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Abstract. This paper is devoted to the study of a nonlinear Kirchhoff-Carrier wave equation in an annular
associated with nonhomogeneous Dirichlet conditions. At first, by applying the Faedo-Galerkin, we prove
existence and uniqueness of the solution of the problem considered. Next, by constructing Lyapunov
functional, we prove a blow-up result for solutions with a negative initial energy and establish a sufficient
condition to obtain the exponential decay of weak solutions.

1. Introduction

In this paper, we are concerned with the following nonlinear Kirchhoff-Carrier wave equation in the
annular

utt − µ
(
t, ‖u(t)‖20 , ‖ux(t)‖20

) (
uxx +

1
x

ux

)
= f

(
x, t,u,ux,ut, ‖u(t)‖20 , ‖ux(t)‖20

)
, ρ < x < 1, 0 < t < T, (1.1)

associated with nonhomogeneous Dirichlet conditions

u(ρ, t) = 10(t), u(1, t) = 11(t), (1.2)

and initial conditions

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x), (1.3)

where µ, f , 10, 11, ũ0(x), ũ1(x) are given functions; ρ ∈ (0, 1) is given constant. In Eq. (1.1), the nonlinear

terms µ
(
t, ‖u(t)‖20 , ‖ux(t)‖20

)
, f

(
x, t,u,ux,ut, ‖u(t)‖20 , ‖ux(t)‖20

)
, depend on the integrals ‖u(t)‖20 =

∫ 1

ρ
xu2(x, t)dx

and ‖ux(t)‖20 =
∫ 1

ρ
xu2

x(x, t)dx.

2010 Mathematics Subject Classification. 35L20, 35L70, 35Q74, 37B25.
Keywords. Nonlinear Kirchhoff-Carrier wave equation; Blow-up; Exponential decay.
Received: 10 December 2018; Revised: 14 February 2019; Accepted: 09 March 2019
Communicated by Dragan S. Djordjević
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Eq. (1.1) herein is the bidimensional nonlinear wave equation describing nonlinear vibrations of the
annular membrane Ω = {(x, y) : ρ2 < x2 + y2 < 1}. In the vibration processing, the area of the annular
membrane and the tension at various points change in time. The conditions u(ρ, t) = 10(t) and u(1, t) = 11(t)
on the boundaries Γ1 = {(x, y) : x2 + y2 = ρ2

} and Γ2 = {(x, y) : x2 + y2 = 1} describe vibrations of a membrane
which depends on 10 and 11 at the both boundaries of the annular membrane.

It is known that Kirchhoff [6] first investigated the following nonlinear vibration of an elastic string

ρhutt =

(
P0 +

Eh
2L

∫ L

0

∣∣∣∣∣∂u
∂y

(y, t)
∣∣∣∣∣2 dy

)
uxx, (1.4)

where u = u(x, t) is the lateral displacement at the space coordinate x and the time t, ρ is the mass density, h
is the cross-section area, L is the length, E is the Young modulus, P0 is the initial axial tension.

In [3], Carrier established the equation which models vibrations of an elastic string when changes in
tension are not small

ρutt −

(
1 +

EA
LT0

∫ L

0
u2(y, t)dy

)
uxx = 0, (1.5)

where u(x, t) is the x−derivative of the deformation, T0 is the tension in the rest position, E is the Young
modulus, A is the cross - section of a string, L is the length of a string and ρ is the density of a material.
Clearly, if properties of a material depends on x and t, there is a hyperbolic equation of the type (Larkin [7])

utt − B
(
x, t,

∫ 1

0
u2(y, t)dy

)
uxx = 0. (1.6)

The Kirchhoff - Carrier equations of the form Eq. (1.1) received much attention. We refer the reader
to, e.g., Cavalcanti et al. [1], [2], Ebihara, Medeiros and Miranda [4], Miranda et al. [15], Lasiecka and
Ong [8], Hosoya, Yamada [5], Larkin [7], Long et al. [10]-[12], Medeiros [14], Menzala [16], Messaoudi
[17], Ngoc et al. [18]-[22], Park et al. [23], [24], Rabello et al. [25], Santos et al. [26], Truong et al. [28],
for many interesting results and further references. In these works, the results concerning local existence,
global existence, asymptotic expansion, asymptotic behavior, decay and blow-up of solutions have been
examined.

Recently, Gongwei Liu [13] studied the damped wave equation of Kirchhoff type with initial and
Dirichlet boundary condition

utt −M
(
‖5u(t)‖2

)
∆u + ut = 1(u) in Ω × (0,∞),

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,
u(x, t) = 0 on ∂Ω × (0,∞),

(1.7)

where Ω is a bounded domain with smooth boundary ∂Ω, 1 is a source term with exponential growth at
the infinity to be specified later. Here M(s) is a positive C1 function on [0,∞) and M(s) ≥ 1, |M′(s)| ≤ sα for
all s > 1, α ≥ 0 and for suitably chosen initial data, (1.7) possesses a global weak solution which decays
exponentially. On the other hand, if conditions of M, 1 and initial data are suitable, the solution u of (1.7)
blows-up at a finite T∗.

In [15] Miranda and Jutuca dealt with the existence and uniqueness of solutions and exponential decay
of solutions of an initial-homogeneous boundary value problem for the Kirchhoff equation.

In [1], [2], Cavalcanti also studied the existence and uniform decay of solutions of the Kirchhoff-Carrier
equation.

In [28], the global existence and regularity of weak solutions for the linear wave equation

utt − uxx + Ku + λut = f (x, t), 0 < x < 1, t > 0 (1.8)

with the initial conditions as in (1.3) and two-point boundary conditions. The exponential decay of solutions
was given there by using Lyapunov method.
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Motivated by the above work, we intend to study the existence and uniqueness, the blow-up and
exponential decay of solutions for problem (1.1-1.3) under suitable conditions on f , µ and initial data. Our
paper is organized as follows.

First, we present preliminaries in Section 2, with the notations, definitions, list of appropriate spaces
and required lemmas. We prove the existence and uniqueness a weak solution in Section 3 by using
Faedo-Galerkin method, the linearization method and the weak compact method. Next, in Section 4, Prob.
(1.1)-(1.3) is considered in case µ = µ

(
‖ux(t)‖20

)
, f = −λut + f (u), 10(t) = 11(t) ≡ 0, with λ > 0 is constant. If

some auxiliary conditions are satisfied, we imply that the weak solution u of Prob. (1.1)-(1.3) blows-up at
finite time.

Finally, in Section 5 with the case µ = µ
(
‖ux(t)‖20

)
, f = −λut + f (u) + F(x, t), 10(t) = 11(t) ≡ 0, if∫

‖ũ0x‖
2
0

0 µ(z)dz − p
∫ 1

ρ
xdx

∫ ũ0(x)

0 f (z)dz > 0 and the initial energy and ‖F(t)‖0 are small enough, we verify that
the energy of the solution decays exponentially as t → +∞. In the proofs, to obtain the blow-up and the
exponential decay, we use the multiplier technique combined with a suitable Lyapunov functionals. Our
results can be regarded as an extension and improvement of the corresponding results of [7], [10]-[12],
[18]-[22], [28].

2. Preliminaries

First, we put Ω = (ρ, 1), QT = Ω × (0,T), T > 0, and denote the usual function spaces used throughout
the paper by the notations Lp = Lp(Ω), Hm = Hm(Ω). We denote the usual norm in L2 by ‖ · ‖ and we denote
‖ · ‖X for the norm in the Banach space X. We call X′ the dual space of X. We denote Lp(0,T; X), 1 ≤ p ≤ ∞
the Banach space of real functions u : (0,T)→ X measurable, such that ‖u‖Lp(0,T;X) < +∞, with

‖u‖Lp(0,T;X) =


(∫ T

0 ‖u(t)‖pX dt
)

, if 1 ≤ p < ∞,

ess sup0<t<T ‖u(t)‖X , if p = ∞.

With f ∈ Ck
(
[ρ, 1] × [0,T∗] ×R3

×R2
+

)
, f = f (x, t, y1, y2, y3, y4, y5), we put D1 f =

∂ f
∂x , D2 f =

∂ f
∂t , Di+2 f =

∂ f
∂yi

with i = 1, . . . , 5, and Dα f = Dα1
1 . . .Dα7

7 f , α = (α1, . . . , α7) ∈ Z7
+, |α| = α1 + . . . + α7 = k, D(0,...,0) f = f .

With µ ∈ Ck
(
[0,T∗] ×R2

+

)
, µ = µ(t, y, z), we put D1µ =

∂µ
∂t , D2µ =

∂µ
∂y , D3µ =

∂µ
∂z and Dβµ = Dβ1

1 . . .D
β3

3 µ,
β =

(
β1, . . . , β3

)
∈ Z3

+, |β| = β1 + . . . + β3 = k, D(0,...,0)µ = µ.
On H1, H2, we use the following norms

‖v‖H1 =
(
‖v‖2 + ‖vx‖

2
) 1

2 , (2.1)

and

‖v‖H2 =
(
‖v‖2 + ‖vx‖

2 + ‖vxx‖
2
) 1

2 , (2.2)

respectively.
We remark that L2,H1, H2 are the Hilbert spaces with respect to the corresponding scalar products

〈u, v〉 =

∫ 1

ρ
xu(x)v(x)dx, 〈u, v〉 + 〈ux, vx〉, 〈u, v〉 + 〈ux, vx〉 + 〈uxx, vxx〉. (2.3)

The norms in L2, H1 and H2 induced by the corresponding scalar products (2.3) are denoted by ‖ · ‖0,
‖ · ‖1 and ‖ · ‖2.

We then have the following lemmas.

Lemma 2.1. The following inequalities are fulfilled



L. H. K. Son et al. / Filomat 33:17 (2019), 5561–5588 5564

(i)
√
ρ‖v‖ ≤ ‖v‖0 ≤ ‖v‖ for all v ∈ L2,

(ii)
√
ρ‖v‖H1 ≤ ‖v‖1 ≤ ‖v‖H1 for all v ∈ H1.

Lemma 2.2. The embedding H1
0 ↪→ C0

(
Ω

)
is compact and for all v ∈ H1

0, we have

(i) ‖v‖C0(Ω) ≤
√

1 − ρ‖vx‖,

(ii) ‖v‖ ≤ 1−ρ
√

2
‖vx‖,

(iii) ‖v‖0 ≤
1−ρ
√

2
‖vx‖0.

Proofs of Lemma 2.1 and Lemma 2.2 are straightforward, so we omit the details.

Remark 2.3. On L2, two norms v 7→ ‖v‖ and v 7→ ‖v‖0 are equivalent. So are two norms v 7→ ‖v‖H1 and v 7→ ‖v‖1
on H1, and four norms v 7→ ‖v‖H1 , v 7→ ‖v‖1, v 7→ ‖vx‖, and v 7→ ‖vx‖0 on H1

0.

Lemma 2.4. We have

‖v‖C0(Ω) ≤ α0‖v‖H1 for all v ∈ H1 (2.4)

where α0 = 1√
2(1−ρ)

√
1 +

√
1 + 16(1 − ρ)2.

Proof of Lemma 2.4. It is well known that the embedding H1 ↪→ C0
(
Ω

)
is compact. Since C1

(
Ω

)
is dense

in H1, we only show that (2.4) holds for all v ∈ C1
(
Ω

)
. For all v ∈ C1

(
Ω

)
, and x, y ∈ Ω, we have

v2(x) = v2(y) + 2
∫ x

y
v(z)vx(z)dz.

Integrating over y from ρ to 1 to get

(1 − ρ)v2(x) = ‖v‖2 + 2
∫ 1

ρ
dy

∫ x

y v(z)vx(z)dz

= ‖v‖2 + 2
∫ 1

ρ
dy

∫ x

ρ
v(z)vx(z)dz − 2

∫ 1

ρ
dy

∫ y

ρ
v(z)vx(z)dz

≤ ‖v‖2 + 2(1 − ρ)
∫ x

ρ
|v(z)vx(z)|dz + 2

∫ 1

ρ
(1 − z)|v(z)vx(z)|dz

≤ ‖v‖2 + 4(1 − ρ)
∫ 1

ρ
(1 − z)|v(z)vx(z)|dz.

(2.5)

Note that α2
0 =

1+
√

1+16(1−ρ)2

2(1−ρ) satisfies 1 + 4(1− ρ) 1
α2

0
= (1− ρ)α2

0, applying the inequality 2ab ≤ 2
α2

0
a2 +

α2
0

2 b2,
for all a, b ∈ R, we deduce from (2.5), that

(1 − ρ)v2(x) ≤ ‖v‖2 + 2(1 − ρ)
(

2
α2

0
‖v‖2 +

α2
0

2

)
=

(
1 + 4(1 − ρ) 1

α2
0

)
‖v‖2 + (1 − ρ)α2

0‖vx‖
2

= (1 − ρ)α2
0‖v‖

2
H1 .

Hence (2.4) holds. Lemma 2.4 is complete. �
Now, we define the following bilinear form

a(u, v) =

∫ 1

ρ
xux(x)vx(x)dx, for all u, v ∈ H1

0. (2.6)
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Lemma 2.5. The symmetric bilinear form a(·, ·) defined by (2.6) is continuous on H1
0 ×H1

0 and coercive on H1
0, i.e.,

(i) |a(u, v)| ≤ ‖ux‖0‖vx‖0,

(ii) a(v, v) ≥ ‖vx‖
2
0,

for all u, v ∈ H1
0.

Lemma 2.6. There exists the Hilbert orthonormal base {w j} of the space L2 consisting of eigenfunctions w j corre-
sponding to eigenvalues λ j such that

(i) 0 < λ1 ≤ λ2 ≤ · · · ≤ λ j ≤ λ j+1 ≤ · · · , lim j→+∞ λ j = +∞,

(ii) a(w j, v) = λ j〈w j, v〉 for all v ∈ H1
0, j = 1, 2, . . .

Furthermore, the sequence {w j/
√
λ j} is also the Hilbert orthonormal base of H1

0 with respect to the scalar product
a(·, ·).

On the other hand, we also have w j satisfying the following boundary value problem{
Aw j ≡ −

(
w jxx + 1

x w jx

)
= − 1

x
∂
∂x

(
xw jx

)
= λ jw j, in Ω,

w j(ρ) = w j(1) = 0,w j ∈ C∞([ρ, 1]).
(2.7)

The proof of Lemma 2.6 can be found in [[27], p.87, Theorem 7.7], with H = L2, and a(·, ·) as defined by
(2.6). �

We also note that the operator A : H1
0 −→ (H1

0)′ in (2.7) is uniquely defined by the Lax-Milgram’s lemma,
i.e.

a(u, v) = 〈Au, v〉 for all u, v ∈ H1
0. (2.8)

Lemma 2.7. On H1
0 ∩ H2, two norms v 7→ ‖v‖H1

0∩H2 =
√
‖vx‖

2
0 + ‖vxx‖

2
0 and v 7→ ‖v‖2∗ =

√
‖vx‖

2
0 + ‖Av‖20 are

equivalent and

C1ρ‖v‖H1
0∩H2 ≤ ‖v‖2∗ ≤ C2ρ‖v‖H1

0∩H2 for all v ∈ H1
0 ∩H2, (2.9)

where

C1ρ =
√

(1 − ρ)ρ3, C2ρ =

√
1 +

2
ρ2 . (2.10)

Proof of Lemma 2.7. For all v ∈ H1
0 ∩H2, we have

‖Av‖0 ≤ ‖vxx‖0 +
∥∥∥ 1

x vx

∥∥∥
0

≤ ‖vxx‖0 + 1
ρ‖vx‖0.

Hence

‖v‖22∗ = ‖vx‖
2
0 + ‖Av‖20

≤ ‖vx‖
2
0 + 2‖vxx‖

2
0 + 2

ρ2 ‖vx‖
2
0

≤ C2
2ρ‖v‖

2
H1

0∩H2 .

On the other hand

‖Av‖20 = ‖vxx‖
2
0 +

∥∥∥∥∥1
x

vx

∥∥∥∥∥2

0
+ 2

∫ 1

ρ
vx(x)vxx(x)dx

≥ ‖vxx‖
2
0 + ‖vx‖

2
0 + 2

∫ 1

ρ
vx(x)vxx(x)dx.
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Therefore

‖vxx‖
2
0 + ‖vx‖

2
0 ≤ ‖Av‖20 − 2

∫ 1

ρ
vx(x)vxx(x)dx

≤ ‖Av‖20 +
2
ρ
‖vx‖0 ‖vxx‖0

≤ ‖Av‖20 +
1
ρ

(
1
ρ2 ‖vx‖

2
0 + ρ2

‖vxx‖
2
0

)
,

this implies that

‖vxx‖
2
0 + ‖vx‖

2
0 ≤

1
1 − ρ

(
‖Av‖20 +

1 − ρ4

ρ3 ‖vx‖
2
0

)
≤

1
C2

1ρ

‖v‖22∗ .

Lemma 2.7 is complete. �

3. The existence and uniqueness theorem

First, we make the following assumptions:

(H1) : 10, 11 ∈ C3 ([0,T∗]) ;

(H2) : ũ0 ∈ H2, ũ1 ∈ H1, ũ0(ρ) − 10(0) = ũ0(1) − 11(0) = 0;

(H3) : µ ∈ C1
(
[0,T∗] ×R2

+

)
, µ

(
t, y, z

)
≥ µ∗ > 0, ∀

(
t, y, z

)
∈ [0,T∗] ×R2

+;

(H4) : f ∈ C1
([
ρ, 1

]
× [0,T∗] ×R3

×R2
+

)
, satisfying the following conditions

f
(
ρ, t, y1, y2, y3, y, z

)
= f

(
1, t, y1, y2, y3, y, z

)
= 0,

∀
(
t, y1, y2, y3, y, z

)
∈ [0,T∗] ×R3

×R2
+.

Put

ϕ (x, t) =
1

1 − ρ
{[
11 (t) − 10 (t)

]
x + 10 (t) − ρ11 (t)

}
.

By the transformation v (x, t) = u (x, t) − ϕ (x, t) , Prob. (1.1)-(1.3) reduces to the following problem with
the homogeneous boundary conditions

vtt + µ[v](t)Av = f̃ [v](x, t), ρ < x < 1, 0 < t < T,
v
(
ρ, t

)
= v (1, t) = 0,

v (x, 0) = ṽ0 (x) , vt (x, 0) = ṽ1 (x) ,
(3.1)

in which

µ[v](t) = µ
(
t,
∥∥∥v + ϕ

∥∥∥2

0
,
∥∥∥vx + ϕx

∥∥∥2

0

)
,

f̃ [v](x, t) = f
(
x, t, v + ϕ, vx + ϕx, vt + ϕt,

∥∥∥v + ϕ
∥∥∥2

0
,
∥∥∥vx + ϕx

∥∥∥2

0

)
− ϕtt +

1
x
ϕ̃ (t)µ[v](t),

ϕ̃ (t) = ϕx (x, t) =
11(t)−10(t)

1−ρ ,

ṽ0 (x) = ũ0 (x) − ϕ (x, 0) , ṽ1 (x) = ũ1 (x) − ϕt (x, 0) ,
(ṽ0, ṽ1) ∈ (H1

0 ∩H2) ×H1
0.

(3.2)
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Consider T∗ > 0 fixed, let M > 0, we put

KM
(

f
)

=
∥∥∥ f

∥∥∥
C1(AM) =

∥∥∥ f
∥∥∥

C0(AM) +
∑7

i=1

∥∥∥Di f
∥∥∥

C0(AM) , (3.3)

K̃M
(
µ
)

=
∥∥∥µ∥∥∥C1(ÃM) =

∑3

i=1

∥∥∥Diµ
∥∥∥

C0(ÃM) ,∥∥∥ f
∥∥∥

C0(AM) = sup
{∣∣∣ f (

x, t, y1, y2, y3, y, z
)∣∣∣ :

(
x, t, y1, y2, y3, y, z

)
∈ AM

}
,∥∥∥µ∥∥∥C0(ÃM) = sup

(t,y,z)∈ÃM

∣∣∣µ (
t, y, z

)∣∣∣ ,
where

AM =

(x, t, y1, y2, y3, y, z
)
∈ [ρ, 1] × [0,T∗] ×R3

×R2
+ :

∣∣∣y1

∣∣∣ ≤ √
1 − ρ
ρµ∗

M + M∗,∣∣∣y2

∣∣∣ ≤ α0

C1ρ
√
ρµ∗

M + M∗,

∣∣∣y3

∣∣∣ ≤ √
1 − ρ
ρ

M + M∗,

0 ≤ y ≤

 (1 − ρ)M√
2ρµ∗C1ρ

+

√
1 − ρ2

2
M∗


2

,

0 ≤ z ≤

 M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗


2
 ,

ÃM =

(t, y, z) ∈ [0,T∗] ×R2
+ : 0 ≤ y ≤

 (1 − ρ)M√
2ρµ∗C1ρ

+

√
1 − ρ2

2
M∗


2

,

0 ≤ z ≤

 M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗


2
 ,

M∗ =
∥∥∥ϕ∥∥∥

C1(Ω×[0,T∗]) .

(3.4)

Now, for each M > 0 and T ∈ (0,T∗] , we consider the sets

W (M,T) = {v ∈ L∞
(
0,T; H1

0 ∩H2
)

: v′ ∈ L∞
(
0,T; H1

0

)
, v′′ ∈ L2 (QT) ,

‖v‖L∞(0,T;H1
0∩H2) ≤

M
√
µ∗C1ρ

, ‖v′‖L∞(0,T;H1
0) ≤M, ‖v′′‖L2(QT) ≤M},

W1 (M,T) =
{
u ∈W (M,T) : utt ∈ L∞

(
0,T; L2

)}
,

(3.5)

and we establish the linear recurrent sequence {vm} as follows.
We shall choose as first initial term v0 ≡ ṽ0, suppose that

vm−1 ∈W1(M,T), (3.6)

and associate with the problem (3.1) the following variational problem:
Find vm ∈W1 (M,T) (m ≥ 1) so that{ 〈

v′′m(t),w
〉

+ µm (t) a(vm(t),w) = 〈Fm (t) ,w〉 , ∀w ∈ H1
0,

vm (0) = ṽ0, v′m (0) = ṽ1,
(3.7)

where µm (t) = µ[vm−1](t) = µ
(
t,
∥∥∥vm−1 (t) + ϕ (t)

∥∥∥2

0
,
∥∥∥∇vm−1 + ϕx

∥∥∥2

0

)
,

Fm (t) = f̃ [vm−1](x, t).
(3.8)
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The existence of a sequence {vm} defined by (3.6) - (3.8) is established by our following theorem.
Theorem 3.1. Let the assumptions (H1) − (H4) hold. Then there exist positive constants M, T such that the

problem (3.7), (3.8) has a solution vm ∈W1(M,T).
Proof of Theorem 3.1. The proof consists of three steps.
Step 1. The Faedo - Galerkin approximation (introduced by Lions [9]). Consider the basis {w j} for H1

0 as in
Lemma 2.6. Put

v(k)
m (t) =

∑k

j=1
c(k)

mj(t)w j, (3.9)

where the coefficients c(k)
mj satisfy the system of linear differential equations

〈
v̈(k)

m (t),w j

〉
+ µm (t) a(v(k)

m (t),w j) =
〈
Fm (t) ,w j

〉
,

v(k)
m (0) = ṽ0k, v̇(k)

m (0) = ṽ1k, j = 1, ..., k,
(3.10)

with  v0k =
∑k

j=1 α
(k)
j w j → ṽ0 strongly in H1

0 ∩H2,

v1k =
∑k

j=1 β
(k)
j w j → ṽ1 strongly in H1

0.
(3.11)

The system (3.10) can be rewritten in form c̈(k)
mj(t) + λ jµm(t)c(k)

mj(t) = Fmj(t),

c(k)
mj(0) = α(k)

j , ċ(k)
mj(0) = β(k)

j , 1 ≤ j ≤ k,
(3.12)

in which

Fmj(t) = 〈Fm(t),w j〉, 1 ≤ j ≤ k. (3.13)

Note that by (3.6), it is not difficult to prove that the system (3.12) has a unique solution c(k)
mj(t), 1 ≤ j ≤ k

on interval [0,T], so let us omit the details.
Step 2. A priori estimates.
We put

S(k)
m (t) =

∥∥∥v̇(k)
m (t)

∥∥∥2

0
+

∥∥∥v̇(k)
mx(t)

∥∥∥2

0
(3.14)

+ µm (t)
(∥∥∥v(k)

mx(t)
∥∥∥2

0
+

∥∥∥Av(k)
m (t)

∥∥∥2

0

)
+

∫ t

0

∥∥∥v̈(k)
m (s)

∥∥∥2

0
ds,

and

σ1m(t) = 1′′1 (t) − ϕ̃ (t)µm(t), σρm(t) = −ρ1′′0 (t) + ϕ̃ (t)µm(t). (3.15)

Then, it follows from (3.10), (3.14), (3.15), that

S(k)
m (t) = S(k)

m (0) +

∫ t

0
µ′m (s)

[∥∥∥v(k)
mx(s)

∥∥∥2

0
+

∥∥∥Av(k)
m (s)

∥∥∥2

0

]
ds (3.16)

+ 2
∫ t

0

〈
Fm (s) , v̇(k)

m (s)
〉

ds + 2
∫ t

0

〈
Fmx (s) , v̇(k)

mx(s)
〉

ds

+ 2
∫ t

0
σ1m(s)v̇(k)

mx(1, s)ds + 2
∫ t

0
σρm(s)v̇(k)

mx(ρ, s)ds

+

∫ t

0

∥∥∥v̈(k)
m (s)

∥∥∥2

0
ds

≡ S(k)
m (0) +

∑6

j=1
I j.
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In order to estimate the terms I j we need the following lemma
Lemma 3.2. We have the following estimates

(i)
∣∣∣µ′m (t)

∣∣∣ ≤ µ̄M, a.e. t ∈ (0,T),
(ii) |Fm (x, t)| ≤ F̄1(M), a.e. (x, t) ∈ QT = (ρ, 1) × (0,T),

(iii) ‖Fmx(t)‖0 ≤ F̄2(M), a.e. t ∈ (0,T),

(iv)
∣∣∣σ′1m(t)

∣∣∣ ≤ σ̄1M, a.e. t ∈ (0,T),

(v)
∣∣∣σ′ρm(t)

∣∣∣ ≤ σ̄ρM, a.e. t ∈ (0,T),
where

µ̄M = K̃M
(
µ
) 1 + 4

 M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗


M +

√
1 − ρ2

2
M∗


 , (3.17)

F̄1(M) = KM
(

f
)

+
(∥∥∥10

∥∥∥
C2([0,T∗]) +

∥∥∥11

∥∥∥
C2([0,T∗])

) (
1 +

K̃M
(
µ
)

ρ(1 − ρ)

)
,

F̄2(M) = 2KM
(

f
) 1 + M

2
+

M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗


+

∥∥∥ϕ̃∥∥∥
C2([0,T∗])

(
1 +

1
ρ2 K̃M

(
µ
)) √

1 − ρ2

2
,

σ̄1M =
∥∥∥1′′′1

∥∥∥
C0([0,T∗]) +

∥∥∥ϕ̃′∥∥∥C0([0,T∗]) K̃M
(
µ
)

+
∥∥∥ϕ̃∥∥∥

C0([0,T∗]) µ̄M,

σ̄ρM = ρ
∥∥∥1′′′0

∥∥∥
C0([0,T∗]) +

∥∥∥ϕ̃′∥∥∥C0([0,T∗]) K̃M
(
µ
)

+
∥∥∥ϕ̃∥∥∥

C0([0,T∗]) µ̄M.

Proof of Lemma 3.2.
Proof (i). Note that

µ′m (t) = D1µ[vm−1](t) + 2D2µ[vm−1](t)〈vm−1(t) + ϕ (t) , v′m−1(t) + ϕ′ (t)〉
+ 2D3µ[vm−1](t)〈∇vm−1(t) + ϕx (t) ,∇v′m−1(t) + ϕ′x (t)〉,

with Diµ[vm−1](t) = Diµ(t,
∥∥∥vm−1(t) + ϕ (t)

∥∥∥2

0
,
∥∥∥∇vm−1(t) + ϕx (t)

∥∥∥2

0
), i = 1, 2, 3, it implies from (3.6) that

∣∣∣µ′m (t)
∣∣∣ ≤

µ̄M.
Proof (ii). By (3.2)2 and (3.8)2, we have

|Fm (x, t)| ≤ KM
(

f
)

+
∣∣∣ϕtt

∣∣∣ +
1
x

∣∣∣ϕ̃ (t)
∣∣∣ K̃M

(
µ
)

≤ KM
(

f
)

+
∣∣∣1′′0 (t)

∣∣∣ +
∣∣∣1′′1 (t)

∣∣∣ +
1
ρ

∣∣∣10 (t)
∣∣∣ +

∣∣∣11 (t)
∣∣∣

1 − ρ
K̃M

(
µ
)

≤ F̄1(M).

Proof (iii). Note that

Fmx(t) = D1 f [vm−1] (t) + D3 f [vm−1] (t)
(
Ovm−1(t) + ϕx

)
+ D4 f [vm−1] (t)

(
∆vm−1(t) + ϕxx

)
+ D5 f [vm−1] (t)

(
Ov′m−1(t) + ϕ′x

)
− ϕ̃′′ (t) −

1
x2 ϕ̃ (t)µm(t),

where Di f [vm−1] = Di f
(
x, t, vm−1 + ϕ,∇vm−1 + ϕx, v′m−1 + ϕ′,

∥∥∥vm−1 + ϕ
∥∥∥2

0
,
∥∥∥∇vm−1 + ϕx

∥∥∥2

0

)
, i = 1, · · · , 7.
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It implies from (3.6) that

‖Fmx(t)‖0 ≤ KM
(

f
) 1 +

 M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗

 +
M
√
µ∗C1ρ

+

M +

√
1 − ρ2

2
M∗




+

(∥∥∥ϕ̃′′∥∥∥C0([0,T∗]) +
1
ρ2

∥∥∥ϕ̃∥∥∥
C0([0,T∗]) K̃M

(
µ
)) √

1 − ρ2

2

≤ 2KM
(

f
) 1 + M

2
+

M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗


+

∥∥∥ϕ̃∥∥∥
C2([0,T∗])

(
1 +

1
ρ2 K̃M

(
µ
)) √

1 − ρ2

2

≤ F̄2(M).

Proof (iv). We have

σ′1m(t) = 1′′′1 (t) − ϕ̃′ (t)µm(t) − ϕ̃ (t)µ′m(t),

so∣∣∣σ′1m(t)
∣∣∣ ≤ ∣∣∣1′′′1 (t)

∣∣∣ +
∣∣∣ϕ̃′ (t)∣∣∣µm(t) +

∣∣∣ϕ̃ (t)
∣∣∣ ∣∣∣µ′m(t)

∣∣∣ ≤ σ̄1M.

Proof (v). It is similarly to the proof of (iv).
The proof of Lemma 3.2 is complete. �
Applying Lemma 3.2, we now estimate the terms I j on the right - hand side of (3.16) as follows. By

Lemma 3.2 (i)-(iii) and the following inequality

S(k)
m (t) ≥

∥∥∥v̇(k)
m (t)

∥∥∥2

0
+

∥∥∥v̇(k)
mx(t)

∥∥∥2

0
+ µ∗

[∥∥∥v(k)
mx(t)

∥∥∥2

0
+

∥∥∥Av(k)
m (t)

∥∥∥2

0

]
,

we obtain

I1 =

∫ t

0
µ′m (s)

[∥∥∥v(k)
mx(s)

∥∥∥2

0
+

∥∥∥Av(k)
m (s)

∥∥∥2

0

]
ds ≤

µ̄M

µ∗

∫ t

0
S(k)

m (s)ds, (3.18)

I2 = 2
∫ t

0

〈
Fm (s) , v̇(k)

m (s)
〉

ds ≤
1 − ρ2

2
TF̄2

1(M) +

∫ t

0
S(k)

m (s)ds,

I3 = 2
∫ t

0

〈
Fmx (s) , v̇(k)

mx(s)
〉

ds ≤ TF̄2
2(M) +

∫ t

0
S(k)

m (s)ds.

Using integration by parts leads to

I4 = 2
∫ t

0
σ1m(s)v̇(k)

mx(1, s)ds (3.19)

= −2σ1m(0)ṽ0kx(1) + 2σ1m(0)v(k)
mx(1, t) + 2v(k)

mx(1, t)
∫ t

0
σ′1m(s)ds

− 2
∫ t

0
σ′1m(s)v(k)

mx(1, s)ds

= −2σ1m(0)ṽ0kx(1) + I(1)
4 + I(2)

4 + I(3)
4 .

By Lemma 3.2 (iv) and the following inequality
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mx(1, t)

∣∣∣ ≤ ∥∥∥v(k)
mx(t)

∥∥∥
C0(Ω̄) ≤ α0

∥∥∥v(k)
mx(t)

∥∥∥
H1 ≤

α0
√
ρµ∗C1ρ

√
S(k)

m (t),

it is not difficult to estimate the following terms I(1)
4 , I(2)

4 , I(3)
4∣∣∣I(1)

4

∣∣∣ =
∣∣∣2σ1m(0)v(k)

mx(1, t)
∣∣∣ (3.20)

≤
2 |σ1m(0)|α0
√
ρµ∗C1ρ

√
S(k)

m (t) ≤
1
8

S(k)
m (t) +

8α2
0σ

2
1m(0)

ρµ∗C2
1ρ

,

∣∣∣I(2)
4

∣∣∣ = 2

∣∣∣∣∣∣v(k)
mx(1, t)

∫ t

0
σ′1m(s)ds

∣∣∣∣∣∣
≤

2α0Tσ̄1M
√
ρµ∗C1ρ

√
S(k)

m (t) ≤
1
8

S(k)
m (t) +

8T2σ̄2
1Mα

2
0

ρµ∗C2
1ρ

,

∣∣∣I(3)
4

∣∣∣ =

∣∣∣∣∣∣−2
∫ t

0
σ′1m(s)v(k)

mx(1, s)ds

∣∣∣∣∣∣
≤

2σ̄1Mα0
√
ρµ∗C1ρ

∫ t

0

√
S(k)

m (s)ds ≤
Tσ̄2

1Mα
2
0

ρµ∗C2
1ρ

+

∫ t

0
S(k)

m (s)ds.

Hence, we deduce from (3.19) and (3.20) that

I4 ≤ 2 |σ1m(0)ṽ0kx(1)| +
8α2

0σ
2
1m(0)

ρµ∗C2
1ρ

(3.21)

+
1
4

S(k)
m (t) + T (1 + 8T)

α2
0σ̄

2
1M

ρµ∗C2
1ρ

+

∫ t

0
S(k)

m (s)ds.

Similarly, by using integration by parts

I5 = 2
∫ t

0
σρm(s)v̇(k)

mx(ρ, s)ds

= −2σρm(0)ṽ0kx(ρ) + 2σρm(0)v(k)
mx(ρ, t)

+ 2v(k)
mx(ρ, t)

∫ t

0
σ′ρm(s)ds − 2

∫ t

0
σ′ρm(s)v(k)

mx(ρ, s)ds,

from Lemma 3.2 (v) and the following inequality∣∣∣v(k)
mx(ρ, t)

∣∣∣ ≤ ∥∥∥v(k)
mx(t)

∥∥∥
C0(Ω̄) ≤ α0

∥∥∥v(k)
mx(t)

∥∥∥
H1

≤
α0

√
ρµ∗C1ρ

√
S(k)

m (t),

we also have

I5 ≤ 2
∣∣∣σρm(0)ṽ0kx(ρ)

∣∣∣ +
8α2

0σ
2
ρm(0)

ρµ∗C2
1ρ

(3.22)

+
1
4

S(k)
m (t) + T (1 + 8T)

α2
0σ̄

2
ρM

ρµ∗C2
1ρ

+

∫ t

0
S(k)

m (s)ds.
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Eq. (3.10)1 can be rewritten as follows〈
v̈(k)

m (t),w j

〉
+ µm (t)

〈
Av(k)

m (t),w j

〉
=

〈
Fm (t) ,w j

〉
, j = 1, · · · , k. (3.23)

Hence, it follows after replacing w j with v̈(k)
m (t), that∥∥∥v̈(k)

m (t)
∥∥∥2

0
= −µm (t)

〈
Av(k)

m (t), v̈(k)
m (t)

〉
+

〈
Fm (t) , v̈(k)

m (t)
〉

(3.24)

≤

(
µm (t)

∥∥∥Av(k)
m (t)

∥∥∥
0

+ ‖Fm (t)‖0
) ∥∥∥v̈(k)

m (t)
∥∥∥

0

≤

(
µm (t)

∥∥∥Av(k)
m (t)

∥∥∥
0

+ ‖Fm (t)‖0
)2

≤ 2µ2
m (t)

∥∥∥Av(k)
m (t)

∥∥∥2

0
+ 2 ‖Fm (t)‖20

≤ 2K̃M
(
µ
)

S(k)
m (t) +

(
1 − ρ2

)
F̄2

1(M).

Integrating in t to get

I6 =

∫ t

0

∥∥∥v̈(k)
m (s)

∥∥∥2

0
ds ≤ T

(
1 − ρ2

)
F̄2

1(M) + 2K̃M
(
µ
) ∫ t

0
S(k)

m (s)ds. (3.25)

It follows from (3.16), (3.18), (3.21), (3.22) and (3.25), that

S(k)
m (t) ≤ S̄(k)

0m + TD1(M) + D2(M)
∫ t

0
S(k)

m (s)ds, (3.26)

where

S̄(k)
0m = 2S(k)

m (0) + 4
(
|σ1m(0)ṽ0kx(1)| +

∣∣∣σρm(0)ṽ0kx(ρ)
∣∣∣) (3.27)

+
16α2

0

(
σ2

1m(0) + σ2
ρm(0)

)
ρµ∗C2

1ρ

,

D1(M) = 3
(
1 − ρ2

)
F̄2

1(M) + 2F̄2
2(M) + 2 (1 + 8T∗)

α2
0

ρµ∗C2
1ρ

(
σ̄2

1M + σ̄2
ρM

)
,

D2(M) = 2
(
4 +

µ̄M

µ∗
+ 2K̃M

(
µ
))
.

It remains to estimate the term S̄(k)
0m.

Notice that µm(0) = µ(0,
∥∥∥ṽ0 + ϕ (0)

∥∥∥2

0
,
∥∥∥ṽ0x + ϕx (0)

∥∥∥2

0
) is independent of m, so S(k)

m (0), σ1m(0), σρm(0) are
also independent of m, because of

S(k)
m (0) = ‖ṽ1k‖

2
0 + ‖ṽ1kx‖

2
0 + µm(0)

(
‖ṽ0kx‖

2
0 + ‖Aṽ0k‖

2
0

)
,

σ1m(0) = 1′′1 (0) − ϕ̃ (0)µm(0),
σρm(0) = −ρ1′′0 (0) + ϕ̃ (0)µm(0).

By means of the convergences in (3.11), we can deduce the existence of a constant M > 0, it is independent
of k and m such that

S̄(k)
0m = 2S(k)

m (0) + 4
(
|σ1m(0)ṽ0kx(1)| +

∣∣∣σρm(0)ṽ0kx(ρ)
∣∣∣) (3.28)

+
16α2

0

(
σ2

1m(0) + σ2
ρm(0)

)
ρµ∗C2

1ρ

≤
1
2

M2, for all m and k.
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Therefore, we can choose T ∈ (0,T∗], such that(1
2

M2 + TD1(M)
)

exp (TD2(M)) ≤M2, (3.29)

and

kT =

(
1 +

1
√
µ∗

) √
T
(
µ̃M + F2

M

)
eT

(
2+

µ̄M
µ∗

)
< 1, (3.30)

where

µ̃M =
8
µ∗

 M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗


2

M2K̃2
M

(
µ
)
, (3.31)

FM =
(
1 +
√

2
)

KM
(

f
)

+ 2
√

2

 M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗


KM

(
f
)

+

∥∥∥ϕ̃∥∥∥
C0([0,T∗])

ρ
K̃M

(
µ
)

√
1 − ρ2

2
.

Combining (3.26), (3.28) and (3.29), we get

S(k)
m (t) ≤M2e−TD2(M) + D2(M)

∫ t

0
S(k)

m (s)ds. (3.32)

By using Gronwall’s Lemma, (3.32) yields

S(k)
m (t) ≤M2e−TD2(M)etD2(M)

≤M2, (3.33)

for all t ∈ [0,T], for all m and k. It implies that

v(k)
m ∈W(M,T), for all m and k. (3.34)

Step 3. Limiting process. From (3.34), there exists a subsequence of {u(k)
m }, still so denoted, such that

v(k)
m → vm in L∞(0,T; H1

0 ∩H2) weakly*,
v̇(k)

m → v′m in L∞(0,T; H1
0) weakly*,

v̈(k)
m → v′′m in L2(QT) weakly,

vm ∈W(M,T).

(3.35)

Passing to limit in (3.10), we have vm satisfying (3.7), (3.8) in L2(0,T). On the other hand, it follows from
(3.7)1 and (3.35)4 that v′′m = −µm (t) Avm + Fm ∈ L∞(0,T; L2), hence vm ∈ W1(M,T) and the proof of Theorem
3.1 is complete. �

In order to get the existence and uniqueness, we shall use the following Banach space (see [9])

W1(T) = {v ∈ L∞(0,T; H1
0) : v′ ∈ L∞(0,T; L2)},

with respect to the norm ‖v‖W1(T) = ‖v‖L∞(0,T;H1
0) + ‖v′‖L∞(0,T;L2) .

By the result given in Theorem 3.1 and by the compact imbedding theorems, we now prove the main
results in this section as follows.

Theorem 3.3. Let (H1) − (H4) hold. Then, there exist positive constants M, T satisfying (3.28)-(3.30) such that
Prob. (3.1) - (3.2) has a unique weak solution v ∈W1(M,T). Furthermore, the linear recurrent sequence {vm} defined
by (3.7), (3.8) converges to the solution v strongly in the space W1(T) with the estimate

‖vm − v‖W1(T) ≤
2M

1 − kT
km

T , for all m ∈N. (3.36)
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Proof of Theorem 3.3.
(a) The existence. First, we shall prove that {vm} is a Cauchy sequence in W1(T). Let wm = vm+1 − vm. Then

wm satisfies the variational problem
〈w′′m(t),w〉 + µm+1 (t) a(wm(t),w) = −

[
µm+1 (t) − µm (t)

]
〈Avm(t),w〉

+ 〈Fm+1(t) − Fm(t),w〉 , ∀w ∈ H1
0,

wm(0) = w′m(0) = 0,
(3.37)

where

µm (t) = µ[vm−1](t) = µ
(
t,
∥∥∥vm−1 (t) + ϕ (t)

∥∥∥2

0
,
∥∥∥∇vm−1 + ϕx

∥∥∥2

0

)
, (3.38)

Fm (t) = f̃ [vm−1](x, t).

Taking w = w′m in (3.37)1, after integrating in t, we get

Zm(t) =

∫ t

0
µ′m+1 (s) ‖wmx(s)‖20 ds − 2

∫ t

0

[
µm+1 (s) − µm (s)

]
〈Avm(s),w′m(s)〉ds (3.39)

+ 2
∫ t

0

〈
Fm+1(s) − Fm(s),w′m(s)

〉
ds

≡ J1 + J2 + J3,

where

Zm(t) =
∥∥∥w′m(t)

∥∥∥2

0
+ µm+1 (t) ‖wmx(t)‖20 ≥

∥∥∥w′m(t)
∥∥∥2

0
+ µ∗ ‖wmx(t)‖20 . (3.40)

All integrals on the right - hand side of (3.39) will be estimated as below.
The integral J1. By (3.40), we have

|J1| ≤

∫ t

0

∣∣∣µ′m+1 (s)
∣∣∣ ‖wmx(s)‖20 ds ≤

µ̄M

µ∗

∫ t

0
Zm(s)ds, (3.41)

where µ̄M as in Lemma 3.2 (i).
The integral J2. By (H3), it is clear to see that∣∣∣µm+1(t) − µm(t)

∣∣∣ (3.42)

≤ 2K̃M
(
µ
)  M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗

 (‖wm−1(t)‖0 + ‖∇wm−1(t)‖0
)

≤ 2
√

2K̃M
(
µ
)  M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗

 ‖wm−1‖W1(T) .

Hence

|J2| = 2

∣∣∣∣∣∣
∫ t

0

[
µm+1 (s) − µm (s)

]
〈Avm(s),w′m(s)〉ds

∣∣∣∣∣∣ (3.43)

≤ 2
∫ t

0

∣∣∣µm+1 (s) − µm (s)
∣∣∣ ‖Avm(s)‖0

∥∥∥w′m(s)
∥∥∥

0
ds

≤ 4
√

2K̃M
(
µ
)  M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗

 M
√
µ∗
‖wm−1‖W1(T)

∫ t

0

∥∥∥w′m(s)
∥∥∥

0
ds

≤ Tµ̃M ‖wm−1‖
2
W1(T) +

∫ t

0
Zm(s)ds,
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where µ̃M =
8
µ∗

 M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗


2

M2K̃2
M

(
µ
)
.

The integral J3. By (H4) it yields

‖Fm+1(t) − Fm(t)‖0 (3.44)

≤ KM
(

f
) (
‖wm−1(t)‖0 + ‖∇wm−1(t)‖0 +

∥∥∥w′m−1(t)
∥∥∥

0

)
+ 2KM

(
f
)  M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗


√

1 − ρ2

2
(
‖wm−1(t)‖0 + ‖∇wm−1(t)‖0

)
+

1
ρ

∥∥∥ϕ̃∥∥∥
C0([0,T∗])

√
1 − ρ2

2

∣∣∣µm+1(t) − µm(t)
∣∣∣

≤ KM
(

f
) (√

2 ‖wm−1(t)‖1 +
∥∥∥w′m−1(t)

∥∥∥
0

)
+ 2
√

2KM
(

f
) √

1 − ρ2

2

 M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗

 ‖wm−1(t)‖1

+
1
ρ

∥∥∥ϕ̃∥∥∥
C0([0,T∗])

√
1 − ρ2

2
2
√

2K̃M
(
µ
)  M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗

 ‖wm−1‖W1(T)

≤ FM ‖wm−1‖W1(T) ,

where FM as in (3.31). Hence

|J3| = 2

∣∣∣∣∣∣
∫ t

0

〈
Fm+1(s) − Fm(s),w′m(s)

〉
ds

∣∣∣∣∣∣ (3.45)

≤ TF2
M ‖wm−1‖

2
W1(T) +

∫ t

0
Zm(s)ds.

Combining (3.39), (3.41), (3.43) and (3.45), we obtain

Zm(t) ≤ T
(
µ̃M + F2

M

)
‖wm−1‖

2
W1(T) +

(
2 +

µ̄M

µ∗

) ∫ t

0
Zm(s)ds. (3.46)

Using Gronwall’s Lemma, we deduce from (3.46) that

‖wm‖W1(T) ≤ kT ‖wm−1‖W1(T) ∀m ∈N, (3.47)

where kT as in (3.30).
It implies that∥∥∥vm − vm+p

∥∥∥
W1(T)

≤ ‖ṽ0 − v1‖W1(T) (1 − kT)−1km
T (3.48)

≤
2M

1 − kT
km

T ∀m, p ∈N.

It follows that {vm} is a Cauchy sequence in W1(T). Then there exists v ∈W1(T) such that

vm → v strongly in W1(T). (3.49)

Note that vm ∈W1(M,T), then there exists a subsequence {vm j } of {vm} such that
vm j → v in L∞(0,T; H1

0 ∩H2) weakly*,
v′m j
→ v′ in L∞(0,T; H1

0) weakly*,
v′′m j
→ v′′ in L2(QT) weakly,

v ∈W(M,T).

(3.50)
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We also note that∣∣∣µm(t) − µ[v](t)
∣∣∣ ≤ 2

√

2K̃M
(
µ
)  M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗

 ‖vm−1 − v‖W1(T) . (3.51)

Hence, it follows from (3.49) and (3.51) that

µm → µ[v] strongly in L∞(0,T). (3.52)

On the other hand, we have∥∥∥Fm − f̃ [v]
∥∥∥

L∞(0,T;L2)
≤ FM ‖vm−1 − v‖W1(T) . (3.53)

Hence, from (3.49) and (3.53), we obtain

Fm → f̃ [v] strongly in L∞(0,T; L2). (3.54)

Finally, passing to limit in (3.7), (3.8) as m = m j →∞, it implies from (3.49), (3.50)1,3 (3.52) and (3.54) that
there exists u ∈W(M,T) satisfying the equation

〈v′′(t),w〉 + µ[v](t)a(v(t),w) =
〈

f̃ [v](t),w
〉
, (3.55)

for all w ∈ H1
0 and the initial conditions

v(0) = ṽ0, v′(0) = ṽ1. (3.56)

Furthermore, from the assumptions (H3), (H4) we obtain from (3.50)4, (3.52), (3.54) and (3.55), that

v′′ = −µ [v] (t) Av(t) + f̃ [v] (t) ∈ L∞(0,T; L2), (3.57)

thus we have v ∈W1(M,T). The existence of a weak solution of Prob. (3.1) - (3.2) is proved.
(b) The uniqueness. Let v1, v2 ∈ W1(M,T) be two weak solutions of Prob. (3.1) - (3.2). Then v = v1 − v2

satisfies the variational problem
〈v′′(t),w〉 + µ1 (t) a(v(t),w) = −

[
µ1 (t) − µ2 (t)

]
〈Av2(t),w〉

+
〈
F̄1(t) − F̄2(t),w

〉
, ∀w ∈ H1

0,

v(0) = v′(0) = 0,
(3.58)

where F̄i(x, t) = f̃ [vi] (t) , µi (t) = µ[vi](t), i = 1, 2.
We take w = v′ in (3.58)1 and integrate in t to get

Z(t) =

∫ t

0
µ′1 (s) ‖vx(s)‖20 ds − 2

∫ t

0

[
µ1 (s) − µ2 (s)

]
〈Av2(s), v′(s)〉ds (3.59)

+ 2
∫ t

0

〈
F̄1(s) − F̄2(s), v′(s)

〉
ds,

with Z(t) = ‖v′(t)‖20 + µ1 (t) ‖vx(t)‖20 . Put K∗M =
µ̄M

µ∗
+

2M
√
µ∗

RMK̃M
(
µ
)

+ 2KM( f , µ), where

RM =
2
√
µ∗

 M
√
µ∗C1ρ

+

√
1 − ρ2

2
M∗


1 − ρ√

2ρ
+ 1

 ,
KM( f , µ) = KM

(
f
) 1 − ρ√

2ρ
+ 1

 1
√
µ∗

+ RM + 1


+

1
ρ

∥∥∥ϕ̃∥∥∥
C0([0,T∗])

√
1 − ρ2

2
K̃M

(
µ
)

RM,
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it follows from (3.59) that

Z(t) ≤ K∗M

∫ t

0
Z(s)ds, for all t ∈ [0,T].

Using Gronwall’s Lemma, it follows that Z(t) ≡ 0, ie., v1 ≡ v2.
Therefore, Theorem 3.3 is proved. �

4. Blow-up result

In this section, Prob. (1.1) – (1.3) is considered with f = −λut + f (u), µ = µ(‖ux(t)‖20), 10 (t) = 11 (t) ≡ 0,
as follows

utt − µ(‖ux(t)‖20)(uxx + 1
x ux) + λut = f (u), ρ < x < 1, 0 < t < T,

u(ρ, t) = u(1, t) = 0,
u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),

(4.1)

where λ > 0, 0 < ρ < 1 are given constants and ũ0, ũ1, µ, f are given functions satisfying conditions specified
later. First, we assume that

(H∗2) µ ∈ C1 (R+) and there exists the constant µ∗ > 0
such that µ(y) ≥ µ∗ > 0, ∀y ∈ R+;

(H∗3) f ∈ C1(R), f (0) = 0.

Then we obtain the following theorem about the existence of a weak solution.

Theorem 4.1. Suppose that (H1), (H∗2) and (H∗3) hold. Then Prob. (4.1) has a unique local solution

u ∈ C
(
[0,T∗]; H1

0

)
∩ C1

(
[0,T∗]; L2

)
∩ L∞

(
0,T∗; H1

0 ∩H2
)
, (4.2)

u′ ∈ L∞
(
0,T∗; H1

0

)
, u′′ ∈ L∞

(
0,T∗; L2

)
,

for T∗ > 0 small enough.

Proof of Theorem 4.1. The proof is similar to the Theorem 3.1 and Theorem 3.3. �
Next, in order to obtain a blow-up result in Theorem 4.2 below, we make more the following assumptions.

(Ĥ∗2) µ ∈ C1 (R+) , and there exist the constants µ∗ > 0, µ̄1 > 0 such that
(i) µ(y) ≥ µ∗ > 0,∀y ≥ 0,

(ii) yµ(y) ≤ µ̄1

∫ y

0
µ(z)dz, ∀y ≥ 0;

(Ĥ∗3) f ∈ C1(R), f (0) = 0 and there exist the constants p > 2, d1 > 2,
d̄1 > 0 such that

(i) y f (y) ≥ d1

∫ y

0
f (z)dz, ∀y ∈ R,

(ii)
∫ y

0
f (z)dz ≥ d̄1

∣∣∣y∣∣∣p , ∀y ∈ R;

(Ĥ∗4) d1 > 2µ̄1, with d1, µ̄1 as in (Ĥ∗2)(ii), (Ĥ∗3)(i).

Note that we can give an example of two following functions f and µ which satisfy (Ĥ∗2) and (Ĥ∗3).
Example. Consider the function µ ∈ C1 (R+) with

µ (z) = µ∗ + zq, ∀z ≥ 0,
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where µ∗ > 0 and q > 1 are constants. It is obvious that (Ĥ∗2)(i) holds. On the other hand, we have∫ y

0
µ(z)dz =

∫ y

0

(
µ∗ + zq) dz = y

(
µ∗ +

yq

q + 1

)
≥

1
q + 1

yµ
(
y
)
, ∀y ≥ 0.

Hence, (Ĥ∗2)(i) holds with µ̄1 = q + 1.
Let β̄ > 0, p > 2 and k > 1, we define the function f ∈ C1 (R) with

f (z) = β̄ |z|p−2 z lnk
(
z2 + e

)
, ∀z ∈ R.

It is clearly that f (0) = 0. By integration by parts, we obtain∫ y

0
f (z)dz =

1
p

y f
(
y
)
−

2kβ
p

∫ y

0

|z|p z
e + z2 lnk−1

(
z2 + e

)
dz

≤
1
p

y f
(
y
)
, ∀y ∈ R,

since
∫ y

0

|z|pz
e+z2 lnk−1

(
z2 + e

)
dz ≥ 0 for all y ∈ R.

Thus, (Ĥ∗3)(i) and (Ĥ∗4) hold when d1 = p > 2
(
q + 1

)
> 2.

For y ≥ 0 :
∫ y

0
f (z)dz = β̄

∫ y

0
|z|p−2 z lnk

(
z2 + e

)
dz ≥ β̄

∫ y

0
|z|p−2 zdz =

β̄
p

∣∣∣y∣∣∣p .
For y < 0 :

∫ y

0
f (z)dz = β̄

∫ y

0
|z|p−2 z lnk

(
z2 + e

)
dz = β̄

∫
−y

0
|z|p−2 z lnk

(
z2 + e

)
dz

≥ β̄

∫
−y

0
|z|p−2 zdz =

β̄
p

∣∣∣−y
∣∣∣p =

β̄
p

∣∣∣y∣∣∣p .
Therefore∫ y

0
f (z)dz ≥ d̄1

∣∣∣y∣∣∣p for all y ∈ R,

where d̄1 =
β̄
p > 0. Thus, (Ĥ∗3)(ii) is true.

Put

H(0) = −
1
2
‖ũ1‖

2
0 −

1
2

∫
‖ũ0x‖

2
0

0
µ(z)dz +

∫ 1

ρ
xdx

∫ ũ0(x)

0
f (z)dz. (4.3)

Theorem 4.2. Let (Ĥ∗2) − (Ĥ∗4) hold. Then, for any (ũ0, ũ1) ∈ (H1
0 ∩ H2) × H1

0 such that H(0) > 0, the weak
solution u = u(x, t) of Prob. (4.1) blows-up in finite time.

Proof of Theorem 4.2. It consists of two steps, in which the Lyapunov functional L(t) is constructed in step
1 and then the blow-up is proved in step 2.

Step 1. We define the energy associated with (4.1) by

E(t) =
1
2
‖u′(t)‖20 +

1
2

∫
‖ux(t)‖20

0
µ(z)dz −

∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz, (4.4)

and we put H(t) = −E(t), ∀t ∈ [0,T∗). Multiplying (4.1)1 by xu′(x, t) and integrating the resulting equation
over (ρ, 1), we have

H′(t) = λ ‖u′(t)‖20 ≥ 0. (4.5)
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Hence, we can deduce from (4.5) and H(0) > 0 that

H(t) ≥ H(0) > 0, ∀t ∈ [0,T∗), (4.6)

so 
0 < H(0) ≤ H(t) ≤

∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz;

‖u′(t)‖20 +

∫
‖ux(t)‖20

0
µ(z)dz ≤ 2

∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz, ∀t ∈ [0,T∗).

(4.7)

We define the functional

L(t) = H1−η(t) + εΨ(t), (4.8)

where

Ψ(t) = 〈u′(t),u(t)〉 +
λ
2
‖u(t)‖20 , (4.9)

for ε small enough and

0 < 2η < 1, 2/(1 − 2η) ≤ p. (4.10)

In what follows, we show that there exists a constant λ̄1 > 0 such that

L′(t) ≥ λ̄1

[
H(t) + ‖u′(t)‖20 + ‖u(t)‖pLp + ‖ux(t)‖20

]
. (4.11)

Multiplying (4.1)1 by xu(x, t) and integrating over [ρ, 1], it leads to

Ψ′(t) = ‖u′(t)‖20 − ‖ux(t)‖20 µ
(
‖ux(t)‖20

)
+ 〈 f (u(t)) ,u(t)〉. (4.12)

Therefore

L′(t) = (1 − η)H−η(t)H′(t) + εΨ′(t) ≥ εΨ′(t). (4.13)

By (Ĥ∗2), (Ĥ∗3), we obtain

‖ux(t)‖20 µ
(
‖ux(t)‖20

)
≤ µ̄1

∫
‖ux(t)‖20

0
µ(z)dz, (4.14)

〈 f (u(t)) ,u(t)〉 ≥ d1

∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz,∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz ≥ d̄1ρ ‖u(t)‖pLp .
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Hence, combining (4.4), (4.12) and (4.14) give

Ψ′(t) = ‖u′(t)‖20 − ‖ux(t)‖20 µ
(
‖ux(t)‖20

)
+ 〈 f (u(t)) ,u(t)〉 (4.15)

≥ ‖u′(t)‖20 − µ̄1

∫
‖ux(t)‖20

0
µ(z)dz + d1

∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz

= ‖u′(t)‖20 − µ̄1

∫
‖ux(t)‖20

0
µ(z)dz + d1δ1

∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz

+ d1(1 − δ1)
∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz

= ‖u′(t)‖20 − µ̄1

∫
‖ux(t)‖20

0
µ(z)dz + d1δ1

∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz

+ d1(1 − δ1)

H(t) +
1
2
‖u′(t)‖20 +

1
2

∫
‖ux(t)‖20

0
µ(z)dz


= d1(1 − δ1)H(t) +

(
1 +

d1

2
(1 − δ1)

)
‖u′(t)‖20

+ d1δ1

∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz +

1
2
[
d1 − 2µ̄1 − δ1d1

] ∫ ‖ux(t)‖20

0
µ(z)dz

≥ d1(1 − δ1)H(t) +

(
1 +

d1

2
(1 − δ1)

)
‖u′(t)‖20

+ d1δ1d̄1ρ ‖u(t)‖pLp +
1
2
[
d1 − 2µ̄1 − δ1d1

] ∫ ‖ux(t)‖20

0
µ(z)dz.

By d1 > 2µ̄1, we can choose δ1 ∈ (0, 1) such that

d1 − 2µ̄1 − δ1d1 > 0. (4.16)

By using the inequalities (4.13), (4.15), (4.16), we obtain (4.11) with choosing λ̄1 > 0 small enough.
From the formula of L(t) and (4.6), we can choose ε small enough such that

L(t) ≥ L(0) > 0, ∀t ∈ [0,T∗). (4.17)

Using the inequality
(∑3

i=1xi

)r
≤ 3r−1∑3

i=1xr
i , for all r > 1 and x1, ..., x3 ≥ 0, we deduce from (4.8) - (4.10)

that

L1/(1−η)(t) ≤ Const
(
H(t) + |〈u(t),u′(t)〉|1/(1−η) + ‖u(t)‖2/(1−η)

0

)
. (4.18)

Using Young’s inequality, we have

|〈u(t),u′(t)〉|1/(1−η)
≤ Const

(
‖u(t)‖sLp + ‖u′(t)‖20

)
, (4.19)

where s = 2/(1 − 2η) ≤ p by (4.10).
Now, we shall need the following lemma
Lemma 4.3. Let s = 2/(1 − 2η) ≤ p, we obtain

‖v‖sLp + ‖v‖2/(1−η)
0 ≤

2
ρ

(
‖vx‖

2
0 + ‖v‖pLp

)
, for any v ∈ H1

0. (4.20)

Proof of Lemma 4.3 is straightforward, so we omit the details.
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Step 2. Blow-up.
It follows from (4.18) - (4.20) that

L1/(1−η)(t) ≤ Const
(
H(t) + ‖u′(t)‖20 + ‖ux(t)‖20 + ‖u(t)‖pLp

)
, ∀t ∈ [0,T∗). (4.21)

Using (4.11), (4.21) it yields

L′(t) ≥ λ̄2L1/(1−η)(t), ∀t ∈ [0,T∗), (4.22)

where λ̄2 is a positive constant. By integrating (4.22) over (0, t), it gives

Lη/(1−η)(t) ≥
1

L−η/(1−η)(0) − λ̄2η
1−η t

, 0 ≤ t <
1
λ̄2η

(
1 − η

)
L−η/(1−η)(0). (4.23)

Therefore, L(t) blows-up in a finite time given by T∗ = 1
λ̄2η

(
1 − η

)
L−η/(1−η)(0).

Theorem 4.2 is proved completely. �

5. Exponential decay of solutions

This section investigates the decay of the solution of Prob. (1.1) – (1.3) corresponding to f =

−λut + f (u) + F(x, t), µ = µ(‖ux(t)‖20) and 10 (t) = 11 (t) ≡ 0, as follows
utt − µ(‖ux(t)‖20)(uxx + 1

x ux) + λut = f (u) + F(x, t), ρ < x < 1, t > 0,
u(ρ, t) = u(1, t) = 0,
u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),

(5.1)

where µ, f , F, ũ0, ũ1 are given functions and λ > 0, 0 < ρ < 1 are the given constants.

We prove that if
∫
‖ũ0x‖

2
0

0 µ(z)dz−p
∫ 1

ρ
xdx

∫ ũ0(x)

0 f (z)dz > 0 and if the initial energy, ‖F(t)‖0 are small enough,
then the energy of the solution decays exponentially as t → +∞. For this purpose, we make the following
assumptions

(H3) f ∈ C1 (R) , f (0) = 0 and there exist the constants α, β > 2; d2,
d̄2 > 0, such that

(i) y f (y) ≤ d2

∫ y

0 f (z)dz, for all y ∈ R,

(ii)
∫ y

0 f (z)dz ≤ d̄2

(∣∣∣y∣∣∣α +
∣∣∣y∣∣∣β) , for all y ∈ R;

(H4) F ∈ L∞
(
R+; L2

)
∩ L1

(
R+; L2

)
, F′ ∈ L2

(
R+; L2

)
and there exist two

constants C̄0 > 0, γ̄0 > 0 such that ‖F(t)‖0 ≤ C̄0e−γ̄0t, for all t ≥ 0.

We will show that the example of f in Section 4 also satisfies (H3). Let β̄ > 0, p > 2k and k > 1, we set

f (z) = β̄ |z|p−2 z lnk
(
z2 + e

)
, ∀z ∈ R.

We know that f ∈ C1 (R) and f (0) = 0. For y ≥ 0,∫ y

0
f (z) dz =

1
p

y f
(
y
)
−

2kβ
p

∫ y

0

|z|p z
e + z2 lnk−1

(
z2 + e

)
dz

≥
1
p

y f
(
y
)
−

2kβ
p

lnk−1
(
y2 + e

) ∫ y

0

|z|p z
e + z2 dz

≥
1
p

y f
(
y
)
−

2kβ
p2

∣∣∣y∣∣∣p lnk−1
(
y2 + e

)
≥

1
p

y f
(
y
)
−

2kβ
p2

∣∣∣y∣∣∣p lnk
(
y2 + e

)
=

p − 2k
p2 y f

(
y
)
.
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Note that∫ y

0

|z|p z
e + z2 lnk−1

(
z2 + e

)
dz =

∫
−y

0

|z|p z
e + z2 lnk−1

(
z2 + e

)
dz ≥ 0 for all y ∈ R.

By same argument in case y ≥ 0, we also have∫ y

0
f (z) dz ≥

p − 2k
p2 y f

(
y
)

for y < 0.

Hence, (H3) (i) holds when d2 =
p2

p−2k > 0.
By the inequality ln (1 + x) ≤ x for all x ≥ 0,∫ y

0
f (z) dz ≤

1
p

y f
(
y
)

=
1
p

∣∣∣y∣∣∣p lnk
(
y2 + e

)
=

1
p

∣∣∣y∣∣∣p [
1 + ln

(
1 +

y2

e

)]k

≤
1
p

∣∣∣y∣∣∣p (
1 +

y2

e

)k

.

Using the inquality (a + b)r
≤ 2r−1 (ar + br) , for all r > 1 and a, b ≥ 0, we deduce that∫ y

0
f (z) dz ≤

1
p

∣∣∣y∣∣∣p (
1 +

y2

e

)k

≤
2k−1

p

∣∣∣y∣∣∣p (
1 +

y2k

ek

)
≤

2k−1

p

(∣∣∣y∣∣∣p +
∣∣∣y∣∣∣p+2k

)
for all y ∈ R.

Thus, (H3) holds when α = p > 2, β = p + 2k > 2 and d2 = 2k−1

p > 0.
First, we construct the following Lyapunov functional

L(t) = E(t) + δΨ(t), (5.2)

where δ > 0 is chosen later and

E(t) =
1
2
‖u′(t)‖20 +

1
2

∫
‖ux(t)‖20

0
µ(z)dz −

∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz (5.3)

=
1
2
‖u′(t)‖20 +

(
1
2
−

1
p

) ∫
‖ux(t)‖20

0
µ(z)dz +

1
p

I(t),

Ψ(t) = 〈u′(t),u(t)〉 +
λ
2
‖u(t)‖20, (5.4)

where

I(t) = I(u(t)) =

∫
‖ux(t)‖20

0
µ(z)dz − p

∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz. (5.5)

Then we have the following theorem.

Theorem 5.1. Assume that (H∗2), (H3), (H4) hold. Let (ũ0, ũ1) ∈ (H1
0 ∩ H2) × H1

0 such that I(0) > 0 and the
initial energy E(0) satisfy

η∗ = µ∗ − pd̄2
(
1 − ρ

) 
√(

1 − ρ
ρ

)α
Rα−2
∗ +

√(
1 − ρ
ρ

)β
Rβ−2
∗

 > 0, (5.6)
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where

R∗ =

(
2pE∗

(p − 2)µ∗

)1/2

, E∗ =
(
E(0) +

1
2
ρ∗

)
exp

(
ρ∗

)
, ρ∗ = ‖F‖L1(R+;L2) .

Let µ∗max = max
0≤z≤R2

∗

µ (z) < pµ∗
d2

+ η∗, with µ∗, d2 as in (H∗2), (H3)(i).

Then, there exist positive constants C̄, γ̄ such that

‖u′ (t)‖20 + ‖ux(t)‖20 ≤ C̄ exp(−γ̄t), for all t ≥ 0. (5.7)

Proof of Theorem 5.1.
First, we need the following lemmas.
Lemma 5.2. The energy functional E(t) defined by (5.3) satisfies

(i) E′ (t) ≤
1
2
‖F (t)‖0 +

1
2
‖F (t)‖0 ‖u

′ (t)‖20 , (5.8)

(ii) E′ (t) ≤ −
(
λ −

ε1

2

)
‖u′ (t)‖20 +

1
2ε1
‖F (t)‖20 ,

for all ε1 > 0.
Proof of Lemma 5.2. Multiplying (5.1) by xu′(x, t) and integrating over [ρ, 1], we get

E′ (t) = −λ ‖u′ (t)‖20 + 〈F(t),u′(t)〉. (5.9)

On the other hand

〈F(t),u′(t)〉 ≤
1
2
‖F (t)‖0 +

1
2
‖F (t)‖0 ‖u

′ (t)‖20 . (5.10)

It follows from (5.9) and (5.10) that (5.8)(i) holds.
Similarly,

〈F(t),u′(t)〉 ≤
1

2ε1
‖F (t)‖20 +

ε1

2
‖u′ (t)‖20 , for all ε1 > 0. (5.11)

It follows from (5.9) and (5.11) that (5.8)(ii) holds.
Lemma 5.2 is proved completely. �

Lemma 5.3. Assume that (H∗2), (H3), (H4) hold. Let I(0) > 0 and (5.6) hold. Then I(t) > 0, ∀t ≥ 0.

Proof of Lemma 5.3. By the continuity of I(t) and I(0) > 0, there exists T̃1 > 0 such that

I(t) = I(u(t)) ≥ 0, ∀t ∈ [0, T̃1], (5.12)

this implies

E(t) ≥
1
2
‖u′(t)‖20 +

(
1
2
−

1
p

) ∫
‖ux(t)‖20

0
µ(z)dz (5.13)

≥
1
2
‖u′(t)‖20 +

(p − 2)µ∗
2p

‖ux(t)‖20 , ∀t ∈ [0, T̃1].

Combining (5.8)i, (5.13) and using Gronwall’s inequality to obtain

‖ux(t)‖20 ≤
2p

(p − 2)µ∗
E(t) ≤

2pE∗
(p − 2)µ∗

≡ R2
∗ , ∀t ∈ [0, T̃1], (5.14)
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where E∗ as in (5.6).
Hence, it follows from (H3)(ii) and (5.14) that

p
∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz (5.15)

≤ pd̄2

(
‖u(t)‖αLα + ‖u(t)‖β

Lβ

)
≤ pd̄2

(
1 − ρ

) 
√(

1 − ρ
ρ

)α
‖ux(t)‖α0 +

√(
1 − ρ
ρ

)β
‖ux(t)‖β0


≤ pd̄2

(
1 − ρ

) 
√(

1 − ρ
ρ

)α
Rα−2
∗ +

√(
1 − ρ
ρ

)β
Rβ−2
∗

 ‖ux(t)‖20 .

Therefore, I(t) ≥ η∗ ‖ux(t)‖20 > 0, ∀t ∈ [0, T̃1], where η∗ as in (5.6).
Now, we put T∞ = sup {T > 0 : I(t) > 0, ∀t ∈ [0,T]} . If T∞ < +∞, then by the continuity of I(t), we have

I(T∞) ≥ 0. By the same arguments as above, we can deduce that there exists T̃∞ > T∞ such that I(t) > 0,
∀t ∈ [0, T̃∞]. Hence, we conclude that I(t) > 0, ∀t ≥ 0.

Lemma 5.3 is proved completely. �

Lemma 5.4. Assume that (H∗2), (H3), (H4) hold. Let I(0) > 0 and (5.6) hold. Put

E1(t) = ‖u′(t)‖20 +

∫
‖ux(t)‖20

0
µ(z)dz + I(t). (5.16)

Then there exist the positive constants β̄1, β̄2 such that

β̄1E1(t) ≤ L(t) ≤ β̄2E1(t), ∀t ≥ 0, (5.17)

for δ is small enough.

Proof of Lemma 5.4. It is easy to see that

L(t) =
1
2
‖u′(t)‖20 +

(
1
2
−

1
p

) ∫
‖ux(t)‖20

0
µ(z)dz (5.18)

+
1
p

I(t) + δ〈u′(t),u(t)〉 +
δλ
2
‖u(t)‖20 .

From the following inequalities

δ〈u′(t),u(t)〉 ≤
1
2
δ ‖u′(t)‖20 +

1
2
δ ‖u(t)‖20 (5.19)

≤
1
2
δ ‖u′(t)‖20 + δ

(
1 − ρ

)2

4ρ
‖ux(t)‖20 ,∫

‖ux(t)‖20

0
µ(z)dz ≥ µ∗ ‖ux(t)‖20 ,



L. H. K. Son et al. / Filomat 33:17 (2019), 5561–5588 5585

we deduce that

L(t) ≥
1
2
‖u′(t)‖20 +

(
1
2
−

1
p

) ∫
‖ux(t)‖20

0
µ(z)dz +

1
p

I(t) + δ〈u′(t),u(t)〉 (5.20)

≥
1
2
‖u′(t)‖20 +

(
1
2
−

1
p

) ∫
‖ux(t)‖20

0
µ(z)dz

+
1
p

I(t) −
1
2
δ ‖u′(t)‖20 − δ

(
1 − ρ

)2

4ρ
‖ux(t)‖20

≥
1
2
‖u′(t)‖20 +

(
1
2
−

1
p

) ∫
‖ux(t)‖20

0
µ(z)dz

+
1
p

I(t) −
1
2
δ ‖u′(t)‖20 − δ

(
1 − ρ

)2

4ρµ∗

∫
‖ux(t)‖20

0
µ(z)dz

=
1 − δ

2
‖u′(t)‖20 +

1
2
−

1
p
− δ

(
1 − ρ

)2

4ρµ∗

 ∫ ‖ux(t)‖20

0
µ(z)dz +

1
p

I(t)

≥ β̄1E1(t),

where we choose β̄1 = min{ 1−δ2 ,
1
2 −

1
p − δ

(1−ρ)2

4ρµ∗
, 1

p }, with δ is small enough, 0 < δ < min{1;
4ρµ∗(

1 − ρ
)2

(
1
2 −

1
p

)
}.

Similarly, we can prove that

L(t) ≤
1
2
‖u′(t)‖20 +

(
1
2
−

1
p

) ∫
‖ux(t)‖20

0
µ(z)dz +

1
p

I(t) (5.21)

+
1
2
δ ‖u′(t)‖20 + δ

(
1 − ρ

)2

4ρ
‖ux(t)‖20 + δλ

(1 − ρ)2

4ρ
‖ux(t)‖20

≤
1 + δ

2
‖u′(t)‖20 +

(
1
2
−

1
p

) ∫
‖ux(t)‖20

0
µ(z)dz +

1
p

I(t)

+
δ (1 + λ)

(
1 − ρ

)2

4ρ
‖ux(t)‖20

≤
1 + δ

2
‖u′(t)‖20 +

1
2
−

1
p

+
δ (1 + λ)

(
1 − ρ

)2

4ρµ∗

 ∫ ‖ux(t)‖20

0
µ(z)dz +

1
p

I(t)

≤ β̄2E1(t),

where β̄2 = max
{

1+δ
2 ,

1
2 −

1
p +

δ(1+λ)(1−ρ)2

4ρµ∗

}
.

Lemma 5.4 is proved completely. �

Lemma 5.5. Assume that (H∗2), (H3), (H4) hold. Let I(0) > 0 and (5.6) hold. The functional Ψ(t) defined by (5.4)
satisfies

Ψ′ (t) ≤ ‖u′ (t)‖20 −
δ1d2

p
I(t) +

1
2ε2
‖F(t)‖20 (5.22)

−
δ

µ∗max

[
d2

p

(pµ∗
d2

+ η∗ − µ∗max

)
−
δ1d2η∗

p
− ε2

(1 − ρ)2

4ρ

] ∫
‖ux(t)‖20

0
µ(z)dz,

for all ε2 > 0, δ1 ∈ (0, 1).
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Proof of Lemma 5.5. By multiplying (5.1) by xu(x, t) and integrating over [ρ, 1], we obtain

Ψ′ (t) = ‖u′ (t)‖20 − ‖ux(t)‖20 µ
(
‖ux(t)‖20

)
+ 〈 f (u(t)),u(t)〉 + 〈F(t),u(t)〉. (5.23)

By the following inequalities

− ‖ux(t)‖20 µ
(
‖ux(t)‖20

)
≤ −µ∗ ‖ux(t)‖20 , (5.24)

〈 f (u(t)),u(t)〉 ≤ d2

∫ 1

ρ
xdx

∫ u(x,t)

0
f (z)dz

=
d2

p

∫ ‖ux(t)‖20

0
µ(z)dz − I(t)

 ,
I(t) ≥ η∗ ‖ux(t)‖20 ,

〈F(t),u(t)〉 ≤
ε2

2
‖u(t)‖20 +

1
2ε2
‖F(t)‖20

≤ ε2
(1 − ρ)2

4ρ
‖ux(t)‖20 +

1
2ε2
‖F(t)‖20 , ∀ε2 > 0,

we deduce that

Ψ′ (t) = ‖u′ (t)‖20 − ‖ux(t)‖20 µ
(
‖ux(t)‖20

)
+ 〈 f (u(t)),u(t)〉 + 〈F(t),u(t)〉 (5.25)

≤ ‖u′ (t)‖20 − µ∗ ‖ux(t)‖20 +
d2

p

∫ ‖ux(t)‖20

0
µ(z)dz − I(t)


+ ε2

(1 − ρ)2

4ρ
‖ux(t)‖20 +

1
2ε2
‖F(t)‖20

= ‖u′ (t)‖20 −
(
µ∗ − ε2

(1 − ρ)2

4ρ

)
‖ux(t)‖20 +

d2

p

∫
‖ux(t)‖20

0
µ(z)dz

−
δ1d2

p
I(t) −

(1 − δ1)d2

p
I(t) +

1
2ε2
‖F(t)‖20

≤ ‖u′ (t)‖20 −
(
µ∗ − ε2

(1 − ρ)2

4ρ

)
‖ux(t)‖20 +

d2

p

∫
‖ux(t)‖20

0
µ(z)dz

−
δ1d2

p
I(t) −

(1 − δ1)d2

p
η∗ ‖ux(t)‖20 +

1
2ε2
‖F(t)‖20

= ‖u′ (t)‖20 −
(
µ∗ +

(1 − δ1)d2

p
η∗ − ε2

(1 − ρ)2

4ρ

)
‖ux(t)‖20

+
d2

p

∫
‖ux(t)‖20

0
µ(z)dz −

δ1d2

p
I(t) +

1
2ε2
‖F(t)‖20

≤ ‖u′ (t)‖20 −
(
µ∗ +

(1 − δ1)d2

p
η∗ − ε2

(1 − ρ)2

4ρ

)
1

µ∗max

∫
‖ux(t)‖20

0
µ(z)dz

+
d2

p

∫
‖ux(t)‖20

0
µ(z)dz −

δ1d2

p
I(t) +

1
2ε2
‖F(t)‖20

= ‖u′ (t)‖20 −
1

µ∗max

[
d2

p

(pµ∗
d2

+ η∗ − µ∗max

)
−
δ1d2η∗

p
− ε2

(1 − ρ)2

4ρ

] ∫
‖ux(t)‖20

0
µ(z)dz

−
δ1d2

p
I(t) +

1
2ε2
‖F(t)‖20 .
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Hence, the lemma 5.5 is proved by using some simple estimates. �
Now we continue to prove Theorem 5.1.
Then, we deduce from (5.2), (5.8)(ii) and (5.22) that

L
′(t) ≤ −

(
λ −

ε1

2
− δ

)
‖u′ (t)‖20 −

δδ1d2

p
I(t) +

1
2

( 1
ε1

+
δ
ε2

)
‖F(t)‖20 (5.26)

−
δ

µ∗max

[
d2

p

(pµ∗
d2

+ η∗ − µ∗max

)
−
δ1d2η∗

p
− ε2

(1 − ρ)2

4ρ

] ∫
‖ux(t)‖20

0
µ(z)dz

for all δ, ε1, ε2 > 0, δ1 ∈ (0, 1).

Because of µ∗max <
pµ∗
d2

+ η∗ and

lim
δ1→0+, ε2→0+

[
d2

p

(pµ∗
d2

+ η∗ − µ∗max

)
−
δ1d2η∗

p
− ε2

(1 − ρ)2

4ρ

]
=

d2

p

(pµ∗
d2

+ η∗ − µ∗max

)
> 0,

we can choose δ1 ∈ (0, 1) and ε2 > 0 such that

θ1 =
d2

p

(pµ∗
d2

+ η∗ − µ∗max

)
−
δ1d2η∗

p
− ε2

(1 − ρ)2

4ρ
> 0. (5.27)

Then, for ε1 small enough such that 0 <
ε1

2
< λ and if δ > 0 such that

θ2 = λ −
ε1

2
− δ > 0, 0 < δ < min{1;

4ρµ∗(
1 − ρ

)2

(
1
2
−

1
p

)
}, (5.28)

it follows from (5.17), (5.26)-(5.28) that

L
′(t) ≤ −β̄3E1(t) + C̃0e−2γ̄0t (5.29)

≤ −
β̄3

β̄2
L(t) + C̃0e−2γ̄0t

≤ −γ̄L(t) + C̃0e−2γ̄0t,

where β̄3 = min{
δθ1

µ∗max
, θ2,

δδ1d2

p
}, 0 < γ̄ < min{ β̄3

β̄2
, 2γ̄0}, C̃0 =

1
2

(
1
ε1

+ δ
ε2

)
C̄2

0.

On the other hand, we have

L(t) ≥ β̄1 min{1, µ∗}
(
‖u′ (t)‖20 + ‖ux(t)‖20

)
. (5.30)

Combining (5.29) and (5.30) we get (5.7). Theorem 5.1 is proved completely. �
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