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Abstract. In the present article, we construct a new family of locally univalent and sense preserving
harmonic mappings by considering a suitable transformation of normalized univalent analytic functions
defined in the open unit disc ID. We present necessary and sufficient conditions for the functions of this new
family to be univalent. Apart from studying properties of this new family, results about the convolutions
or Hadamard products of functions from this family with some suitable analytic or harmonic mappings
are proved by introducing a new technique which can also be used to simplify the proofs of earlier known
results on convolutions of harmonic mappings. The technique presented also enables us to generalize
existing such results.

1. Introduction

LetD = {z € C : [z| < 1} denote the open unit disc in the complex plane and S the usual class of univalent
analytic functions f : D — C, such that f(0) = 0, f'(0) = 1. Further, let Sy denote the class of univalent
harmonic functions f : ID — C, such that f(0) = 0 and f-(0) = 1. It is known that f € Sy can be uniquely
represented as f = h + g, where h and g are analytic functions in ID. Lewy [10] proved that a harmonic
function f = h+gis locally univalent and sense preserving in ID if and only if the Jacobian J¢(z) of f, defined
by

Jf@) = 1£@F - I£@F = @)F -9 )P,

is positive in ID. This is equivalent to the existence of an analytic function w(z) = Z:—g;, defined on D, such
that |w(z)| < 1in ID. Here w is referred to as dilatation of f. For more details on planar harmonic mappings
see [4].

A domain E in C is said to be convex in the direction 1,0 < 1 < 7, if every line parallel to the line through
0 and ¢'¥ has an empty or connected intersection with E. Let K(1) and K () be the respective subclasses
of S and Sy, whose members map ID onto the domain convex in the direction of ¢,0 < ¢ < m. Functions
in K(0) or Ky(0) are said to be convex in the direction of the real axis or simply CHD functions. Similarly,
functions in K(7t/2) or Ky (71/2) are referred to as functions convex in the direction of the imaginary axis. Let
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§*, K and C be the usual subclasses of S consisting of starlike (with respect to the origin), convex and close
to convex functions, respectively. We denote by S}, Ky and Cy, respectively, the corresponding subclasses
of Sy. Note that, a domain is convex if and only if it is convex in every direction. Further, it is known that
f(@#)(: CjaD(1I<H(¢0 c Cq.

The convolution or Hadamard product of two analytic functions f(z) = z + Y., 4,2" and F(z) = z +
Yoen Anz", is denoted by f * F and is defined as (f * F)(z) = z + Y., 3,A,z". In the harmonic case, for
fz2) =h+g=z+ Y oa,z" + Y1 b,2" and F(z) = H + G=2z+Y2,A2" + Y, B,z", we define their
convolution as,

(fF)(2) = (H)(@) + (2 C)@) =2+ ) aAuz" + Y buB,2"
n=2 n=1

In 1984, Clunie and Shiel-Small [2] introduced a technique, called shear construction, to construct new
univalent harmonic functions on the open unit disc ID and provided an interesting example of a univalent
harmonic mapping given by
1(z) + zI'(z) N 1(z) — zI'(z)

2 2

Lo(z) =

where I(z) = z/(1 —2z). The mapping Ly is now popularly known as standard right half plane mapping which
maps the open unit disc ID onto the region {w : Rew > —1/2} in the complex plane.

Stacey Muir [12], in 2012, defined a transformation T,[f] on an analytic function f satisfying f(0) = 0
and f’(0) = 1 to generate a new harmonic function given by

f(z) +azf'(z) N f(z)—azf'(z)

, 1
1+« 1+« )

Tulf1(z) =

where a > 0 is some real number and proved that

(i) Talf]11is locally univalent and convex in the direction of the imaginary axis if and only if f is convex.

(i) T4 f] € Ky if and only if f € DCP, where DCP is the class of direction convexity preserving functions.
(Note that a function f € S is direction convexity preserving if it preserves the class K(i), ¢ fixed, under
convolution.)

In the present article, we define a general transformation to generate a new family of locally univalent

and sense preserving maps, which contains transformation of Stacey Muir as a particular case.
For f € S, define

f@+at+ @) | f@)-abhf)E)

1+« 1+«

Canlflz) = ,a>0,zeD, (2)

where I : D — C is any analytic function with /(0) = 0 and /’(0) = 1. For example, in C,;[f] we can take
h=h;i=1,2,3,4, where h; are analytic functions given below.

o]

. o+l o 1 2
mE@ =) h@=) = k@=) 2 @)=Y =
n=1 n=1

n=1 n=1

Obviously,

mef=zf,  hef=gtreerl hef= [ Dag w2 [ e

Note that, /13 + f and h4 » f are famous Alexander and Libera transformations of f, respectively (see [1] and

[11]) and Ca, [f] = Talf].
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In Section 3, we establish a necessary and sufficient condition for C,[f] to be locally univalent and
sense preserving in ID. Further we also prove here that if f € K then fori = 1,2,3,4, C,,[f] € Sy and are
convex in the direction of the imaginary axis.

It is known that the class Sy is not closed under convolutions with functions from the class K i.e. for
F=H+ G € 5y,¢ € K, the convolution 1) * F = ¢ * H + 1 + G need not belong to Sy (see Example 3.2 [13]).
In Theorem 4.1, we show that if f € K, then 1 * Cy ;[ f] € Sy for every ¢ € K.

It is interesting to explore the properties of convolutions of harmonic functions as they are quite different
from those of analytic functions. Many fruitful convolution results have been established in the recent past
(see[3,5,6,8,13,16-18]). We mention below few of them. Consider the vertical strip mappings f, = h, + g,
where

oo [ LF ze'
2isinm B\ 1T+ ze

hy(2) + gy(2) = ),n/Z <n<m 3)

In 2001, Dorff [5] proved the following result.

Theorem 1.1. Let fi = hy + g1 € Ky be any right half plane mapping with hi(z) + g1(z) = z/(1 — z) and f,, be as
given in (3). Then f = f,, € Sy and is convex in the direction of real axis provided f1  f, is locally univalent and sense
preserving.

In 2012, Dorff et al. [6] established the following result.

Theorem 1.2. Let f, be as given by (3) with g, /I, = ¢°z"(6 € R). Further let Fy = Ho + Gy, where Hy(z) + Go(z) =

z/(1 —z)and % = —z, be the standard right half plane mapping. Then forn = 1,2,Fy * f, € Sy and is convex in the
0

direction of the real axis.

In 2015, Kumar et al. [8] considered more general class of right half plane mappings F, = H, + G,, given by

G, -
H,(z) + Gu(2) = 1 iz, HTZ; = 1”_ azz,a €(-1,1) 4)

and generalized Theorem 1.2 as under.

Theorem 1.3. Let F, be the harmonic mappings as given in (4)and f,, be the harmonic mappings as given in (3) with

gp/hy, = ¢z"(n € N, O € R). Then F, * f,y € Sy and is convex in the direction of the real axis for all a € [153,1).

In 2017, Liu et al. [17] considered the mappings T,[f] given by Stacey Muir [12](mentioned above) and
presented following results.

Theorem 1.4. Let T,[I] and f; be harmonic mappings as given in (1) and (3), respectively with g; /h}, = e%z"(n €
N, 6 € R). Then

(a) TolIl+ £, € S, and is convex in the direction of the real axis forn =1,7/2 <n<mand0 < a <2;

(b) T[I]+ fy, € SY, and is convex in the direction of the real axis for = 7/2 and 0 < a < 2/n.

In 2018, Liu et al. [18] further generalized the result given in Theorem 1.4(b) by replacing the condition
n = /2 with /2 < 1 < 7w and proved the following result.

Theorem 1.5. Let T,[I(z)] and f; be harmonic mappings as given in (1) and (3), respectively with gy /hy, = efz"(n €
N, 0 € R). Then To[I(z)] * f, € S% and is convex in the direction of the real axis for 0 < a < 2/n.

In the proofs of Theorem 1.3, Theorem 1.4 and Theorem 1.5, authors have used Cohn’s rule or Schur- Cohn
algorithm and Gauss- Lucas Theorem, which involve, to some extent, lengthy computations. In Section 4
of this article, we present a different and simple technique, which enables us to prove more general results
on convolutions of C,;[f] and f,. Theorem 1.4 and Theorem 1.5 follow as particular cases of our result.
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2. Preliminaries

We shall need the following results to prove our main theorems in subsequent sections.

Lemma 2.1. Let i and G be analytic in ID with 1(0) = G(0) = 0. If ¢ is convex and G is starlike, then for each
analytic function F satisfying ReF(z) > 0 in ID, we have

L FG)E)
¥+ G)(2)
Lemma 2.2. Let a harmonic mapping f = h + g be locally univalent in ID. Then f is univalent mapping of ID onto a

domain convex in the direction of a if and only if h — e*®g is a univalent analytic mapping of ID onto a domain convex
in the direction of .

>0,z € D.

Lemma 2.3. Let f be analytic function in ID with f(0) = 0 and f'(0) # 0 and let

z
@) = (1 + ze®)(1 + ze=i0)’

where 0 € R. If

zf'(z)
Re[ )

then f is convex in the direction of the real axis.

]>0, for all z € D,

Lemma 2.1. is due to Ruscheweyh and Sheil Small [15], Lemma 2.2. is due to Clunie and Shiel-Small [2]
and Lemma 2.3 is due to Pommerenke [14].

3. Local Univalence and Univalence of C, ;[ f]

We start this section by proving a necessary and sufficient condition for C, [ f] to be locally univalent and
sense preserving in the open unit disc ID.

Theorem 3.1. Let f € S and h any analytic functions. Then the function C,y[f] defined in (2) is locally univalent
and sense preserving in D if and only if

(e 2f")(2)
Re( @

Proof. Let w denote the dilatation of C, [ f]. Thus C,;[f] is locally univalent and sense preserving in D if

and only if
f'@) —a(+f)(z)
'@ +ah=f)(2)

)>O,z€]D.

lw(z)| = <1,zeDD,

which is equivalent (because a > 0) to

z(h* f)(2)\ _ (h=*zf")(z)
Re( ) )‘RE( @

Theorem 3.1 and Lemma 2.2 immediately lead to the following result.

)>0,zelD. O

Theorem 3.2. Let f and h be analytic functions such that Re(h+zf")(z)/zf'(z)) > 0 in ID. Then,Cy 4[ f] € Sy and is
convex in the direction of the imaginary axis if and only if f is convex in the direction of the imaginary axis.

Theorem 3.3. If f € K, then for i = 1,2,3,4, Co,[ f] € Sy and is convex in the direction of the imaginary axis.
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Proof. In view of Theorem 3.1 and Theorem 3.2, to prove our result, it is enough to prove that fori = 1,2, 3, 4,

(hi+ ) (2)
Re{ IZ8)

Now, i = 1 is the case already proved by Stacey Muir [12].
We have hy » f = 3[f +zf']. So,

(h2 + f) (2) 11 zf""(z) 1
Re{ 7@ }‘ 2" ERE{l ) } 72 ©)

}>0,ze]D.

as f € K.
We have (3 * f)’'(z) = f(z)/z. Hence,

(hs* f)(2)\ _ f(2)
Re{ 7@ }‘ Re{Zf’(z)} >0

as f e Kc S
Note that hy = h, = z/(1 — z). So,

s Y\ [ (usfy )| _ ez || haezf
Re{ Iz }_Re{—(h4*hz*f)’}_Re{—h4*z(hz*f)’}_Re _h4*(h2fﬁzf/}

Now, f € Kimplies zf” € §* and Re(hy * f)'/f" > 0, by (5). Also, hy € K (see [9]). Hence, in view of Lemma
21,

I’l4 * Zf,

Re] "%
h4 * _(hz;’f) Zf’

>0,zeD. O

4. Convolution Properties of the Family C, ;[ f]

In this section, we have investigated convolution properties of C, [ f] with some other functions - both
analytic and harmonic. The Example 3.2 presented by Nagpal and Ravichandran [13] clearly shows that
for F € Sy, i + F need not be in Sy for each 1 € K. In the following theorem, we prove that, for each 1 € K,
Y+ Cyplf] € Sh, provided f € K.

Theorem 4.1. Let i € K and C,,[f] as given by (2) be locally univalent and sense preserving in ID. Then
Y+ Conlf] € Sy and is convex in the direction of the imaginary axis provided f € K.

Proof. We note that,

yrfra@ehef) Jrf-a@ehep
1+a 1+a '

Y Caulf] =

Now, Cy [ f]is locally univalent and sense preserving in ID implies Re[(h * zf")/zf’] > 0 in ID, by Theorem
3.1. Therefore, in view of Lemma 2.1,

dehefy | (pehazf\ (xS
(S Gt o S

]>0,ze]D, (6)

because ¢ € Kand zf” € S*(as f € K). In view of Theorem 3.1 and Theorem 3.2, proof shall follow provided
Y # f is convex in the direction of the imaginary axis, which is trueas ¢ f e K. [
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In the next part of this section, a different and simple technique is introduced to prove the following
result which generalizes the results given in Theorem 1.4 and Theorem 1.5. For this, consider a harmonic
mapping f, = hy + g, € S}, where

hy(2) + gy(2) = k(z), % =¢97"(0 € R,n € N). 7)
n
Here k € K is such that

z

k' (z) = , — neR
') (1 + ze")(1 + ze™™) me

(8)

Theorem 4.2. Let C,,[I1,i = 1,2 be as defined in (2), where hi(z) = Y,y nz" and ho(z) = Yoq S2" If
fo = hy + 7y € S is given by (7), then

(a) Co, 11 * f € SV, and is convex in the direction of the real axis for 0 < a < 2/n;

(b) Cop,[11* fy € S, and is convex in the direction of the real axis for 0 < a < 4/n.

To prove Theorem 4.2, we need following two lemmas which we prove here first.

Lemma4.3. Let F; = H; + Gy and F» = Hy + G, be two functions in Sy, with H(z) + G1(z) = pz/(1 — z), Ha(z) +

G2(z) = k(z), where > 0 and
z

(1 + zet)(1 + ze~)

for some 1 € R. Then Fy + F, € Sy and is convex in the direction of the real axis provided Fi + F, is locally univalent
and sense preserving in ID.

Proof. Let

zk'(z) =

1-G//H] .
=, 1= 1, 2.
1+G/H]
Then F; = H; + G; € Sy, implies that, |G]/H/| < 1in ID and consequently
RePi(z) >0,z € D, 9)
for i = 1,2. Further, let
Li=H1+G1)*(Hy—Gy) =Hi1*Hy —H1 *Go + G1 * Hy = G1 * Gy

Ly=H1-G)*(Hy+Gy) =Hy *Hy + H1 * Gy — Gy * Hy = Gy + Go.
Then 1
E[L1+L2] :H1 *Hz—Gl*Gz.

In view of Lemma 2.2, it is enough to show that L; + L, is convex in the direction of the real axis. Now, we

have
1-G,/H)

zLy = z[(H1 + G1) * (H2 = Go)" = z(H; + G)) (1 + Gy /H,,
2/

) = Bzk' Py (2).

Hence, in view of (9) and the fact that > 0,

R 2 () 0 D 10
e @ >0,zeD. (10)
Next, consider
zL, = z[(H1 — G1) *(Hy + Go)] =z —1 1/H (Hy+G))*k = [—Z 1P1(z) = k
2 = 1~ 061 2+ W)l =217 G /H, )T =p 1-z2"" :
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As k € K (because zk’ € S* ([14], Theorem 4)), therefore, by Lemma 2.1, we get

zL}(2) k(z) * Pr(2) 7=
@mn) R{ k(=) *

>0,z D. 11
y4
(1-2)?

So, from (10) and (11), we have
z[L](z) + L}(2)]
Re ( zk!(z)

and therefore, L + L, is convex in the direction of the real axis by Lemma 2.4. [

)>0,ze]D

Lemma 4.4. Let s and s’ be real numbers with s’ —s > 0. Then for w € C,

s+w

s"+w
if and only if

+ 4
Re(w) > —(S > )

Proof. We can easily see that

s+w

s +w

if and only if
s2 + [w]* + 2sRe(w) < s + |w]* + 25’ Re(w).

Re(w) > —(S J;S,)

This is equivalent to

ass’—s>0. O
Proof of Theorem 4.2. (a) From (2), we have

I(z) +azl'(z) I(z) —azl'(z)
l1+a * 1+a

Camlll(z) =

and

(Capl]* f)(@) = [h (@) + azly(9)] + 5 [%(z) azg;(@)].

In view of Lemma 4.3, it is enough to prove that C,, [I] * f; is locally univalent and sense preserving in ID
and we know that C, , [I] # f,, is locally univalent and sense preserving in D if its dilatation

(1 -a)g;(2) — azg] (z)
(1 + a)hy(z) + azhy ()

W(z) = (12)

is having modulus value less than 1. From g/ (z) = ez (z), we get g7/(z) = ez "hy(z) + ne'fz"- 1h'( Z).
Substituting these values of g, and g; in (12), we have

((n +1)a - 1)h’ (z) + azh”(z)
W(z) =
(1 + a)hy(z) + azhy/ ()
For a = 2/n, we have W(z) = —¢?z" and hence |W| < 1 for a = 2/n. In view of Lemma 4.4,

((n + Da — Dhy(z) + azhy (z)
(1 + a)hy(z) + azhy/(2)
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2hy ()

if and only if Re( e ) > —(”*2) for 0 < a < 2/n. So it is enough to prove that Re(Z:,(S)) > — (”*2) for

0 <a <2/n. As hy(z) + gy(2) = k(z) and g /h}, = ¢'%2", using simple calculations, we have

2zh" (z) zk” (z) 1-¢z
n
Re{ h;l(z) +n+2} 2Re(1+ Y G) )+nRe(1+elsz”)>0'

because k € K. The proof is now complete.
(b) Proof of this part is similar to proof of part (a), hence omitted. [

Remark 4.5. 1. We note that in the proofs of Theorem 4.2(a), we need not to put any restrictions on the values of
1 except that n € R. Also from equation (8), we immediately get

k(z) =

o 1+ ze
2isinn B\ T+ ze

forn #mn,m=0,+1,+2,+3, ... Therefore, by taking values of 1 in the interval [1t/2, 1), we get Theorem 1.5.
2. By taking n = 1 and restricting 1 in [1/2, 1), we get Theorem 1.4(a). By setting n = 1/2 in Theorem 4.2(a),
we deduce Theorem 1.4(b).

For = mm, from equation (8), we have

k(z) = {

Therefore in view of Theorem 4.2(a), we get following results.

—_
IS )
N

:if m is even
:if mis odd

Juy

-z

Theorem 4.6. Let Cy p, [I] be as defined in (2), where hy(z) = Y. ,q nz".

(a) If fy = hy+ gy € S with hy + g, = z/(1 - z) and Z” =¢"92"(0 € R,n € N). Then Co, 11+ fyy € S, and is convex
in the direction of the real axis for 0 < a < 2/n;

(b) If fy = hy + gy € S% with hy + g, = z/(1 +z) and Z” =¢92"(0 € R,n € N). Then Cy, 1]+ fy € S, and is convex
in the direction of the real axis for 0 < a < 2/n.
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