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Abstract. This paper deals with the two set sharing problem related to the uniqueness of a function and
its shift operator. With the help of two new range sets we shall significantly improve a number of results
in the literature. At the last section we shall exhibit certain examples to show that some conditions used in
our results are the best possible.

1. Introduction, Definitions and Results

Throughout the paper we shall assume that all considered meromorphic functions are defined on C and
that they are non-constant.

For such a function f and a ∈ C =: C ∪ {∞}, each z with f (z) = a will be called a-point of f . We also
denote C∗ = C \ {0}.

Next we need the following definition of set sharing.

Definition 1.1. For a non-constant meromorphic function f and any set S ⊂ C ∪ {∞}, we define

E f (S) =
⋃
a∈S

{
(z, p) ∈ C ×N : f (z) = a, with multiplicity p

}
,

E f (S) =
⋃
a∈S

{
(z, 1) ∈ C × {1} : f (z) = a

}
.

If E f (S) = E1(S) (E f (S) = E1(S)) then we simply say f and 1 share S Counting Multiplicities(CM) (Ignoring
Multiplicities(IM)).

In 2001, Lahiri [13, 14] further refined the definition of sharing and introduced a scaling between CM
and IM known as weighted sharing of values and sets. Gradually in terms of relaxation of sharing, this
notion renders an useful tool to find new directions of research in the uniqueness theory. Below we are
recalling the well known definition.
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Definition 1.2. [13, 14] Let k be a non-negative integer or infinity. For a ∈ C ∪ {∞}, we denote by E f (a, k), the
set of all a-points of f , where an a-point of multiplicity m is counted m times if m ≤ k and k + 1 times if m > k. If
E f (a, k) = E1(a, k), we see that f and 1 share the value a with weight k.

We write f and 1 share (a, k) to mean that f and 1 share the value a with weight k.

Definition 1.3. [13, 14] Let S be a set of distinct elements of C ∪ {∞} and k be a non-negative integer or ∞. We
denote by E f (S, k) the set

⋃
a∈S

E f (a, k). If
⋃
a∈S

E f (a, k) =
⋃
a∈S

E1(a, k), then we say that f and 1 share the set S with k.

Thus we see that f and 1 share the set S CM or IM if
⋃
a∈S

E f (a,∞) =
⋃
a∈S

E1(a,∞) or if
⋃
a∈S

E f (a, 0) =
⋃
a∈S

E1(a, 0)

respectively.

For a non-constant meromorphic function, we define its shift and difference operator respectively by f (z+ω)
and ∆ω f = f (z + ω) − f (z), where ω is a non-zero constant.

In connection with the question of Gross [8], a handful number of results have been obtained by many
mathematicians [1, 2, 5, 6, 9, 10, 17, 19] concerning the uniqueness of meromorphic functions sharing two
sets. But in most of the earlier results, in the direction, one set has always been kept fixed as the set of poles
of a meromorphic function.

Recently set sharing corresponding to a function and its shift or difference operator have been given
priority by the researchers than that of the original one.

In this respect, we would first like to mention here a result of Zhang [18].

Theorem 1.4. [18] Let m ≥ 2, n ≥ 2m + 4 with n and n−m having no common factors. Let a and b be two non-zero
constant such that the equation wn + awn−m + b = 0 has no multiple roots. Let S = {w : wn + awn−m + b = 0}.
Suppose that f (z) is a non-constant meromorphic function of finite order. Then E f (z)(S,∞) = E f (z+ω)(S,∞) and
E f (z)({∞},∞) = E f (z+ω)({∞},∞) imply that f (z) ≡ f (z + ω).

With the help of some extra supposition Qi-Dou-Yang [16] studied the above Theorem for m = 1 and
reduced the lower bound of the range set as follows.

Theorem 1.5. [16] Let n ≥ 6 be an integer and S be given same as in Theorem 1.4. Suppose f is a non-constant
meromorphic function of finite order. Then E f (z)(S,∞) = E f (z+ω)(S,∞), E f (z)({∞},∞) = E f (z+ω)({∞},∞) and

N(r, f ) ≤
n − 3
n − 1

T(r, f ) + S(r, f ) implies that f (z) ≡ f (z + ω).

As in Theorem 1.4, 1cd(n,m) = 1, so we see that the lower bound of cardinality of the range set considered
in Theorem 1.4, is 9, and that in Theorem 1.5, is 6. However, in 2013, Bhoosnurmath-Kabbur [7] improved
Theorem 1.4 by reducing the lower bound of the cardinality of range set and obtained the following result.

Theorem 1.6. [7] Let n ≥ 8 be an integer and c(, 0, 1) is a constant such that the equation P(w) =
(n − 1)(n − 2)

2
wn
−

n(n− 2)wn−1 +
n(n − 1)

2
zn−2
− c. Let us suppose that S = {w : P(w) = 0} and f is a non-constant meromorphic func-

tions of finite order, then E f (z)(S,∞) = E f (z+ω)(S,∞) and E f (z)({∞},∞) = E f (z+ω)({∞},∞) imply that f (z) ≡ f (z+ω).

By considering “entire” function, Bhoosnurmath-Kabbur [7] obtained the following result.

Theorem 1.7. [7] Let n ≥ 7 be an integer and c(, 0, 1) is a constant such that the equation P(w) =
(n − 1)(n − 2)

2
wn
−

n(n− 2)wn−1 +
n(n − 1)

2
zn−2
− c. Let us suppose that S = {w : P(w) = 0} and f is a non-constant entire functions of

finite order, then E f (z)(S,∞) = E f (z+ω)(S,∞) and E f (z)({∞},∞) = E f (z+ω)({∞},∞) imply that f (z) ≡ f (z + ω).

It is worth noting that no attempts have so far been made by any researcher to deal with a range set
from C. That is to say, to associate elements of Cwith∞ in the range set.
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In this paper, we would like to investigate in this direction. In fact, we shall show that under this new
approach of construction of the range sets, the cardinality of the main range set can significantly be reduced.
We have also paid attention to relax the nature of sharing of the range sets by the help of weighted sharing
method. Thus the purpose of the paper is to improve all the above theorems in two directions at the expense
of suitable choice of the sets.

To this end, we next suppose that Q(z) is defined by

Q(z) = azn + bz2m + czm + d,

where n,m ∈ N and a, b, c, d ∈ C∗ be such that n > 2m, gcd(n,m) = 1,
c2

4bd
=

n(n − 2m)
(n −m)2 , 1 and a <

{
γi,
γi

2

}
;

γi = −
(2mbe2m

i + cmem
i )

nen
i

with ei be the roots of the equation

zm = −
2nd

(n −m)c
.

One can easily check that the polynomial Q(z) has distinct zeros and let them be θ1, θ2, . . . , θn. Clearly,

for any zero ‘s’ of Q′(z) we have nasn−1 + 2mbs2m−1 + cmsm−1 = 0. i.e., asn = −
(2mbs2m + cmsm)

n
.

So for s = 0,

Q(0) = d , 0

and hence for s , 0

Q(s) = −
(2mbs2m + cmsm)

n
+ bs2m + csm + d

=
(n − 2m)bs2m + (n −m)csm + nd

n

=
c2(n −m)2s2m + 4cdn(n −m)sm + 4d2n2

4nd2

=
(c(n −m)sm + 2dn)2

4dn2 .

So, ‘s’ is a zero of Q(z), if sm =
−2nd

(n −m)c
i.e., if s ∈ {e1, e2, . . . , em}. But then we would have aen

i =

−
(2mbe2m

i + cmem
i )

n
for i ∈ {1, 2, . . . ,m}, which is a contradiction as a , γi = −

(2mbe2m
i + cmem

i )

nen
i

. Hence,

Q(z) has only simple zeros.
Let T (z) = bz2m + czm + d. We claim that all the roots α1, α2, . . . , α2m (say) of the polynomial T (z) are

simple. Now T ′(z) = 0 implies

mzm−1(2bzm + c) = 0. (1.1)

We see that 0 and the roots δ j( j = 1, 2, . . . ,m) of the polynomial of 2bzm+c are the only roots of the polynomial
T
′(z). Again we see that T (0) = d , 0 and since c2 , 4bd

T (δ j) = bδ2m
j + cδm

j + d = b
(
−

c
2b

)2
+ c

(
−

c
2b

)
+ d =

4bd − c2

4b
, 0.

Thus we conclude that all the zeros of T (z) = 0 are simple.
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Next, we see that

R
′(z) = −

(bz2m + czm + d)nazn−1
− azn(2mbz2m−1 + mczm−1)

(bz2m + czm + d)2

= −

azn−1b(n − 2m)
(
zm +

c(n −m)
2b(n − 2m)

)2

(bz2m + czm + d)2

= −

azn−1b(n − 2m)
(
zm +

2nd
c(n −m)

)2

(bz2m + czm + d)2

= −

azn−1b(n − 2m)
m∏

i=1

(z − ei)
2

(bz2m + czm + d)2

Also we see that

R(z) −
a
γi

= −a
γizn + bz2m + czm + d
γi(bz2m + czm + d)

= −a
Γ(z)

γi(bz2m + czm + d)
,

where Γ(z) = γizn + bz2m + czm + d. One can easily check that Γ(ei) = 0, Γ′(ei) = 0 and Γ′′(ei) = 0 but Γ(k)(ei) , 0
for 3 ≤ k < n. Therefore we get

R(z) −
a
γi

= −a

m∏
i=1

(z − ei)
3 ∆n−3m(z)

b
2m∏
i=1

(z − αi)

,

where ∆n−3m(z) is a polynomial of degree n − 3m.

Theorem 1.8. Let S1 =
{
z : Q(z) = 0

}
, S2 =

{
e1, e2, . . . , em

}
∪ {∞}, where n ≥ 2m + 3, a, b, c, d ∈ C∗,

c2

4bd
=

n(n − 2m)
(n −m)2 , 1, 1cd(n.m) = 1, a <

{
γi,
γi

2

}
. Let f (z) be a finite order meromorphic function satisfying

(i) E f (z)(S1, 3) = E f (z+ω)(S1, 3) and E f (z)(S2, 1) = E f (z+ω)(S2, 1), or
(ii) E f (z)(S1, 2) = E f (z+ω)(S1, 2) and E f (z)(S2, 2) = E f (z+ω)(S2, 2),

then f (z) ≡ f (z + ω).

Next for the sake of convenience for n ≥ 3, c, d ∈ C∗, we define

δn
c,d =

1
n − 2

(n − 1
2d

)n−1 ( c
n

)n
,

for n ≥ 3, c, d ∈ C∗.
Putting m = 1 in Theorem 1.8, we can easily deduce the following corollary.

Corollary 1.9. Let S1 =
{
z : azn + bz2 + cz + d = 0

}
, S2 =

{
−

2nd
(n − 1)c

}
∪ {∞}, where n ≥ 5, a, b, c, d ∈ C∗,

c2

4bd
=

n(n − 2)
(n − 1)2 , 1, a <

{
δn

c,d,
δn

c,d

2

}
. Let f (z) be a finite order meromorphic function satisfying

(i) E f (z)(S1, 3) = E f (z+ω)(S1, 3) and E f (z)(S2, 1) = E f (z+ω)(S2, 1), or
(ii) E f (z)(S1, 2) = E f (z+ω)(S1, 2) and E f (z)(S2, 2) = E f (z+ω)(S2, 2),

then f (z) ≡ f (z + ω).
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2. Auxiliary definitions and lemmas

Though the standard definitions and notations for the value distribution are available in [11], we now
explain here notations which are used throughout the paper.

Definition 2.1. [12] Let a ∈ C∪ {∞}, we denote by N(r, a; f | = 1) the counting function of simple a-points of f . For
a positive integer k, we denote by N(r, a; f | ≥ k)(N(r, a; f | ≤ k)) the counting function of those a-points of f whose
multiplicities are not less (greater) than k, where each a-point is counted according to its multiplicity.

N(r, a; f | ≥ k)(N(r, a; f | ≤ k)) are defined similarly, where in counting the a-points of f we ignore the multiplicities.
Also N(r, a; f | > k), N(r, a; f | < k), N(r, a; f | > k) and N(r, a; f | < k) are defined analogously.

Theorem 2.2. Let f and1 be two non-constant meromorphic functions such that f and1 share (a, k) where a ∈ C∪{∞}.
Let z0 be a a-point of f with multiplicity p, a a-point of 1 of multiplicity q. We denote by NL(r, a; f ) the counting

function of those a-points of f and 1 where p > q, by N
(k+1
E (r, a; f ) the counting function of those a-points of f and

1 where p = q ≥ k + 1; each point in these counting function is counted only once. In the same way we can define

NL(r, a; 1), N
(k+1
E (r, a; 1). It is clear that N

(k+1
E (r, a; f ) = N

(k+1
E (r, a; 1).

Definition 2.3. [13, 14] Let f and 1 share a IM. We denote by N∗(r, a; f , 1) the reduced counting function of those
a-points of f whose multiplicities differ from the multiplicities of the corresponding a-points of 1.

Clearly N∗(r, a; f , 1) = N∗(r, a; 1, f ) and N∗(r, a; f , 1) = NL(r, a; f ) + NL(r, a; 1).

Next, we are going to discuss the lemmas which will be needed in sequel. Given meromorphic functions
f (z) and f (z + ω), we define F , G

F = R( f ), G = R( f (z + ω)), where R(z) = −
azn

bz2m + czm + d
. (2.1)

and to F , Gwe associateH and Ψ by the following formulas

H =

(
F
′′

F ′
−

2F ′

F − 1

)
−

(
G
′′

G′
−

2G′

G − 1

)
, (2.2)

Ψ =

(
F
′

F − 1
−
F
′

F

)
−

(
G
′

G − 1
−
G
′

G

)
=

F
′

F (F − 1)
−

G
′

G(G − 1)
. (2.3)

Lemma 2.4. [15] Let f be a non-constant meromorphic function and let

R
#( f ) =

n∑
i=1

ai f i

m∑
j=1

b j f j

,

be an irreducible rational function in f with constant coefficients {ai}, {b j}, where an , 0 and bm , 0. Then

T(r,R#( f )) = max{n,m} T(r, f ) + S(r, f ).

Lemma 2.5. Let F , G be given by (2.1) and S1, S2 be defined as in Theorem 1.8 with H . 0. If E f (z)(S1, q) =
E f (z+ω)(S1, q) and E f (z)(S2, k) = E f (z+ω)(S2, k), where 1 ≤ q < ∞, 0 ≤ k < ∞, then

(3k + 2)

 m∑
i=1

N(r, ei; f |≥ k + 1) + N(r,∞; f |≥ k + 1)


≤ N(r, 0; f (z)) + N(r, 0; f (z + ω)) + N∗(r, 1;F ,G) + S(r, f (z)) + S(r, f (z + ω)).
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Proof. We shall now discuss the following cases.
Case 1. Let if possible Ψ . 0. Let z0 be a pole or a ‘ei’-point (i ∈ {1, 2, . . . ,m}) of f (z) of multiplicity pi. Since
E f (S2, k) = E f (z+ω)(S2, k), then that would be a zero of Ψ of multiplicity at least min{(n − 2m)pi − 1, 3pi − 1} =
3pi − 1 when pi ≤ k and is of multiplicity at least min{(n − 2m)(k + 1) − 1, 3k + 2} = 3k + 2, when pi > k.
Therefore in view of the definition of Ψ, we get that

(3k + 2)

 m∑
i=1

N(r, ei; f |≥ k + 1) + N(r,∞; f |≥ k + 1)


≤ N(r, 0; Ψ)
≤ N(r,∞; Ψ) + S(r, f (z)) + S(r, f (z + ω))

≤ N(r, 0; f (z)) + N(r, 0; f (z + ω)) + N∗(r, 1;F ,G) + S(r, f (z)) + S(r, f (z + ω)).

Case 2. Let Ψ=0. Then after integrating, we have

F − 1
F

≡ A
G − 1
G

, (2.4)

whereA(, 0) ∈ C. Clearly in view of Lemma 2.4, from (2.4), we have

T(r, f (z)) = T(r, f (z + ω)) + S(r, f (z + ω)). (2.5)

It is obvious thatA , 1, otherwise we would have F ≡ G, which impliesH ≡ 0.
From (2.4), we get

1 −
1
F
≡ A

(
1 −

1
G

)
. (2.6)

After rewriting (2.6), we get

AF

F (A− 1) + 1
= G (2.7)

and consider the following subcases.
Subcase 2.1. Let us consider f (z) and f (z + ω) share (∞, 0). Then we discuss the following subcases.
Subcase 2.1.1. Let if possible ‘∞’ is an e.v.P of both f (z) and f (z + ω).

Subcase 2.1.1.1. Suppose
−1
A− 1

,
a
γi

. Then F (A− 1) + 1 has only simple zeros (say) {ζ1, ζ2, . . . , ζn} i.e., we

get from (2.7) that

A f n

(A− 1)
n∏

j=1

( f − ζ j)

=
f n(z + ω)

b
2m∏
i=1

( f (z + ω) − αi)

. (2.8)

Now by using Second Fundamental Theorem for finite order meromorphic functions and Lemma 2.4, (2.5),
we get

(n − 1)T(r, f (z)) ≤

n∑
i=1

N(r, ζi; f ) + N(r,∞; f ) + S(r, f )

≤

2m∑
i=1

N(r, αi; f (z + ω)) + S(r, f )

≤ 2m T(r, f (z)) + S(r, f ),
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which contradics n ≥ 2m + 3.

Subcase 2.1.1.2. Suppose
−1
A− 1

=
a
γi

. Then we can rewrite (2.6) as

F =
G

G(1 −A) +A
. (2.9)

It is obvious that
A

A− 1
,

a
γi

. If so i.e.,
A

A− 1
=

a
γi

, then A =

a
γi

a
γi
− 1

. Also we have
−1
A− 1

=
a
γi

i.e.,

A =

a
γi
− 1

a
γi

. So we get that

a
γi

a
γi
− 1

=

a
γi
− 1

a
γi

and hence
a
γi

=
1
2

. i.e., a =
γi

2
which is a contradiction.

ThereforeG(1−A)+Amust have n distinct zeros say δ1, δ2, . . . , δn. Again from (2.9), we get N
(
r,
A

A− 1
;G

)
=

N(r,∞;F ) =

2m∑
i=1

N(r, αi; f (z)).

By the Second Fundamental Theorem for the finite order meromorphic function f (z +ω) and using Lemma
2.4 and (2.5), we have

(n − 1)T(r, f (z + ω))

≤

n∑
i=1

N(r, δi; f (z + ω)) + N(r,∞; f (z + ω)) + S(r, f (z + ω))

≤

2m∑
i=1

N(r, α1; f (z)) + S(r, f (z + ω))

≤ 2m T(r, f (z + ω)) + S(r, f (z + ω)),

which is a contradiction for n ≥ 2m + 3.

Subcase 2.1.2. Let if possible ‘∞’ is not an e.v.P of both f (z) and f (z + ω).
Then proceeding exactly same way as done in Subcases 2.1.1.1, we get a contradiction for n ≥ 2m + 3.

Subcase 2.2. Let if possible f (z) and f (z + ω) do not share (∞, 0).
So, there must exits at least one point z0 such that f (z0) = ei, (i=1,2,. . . ,n), f (z0 +ω) = ∞, since otherwise

‘∞’ will be an e.v.P of both f (z) and f (z + ω) which would contradict the assumption of this subcase.
We omit the rest of the proof as the same can be done as in Subcases 2.1.1.1, to get a contradiction for

n ≥ 2m + 3.

Lemma 2.6. [3] Let f , 1 be two meromorphic functions sharing (1, q), where 1 ≤ q < ∞. Then

N(r, 1; f ) + N(r, 1; 1) −N(r, 1; f | = 1) +
(
q −

1
2

)
N∗(r, 1; f , 1)

≤
1
2

[N(r, 1; f ) + N(r, 1; 1)].

Next we define χn = 0, for n = 5 and χn = 1, for n , 5.
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Lemma 2.7. Let F , G be given by (2.1) and S1, S2 be defined as in Theorem 1.8 with H . 0. If E f (z)(S1, q) =
E f (z+ω)(S1, q), and E f (z)(S2, k) = E f (z+ω)(S2, k), where 0 ≤ q < ∞, 0 ≤ k < ∞, then

N(r, 1;F | = 1) = N(r, 1;G| = 1)
≤ N(r,H) + S(r,F ) + S(r,G)

≤ N(r, 0; f (z)) + N(r, 0; f (z + ω)) +

m∑
i=1

N(r, ei; f (z)| ≥ k + 1) + N(r,∞; f (z)| ≥ k + 1)

+χn

 m∑
i=1

N(r, ei; f (z)| ≤ k) + N(r,∞; f (z)| ≤ k)

 + N∗(r, 1;F ,G) + N0(r, 0; f ′(z))

+N0(r, 0; f ′(z + ω)) + S(r, f (z)) + S(r, f (z + ω)),

where N0(r, 0; f ′(z)) denotes the reduced counting function corresponding to the zeros of f ′(z) which are not the zeros

of f (z)
m∏

i=1

( f (z) − ei) and F − 1, N0(r, 0; f ′(z + ω)) is defined similarly.

Proof. Since f (z), f (z + ω) share (S1, q), hence F and G share (1, q). Clearly any simple 1-point of F and G
is a zero ofH . From the construction ofH , we know that m(r,H) = S(r,F ) + S(r,G). Therefore by the First
Fundamental Theorem, we get

N1)
E (r, 1;F ) = N1)

E (r, 1;G) ≤ N(r, 0;H) ≤ N(r,H) + S(r,F ) + S(r,G).

From (2.1) and (2.2), we see that

F
′′

F ′
= (n − 1)

f ′(z)
f (z)

+ 2
m∑

i=1

f ′(z)
f (z) − ei

+
f ′′(z)
f ′(z)

− 2
2m∑
i=1

f ′(z)
f (z) − αi

,

F
′

F − 1
=

n∑
i=1

f ′(z)
f (z) − θi

−

2m∑
i=1

f ′(z)
f (z) − αi

.

Similarly we obtain

G
′′

G′
= (n − 1)

f ′(z + ω)
f (z + ω)

+ 2
m∑

i=1

f ′(z + ω)
f (z + ω) − ei

+
f ′′(z + ω)
f ′(z + ω)

− 2
2m∑
i=1

f ′(z + ω)
f (z + ω) − αi

,

G
′

G − 1
=

n∑
i=1

f ′(z + ω)
f (z + ω) − θi

−

2m∑
i=1

f ′(z + ω)
f (z) − αi

.

Hence we get that

H =

(n − 1)
f ′(z)
f (z)

+ 2
m∑

i=1

f ′(z)
f (z) − ei

+
f ′′(z)
f ′(z)

− 2
n∑

i=1

f ′(z)
f (z) − θi


−

(n − 1)
f ′(z + ω)
f (z + ω)

+ 2
m∑

i=1

f ′(z + ω)
f (z + ω) − ei

+
f ′′(z + ω)
f ′(z + ω)

− 2
n∑

i=1

f ′(z + ω)
f (z + ω) − θi

 .
Observe that

(i) if any ei-point (for some i) of f (z) is a ei-point of f (z + ω) of multiplicity p ≤ k, then for the pole ofH ,
the contribution of this ei-point of f (z) and those of f (z +ω) will nullify each other as the construction
ofH is symmetrical in terms of f (z) and f (z + ω).
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(ii) if any pole of f (z) is a pole of f (z + ω) of multiplicity p ≤ k, then also the above things happen again
due to the symmetrical structure ofH .

(iii) if any ei-point of f (z)(or f (z + ω)) is a pole of f (z + ω)(or f (z)) of multiplicity p ≤ k, then it contributes
to the poles of H with co-efficient of the pole as [5 − n]p. i.e., it contributes to the pole of H for all
values of n except n = 5.

SinceH has only simple poles, so the result is obvious by some simple calculation.

Lemma 2.8. Let F and G be given by (2.1) and S1, S2 be defined as in Theorem 1.8, with m = 1 and H , 0. If F
and G share (1, q) for 2 ≤ q < ∞. Then

N∗(r, 1;F ,G)

≤
1

2q − 1

[
N(r, 0; f (z)) + N(r, 0; f (z + ω))

]
+ S(r, f (z)) + S(r, f (z + ω)).

Proof. Using Lemma 2.5 with k = 0, we get

N∗(r, 1;F ,G)

≤
1
q

[
N(r,∞; f (z)) + N(r, e1; f (z))

]
+ S(r, f (z))

≤
1
2q

[
N(r, 0; f (z)) + N(r, 0; f (z + ω)) + N∗(r, 1;F ,G)

]
+ S(r, f (z)) + S(r, f (z + ω)).

i.e.,

N∗(r, 1;F ,G)

≤
1

2q − 1

[
N(r, 0; f (z)) + N(r, 0; f (z + ω))

]
+ S(r, f (z)) + S(r, f (z + ω)).

Lemma 2.9. Let F , G be given by (2.1) and S1, S2 be defined as in Theorem 1.8 with H . 0. If E f (z)(S1, q) =
E f (z+ω)(S1, q) and E f (z)(S2, k) = E f (z+ω)(S2, k), where 1 ≤ q < ∞, 0 ≤ k < ∞, then(n

2
+ m − 1

) {
T(r, f (z)) + T(r, f (z + ω))

}
≤ N(r, 0; f (z)) + N(r, 0; f (z + ω)) + 2

N(r,∞; f (z)) +

m∑
i=1

N(r, ei; f (z))


+

 m∑
i=1

N(r, ei; f (z)| ≥ k + 1) + N(r,∞; f (z)| ≥ k + 1)


+χn

 m∑
i=1

N(r, ei; f (z)| ≤ k) + N(r,∞; f (z)| ≤ k)

 − (
q −

3
2

)
N∗(r, 1;F ,G)

+S(r, f (z)) + S(r, f (z + ω)).

Proof. By the Second Fundamental Theorem for the finite order meromorphic functions f (z), f (z+ω) and using
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Lemma 2.4, we get

(n + m − 1)
{
T(r, f (z)) + T(r, f (z + ω))

}
(2.10)

≤ N(r, 1;F ) +

m∑
i=1

N(r, ei; f (z)) + N(r,∞; f (z)) + N(r, 1;G)

+

m∑
i=1

N(r, ei; f (z + ω)) + N(r,∞; f (z + ω)) −N0(r, 0; f ′(z)) −N0(r, 0; f ′(z))

+S(r, f (z)) + S(r, f (z + ω)).

Using Lemmas 2.6 and 2.7, we see that

N(r, 1;F ) + N(r, 1;G) (2.11)

≤
1
2

{
N(r, 1;F ) + N(r, 1;G)

}
+ N(r, 1;F |= 1) −

(
q −

1
2

)
N∗(r, 1;F ,G)

≤
n
2

{
T(r, f (z)) + T(r, f (z + ω))

}
+ N(r, 0; f (z)) + N(r, 0; f (z + ω))

+

 m∑
i=1

N(r, ei; f (z)| ≥ k + 1) + N(r,∞; f (z)| ≥ k + 1)


+χn

 m∑
i=1

N(r, ei; f (z)| ≤ k) + N(r,∞; f (z)| ≤ k)

 + N∗(r, 1;F ,G)

−

(
q −

1
2

)
N∗(r, 1;F ,G) + N0(r, 0; f ′(z)) + N0(r, 0; f ′(z)) + S(r, f (z))

+S(r, f (z + ω))

≤
n
2

{
T(r, f (z)) + T(r, f (z + ω))

}
+ N(r, 0; f (z)) + N(r, 0; f (z + ω))

+

m∑
i=1

N(r, ei; f | ≥ k + 1) + N(r,∞; f (z)| ≥ k + 1)

+χn

 m∑
i=1

N(r, ei; f (z)| ≤ k) + N(r,∞; f (z)| ≤ k)

 − (
q −

3
2

)
N∗(r, 1;F ,G)

+N0(r, 0; f ′(z)) + N0(r, 0; f ′(z)) + S(r, f (z)) + S(r, f (z + ω)).

Since f (z), f (z + ω) share (S2, k), so we must have

N(r,∞; f (z)) +

m∑
i=1

N(r, ei; f ) = N(r,∞; f (z + ω)) +

m∑
i=1

N(r, ei; f (z + ω)).

Using this fact and putting (2.11) in (2.10), we get the lemma.

Lemma 2.10. ([4], Lemma 2.6 ) Let Φ(z) = λ(1−zn−m)2
−µ(1−zn−2m)(1−zn), whereλ, µ ∈ C−{0},

λ
µ

=
n(n − 2m)
(n −m)2 ,

then φ(z) has exactly one multiple zero of multiplicity 4, which is 1. i.e.,

Φ(z) = (z − 1)4
2n−2m−4∏

k=1

(z − σk),

where σi , σ j, for i , j, σk ∈ C − {0, 1}, for i, j ∈ {1, 2, . . . , 2n − 2m − 4}.
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3. Proof of the theorem

Proof. [Proof of Theorem 1.8] SupposeF andG be given by (2.1). Since E f (z)(S1, q) = E f (z+ω)(S1, q) from (2.1)
it follows that F and G share (1, q).
Case 1. SupposeH . 0.
Case 1.1. Let us first suppose that n = 2m + 3.
Case 1.1.1. Let m = 1. Then from the definition we see that χn = 0. So using Lemma 2.5 in Lemma 2.9 for
n = 5 we get

5
2

{
T(r, f (z)) + T(r, f (z + ω))

}
(3.1)

≤ N(r, 0; f (z)) + N(r, 0; f (z + ω)) + 2
[
N(r,∞; f (z)) + N(r, e1; f (z))

]
+N(r,∞; f (z)| ≥ k + 1) + N(r, e1; f (z)| ≥ k + 1) −

(
q −

3
2

)
N∗(r, 1;F ,G)

+S(r, f (z)) + S(r, f (z + ω))

≤ N(r, 0; f (z)) + N(r, 0; f (z + ω)) + N(r,∞; f (z)| ≥ k + 1) −
(
q −

3
2

)
N∗(r, 1;F ,G)

+2
[1
2

{
N(r, 0; f (z)) + N(r, 0; f (z + ω)) + N∗(r, 1;F ,G)

}]
+

m∑
i=1

N(r, ei; f (z)| ≥ k + 1) + S(r, f (z)) + S(r, f (z + ω))

≤

[
2 +

1
3k + 2

] [
N(r, 0; f (z)) + N(r, 0; f (z + ω))

]
+

[
1 +

1
3k + 2

− q +
3
2

]
×

N∗(r, 1;F ,G) + S(r, f (z)) + S(r, f (z + ω)).

Next for q = 3, k = 1; (3.1) implies that

5
2

{
T(r, f (z) + T(r, f (z + ω)

}
≤

[
2 +

1
5

] {
T(r, f (z)) + T(r, f (z + ω))

}
+ S(r, f (z)) + S(r, f (z + ω)),

which is not possible.
For q = 2, k = 2, using Lemma 2.8 in (3.1), we get

5
2

{
T(r, f (z)) + T(r, f (z + ω))

}
≤

(
2 +

1
3k + 2

) {
T(r, f (z)) + T(r, f (z + ω))

}
+

(
1 +

1
3k + 2

− q +
3
2

) 1
(2q − 1)

{
T(r, f (z)) + T(r, f (z + ω))

}
+ S(r, f (z))

+S(r, f (z + ω))

≤

(
2 +

1
3

) {
T(r, f (z)) + T(r, f (z + ω))

}
+ S(r, f (z)) + S(r, f (z + ω)),

which is again a contradiction.
Case 1.1.2. Let m ≥ 2.
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Then we see that n ≥ 7. So it is clear that χn = 1. Hence proceeding in the same way as above and using
Lemma 2.5, Lemma 2.8 in Lemma 2.9, we get(n

2
+ m − 1

) {
T(r, f (z)) + T(r, f (z + ω))

}
≤ N(r, 0; f (z)) + N(r, 0; f (z + ω)) + 3

N(r,∞; f (z)) +

m∑
i=1

N(r, ei; f (z))


−

(
q −

3
2

)
N∗(r, 1;F ,G) + S(r, f (z)) + S(r, f (z + ω))

≤
5
2

{
N(r, 0; f (z)) + N(r, 0; f (z + ω))

}
+ (3 − q)N∗(r, 1;F ,G),

which is a contradiction for (q, k) = (3, 1).
When (q, k) = (2, 2), noting that

N∗(r, 1;F ,G) ≤
1
3

 m∑
i=1

N(r, ei; f (z)) +

m∑
i=1

N(r, ei; f (z + ω))

 ,
we again get a contradiction.
Case 2 LetH ≡ 0. So we get

1
F − 1

=
A

G− 1
+B, (3.2)

whereA(, 0),B are complex constants. In view of Lemma 2.4, obviously (3.2) implies

T(r, f (z)) = T(r, f (z + ω)) + S(r, f (z + ω)). (3.3)

Now we can write (3.2) as

F =
(B + 1)G +A−B − 1
BG +A−B

. (3.4)

Hence let us consider the following subcases.
Subcase-2.1. Let B , 0.
Subcase 2.1.1. Let B , −1.

Subcase 2.1.1.1. LetA−B − 1 , 0. Obviously
A−B − 1
B + 1

,
A−B

B
. For if

A−B − 1
B + 1

=
A−B

B
, then 1 = 0,

which is absurd. Therefore

N
(
r,
B + 1 −A
B + 1

;G
)

= N(r, 0;F ). (3.5)

Now we consider the following subcases.

Subcase 2.1.1.1.1. Suppose
B + 1 −A
B + 1

,
a
γi

. Then G −
B + 1 −A
B + 1

has n distinct simple zeros λi (say) and

from (3.4) we get each of these zeros is of multiplicity at least n. Therefore using (3.3) and the Second
Fundamental Theorem for the finite order meromorphic function f (z + ω) and using Lemma 2.4, we get

(n − 2)T(r, f (z + ω)) ≤

n∑
i=1

N(r, λi; f (z + ω)) + S(r, f (z + ω))

≤ T(r, f (z + ω)) + S(r, f (z + ω)),
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which is a contradiction for n ≥ 2m + 3.

Subcase 2.1.1.1.2. Suppose
B + 1 −A
B + 1

=
a
γi

. Then

G −
B + 1 −A
B + 1

=

a
m∏

i=1

( f (z + ω) − ei)3
n−3m∏
k=1

( f (z + ω) − βk)

b
2m∏
j=1

( f (z + ω) − α j)

(3.6)

where βk and ei are the distinct zeros of G −
B + 1 −A
B + 1

. Since f (z) and f (z + ω) share (S2, k), therefore with

the help of (3.5) and (3.6), we get from (3.4) that N(r, ei; f (z +ω)) = S(r, f (z +ω)) for i = 1, 2, . . . , 2m and each
βk point of f (z + ω) is of multiplicity at least n.

Hence using (3.3) and the Second Fundamental Theorem for the finite order meromorphic function f (z+ω)
and using Lemma 2.4, we get that

(n − 2m − 2)T(r, f (z + ω))

≤

m∑
i=1

N(r, ei; f (z + ω)) +

n−3m∑
i=1

N(r, βi; f (z + ω)) + S(r, f (z + ω))

≤
(n − 3m)

n
T(r, f (z + ω)) + S(r, f (z + ω)),

which is a contradiction for n ≥ 2m + 3.
Subcase 2.1.1.2. LetA−B − 1 = 0. Then (3.4) reduces to

F =
(B + 1)G
BG + 1

. (3.7)

Subcase 2.1.1.2.1. Let
1
B

= −
a
γi

, for some i ∈ {1, 2, . . . ,m}. Now we can rewrite (3.7) as

G =
F

B + 1 − BF
. (3.8)

Obviously
B + 1
B

,
a
γi

. For if
B + 1
B

=
a
γi

i.e.,
B + 1
B

= −
1
B

i.e., B = −2 i.e.,
a
γi

=
1
2

i.e., a =
γi

2
, which is a

contradiction. Therefore

BF − (B + 1) = B

a
n∏

i=1

( f (z) − ρi)

b
2m∏
i=1

( f (z) − αi)

. (3.9)

whereρi’s are distinct zeros ofBF −(B+1) for i = 1, 2, . . . ,n. From (3.8) clearly N(r,∞;G) = N(r, 0;B+1−BF ).
i.e.,

N(r,∞; f (z + ω)) +

2m∑
i=1

N(r, αi; f (z + ω)) =

n∑
i=1

N(r, ρi; f ). (3.10)
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Since f (z) and f (z +ω) share (S2, k), therefore from (3.9) and (3.10), we get ‘∞’ is an e.v.P. of f (z +ω) and
hence (3.10) reduces to

2m∑
i=1

N(r, αi; f (z + ω)) =

n∑
i=1

N(r, ρi; f ). (3.11)

Hence by the Second Fundamental Theorem for the finite order meromorphic function f (z) and Lemma 2.4,
(3.3), we get

(n − 2)T(r, f (z)) ≤

n∑
i=1

N(r, ρi; f (z)) + S(r, f (z))

≤

2m∑
i=1

N(r, αi; f (z + ω)) + S(r, f (z)),

which is a contradiction for n ≥ 2m + 3.

Subcase 2.1.1.2.2. Let
1
B
, −

a
γi

. Then from (3.7), we get poles of f (z) are e.v.P. Therefore
2m∑
i=1

N(r, αi; f ) =

N(r,∞;F ) = N
(
r,
−1
B

;G
)

=

n∑
i=1

N(r, ηi; f (z + ω)) where ( f (z + ω) − ηi) are distinct factors of G +
1
B

.

Hence using the Second Fundamental Theorem for the finite order meromorphic function f (z+ω) and (3.3)
we get

(n − 2)T(r, f (z + ω)) ≤

n∑
i=1

N(r, ηi; f (z + ω)) + S(r, f (z + ω))

≤

2m∑
i=1

N(r, αi; f (z)) + S(r, f (z + ω)),

which is a contradiction n ≥ 2m + 3.
Subcase 2.1.2. Let B = −1. So from (3.4), we get

F =
A

−G +A + 1
. (3.12)

Obviously poles ofG are zeros ofF . Since poles of f (z+ω) are poles ofG and we have f (z) and f (z+ω) share
(S2, k) therefore from (3.12) it is clear that∞ is an e.v.P. of f (z + ω). Other poles of G are αi (i = 1, 2, . . . , 2m)
points of f (z + ω). From (3.12) each αi point of f (z + ω) is of multiplicity at least n.

Therefore using the Second Fundamental Theorem for the finite order meromorphic function f (z +ω) and
Lemma 2.4, (3.3), we get

(2m − 1)T(r, f (z + ω)) ≤ N(r,∞; f (z + ω)) +

2m∑
i=1

N(r, α1; f (z + ω)) + S(r, f (z + ω))

≤
2m
n

T(r, f (z + ω)) + S(r, f (z + ω)),

which is a contradiction for n ≥ 2m + 3.
Subcase 2.2. Let B = 0. Then (3.2) implies

1
F − 1

=
A

G− 1
(3.13)
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i.e.,

AF = G +A− 1. (3.14)

Subcase 2.2.1. Suppose thatA− 1 , 0. Then this case can be dealt in a similar fashion as of Subcase 2.1.1.1.
Subcase 2.2.2. Suppose thatA− 1 = 0. Then we get F ≡ G. i.e.,

f n(z)
b f 2m(z) + c f m(z) + d

≡
f n(z + ω)

b f 2m(z + ω) + c f m(z + ω) + d
. (3.15)

Let h(z) =
f (z + ω)

f (z)
.

Subcase 2.2.2.1. Let h(z) be non-constant. Then we see that (3.15) reduces to

b f 2m(z)h2m(z)
(
1 − hn−2m(z)

)
+ c f m(z)hm(z)

(
1 − hn−m(z)

)
(3.16)

+d (1 − hn(z)) = 0

and which in turn takes the following form by applying Lemma 2.10 with λ = c2, µ = 4bd{
b f m(z)hm(z)

(
1 − hn−2m(z)

)
+

c
2
(
1 − hn−m(z)

) }2

(3.17)

=
c2 (1 − hn−m(z))2

− 4bd
(
1 − hn−2m(z)

)
(1 − hn(z))

4

=
Φ(h)

4

=

(h(z) − 1)4
2n−2m−4∏

k=1

(h(z) − σk)

4
.

From (3.15), we see that h(z) has no pole i.e., we have N(r,∞; h(z)) = 0.
Now by the Second Fundamental Theorem for the finite order meromorphic function and Lemma 2.4, from

(3.17), we get

(2n − 2m − 4)T(r, h) ≤ N(r, 0; h) + N(r,∞; h) +

2n−2m−4∑
k=1

N(r, σk; h) + S(r, h)

≤ N(r, 0; h) +
1
2

2n−2m−4∑
k=1

N(r, σk; h) + S(r, h)

≤ (n −m − 1)T(r, h) + S(r, h),

which contradicts n ≥ 2m + 3.
Subcase 2.2.2.2. Let h(z) be constant, then since f (z) is non-constant, so we get form (3.16) that hn

− 1 = 0,
hn−m

− 1 = 0 and hn−2m
− 1 = 0. i.e., hd

− 1 = 0, where d = 1cd(n,n −m,n − 2m) = 1 as 1cd(n,m) = 1. In other
words h(z) = 1. i.e., f (z) ≡ f (z + ω).

4. Some relevant discussions and examples

With n = 5, we are now going to prove the following proposition to show that the condition a ,
δ5

c,d

2
=

8c5

9375d4 in Corollary 1.9 is essential.
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Proposition 4.1. Under the supposition of Corollary 1.9, for n = 5, let

f (z + ω) =

−5d
2c

f (z)

f (z) +
5d
2c

=
−5d f (z)

2c f (z) + 5d

and a =
δ5

c,d

2
, then we have 2G =

F

F −
1
2

, where G = R(1) and F = R( f ).

Proof. We have

G = −
a f 5(z + ω)

b f 2(z + ω) + c f (z + ω) + d
. (4.1)

Since
c2

4bd
=

n(n − 2)
(n − 1)2 =

15
16

, we get b =
4c2

15d
. Let β1, β2 =

(−15 ±
√

15i)d
8c

. From (4.1) we see that

2G = −
2a f 5(z + ω)

4c2

15d
f 2(z + ω) + c f (z + ω) + d

= −
30ad f 5(z + ω)

4c2 f 2(z + ω) + 15cd f (z + ω) + 15d2

= −
30ad f 5(z + ω)

4c2( f (z + ω) − β1)( f (z + ω) − β2)

= −
30ad6(−5)5 f 5(z)

4c2(2c f (z) + 5d)5

(
−5d f (z)

2c f (z) + 5d
− β1

) (
−5d f (z)

2c f (z) + 5d
− β2

)
=

30ad655 f 5(z)

4c2(2c f (z) + 5d)3

(
f (z) +

5dβ1

2cβ1 + 5d

) (
f (z) +

5dβ2

2cβ2 + 5d

)
(5d + 2cβ1)(5d + 2cβ2)

.

Now as 5d + 2cβ1 =
(5 +

√
15i)d

4
and 5d + 2cβ2 =

(5 −
√

15i)d
4

, we deduce that

(5d + 2cβ1)(5d + 2cβ2) =
5d2

2
,

5dβ1

5d + 2cβ1
=

5d
2c

(
−3 +

√
15i

2

)
,

5dβ2

5d + 2cβ2
=

5d
2c

(
−3 −

√
15i

2

)
.

So
5dβ1

5d + 2cβ1
+

5dβ2

5d + 2cβ2
= −

15d
2c

and
5β1

5 + 2cβ1

5β2

5 + 2cβ2
=

75d2

2c2 . Therefore

2G =
30ad655 f 5(z)

4c2(2c f (z) + 5d)3

(
f 2(z) −

15d
2c

f (z) +
75d2

2c2

)
5d2

2

=
30ad454 f 5(z)

(8c3 f 3(z) + 60c2d f 2(z) + 150cd2 f (z) + 125d3)
(
2c2 f 2(z) − 15cd f (z) + 75d2)

=
30ad454 f 5(z)

16c5 f 5(z) + 2500c2d3 f 2(z) + 9375cd4 f (z) + 9375d5 .
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For n = 5 and m = 1, we set a =
1
2
γ1 = −

2be1 + c
10e4

1

, where e1 = −
5d
2c

. So a simple calculation yields

a =
16c5

30(5d)4 . i.e., we have 30a(5d)4 = 16c5 and with the help of this, we get

2G =
16c5 f 5(z)

16c5 f 5(z) + 2500c2d3 f 2(z) + 9375cd4 f (z) + 9375d5

=
a f 5(z)

a f 5(z) +
1
2

(
2500ad3

8c3 f 2(z) +
9375ad4

8c4 f (z) +
9375ad5

8c5

)
=

a f 5(z)

a f 5(z) +
1
2

(b f 2(z) + c f (z) + d)

=

a f 5(z)
b f 2(z) + c f (z) + d

a f 5(z)
b f 2(z) + c f (z) + d

+
1
2

=
F

F −
1
2

.

Thus we see that G− 1 = −
F − 1

2F − 1
. In other words, we observe that E f (z)(Si,∞) = E f (z+ω)(Si,∞), for i = 1, 2;

but f (z) . f (z + ω).

In view of the Proposition 4.1, for ew = −1, we see, from the following series of examples, rather to say
from the following counter examples that

f (z) , f (z + ω) =

−5d
2c

f (z)

f (z) +
5d
2c

implies E f (z)(Si,∞) = E f (z+ω)(Si,∞), i = 1, 2 and satisfy all the conditions of Proposition 4.1.

Example 4.2. Let f (z) =
βeqz

sin2
(
πz
ω

)
−

cβ
5d

eqz
, where q be an odd positive integer and β ∈ C∗.

Example 4.3. Let f (z) =

−5dα
c

eqz

(αeqz − β)
, where q be an odd positive integer and α, β ∈ C∗.

Example 4.4. Let f (z) =
−

5d
2c

eqz cos2
(
πz
ω

)
sin2

(
πz
ω

)
+

1
2

eqz cos2
(
πz
ω

) , where q be an odd positive integer.

Example 4.5. Let f (z) =
−

5d
c
1(ez)

(
epz + sin2

(
πz
ω

))
1(ez)

(
epz + sin2

(
πz
ω

))
+ eqz log c

, where 1(z) is an even function and p be an even positive

integer.
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From the above discussion, we finally pose the following open question for future investigations.

Question 4.6. Under the supposition of Corollary 1.9, can one find a counter example for a infinite ordered
meromorphic function for which the conclusion of Corollary 1.9 ceases to hold ?

However we have been able to find a counter example for infinite ordered meromorphic function to

show that when a =
δ5

c,d

2
the conclusion of Corollary 1.9 does hold.

Example 4.7. Let f (z) =
−

5d
c

P(ez)eepz

P(ez)eepz
+ eqz cos2

(
πz
ω

) , where p and q are respectively even and odd positive integers

and P(ζ) =

s∑
j=1

a jζ
2 j, where s be a positive integer, a j ∈ C∗ ( j = 1, 2, . . . , s), as , 0.
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