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Abstract. The study concerning the classification of the fuzzy subgroups of finite groups is a significant
aspect of fuzzy group theory. In early papers, the number of distinct fuzzy subgroups of some non-
abelian groups is calculated by the natural equivalence relation. In this paper, we treat to classifying
fuzzy subgroups of some groups by a new equivalence relation which has a consistent group theoretical
foundation. In fact, we determine exact number of fuzzy subgroups of finite non-abelian groups of order
p? and special classes of dihedral groups.

1. Introduction

In 1965, Zadeh introduced a fuzzy subset as a function from a non-empty set to a closed unit interval
[24]. Then, the theory of fuzzy sets developed in many directions and found applications in a wide variety
of fields. In [16], Rosenfeld used this concept to develop the theory of fuzzy groups. Since the notion of
fuzzy group is a generalization of the notion of group, many basic properties in group theory extended to
fuzzy groups, for more details we refer the reader to [1, 12, 13]. But it is expected that all the results of
classical group theory have not their counterparts in the theory of fuzzy groups. Moreover, certain simple
results of classical group theory when extended to fuzzy setting do not admit of a trivial proof. In [9],
authors discussed some group theoretic facts which can not be extended to the fuzzy setting, in general.
For example, they investigated the conditions under which a given fuzzy subgroup of a group G can or can
not be realized as a union of two proper fuzzy subgroups. In [15], Ray introduced the notion of isomorphic
fuzzy groups and showed that the definition of this notion fulfils the basic requirement that the fuzzy
subgroups of two isomorphic groups turns out to be pairwise isomorphic.

The idea of level subsets introduced in [24] and was a useful tool to develop and formulate many results
in fuzzy set theory and their applications. Das used this notion to define the notion of a level subgroup of
a given fuzzy subgroup [4]. He proved that the family of level subgroups of the given fuzzy subgroups
forms a chain. This result permits one to perceive the theory of fuzzy groups within the classical group
theory. Also, he showed that the non-empty level subsets of a fuzzy subgroups of a group G are subgroups
of G in the ordinary sense [4].

The study of classification of fuzzy subgroups of finite groups is considered as a fundamental general
problem and has undergone a rapid development, in the recent years. Many papers have treated the
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classification of the fuzzy subgroups for particular cases of groups with respect to some equivalence
relations. The behavior of different equivalence classes and a comparison between some equivalence
relations on fuzzy subgroups lattice of a group is given in some papers, for more details, see [2, 10, 11, 14,
18, 22].

Starting point for this discussion is given by the paper [25], where Zhang and Zou considered the
number of equivalence classes of fuzzy subgroups of a group G. In [14], for studying the equivalence of
fuzzy subgroups, Murali and Makamba have used the equivalence relation ~y; on the set of all the fuzzy
subsets of G that was defined as follows: for two fuzzy subgroups u and 1 of G, u ~y 7 if and only if for
all x,y € X, pu(x) > p(y) if and only if n(x) > n(y) and p(x) = 0 if and only if n(x) = 0. They studied the
conditions under which the equivalence relation of fuzzy sets can be equivalently described by their level
sets. As the equivalence of fuzzy subgroups can be used in the classification of fuzzy groups of some special
cyclic groups [14], this method should be examined to determine whether it can be more generally applied.
In [8], authors by some examples, showed that the equivalence relation discussed in [14] is only suitable in
dealing with the classification of the fuzzy subgroups of a finite group. Afterwards, they proposed a new
definition called strong equivalence relation of fuzzy subgroups, briefly S*-equivalence, showing that any
two fuzzy subgroups of an infinite cyclic group with infinite membership values are S*-equivalence.

Recall here the paper [18], where a natural relation ~ is indicated which can successfully be used to
count the number of distinct fuzzy subgroups for two classes of finite abelian groups: finite cyclic groups
and finite elementary abelian p-groups. The equivalence relation ~ develops the equivalence relation in
Murali’s papers. Also, the above study has been extended to some remarkable classes of non-abelian
groups: dihedral groups, symmetric groups, hamiltonian groups, finite p-groups having a cyclic maximal
subgroup, dicyclic groups and non-abelian groups of order p® and 2 in [3, 5-7, 19-21].

Recently, Tidrniuceanu has treated the problem of classifying the fuzzy subgroups of a finite group by
a new equivalence relation ~ introduced in [22]. In the present paper we study in order to give a partial
answer to the open problem posed in [22]. In fact, we obtain exact number of fuzzy subgroups of the
particular cases of dihedral groups and all non-abelian groups of order p°.

The paper is organized as follows: in Section 2 we present some preliminary results on fuzzy subgroups
and recall the main theorems. Section 3 deals with counting the number of distinct fuzzy subgroups of
special classes of dihedral groups by using the new equivalence relation ~. In Section 4, we consider the
non-abelian groups of order p° and calculate the number of their distinct fuzzy subgroups. In the final
section, some conclusions and further research directions are indicated.

Most of our notation is standard and will usually not be repeated here.

2. Preliminaries

In this section, we recall some necessary definitions and notations, for more details, see [13, 16, 22].

The set FL(G) consisting of all fuzzy subgroups of G forms a lattice with respect to fuzzy set inclusion.
Forallt € [0,1], the level subset corresponding to t is defined as U(u, t) = {x € G| u(x) > t}. These subsets are
useful in the characterization of fuzzy subgroups, in the next manner: let i be a fuzzy subset of a group G.
Then, u is a fuzzy subgroup of G if and only if its non-empty level subsets are subgroups of G. Without any
equivalence on fuzzy subsets of a set, the number of fuzzy subgroups of a finite group is infinite even for
the trivial group {e}. Therefore, the fuzzy subgroups of G must be classified up to some natural equivalence
relations on the set consisting of all fuzzy subsets of G. One of them, denoted by ~, is introduced in [23] as
follows: let u and 1 be two fuzzy subsets of G. Then, we define

u ~ nif and only if (u(x) > u(y) & nx) > n(y), forallx,y € G);

and two fuzzy subgroups p and n of G will be called distinct if p » 1. In fact, a necessary and sufficient
condition for fuzzy subgroups u, 1 of G to be equivalent with respect to ~ is they determine the same chain
of subgroups of G which ends in G. According to this equivalence relation, for counting all distinct fuzzy
subgroups of G with respect to ~ it is sufficient to find the number of all chains of subgroups of G that
terminate in G and this number is denoted by F(G).
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Now, consider the equivalence relation introduced in [22] which is defined on FL(G) of a finite group G
as follows: suppose that p is the following action of Aut(G) on FL(G):

p : FL(G) x Aut(G) — FL(G), such that p(u, f) = p o f, for all (u, f) € FL(G) x Aut(G).
We denote by ~, the equivalence relation on FL(G) induced by p, namely
u =, nif and only if there exists f € Aut(G) such thatn = uo f.

The above action p can be described in terms of chains of subgroups of G (for more details, see [22]). Denote
by C the set consisting of all chains of subgroups of G terminating in G. Then, the action p of Aut(G) on
FL(G) can be seen as an action of Aut(G) on C and =, as the equivalence relation induced by this action.

Also, there is a equivalence relation ~ on FL(G) which is described with chains of subgroups of G
as follows [22]: let p,n € FL(G) and define u(G) = {a1,ay,...,a,} such that a1 > a, > ... > a,, 7(G) =
{B1,B2,---,Bm} such that 1 > B2 > ... > By. Then, p and 1 determine the following chains of subgroups of
G which ends in G:

Cu:U(u, ) cU(u,a0) C ... c U(u, ) = Gand C;; : U(n, f1) € U(n, f2) C ... C U(n, Bm) = G.
The equivalence relation = on FL(G) is defined as follows:
u ~ niff Af € Aut(G) such that f(C,) = Cy.

Obviously, this is a little more general as ~,. In fact, if u ~ 7, then their images are not necessarily equal,
but certainly there is a bijection between Im(u) and Im(n). Moreover, we also remark that ~ generalizes the
equivalence relation ~ defined in [18], excepting the case when G is cyclic which we have =x=~.

Next, we will focus on computing the number N of distinct fuzzy subgroups of G with respect to =,
that is the number of distinct equivalence classes of FL(G) modulo ~. An equivalence relation on C which
is similar with ~ can also be constructed in the following manner: for two chains

Ci:H; CH2C"'Hm:Gand02IK1CKQC"'QKn:G
of C, we put
Ci1 = Gy iff m =nand Af € Aut(G) such that f(H;) =K;, 1 <i<n.

In this case the orbit of a chain C € C is {f(C) | f € Aut(G)}, while the set of all chains in C that are fixed by
an automorphism f of G is Fixz(f) = {C € C| f(C) = C}. Now, the Burnside’s lemma leads to the following
theorem:

Theorem 2.1. The number N of all distinct fuzzy subgroups with respect to ~ of a finite group G is given by the
equality

1 .
sz Z ‘FZXC\(f)|

feAut(G)

Finally, we note that the above formula can successfully be used to calculate N for any finite group G whose
subgroup lattice L(G) and automorphism group Aut(G) are known.

3. The number of fuzzy subgroups in some particular cases of dihedral groups

In this section, we treat to the counting the number of all distinct fuzzy subgroups relative to ~ for two
particular cases of dihedral groups.
It is well-known that the finite dihedral group D,, (n > 2) can be obtained by using its generators:

a rotation x of order n and a reflection y of order 2. Under these notations, the presentation of D,, is
Dy, =< x,y|x" = y* = ¢,y 'xy = x~! >. The automorphism group of Dy, is [17]:

Aut(Day) = {fap|0<a <n-1suchthat(a,n)=1,0<p<n-1j,
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where f, g : Dy — Dy, is defined by f,g(x) = x* and fup(y) = xPy. Consequently, |Aut(Dy,)| = ne(n),
where ¢ is Euler’s Totient function.

Suppose that f,3 € Aut(D2,), then by Fix(f,s), we denote the set consisting of all subgroups of D,
that are invariant relative to f,g , that is Fix(f,p) = {H < Dy | fap(H) = H}. It is clear that for every
divisor r of n, the subgroup Hy =< xr >= Z, of Dy, belongs to Fix(fap). Also for 1 <i < %, the subgroup
H! =< x7,x"1y >= D,, belongs to Fix(f,) if and only if * divides (a — 1)(i — 1) + B [17].

3.1. Classifying fuzzy subgroups of Dihedral group of order p

Consider Dy, =< x,y | ¥’ = y*> = e,y 'xy = x™! >, where p is an odd prime number. As we already have
seen, |Aut(Dop)| = p(p — 1), more precisely Aut(D2p) = {fap|1 <a<p-1,0<p<p-1}.

All subgroups of Dy, are H} = {e}, H| = Dy, H) =< x >= Z,,, H! =< x'"'y >= Z,, where 1 <i < p.

By definition Fix(f, ), the corresponding sets of subgroups of D5, that are invariant relative to the above
automorphisms can be described by a direct computation as follows:

Fix(fi0) = L(Dyp); Fix(f1,j) = {Hy, Hy, H}}, where1 < j<p—1;
Fix(f;0) = {Hy, Hh, H!, H}}, where2 <i<p—1;

Fix(f2p-1) = Fix(fsp-2) = Fix(fap-3) = -+ = Fix(fp-12) = {H(lprrH;,Hi};
Fix(fap-2) = Fix(f3,p-4) = Fix(fap-6) = --- = Fix(f,-14) = {Hy, Hy, H, H };
Fix(fop-3) = Fix(f3p-6) = Fix(fap-9) = - = Fix(fy-16) = (Hy, Hy, Hy, H};
Fix(fy2) = Fix(fs4) = Fix(fu) = - = Fix(fy-1,-0) = (HL, HY, HL, HY);
Fix(fo1) = Fix(f32) = Fix(fa3) = - - = Fix(fy-1,-2) = (H, Hy, H}, HY ).

All chains of subgroups of G that terminate in G are [19]:

Co: H% =<y>C Hf = Dyy;
Ci: H} =<xy>C H' = Dyy;

Cp1: Hy =< 27y >C H} = Dyy;

Cy: Hj =<x>CH! = Dyy;

Cp+1 : Hlly = sz.
For 0 < i < p + 1, the chain Cy; is obtained by adding Hj = {¢} to the end of chain C;. By using some
elementary computation, we find that

Fixg(fi0) =1{Ci,Coi |0 <i<p+1};

Fixg(f1,)) = {Cp, Cps1,Cop, Cop+1)}, where1 < j<p—1;
Fixg(fio) = {Co, Cp, Cp+1,Co0, Cop, Cops1y}, where2 <i<p-1;

Fixg(fop-1) = Fixg(f3p-2) =+ - = Fixg(fp-1,2) = {C1,Cp, Cps1, Con, Cop, Cop+1) )
Fixg(f2p-2) = Fixg(f3p-4) = - -+ = Fixg(fp-1,4) = {C2,Cp, Cp+1,Co2, Cop, Copany 1
Fixe(f2p-3) = Fixg(f3p-6) = - - = Fixg(fp-1,6) = {C3,Cp, Cp+1, Co3, Cop, Cop+1)};
Fixg(f22) = Fixg(f34) = - -+ = Fixg(fp-1p-4) = {Cp—2,Cp, Cp11, Cop-2), Cop, Cop+1) 15
Fixg(fo) = Fixe(f32) = -+ = Fixg(fy-1p-2) = {Cp-1,Cp, Cps1, Cop-1), Cop, Cop+1)}-
According to Theorem 2.1, we conclude that N = ﬁ(Zp +4+4(p-1)+6p(p-2)) =6.

3.2. Classifying fuzzy subgroups of Dihedral group of order p1p2
Consider Dyy,p, =< x,y | x"72 = y? = ¢,y 'xy = x! >, where p; and p; are distinct prime numbers. As
we already have seen, |Aut(D2y,p,)| = p1p2(p1p2 — p1 — p2 + 1), more precisely

Aut(Dap,p,) = {fapl1 <a<pipp—1,(a,f) =1,0< < p1po — 1}
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The structure of the subgroup lattice of Dy, is as follows: H} = {e}, Hgl =< >=7Z,, ng =< >=7Z,,
HW =< x>=27,,,, H" = Dayypy, Hj =< x7'y >= 75, where 1 <i < pipy, H =< x72,x71y >= D, , where
1<i<p;and Hfz =< x”l,xl‘ly >= Dy,,, where 1 <i < p;.

All chains of subgroups of D, that terminate in Dy,,,, are [19]:

Cr: D%mpz} Ch:HY” c l}?}%ﬁlm?
1 1 1P2

Cz: Hy' C Dapypy; C’2: Hy' CH)"™ C Dapyp,;

. 2 . . 2 1P2 .
C3 : I‘I1 C D2P1P21 . C,3 : 1‘1}91 C 1‘1]91 C DZPle' '
Ci:H_, CDoypyp,4<i<pr+3; C'i:Hy CH_, CDopy, 4<i<ps+3;
Ci: Hffp2_3 c D2p1pzrp2 +4<i< p1+p2+ 3;
Ci: ng C Hf—zpz—3 C szlpz,pz +4<i< p1+p2+ 3;
Ci: H}_p1_p2_3 CDypypyr1+P2+4<i<pipa+p1+p2+3;

gl P1 ; ; .

Cplij‘Hi+p2]‘CHj CDZPTPZ,lﬁlﬁpz,OS]S]ﬁ—l,
Cpaij 1 H, ,  CH]* CDapypy, 1 <i<p,0<j<pp—1.

Also, for1 <i<pipp+p1+p2+3and 1< j < p; +pa + 3, the chains Cp; and C’y; are obtained by adding
H(l) = {e} to the end of chains C; and C}, respectively. Similarly, the chains Cop,;; and Cy,;; are constructing
of chains Cy,;; and C,;j, respectively.

Clearly, H(l),Hgl,ng,Hglpz,H’f”’2 € Fix(fap), for all fo 5 € Aut(Dyp,p,). Hence for i = 1,2,3, the chains C;
and C’'; are invariant relative to every element of Aut(Dy,,p,). By a direct computation, the following results
are obtained.

For 4 <i < p, + 3, the subgroup Hf_13 is invariant relative to @(p1p2)p1 elements of Aut(Dyp,p,). These
isomorphisms preserve the chains C; and C’;, where 4 <i < p, + 3.

Also, for p» +4 < i < p1 + p2 + 3, the subgroup Hf_zpz_3 is invariant relative to @(p1p2)p2 elements of
Aut(D2p,p,) which leads to chains C; and C’; are invariant relative to these isomorphisms, where p, +4 <i <
p1+p2+ 3.

Suppose that p1 +pr +4 <i < pipo +p1 +p2 +3and 0 < a < p1p> — 1 with (a,n) = 1. Then, there is an
unique 0 < B < p1p2 — 1 such that H! € Fix(fap). This implies that ¢(p1p2) elements of Aut(Dy,p,)

i—p1—p2-3
preserve Hil—pl—pz—B' Thus, for p; + p» +4 < i < p1p2 + p1 + p2 + 3, the chain C; is invariant relative to these
isomorphisms.
For1 <i<p;and 0 < j < p; —1, the chain C},;; consists the subgroups Hf ! and Hl.1+p2],. Furthermore, if

H}erzj € Fix(fa5), then H" € Fix(f,,5), where f, g € Aut(G). Therefore, if Hi1+p2j € Fix(fa,p), then the chain C,,;;

is invariant respect to f, g. This yields that ¢(p1p2) elements of Aut(Dap,p,) preserve the chain Cp,;;. In the
same way, for all 1 <i < p; and 0 < j < p, — 1, the chain C,,;; is invariant relative to the ¢(p1p,) elements of
Aut(Dap,p,).

Note that Y’ |Fz'xc(f)| =Y
feAut(G) ceC

{ fap € Aut(G) | f(C) = C}| So, by the above results and Theorem 2.1 we

obtain

2
= m(@ﬂﬁpz)ﬁpz + 20(p1p2)pip2 + 2@(p1p2)pip2 + e(pap2)pip2

+p(p1p2)p1p2 + P(p1p2)p1p2)

2
= o = 26.
(P(p1p2)P1P2( P(p1p2)p1p2)

The above results lead to the following theorem.

Theorem 3.1. For distinct prime numbers p1 # 2, po, the number N of all distinct fuzzy subgroups of the dihedral
groups Doy, and Doy, with respect to ~ is 6 and 26, respectively.
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4. Counting fuzzy subgroups of finite groups of order p*

In this section, we compute explicitly the number N of all distinct fuzzy subgroups with respect to ~
for non-abelian groups of order p>.

There are two non-abelian groups of order p>. In the process of determining N for these groups, we
distinguish two cases.

Casel:p=2.
In this case, these groups are the dihedral group Dg and the quaternion group Qg. In [22, Theorem 4.3.1],
the number of all distinct fuzzy subgroups of Dg with respect to ~ is determined and we have N(Dg) = 16.

Now, consider the quaternion group Qg having the presentation

Q=<xylxt=e®=12 y ay=x">.
The automorphism group of Qs is well-known, namely

Aut(Qg) = {fap Jap Mapla=1,3,0<p <3},

x — x“
where fu g, gap, Hap : Qs — Qs are defined by f, 5 = ,
y — Py
x — x%y
X —> xa—ly
Jap =14 y— ¥y, if iseven and I,4(x) =
y— xyf

y — xF, if Bis odd

Therefore, |Aut(Qs)| = 24. The subgroup lattice of Qg consists of the trivial subgroup {e}, three subgroups
isomorphicto Z,, namely H; =< x >,H, =< y >, H3 =< xy >, asubgroup of order 2, namely Hy =< 2>=7,
and Qg. All chains of subgroups of G that terminate in G are [6]:

C1:Qs; Ci:HyCH;1CQg, where2<i<4; C;:Hj_4C Qg, where5 <i<8.

Also, for 1 <i < 8 the chain C’; is obtained by adding {e} to the end of chain C;. By using some elementary
computation, we get Fixg(gx) = Fixg(hjx) = {C;,C’i | i = 1,8}, where j,k = 1,3, and

Fixp(fi0) = Fixe(fiz) = Fixg(fs0) = Fixe(fs2) = {C,, €111 < i < 8);
Fixg(f1,1) = Fixg(f13) = Fixg(f31) = Fixg(f33) = {Ci,C'i i =1,2,5,8};
Fixg(g1,0) = Fixg(g1,2) = Fixg(gs0) = Fixg(g32) = {Ci,C’i1i1=1,3,6,8};
FixC(hllg) = FixC(hllz) = PixC(h3,0) = FixC»(h3,2) = {Ci, C’i | i= 1, 4, 7, 8}

By applying Theorem 2.1, we conclude that N' = Z(8-2+4-8+12-4) =8.

Theorem 4.1. The number N of all distinct fuzzy subgroups with respect to = of the quaternion group Qg is equal
to 8.

Case 2: p is an odd prime number.
In this case, the finite non-abelian groups of order p* are Gy3 = Z,2 < Z,, and G,y = (Z, X Z,) =< Z,,. Our
next goal is to determine the exact number N for these groups.

4.1. Classifying fuzzy subgroups of Gy,
The representation of Gy = Z,2 =< Z,, is as follows:

2 —
Gip =<x,y|x" =y =¢ ylay=x"">.



L. Kamali Ardekani / Filomat 33:19 (2019), 6151-6160 6157

For 0 < i,j < p — 1, the order of every element x*'y/ excepting identity is p. Consequently, Gy,» includes
p? — 1 elements of order p and p* — p? elements of order p>.

In [5,Section 2], the number of all distinct fuzzy subgroups with respect to ~ of Gy is given by the
equality F(Gy,s) = 8p+8. Thisnumber is based on maximal subgroups of G;,s which are qualified as follows:
Mo=<x>={xP"0<ij<p-1} 2 Zp, My =<x'y>= (x¥*My/ |0<i,j<p-1} = Zp, where1 <k <p-1
and M, =<x*,y>={xPy/ [0<i,j<p-1}=Z, X Z,.

Other nontrivial subgroups of Gy, are Ny =< ¥y >= {x**y/ |0 <i<p -1} = Z,, where 0 <k <p -1
and N, =< x? >= Z,,. Then, all chains of subgroups of G that terminate in G are [5]:

Ci: M; C Gyp; Coi : Ny € M; C Gy, where 0 <i <p;
Cp+,' N1 C Glpa; CO(p+i) :N;1 C Mp C Glpa, where1 <i<p;
C2p+1 : Np C G1p3,‘ Co(zpﬂ) :G.

Also, for 0 < i < 2p + 1, the chains C’; and C’y; are obtained by adding {e} to the end of chains C; and Cy;,
respectively.
The automorphism group of Gy, is:

Aut(Gp) = {fijrt |0<ikt<p-11<j<p-1},

X —> APy

where f; i = . It follows that |Aut(Gyys)| = pP(p — 1).

y— 'y

Obviously, C, € Fixg(fi jx+) leads to Cor, C'; and C’¢, are invariant relative to f; jx+, where 0 <7 < 2p + 1.
Thus, itis enough to consider conditions which cause the chains C, are invariant relative to an automorphism
fijkt A s.irnple verification shows that f; 1 «(N,) = N, and f; jx:(Mp) = M,.. Therefore, forall 0 <i,k,t <p-1
and 1 < j <p—1we find that

A= {Cr/ COT/C,‘VI C,Or | r= pr 2P + 1} c Fix(_,’(ﬁ,j,k,t)'

By using some elementary computation, we conclude that forall 0 < i,k,t <p-land2 < j <p—1, there
exist 0 <r, <p-1land1<s, <psuch that

B= {Cr s COr_/ C/r_/ CIOr_/ Cp+s_/ CO(p+s_)/ C/p+s_ s C,O(p+s_)} c Fix(,‘(fi,j,k,t)/

which leads to Fixg(fi k) = AU B. Also, forall0<i<p-1,

Fixé(ﬁ'l'oro) = {C”/ Cor, cy, C/Or | 0<r< ZP + 1}/

Fixg(finor) = AUV{C,, Cor, C'r,C'or |0 <7 <p-1},where1 <t <p-1;
Fixg(fi1k0) = {Cpers Cogpany C'pirs Clogpn |0 < 7 < p + 1), where 1 <k <p-1;
Fixg(fi1xe) = A wherel <k t<p-1.

Therefore, for all 0 <i < p — 1 we have

Fix(;(ﬁ,]v,k,t)| =16,where0 <k t<p-land2<j<p-1;
Fixe(fin00)| = 8p +8;

Fixe(firo0)| = 4p +8,where 1 <t <p—1;

Fixo(fiik0)| = 4p + 8, where 1 <k <p-1;

Fixg(finxe)| = 8 where 1 <kt <p-1.

According to Theorem 2.1, the number N of all distinct fuzzy subgroups of the group Gy, with respect to

~ is equal to

N = m (16p3(p -2)+p@Bp+8)+2p(p—1)4p +8) + 8p(p — 1)2) — 16.
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4.2. Classifying fuzzy subgroups of Gy,
The representation of Gyps = (Z, X Zp) < Z, is:

Gop =<x,y,z|x =y =2 =¢, xz=2x,yz =z, 'xy = x2> .
According to the representation of Gy, for every 0 <, j,k <p —1, we have
X'yl = yix'zi and (x'yl)k = HKiykizKEDI2 for all k € N.

The above equalities show that the order of all of elements of G,,s except identity is p.

The group Gy, has p+1 maximal subgroups such that they are of prime index p and isomorph to Z,, X Z,,.
The structure of them is as follows:
M; =< x'y,z >= {(xiy)fzk |0<jk<p- 1}, where 0 <i<p-1,and M, =< x,z >= {xfzk |0<jk<p- 1}.
According to these maximal subgroups, the number of all distinct fuzzy subgroups of Gy,» with respect to
~ is equal to F(Gy) = 4p + 8p + 8, [7, Section 3].

Other nontrivial subgroups of G, are Nj; =< x'yz/ >= Z,, where 0 < i,j < p—1, N,j =< xz/ >= Z,,,
where0 < j<p-land N =<z >.

By the above results, all chains of subgroups of Gy, that terminate in Gy,» are [7]:

Ci: Gzps,' Cr,:NC Gzps,‘
Cau, : M; C G2p3,’ Cu, :NCM;C Gzps, where 0 <i <p;
C(V“/ : Ni]' - G2p3,' C(Vzi/ : N,']' CM;C G2p3, where0 <i<pand0<j<p-1.

Also, for0<i<p,0<j<p-Tlandk=1,2, thechains C’, C'y, and C'vy,, are obtained by adding {e} to the
end of chains Cy, Cqy,; and Cw,,,, respectively.
The automorphism group of Gy is:

_ (LIS _Jits g ins :
Aut(Gyy) = {fa’b ,gg,b’m,hﬂ’b [1<a,bbm<p-10<jrs<p-1},
A x — x'z/ A x — (xy™)’z/ A x — yzl
where f'° = y— XY’z , gt =1 y— @y")y'Z and B = { y—"y'z . Consequently,
7 — Zub 7 — Zab 7 — Z—ab

[Aut(Gyp)l = p>(p — 1)(p + D).

It is clear that every automorphism of Gys is preserving the subgroup N. Consequently, for k = 1,2, the
chains Cy and C’; are invariant relative to the every automorphism of Gy i.e., {C1,C2,C’1,C"2} C Fixg(),
where & € Aut(Gop).

Note that for & € Aut(Gyy), it is difficult to determine the size of Fixg(¢). Therefore, by the equal-
ity Y |Fixc(£)| =3 |{£ € Aut(G) | f(C) = C}( and Theorem 2.1, we apply the following equality for

éeAltt(G2p3) ceC
determining N:

1

N = Rt CZ,C [ € autGap) 16C) = .

TS
a,bm

In order to do this, suppose that A,; = { a];s [0<jrs<p—=1}, Bopm = {g
Dy = {hj’r’s |0<jrs<p—1}, wherel <abm<p-1.

a,bm
Take k = 1,2 and consider the following table which is derived by direct computation. In this table
the first column presents the number of automorphisms of G,,s which preserve the chains of the second

column.

|0<jrs<p-1}and



L. Kamali Ardekani / Filomat 33:19 (2019), 6151-6160 6159

Table 1: The description of the number of automorphisms of Gy,3

Number Chains

All elements of Aut(Gyy), Cy, C'x,

All elements of Ay, Cu,,, C'u,,

p? elements of A, Cv,,, C'v,,, where0 < j<p-1,

p* elements of A, j, Cu,, C'yy, where 0 < j<p -1,

p elements of A, Cv,j, C' vy, where 0 < i, j<p -1,

p?* elements of B, Cu,, C'u, where0<i<p-1,i#m,

p elements of B, ,, Cv,;, C'v,;, where0<i, j<p-1i#m,

p* elements of D, , Cu,, C'uy,, where1 <i<p-1,

p elements of D, , Cv,; C' vy wherel <i<p-land0<j<p-1

By the above results, we conclude that

p=1 p-1 p-1 p-1 p-1 p-1
s (1SN 2
‘lec abm | ‘lec(ha,b =43p-2)p
j=0 r=0 s=0 j=0 r=0 s=0
and
p=1 p-1 p-1
|szc( ”s) = 20p°.
j=0 r=0 s=0
Therefore,

) m (0 —1%°@p —2) + (p — 12(pY) = 12

Then, we get the following theorem:

Theorem 4.2. For an odd prime number p, the number N of all distinct fuzzy subgroups of the groups Z,» < Z,, and
(Z, X Z,,) < Z,, with respect to ~ is 16 and 12, respectively.

5. Conclusion

The study of fuzzy subgroups of finite groups can be made with respect to some natural equivalence
relations on the fuzzy subgroup lattices, as the equivalence relations introduced and used in [2, 8, 10, 11,
14, 18, 22]. Obviously, other such relations can be introduced and investigated. In this paper, we treated
the classifying the fuzzy subgroups of some finite non-abelian groups, by the new equivalence relation
=, introduced in [22]. In order to do this, we studied subgroup structure and automorphism group of
groups of order p® and special classes of dihedral groups and determined the exact number of distinct
fuzzy subgroups of them. Clearly, the study started in the present paper can successfully be extended to
other remarkable classes of finite non-abelian groups. This will surely constitute the subject of some further
research.
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