬂlm,nﬁ—j—l-

Using these identities, we get

i-1 .
1 —
(m 1)ypmn+7/pmn -p = (m_l)Z(_l)]( ] )ypmnﬂ —-j- 1+Z( 1)]( . )Vp,m,n—pﬂ—j—l

j=0
-1 .
= (-1) . (myp,m,nﬂ—j—l = Vpmun+i-j-1 + Vp,m,n—p+i—j—1)

)(m]/pmnﬂ =1t Vpmpn—pri-j- 1)_2( 1)]( )(menﬂ =j= 1)

= (i-1 . fi—1
= (_1)](1 j )yP,m,n+i—j_Z(_1)](l j )Vp,m,"‘ri—i—l
- =0
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1

1 . i—1 .
fi—1 fi—1
= Yp,m,nﬂ’ + (_1)]( ] )yp,m,nﬂ'—j - Z(_l)]( ] )yp,m,nﬂ'—j—l
=1 j=0

~ .

o G[fi-1) (i-1 .
= yp,m,n+i + (_1)] [( ] ) + (] _ 1)] Vp,m,n+i—j - (_1)1_1Vp,m,n
1

~ -

-1 .
= Vpmn+i T (_1)](j)7/p,m,n+i—j + (_1)17/p,m,n

1

i (i
= Z (-1y (j))/p,m,nﬂ'j
=0

— (1)
- ypl,m,n .

-

O

Theorem 2.4. Sum of the m—extension of Fibonacci and Lucas p—difference sequences is
n
@0 _ ., (i=1)
Z yp,m,j - 7/p,m,n+1 - yp,m,O' (14)
j=0

Proof. By considering the m—extension of Fibonacci and Lucas numbers with negative subscript given in
[4] and using Eq. (11), we have

n n

0 _ (i) (@)
Z yp,m, i 7/}7,"7,0 + Z yp,m,j
=0 =1

n
) 1 (0 (i)
- yp,m,O + Z Z(Vp,m,jﬂ - yp,m,j—p)
j=1

= V;i)m,o + % (()/;i)m,Z - yl(gi,)m,l—p) + (y;j,)mﬁ - yg,)m,pr) +--+ (V:;l',)m,n.;.1 - y;;);n,n—p))

— @ (i-1) (i-1) (i-1) (i-1) (i-1) (i-1) (i-1) (i-1)
- yp,m,O + a ((yp,m,?a - pm,2 - yp,m,Z—p + yp,m,l—p) Tt ()/p,m,n+2 - 7/p,m,n+1 - yp,m,n—p+l + yP,m,”—P))

_ (O] (i-1) (i-1) (i-1) 1)
yp,m,O Z (yp,m,n+2 - yp,m,n+1—p - yp,m,Z + )/p,m,l_,,)

_ (i-1) (i-1) (i=1) (i-1)
yp,m,l - yp,m,O + yp,m,nJrl - yp,m,l

— 0D (1)
7/p,m,nJrl - yp,m,O'

O

Theorem 2.5. The generating function of the m—extension of Fibonacci and Lucas p—sequences is

(@) p @ _ .0 j
7/(i) (x) = Vpmo + j=1 (yp,m,i mynm,j—l)x (15)
1 — mx — xP+! '

Proof. Let y(x) be the generating function of the m—extension of Fibonacci and Lucas p—sequence ;1.
Then, we have
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@ - 0 @ O 2. . .20 po 0 p+l
W) = Yoo T YpmaX Yy X T VX F Vomps1® +
i _ @ i 2 @ .3 (@) 1 @) 2
m)/(l)(x)x - myp,m,Ox + myp,m,lx + mVp,m,zx Tt myp,m,pxp+ + myp,m,p+1xp+ e
(i) +1 _ @ L p+l @O L p+2 @ p+3 . @B 2p+l () 2042 | ..
70" = Vpmo® + 7/za,m,lx + Vpm2* o YpmpX + yrhmwlx *

By using these identities, we obtain

1\ ‘ ‘ 0 (i Q)
(1 - mx = 2 )V(l)(x) VS,)m,o + (V:f?m,l - my;f,m,O) Xkt (ypl,m,p - mVpl,m,pfl) ¥

P
@ @ (@ j
yp,m,O + 2 (Vp,nl,j - myp,m,j_l) x]‘ (16)
=1

Therefore, the generating function of the m—extension of Fibonacci and Lucas p—sequences is

0) P 0) :
_ Vpmo T Ljn (Vp,m,f - ’”yp,m,f—l)x]

1 —mx —xp*1

The next theorem gives the relation between m— extension of Fibonacci and Lucas p—difference sequences.

Theorem 2.6. For n > p and m > 1, the m—extension of Fibonacci and Lucas p—difference numbers satisfy the
relation

1O O 4 pp® (17)

p,mn pmn+1 pmn—p*
Proof. By using Eq. (2.5) in [8] and Eq. (8), we have

. i .
j j i Z i
F:’l,)m,wrl + pFl(;,)m,n—P - } :(_1)](]-)Fp,m,n+1+i—j +p (_I)J(j)FPrmr”—P”—f
=0 =0

i

= Z(_l)j(;)[Fp,m,n_,_lﬂ'_j + pr,m,—pﬂ'—j]

=0

= Z (_1)j(;)Lp,m,n+ij

O

Lemma 2.7. Forr <iandm > 1, the following identity holds:

T

i r p—i. (i1
i = X (o= 1, (18)

=0
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3. m—extension of Fibonacci p—difference Newton interpolation

Let us consider the (n + 1) points (x;, F;),j = 0,1,2,...,n with x; < xj;; and suppose we wish to find
a polynomial P, (m, x) that takes the value F,,,; for x = x;. Now we define h; = xj;1 — x;. Therefore, the
m—extension of Fibonacci p—Newton interpolation is

F@ 2Q)
P ) - F +F(1) X — X pm0 X —Xg X — X1 p,m,ox—xox—xlx—xz_‘_m, 19
n(rm, x) pim0 pm0  po 2! ho hy 3! ho hy hy (19)
or in reduced form,
(1) _
n F i—1
im0 X=X
P(m, %) = Fypo + ”Z’,” ~ ! (20)
=1 =0 J
The formula can be simplified if x; = j and takes the more practical form
n @ ) it
M, .
Pu(m,) = ) L= [ - . 21)
i=1 =0
If xj11 — xj = h, V], the error is given by
) "
L p,m,0 1
T ir ) [Je=x. 2)
=0

Thus the maximum error will arise at some point in the interval between two consecutive nodes.

4. Examples

Let us suppose we have the four points (x;, Fy,j),j = 0,1,2,3. For p = 1 and m = 3, we can find the
same results in [2]. We find the interpolation polynomials for higher p and different m values. For example,
for p = 10, the m—extension of Fibonacci p~Newton interpolation is

o
Py(m,x) = Fypmo+ %(x — Xp)
o O
D (3 = 1) + 2 = x0) (¢ = 1)~ x2)
4)
I =) = )~ )

41
= x+ %(Z(m —1)—m)(x - 1)x
+% (m? + 3(m = 1)* = 3m(m - 1)) (x — 2)(x - D)x
+i (—m3 +4m?*(m — 1)
+4(m — 1) = 6m(m — 1)%) (x - 3)(x - 2)(x - 1)x.

The following table represents five interpolation polynomials and error bounds for different values of m.



C. Kome, Y. Yazlik / Filomat 33:19 (2019), 6187-6194 6194

Lm | Py (m, x) [ e
% (5x* — 18x° + 31x% + 6x) 2L max |(x — 4)(x — 3)(x — 2)(x — 1)x| = 0.0325937
1 (5x* — 23x° +402* - 16%) S max |(x — 4)(x - 3)(x — 2)(x — 1)x| = 0.180747

2 (51x* — 25403 + 44127 - 214x) | 4L max|(x — 4)(x - 3)(x — 2)(x — 1)x| = 0.607427
1 (26x* - 135x° + 2354 — 120x) 2L max|(x — 4)(x — 3)(x — 2)(x — 1)x| = 1.54375
2 (185x" — 9862° + 1723x% — 898x) | 1L max|(x — 4)(x — 3)(x - 2)(x - 1)r| = 329196

N

N gk w3

If we apply directly the classical Newton interpolation for p = 10 and m = 5, we obtain the following
interpolation table.

Xj | Fymj | AFpmj | A%Fpmj | NFpmj | A'Fpm
0
1
1] 1 3
4 13
2| 5 16 51
20 64
3| 25 80
100
4| 125

As seen from the table, for any p or m, the numbers of the first diagonal line are the numerators of the
coefficients of the Newton polynomial that

Py(5,x) =0+ %x + %x(x -1+ gx(x -Dx-2)+ %x(x - 1D)(x —2)(x = 3).

5. Conclusion

In this study, for the first time in the literature, we define the m—extension of Fibonacci and Lucas p—
difference sequence by using the m—extension of Fibonacci and Lucas p—numbers. If we take p = 1 and
m = k, this sequence can be reduced to k—Fibonacci difference sequence [2]. If we take p = 1 and m = 2,
this sequence can be reduced to Pell difference sequence [6]. We give generating functions, sums and
some properties for this sequence. Moreover, we apply newton interpolation and present the results with
interpolation table. As a result, this study contributes to the literature by providing essential information
for the generalization of difference sequences.
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