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Abstract. We prove some results for the group inverse of elements in a unital ring. Thus, some results
from (C. Deng, Electronic J. Linear Algebra 31 (2016)) are extended to more general settings.

1. Introduction

Let R be a ring with the unit 1. We use R™! and R*, respectively, to denote the set of all idempotents of R.
We use the following convention on 2 X 2 matrices induced by projections in rings. Let x € R and
p,q € R*. Then

X
x=pxq+px(1—q>+<1—p>xq+<1—p>x(1—q)z(x“ i“) ,
21 22 Y

with
x11 = pxq, x12 = px(1 —q), x21 = (1 = p)xg, x = (1 = p)x(1 —q).

We use R* and RP, R?, respectively, to denote the set of all group invertible and Drazin invertible elements
in R (see for example [2]). If a € RP, then aP is the Drazin invrse of a. If ind(a) < 1, then aP = a* reduces to
the group inverse of a. It is well-known that ind(a) = 0 if and only if 2 € R™! and in this case a® = a71.

In this paper we extend some operator results from [1] to elements of an arbitrary ring with unit.

If M C R, then

M’ ={xeR:Mx=1{0}} and °M={xe€R:xM ={0}}.
We prove the following auxilliary results.
Lemma 1.1. Let R be a ring with identity, t € R and p € R°®. Then the following hold:

(1) pt = tifand only if tR C pR;
(2) tp =t if and only if ° > p°.
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Proof. (1) Let pt = t, and tr € tR for some r € R. Then tr = ptr € pR, so tR C pR
On the other hand, let tR C pR. Since t € tR, we have t € pR, so t = pr for some r € R. Then

pt =ppr =pr==t.

(2) Lettp = tand x € p°. Then px = 0, tpx = 0, tx = 0 and x € t°. Hence, 1 > p°.

On the other hand, let 1 > p°. Since 1 € R, we get 1 —p € p’ and 1 —p € t°. Now, #(1 — p) = 0 implies
t=tp. O

If t € RY, then t* = 1 -t is the spectral idempotent of ¢. If R is a Banach algebra, then p can be obtained
by the functional calculus.

Similarity in rings is defined in a standard way. Two elements t,b € R are similar, in the notation f ~ b,
if there exists some invertible s € R such that t = s71bs.

Lemma 1.2. Leta,b e R.

If ba is group invertible, then ab is Drazin invertible with ind(ab) < 2 and (ab)P = a[(ba)#]2b.

If both ab and ba are group invertible then (ab)* = a[(ba)*12b , (ab)a = a(ba)* and b(ab)* = (ba)*b.
Proof. Let x = a[(ba)*]?b. Clearly,

xabx = a[(ba)*|*babal(ba)*1?b = a(ba)*(ba)*b = a[(ba)*]?b = x,
abx = aba[(ba)*1?b = a(ba)*b,
xab = a[(ba)*Pbab = a(ba)*b,
(ab)’x = (ab)’a[(ba)*]2b = (ab)?a(ba)*b = abab = (ab)?.

Hence, x = (ab)P and ind(ab) < 2.
Moreover, if ab and ba are group invertible, then

(ab)* = (ab)P = a[(ba)"]b,
(abﬁa) = a[(ba)ﬁ]zba = a(baﬁ),

b(ab)* = ba[(ba)*1?b = (ba)b.

2. Main results
In this section we prove main results of this paper.

Theorem 2.1. Let Rbearing, x € R, p € R*, and

a b
x = ( - ) .
pp
The following assertions hold:
(i) Assume that d* exists (resp., at exists). Then x* exists if and only if at exists (resp., d* exists) and a™bd™ = 0.
(ii) Assume a* and d* exists. Then x* exists if and only if a™bd™ = 0. In this case,

y_ [ a b 4 _ at y
Y oa] T\o at) 7
pp PP
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where
y = (@2bd™ + a"b(d*)? — a*bd".

Proof. Part (1)
= : Assume that x# and d* exist. For

_[a b

*“lo 4
pp

take

|y =

Nt
PP

Hence,

_[a b y oz a b\ _(ay az+bd a b
= o da)lo #)\o a7 0 adt 0 d

[ aya ayb + azd + bd*d

Lo dd*d

We have xx1x = x if and only if

aya ayb+azd+bd*d \ [(a b
0 dd*d o a)

So, aya = a. Moreovever,
|y =z a b v z\ (ya yb+zd \[y z
=l g )lo da)lo 4t )T\ 0o dd 0 d

| yay yaz + ybd® + zdd*
Lo d*dd?

We have x1xx1 = x1 if and only if

yay vyaz+ybdt+zdd* \ [y z
0 d*dd? o a )

Hence, yay = y. We also calculate
_ b v z\_(ay az+bd
xxy = dj\o &)\ o ddt )’

|y z a b\ [(ya yb+zd
= lo # Mo a)T\ o ata |

We have xx; = x;x if and only if

[en RS

and

ay az+bd*\ [ ya yb+zd
0 dd* ) \o0 dd )

Hence, ay = ya. Since aya = a, yay = y and ay = ya, we obtain y = a*.
Notice that by now we have:

ayb + azd + bd*d = b, yaz + ybd* + zdd* =z, az+bd* = yb + zd.
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We get
a(yb +zd) = b — bd*d, a(az + bd*) = b — bd*d,
dbaaz + ababd® = a'p - aﬁbdﬁd, az + alabd® = atb — aﬁbdﬁd,
a(az + bd¥) = aa®b — aa®bd®d, b — bd*d = aa®b — aa*bd'd.

The last equality is equivalent to a™bd™ = 0.
&= : Assume that both a* and d* exists and a™bd™ = 0. Let

_[a b _ at y
(3 ) (2 2)

(a b\[d vy a b\ _(ad ay+bd a b
E o dlo @ Jlo a7 0o a 0 d
[ ad*a ad®b+ayd +bd'd \ [ a ad®b+ayd + bd'd

Lo dd*d N d '

We have xzx = x if and only if

Then

a ad’b+ayd+bdfd \ (a b
0 d Lo d)

i.e.

aa®b + ayd + bd*d = b. (1)

oz = at y a b\(ad y\ _ (aa afb+yd\(d vy
o #)J{od){lo &)\ 0 d4d 0 d
[ d*aa* dfay +a*bd® + ydd* \ ([ a* afay + afbd? + ydd*
Lo d*dd? o d* ’

We conclude zxz = z if and only if

We also have

a* atay + a*bd® + ydd*
0 d*

llﬁy
0o dt )

i.e.

afay + afbd* + ydd* = y. (2)
O b\(a" y \_[ad ay+bd
“\od){o &)\ 0o dit )
[ dfa afb+yd
o dd )

aa ay+bd* \ [ a*a afb+yd
0 da* )"\ o dd )

Notice that

and

We have xz = zx if and only if
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i.e.

ay + bd* = a*b + yd. 3)
Since a™bd™ = 0, we obtain

(1 —aa®b(1 — dd*) = 0,

(b —aa*b)(1 —dd*) = 0,

b — bdd* — aa®b + aabdd® = 0,

b = aa®b + bdd* — aa®bdd*

(4)

Multiplying the equality (2) by a from the left side and by d from the right side, we get
aa’ayd + aa*bd*d + aydd®d = ayd, ayd + aa’bd*d + ayd = ayd,
ayd = —aa*bd*d.

Now, equality (1) becomes
aa*b — aa*bd*d + bd*d = b.

In the same way, multiplying equality (1) by a* from the left side and by d* from the right side, we get
afaa®bd® + a*aydd® + afbd*dd* = a*bd?,
a*bd® + dfaydd® + abd* = a*bd*,  a*bd* = —dPaydd.

Now, equality (2) becomes
afay — ataydd® + ydd* = y.

Similarly, multiplying equality (3) by a* from the left side, we get
a*ay + a*bd® = (a*)?b + atyd.
The last equality and equality (2) give
@b + afyd + ydd* = y. (5)
Now, we have ay + bd* = afb + yd (which is (3)), so we get
a-Q+Q)-d* =ay+bd =ab+yd=0a*- 1)+ (2) - d

= a(aﬁay +afbd¥ + yddﬂ) + (aaﬁb +ayd + bdﬂd)alﬂ

= a’i(aaji +ayd + bdﬁd) + (aﬁay +afbd¥ + yddﬂ)d,

aaay + aa®bd* + aydd® + aa®bd* + aydd® + bd*dd*

= d*aa®b + afayd + a*bd*d + afayd + a*bd*d + yddd,

and
ay + 2aydd® + 2aa*bd* + bd* = a*b + 2afayd + 2a°bd*d + yd.

From equality (3) we get
2aa*bd* + 2aydd® = 2a*ayd + 2a°bd*d, 2aa*(bd® - yd) = 2(a*b — ay)dd?,

2aa*(@*b — ay) = 2(a*b — ay)dd®, 2a*b — 2ay = 2(bd* — yd)dd*,
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2a%b — 2ay = 2bd* — 2yd, a'b+ yd = bd* + ay.
Multiplying equality (3) by a* from the left side, we get
afay + a*bd® = (a*)?b + d*yd,

and from (2) we get

y—ydd® = dfay +a*bd*, y—ydd® = (@b +afyd, vy = (@"b+atyd + ydd.

Multiplying the last equality by (1 — dd¥) from the right side, we get
y(1 —dd*) = (@*?b(1 — dd*) + afyd(1 — dd*) + ydd*(1 — dd*),
y — ydd* = (a")2bd™ + a*y(d — ddd*) + y(dd* — dd*dd*),
y — ydd* = (a"?bd™, vy = (a*)?bd™ + ydd".
Now, multiplying equality (3) by d* from the right side we obtain
ayd® + b(d*)? = a'bd* + ydd*,

From equality (2) we get

a*bd? + ydd* = y —dfay, ayd® + b(d*)? = y - alay,

y = ayd® + b(d"? + a*ay.
Multiplying the last equality by (1 — aa*) from the left side, we get
1- aaﬁ)y =1- aaﬂ)aydti +(1- aaﬁ)b(dﬁ)2 +(1- aaﬁ)aﬁay,
a'y =(a— aaﬁa)yalﬁ + 117‘17(171’1)2 + (aﬁa - aaﬁaﬂa)y,
a'y = a"b(@d?, (1-adh)y =a"b(@y, y-ady=a by,
y = a"b(dh? + aa'y.

Since (a*)?b + a’yd + ydd* = y, we obtain

@b + d*yd = y(1 - dd*),

@*)2b(1 — dd*) + afyd(1 — dd*) = y(1 - dd*)(1 - dd¥),

(@*Ybd"™ = y(1 - dd"),

y = (@)2bd™ + ydd".
From (6) and (7) we get
y = a"b(d*)? + aa*[(@*)2bd™ + ydd®], vy = a"b(d")? + (a*)?bd™ + aatydd*,
y = a"b(d*)? + (a*)2bd™ — afbd?.

Part (2)
& : Assume that both a* and d* exist and a™bd™ = 0. Thus x¥ exists. Let

ﬂﬁ y
=[5 7)

6146

)
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where y = (a%)2bd™ + a"b(d*)? — a*bd*. We have
(a b\ vy a b\ _(ad ay+bd a b
o dflo a#)lo a7\ 0o aa 0 d
[ ad*a aa*b+ayd +bd*d \ [ a aab+ayd + bd*d
Lo dd*d B d '

We have xzx = x if and only if

a ad*b+ayd+bdid \ _[a b
0 d I R A
i.e. aa*b + ayd + bd*d = b. We compute as follows

aa®b + ayd + bd*d = aa®b + a[(a*)?bd"™ + a"b(d*)? — a*bd*]d + bdd"
= aa®b + a*b(1 — dd*)d + a(1 — aa*)b(d*)?d — aa*bd*d + bd*d
= aa*b — aa®bd*d + bd*d.

Now, from (1 — aa*)b(1 — dd*) = 0 we get
b — bdd* — aa*b + aabdd* = 0,

i.e.
aa®b + bdd* — aa’bdd® = b.

o a oy a b\(a y\ (a%a db+yd \(a y
Lo a# o d)lo &)\ 0o dta 0 d*

_ ( a*aa®  afayl + afbd? + ydd* ) _ ( a*  afay + a*bd* + ydd* )

Therefore, xzx = x.
We have

0 dtddt 0 d

Hnce, zxz = z if and only if

a* dlay+a*bd +ydd* \ (4 oy
0 d* “\o o a )

i.e. atay + afbd* + ydd* = y. We compute as follows:
a*a[(a*)2bd™ + a™b(d*)? — a*bd?] + afbd® + [(a*)2bd™ + a"b(d*)? — a*bd*|dd*
= (a"2bd™ + a™b(d*")? - a*bd¥, (a")20d™ + afa(1 — aa*)b(d*)? — a*bd® + afbd?
+ (@)?b(1 — dd*dd® + a™b(d*)? - a*bd* = y,

and (a*)?bd™ + a"b(d*)? — a*bd* = y. Therefore, zxz = z.

We have
| b\(a" y \_[ad ay+bd
“loaj{lo &)\ o at )
oy = at oy a b\ _(aa afb+yd
“\o #J\od)"\ o da )

Now, xz = zx if and only if

ad* ay+bd* \ [ a*a afb+yd
0 da* )"\ o dd )
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i.e. ay + bd* = ab + yd. We compute as follows:
ay + bd* = a[(a")?bd”™ + a"b(d*)? — a*bd*] + bd*
= a*bd™ + a(1 — aa®)b(d*)? — aa*bd* + bd*
= a*bd™ — aa*bd® + bd* = a*b(1 — dd*) — aa*bd® + bd*
= a*b — a*bdd* — aa*bd* + bd*
= a*b(1 — dd*) + bd*(1 — aa®) = a*bd™ + bd*a™,

and
a*b + yd = a®b + [(*)?bd” + a"b(d*)? — a*bd*]d
= a*b + (d")2b(1 — dd*)d + a"bd* — a*bd*d
= a*b + (1 — aa*)bd* — a*bd*d
= a*b + bd* — aa®bd* — a*bd*d
= a*b(1 - d*d) + (1 — aa®)bd* = aPbd™ + a”bd".

#
b &Y
YT ( 0 ot )
where y = (a¥)2bd™ + a”b(d*)? — a*bd*.
= : Assume that a*, d¥, x* exists. Then the result follows from the part (1). O

Therefore, xz = zx and

Theorem 2.2. Let a,b € R. If any two of the following hold, then the remaining one also holds:
(1) (ab)* exists;
(2) (ba)* exists;
(3) ab ~ ba.

Proof. (1), (1) = (3): Let ab and ba be group invertible, p = (ab)™ =1 - ab(ab)* and g=(ba)"=(01- ba(ba)®).
Then ab, ba, a and b have matrix forms

x11 O ynu O
(3 8 el 8
0 0 1pip 0 0 1=g1=
1= a4 b= biy b ]
ay1  Aax 1-p1-g b21 b22 1-q1-p
Since g = 1 — ba(ba)* = 1 — b(ab)*a (by Lemma 2.3), ag = a — ab(ab)*a = pa, i.e.
q y q p

P N LS I IR B -y
az1 dx 1=p1—g 0 1—q 1=g1-¢ 0 1—}7 1=p1-p ar; dax 1=p1—q
0 ap\ (0 O
0 ap | \an ax
_ an 0
(% 2)
Similarly, gb = bp, which implies that b1 = 0, by; = 0 and

by 0
b‘( 0 bzz)'

we get

Hence, a1 = 0,451 = 0 and
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[ anbn 0
ab _( 0 anbxn )

| buan 0
ba = ( 0 boax )

Now,
and

Thus, X11 = {1111’111 and Y11 = b11a11 are invertible, {1221’]22 =0and bzzazz = 0, ie.

(ab)? =( (1111%11)_1 8 ), (ba)t =( (bnﬂon)_l 8 )

Since a11b11 and by1a11 are invertible, we see that bq; is invertible.

Let
by O )
5= .
( 0 1= p 1-g,1-p
Then sab = bas, i.e. ab ~ ba.

The implications (1),(3) = (2) and (2),(3) = (1) are obvious. [

Theorem 2.3. Leta,b,ab € R be group invertible. Then (ab)* = b¥a* ifand only if (1—a™)ba™ = 0, b¥(1—a™) = (ab)*a.
In addition, if a, b, ba™ are group invertible, then the following are equivalent:
(1) (ab)¥ = bFat;
(2) (ba)? = o,

3)a = ( a(l)l 8 ) , b= ( b(l)l bO ) and b?l = (anbn)ﬁan, with respect to the decomposition
1-p1-p 2 J1-p-p

1=p+ (1 —p), wherep = 1 - aa* and a1 is invertible;

0 0 0 b

p+ (1 —p), wherep =1 - aat and ay; is invertible.

4)a = ( a0 ) , ( b 0 ) and bﬂl = ay1(byian)¥, with respect to the decomposition 1 =
1-pl-p 1-pl-p

Proof. Part one.
= Since a and b are group invertible, a, a*, b and b have the forms:

S T G I 0 I
1=p1p 21 22 1-pi-p C21 C22 1-p1-p

respectively. Since

b = aibi1  anb
o 0 |
-pl-p

is group invertible, we get
(1= anby(@nbin)Hanbi = 0
and ﬁ -
B _ (aunbnn)*  [(a11b11)*]°a11b1n
(ab) —( 0 0
From ab¥ = ba* we get
( (@nbi)*  [(@nbn)an b ):c
0 0 '

It follows that ¢y = 0, ciiay) = (a11b11)*, s0 c11 = (anbir)fan, and [(a11b11)*1Par bz = 0.
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So, b1y = ajtaiiby = a7} [anbii(aibn)anbia] = a3} (anbin)*[(anbin)*Panb, = 0. Note that a™ = 1 — aa* =

#
( 8 0 ) . We get (1 — a™)ba™ :( 8 b(lf ) = 0, b1 — a") :( (”“bg) a 8 ) - (ab)'a.
P 1-p1-p 1-p1-p 1-p1-p

#

& On the other hand, if (1 — a™)ba™ = 0, then by = 0 and (ab)* = ( (““g”) 8 ) If b1 — a™) = (ab)a,
then ¢ = (anbn)ﬁan i = 0. Hence, (ab)Ii = biab.

Part two.

Now, assume that a, b, ab, ba™ are group invertible.

(1) = (3): Note that (ab)* = b#at if and only if a, a*, b, b have the forms:

-1 ﬁ
a= ( aél 8 ),aﬂ = ( ”61 8 ),b = ( Zi bgz ),bﬂ = ( (a“blol) i 212 ), respectively. Since ba™ is
22

group invertible, by, is group invertible, and hence b1, is group invertible, bJ,b1 b7, = 0 and

# #
bu 0 b 0 (anbn)fan  cn n # i o pf #
b= ( by by ) B ( ; b ] ) ( 0 cn where y = bzzbﬂ(bu)2 + (b22)2b21b11 = byybon by, Tt
2
follows that b¥ | = (a11b11)a1; and y = 0.
NOW, we have bzzyb?] = 0, bzzbgzbﬂbﬁo, b21b7111 = O, bgzyb% =0. Hence, bgzbzlbglbll = 0, SO bgzbm = 0,

b1 0)

bZZybll =0, b22b§2b21b§1b11 =0, b22bgzb21b§1b11 = 0. Hence, b21 =0and b = ( 0 bzz

(3) = (1): Itis clear.
(2) © (4): This is similar to the proof (1) & (3). O
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