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Abstract. We treat the logarithmic derivative model and Schwarzian derivative model of the Dirichlet-
Morrey Teichmüller space. It is shown that the higher Bers maps, induced by the higher Schwarzian
differential operators, are holomorphic in Dirichlet-Morrey Teichmüller space. It is also shown that the
logarithmic derivative model of this Teichmüller space is connected.

1. Introduction

Let D = {z : |z| < 1} be the unit disc in the extended complex plane Ĉ. Let D∗ be the exterior of D
and S1 = ∂D be the boundary of D. Denote by M(D∗) the open unit ball of the Banach space L∞(D∗) of
all Beltrami differentials µ(z) on D∗. It is well konwn that for each µ(z) ∈ M(D∗), there exists a unique
quasiconformal mapping f µ : Ĉ → Ĉ whose complex dilatation is equal to µ in D∗ and is zero in D,
normalized by

f µ(0) = ( f µ)′(0) − 1 = ( f µ)′′(0) = 0, (1)

(see [1] [3]). Two Beltrami coefficients µ1 and µ2 in M(D∗) are said to be Teichmüller equivalent, denoted
by µ1 ∼ µ2, if f µ1 (D) = f µ2 (D). The universal Teichmüller space T is defined as T = M(D∗)/ ∼, where [µ] is
the Teichmüller equivalent class containing µ ∈M(D∗).

The Schwarzian derivative S f of a conformal mapping f inD is defined by

S f =
(
N f

)′
−

1
2

(
N f

)2
, where N f = (log f ′)′.

Denote by Bn(D) the Banach space of all holomorphic functions ϕ inDwith the following finite norm

‖ϕ‖n = sup
z∈D
|ϕ(z)|(1 − |z|2)n, n = 1, 2, · · · . (2)
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It is well known that the Bers projection

β3 : M(D∗)→ B2(D), β3(µ) = S f µ |D ,

is a holomorphic split submersion from M(D∗) onto its image, which descends down to the Bers embedding
B : T → B2(D). Via the Bers embedding, T carries a natural complex Banach manifold structure so that
Φ : M(D∗)→ T is a holomorphic split submersion which seeds µ to the equivalent class [µ] (see [17], [18]).

It is of interest to embed the universal Teichmüller space onto an open subset of some complex Banach
space of holomorphic functions inD in terms of some general differential operators. Krushkal considered
in [16] some nonlinear differential operators of higher order of the form

Pn( f ) = F
(

f ′′(z)
f ′(z)

,
f ′′′(z)
f ′(z)

, · · · ,
f (n)(z)
f ′(z)

, f ′′(z), · · · , f (n)(z)
)
, z ∈ D,

where F is an analytic function of its arguments(n ≥ 2). It was proved [16] that the map Pn : M(D∗) →
Bn−1(D), which is defined by the correspondence of µ ∈M(D∗) to Pn( f µ) ∈ Bn−1(D), n ≥ 3, is holomorphic.

Schippers considered in [20] some other nonlinear differential operators. Let n ≥ 3, define σ3( f ) = S f
and

σn+1( f )(z) = σ′n( f )(z) − (n − 1)N f (z)σn( f )(z). (3)

For more general differential operators, we refer the reader to [2], [13], [15], [23] and references therein.
Buss [7] proved that the higher Bers map βn : M(D∗)→ Bn−1(D), which is defined by the correspondence

of µ ∈M(D∗) to σn( f µ) ∈ Bn−1(D), n ≥ 3, is holomorphic.

Theorem 1.1. [7] Let n ≥ 3. The higher Bers map βn : M(D∗)→ Bn−1(D) is holomorphic. The differential D0βn at
the origin is given by the following correspondence

ν 7→
(−1)nn!
π

"
D∗

ν(w)
(z − w)n+1 dudv,

which induces a bounded surjective operator from L∞(D∗) onto Bn−1(D).

It should be pointed out that the case n = 3 is the classical result of Bers [6]. The higher Bers maps on
Weil-Petersson and BMO Teichmüller space were also investigated recently by the authors (see [25] [26]).
In this paper, we will treat the higher Bers maps on the Dirichlet-Morrey Teichmüller space.

Let
SD(I) = {rζ ∈ D : 1 − |I| ≤ r < 1, ζ ∈ I}

denote the Carleson square inD and

SD∗ (I) = {rζ ∈ D∗ : 1 ≤ r < 1 + |I|, ζ ∈ I}

denote the Carleson square in D∗, where I be an open sub-arc of S1. For 0 < q < ∞, a non-negative Borel
measure µ onD is called q-Carleson measure if

‖µ‖2D,q := sup
I⊂∂D

µ(SD(I))
|I|q

< ∞.

Replacing SD(I) by SD∗ (I), we can define q-Carleson measure on D∗ similarly. Clearly, µ is the classical
Carleson measure for the case q = 1. Denote by CMq(D) the set of all q-Carleson measures on D and
CMq(D∗) the set of all q-Carleson measures on D∗. It is well known that a non-negative Borel measure µ
belongs to CMq(D) if and only if

sup
w∈D

∫
D

(1 − |w|2)p

|1 − w̄z|p+q dµ(z) < ∞, (4)
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where p ∈ (0,∞) (see [30]).
The Bloch space B consists of all analytic functions f inD so that

‖ f ‖B := sup
z∈D
| f ′(z)|(1 − |z|2) < ∞.

The little Bloch space B0, a closed subspace of B, consists of functions f ∈ B such that

lim
|z|→1−

| f ′(z)|(1 − |z|2) = 0.

Let 0 ≤ p < ∞, the weighted Dirichlet spaceDp(D) is the set of all analytic functions f inD for which

‖ f ‖2
Dp = | f (0)|2 +

∫
D

| f ′(z)|2(1 − |z|2)pdm(z) < ∞,

where dm(z) denotes the normalized Lebesgue area measure.
For 0 < λ, p ≤ 1, the Dirichlet-Morrey spaceDp

λ(D), introduced recently in [12], consists of those analytic
functions f inD such that

‖ f ‖
D

p
λ(D) = sup

a∈D

(
(1 − |a|2)

p(1−λ)
2 ‖ f ◦ ϕa − f (a)‖Dp

)
< ∞,

where ϕa(z) = a−z
1−āz , z ∈ D, a ∈ D. Some basic properties of Dirichlet-Morrey space were characterized in

[12].
The authors obtained in [24] the following result.

Theorem 1.2. [24] Suppose that f is a bounded univalent function inD and log f ′ ∈ B0, 0 < λ < 1 and 0 < p ≤ 1.
Then the following statements are equivalent:

(1) log f ′ ∈ Dp
λ(D);

(2) |S f (z)|2(1 − |z|2)p+2dm(z) ∈ CMpλ(D);

(3) f can be extended to a quasiconformal mapping in the extended plane Ĉ such that its complex dilatation µ
satisfies |µ(z)|2

(|z|2−1)2−p dm(z) ∈ CMpλ(D∗).

Denote by L(D∗) the Banach space of all essentially bounded measurable functions µ on D∗ each of

which induces a pλ-Carleson measure ηµ =
|µ(z)|2

(|z|2−1)2−p dm(z). The norm on L(D∗) is defined as

‖µ‖L = ‖µ‖∞ + ‖ηµ‖D∗,pλ < ∞.

Let M(D∗) = M(D∗) ∩ L(D∗). Dirichlet-Morrey Teichmüller space TDM is defined as M(D∗)/ ∼, where ∼
denotes the Teichmüller equivalent relation defined as above.

We useNpλ,n(D) (n ≥ 3) to denote the space of all analytic functions f inDwith the norm

‖ f ‖2
Npλ,n

= sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

| f (z)|2(1 − |z|2)2n−4+p
( (1 − |a|2)
|1 − az|2

)p

dm(z) < ∞.

In this paper, we shall prove the following

Theorem 1.3. Let n ≥ 3. The higher Bers map βn : M(D∗) → Npλ,n(D) is well defined and holomorphic. The
differential D0βn at the origin is given by the following correspondence

µ 7→
(−1)nn!
π

∫
D∗

µ(w)
(z − w)n+1 dudv.
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We also consider the pre-logarithmic derivative model of the Dirichlet-Morrey Teichmüller space. Let
us first recall some notions and definitions.

Let SQ be the class of all univalent analytic functions f inD, which can be extended to a quasiconformal
mapping in Ĉ, normalized by f (0) = f ′(0) − 1 = 0. Then the universal Teichmüller space can be described
as T(1) = {log f ′ : f belongs to SQ}. It is well known that T(1) is a disconnected subset of Bloch space B,
and Tb = {log f ′ ∈ T(1) : f (D) is bounded}, Tθ = {log f ′ ∈ T(1) : f (eiθ) = ∞}, θ ∈ [0, 2π) are connected
components of T(1) (see [32]).

In recent years, the pre-logarithmic derivative model of the universal Teichmüller space and its subspaces
have been much investigated (See [4] [5] [8] [9] [10] [14] [21] [22] [11] [27] [28] [29] [32]).

We consider the pre-logarithmic derivative model T0
DM(1) of Dirichlet-Morrey Teichmüller space, which

is defined as
T0

DM(1) = {log f ′ : f ∈ SQ and log f ′ ∈ B0 ∩D
p
λ(D)}.

We endow the space B0 ∩D
p
λ(D) the following norm

‖ψ‖B,Dp
λ

= ‖ψ‖B + ‖ψ‖
D

p
λ(D).

Let T0
DM,b(1) = { log f ′ ∈ T0

DM(1) : f (D) is bounded }. We obtain the following

Theorem 1.4. T0
DM,b(1) is connected in B0 ∩D

p
λ(D).

Throughout this paper, we use the notation a . b to denote that there is a constant C > 0 such that
a ≤ Cb, and the notation a ≈ b to indicate that a . b . a.

2. Proof of Theorem 1.3

We shall prove Theorem 1.3 in this section. Some lemmas are needed. The following result gives some
higher derivative characterizations ofDp

λ(D) (see [12]).

Lemma 2.1. [12] Let f be an analytic function on D and 0 < p, λ ≤ 1. Then dµ(z) = | f (z)|2(1 − |z|2)pdm(z) is a
pλ-Carleson measure if and only if dν(z) = | f ′(z)|2(1 − |z|2)p+2dm(z) is a pλ-Carleson measure. Furthermore,

sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

| f (z)|2(1 − |z|2)p
( (1 − |a|2)
|1 − az|2

)p

dm(z) ≈

sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

| f ′(z)|2(1 − |z|2)p+2
( (1 − |a|2)
|1 − az|2

)p

dm(z).

We also need the following result (see [31]).

Lemma 2.2. [31] Suppose that k > −1, r, t > 0, and r + t − k > 2. If t < k + 2 < r, then there exists a universal
constant C > 0 such that for all z, ζ ∈ D,∫

D

(1− | w |2)k

| 1 − wz |r| 1 − wζ |t
dm(w) ≤ C

(1− | z |2)2+k−r

| 1 − ζz |t
,

where w = u + iv.

We now show that the higher Bers map is well defined on Dirichlet-Morrey Teichmüller space.

Lemma 2.3. Let n ≥ 3. If µ ∈M(D∗), then σn( f µ) ∈ Npλ,n(D).
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Proof. We will prove this Lemma by using mathematical induction. It follows from Corollary 2.5 in [24]
that if µ ∈ M(D∗), then σ3( f µ)(z) ∈ Npλ,3. Now suppose that σn( f µ) ∈ Npλ,n,n ≥ 3, we shall prove that
σn+1( f µ) ∈ Npλ,n+1.

Indeed, by Lemma 2.1, we have

sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

( 1 − |a|2

|1 − az|2

)p

|σ′n( f µ)(z)|2(1 − |z|2)2n−2+pdm(z) < ∞. (5)

Observing that
σn+1( f µ)(z) = σ′n( f µ)(z) − (n − 1)N f µ (z)σn( f µ)(z),n ≥ 3,

we deduce that

|σn+1( f µ)(z)| ≤ |σ′n( f µ)(z)| + |(n − 1)N f µσn( f µ)(z)|. (6)

Noting that f µ is a univalent analytic function inD, we conclude from [19] that

sup
z∈D
|N f µ (z)|(1 − |z|2) ≤ 6. (7)

Consequently, combing (5), (6) with (7) gives

sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

( 1 − |a|2

|1 − az|2

)p

|σn+1( f µ)(z)|2(1 − |z|2)2n−2+pdm(z)

. sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

( 1 − |a|2

|1 − az|2

)p

|σ′n( f µ)(z)|2(1 − |z|2)2n−2+pdm(z)

+ sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

( 1 − |a|2

|1 − az|2

)p

|σn( f µ)(z)|2(1 − |z|2)2n−4+pdxdy

< ∞.

This implies that σn+1( f µ) ∈ Npλ,n+1. The proof of Lemma 2.3 is completed.

The following result shows that the Bers map β3 :M(D∗)→Npλ,3(D) is Lipschitz continuous.

Lemma 2.4. Let 0 < p, λ ≤ 1. For any µ, ν ∈M(D∗), the following inequality holds.

‖β3(µ) − β3(ν)‖Npλ,3 . ‖µ − ν‖L.

Proof. In [4], it is proved that for any two elements µ, ν ∈M(D∗),

|β3(µ) − β3(ν)|2(1 − |z|2)2 .

∫
D∗

|µ(ζ) − ν(ζ)|2 + ‖µ − ν‖2∞|µ(ζ)|2

|ζ − z|4
dm(ζ).

Therefore,

‖β3(µ) − β3(ν)‖2
Npλ,3

= sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

( 1 − |a|2

|1 − az|2

)p

|β3(µ) − β3(ν)|2(1 − |z|2)2+pdm(z)

. sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

( ∫
D∗

|µ(ζ) − ν(ζ)|2

|ζ − z|4
dm(ζ)

)
(1 − |z|2)p

( 1 − |a|2

|1 − az|2

)p

dm(z)

+ ‖µ − ν‖2∞ sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

( ∫
D∗

|µ(ζ)|2

|ζ − z|4
dm(ζ)

)
(1 − |z|2)p

( 1 − |a|2

|1 − az|2

)p

dm(z).
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Consequently, by a change of variable ζ = 1
τ , we get

‖β3(µ) − β3(ν)‖2
Npλ,3
. sup

a∈D
(1 − |a|2)p(1−λ)

∫
D

|µ( 1
τ ) − ν( 1

τ )|2

(1 − |τ|2)2−p

( 1 − |a|2

|1 − aτ|2
)p

dudv

×

∫
D

(1 − |z|2)p(1 − |τ|2)2−p
|1 − aτ|2p

|1 − τz|4|1 − az|2p dxdy

+ ‖µ − ν‖2∞ sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

|µ( 1
τ )|2

(1 − |τ|2)2−p

( 1 − |a|2

|1 − aτ|2

)p

dudv

×

∫
D

(1 − |z|2)p(1 − |τ|2)2−p
|1 − aτ|2p

|1 − τz|4|1 − az|2p dxdy (8)

In [24], we have proved that if the complex dilatation µ satisfies

| µ(z) |2

(|z|2 − 1)2−p dm(z) ∈ CMpλ(D∗),

then

| µ( 1
z ) |2

(1 − |z|2)2−p dm(z) ∈ CMpλ(D). (9)

Therefore, combing (4), (8) with (9) and using Lemma 2.2 yields

‖β3(µ) − β3(ν)‖NK,3 . ‖µ − ν‖L.

This completes the proof of Lemma 2.4.

It should be pointed out that the case p = 1, λ = 1 has been proved in [22].
We are now in a position to prove Theomren 1.3.

Proof. We first show that the higher Bers map βn : M(D∗) → Npλ,n(D) is continuous. For simplicity of
notations, for any µ, ν ∈M(D∗), we use f to denote the quasiconformal mapping whose complex dilatation
is equal to µ inD∗ and is zero inD, and 1 to denote the quasiconformal mapping whose complex dilatation
is equal to ν inD∗ and is zero inD, both normalized

f (0) = f ′(0) − 1 = f ′′(0) = 0 and 1(0) = 1′(0) − 1 = 1′′(0) = 0.

By the definition of the higher Schwarzian derivative, we have

‖σn+1( f ) − σn+1(1)‖Npλ,n+1 ≤ ‖σ
′

n( f ) − σ′n(1)‖Npλ,n+1 (10)

+ (n − 1)‖N fσn( f ) −N1σn(1)‖Npλ,n+1 .

It follows from Lemma 2.1 that

‖σ′n( f ) − σ′n(1)‖Npλ,n+1 ≈ ‖σn( f ) − σn(1)‖Npλ,n . (11)

Note that

|N fσn( f ) −N1σn(1)| ≤ |N f ||σn( f ) − σn(1)| + |σn(1)||N f −N1|. (12)

We conclude from (11) and (12) that

‖N fσn( f ) −N1σn(1)‖Npλ,n+1 ≤ ‖N f ‖B‖σn( f ) − σn(1)‖Npλ,n

+ ‖σn(1)‖Npλ,n‖N f −N1‖B. (13)
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By Theorem 3.1 in Chapter II in [17], there is a constant C > 0 such that

‖N f −N1‖B ≤ C‖µ − ν‖∞. (14)

Consequently, combing (7), (10), (13) with (14) yields

‖σn+1( f ) − σn+1(1)‖Npλ,n+1 . ‖σn( f ) − σn(1)‖Npλ,n + ‖µ − ν‖∞.

Repeating this process n − 3 times gives

‖σn+1( f ) − σn+1(1)‖Npλ,n+1 . ‖σ3( f ) − σ3(1)‖Npλ,3 + ‖µ − ν‖∞.

By Lemma 2.4, we get
‖σn+1( f ) − σn+1(1)‖Npλ,n+1 . ‖µ − ν‖L.

This implies that the higher Bers map βn :M(D∗)→Npλ,n(D) is continuous.
We now turn to show that the higher Bers map βn : M(D∗) → Npλ,n(D) is holomorphic. Since we have

proved that βn is continuous, it is sufficient to show that for any µ ∈ M(D∗) and ν ∈ L(D∗), βn(µ + tν) is
holomorphic in a small neighborhood of t = 0 in the complex plane. Since µ ∈M(D∗), there exists a positive
constant ε such that for any t with |t| < 2ε,

‖µ + tν‖∞ < 1 and ‖µ + tν‖L < ∞.

For simplicity of notations, we useψ(t) to denote βn(µ+tν). For fixed z ∈ D, the functionψ(t) is holomorphic
in |t| < 2ε. For |t| < ε, |t0| < ε, it follows from Cauchy formula that∣∣∣∣∣ψ(t)(z) − ψ(t0)(z)

t − t0
−

d
dt
|t=t0ψ(t)(z)

∣∣∣∣∣ =
|t − t0|

2π

∣∣∣∣∣∣
∫
|s|=2ε

ψ(s)(z)
(s − t)(s − t0)2 ds

∣∣∣∣∣∣
≤
|t − t0|

2πε3

∫
|s|=2ε
|ψ(s)(z)||ds|. (15)

Using Fubini theorem yields

(1 − |a|2)p(1−λ)
∫
D

( 1 − |a|2

|1 − az|2

)p ∣∣∣∣∣ψ(t)(z) − ψ(t0)(z)
t − t0

−
d
dt
|t=t0ψ(t)(z)

∣∣∣∣∣2 (1 − |z|2)2n−4+pdxdy

≤ (1 − |a|2)p(1−λ)
∫
D

( 1 − |a|2

|1 − az|2

)p
|t − t0|

2

4π2ε6

∫
D

(∫
|s|=2ε
|ψ(s)(z)||ds|

)2

(1 − |z|2)2n−4+pdxdy

. |t − t0|
2(1 − |a|2)p(1−λ)

∫
D

∫
|s|=2ε
|ψ(s)(z)|2|ds|(1 − |z|2)2n−4+p

( 1 − |a|2

|1 − az|2

)p

dxdy

= |t − t0|
2
∫
|s|=2ε

(1 − |a|2)p(1−λ)
∫
D

( 1 − |a|2

|1 − az|2

)p

|ψ(s)(z)|2(1 − |z|2)2n−4+pdxdy|ds|

. |t − t0|
2.

This implies that the limit

lim
t→t0

ψ(t) − ψ(t0)
t − t0

=
d
dt
|t=t0ψ(t)

exists inNpλ,n(D). Thus, we conclude that βn :M(D∗)→Npλ,n(D) is holomorphic.
Furthermore, Buss proved in Theorem 3.4 in [7] that

d
dt
|t=0ψ(t)(z) =

(−1)nn!
π

∫
D∗

µ(w)
(z − w)n+1 dudv.

The proof follows.
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3. The connectivity of T0
DM,b

(1)

In this section, we shall prove Theorem 1.4. Let r > 1 and ∆r = {z : |z| < r}. A Beltrami differential
µ(z) ∈M(D∗) is called a vanishing Beltrami differential if for any ε > 0, there exists r > 1 such that ‖µ|∆r‖∞ < ε.
Denote by M0(D∗) the collection of all vanishing Beltrami differentials.

Let M0(D∗ = M(D∗) ∩M0(D∗). For each µ(z) ∈ M0(D∗, there exists a unique quasiconformal mapping
f µ : Ĉ → Ĉ defined as in the introduction such that f µ(D) is bounded. Define the pre-Bers projection
mapping Lb on M0(D∗) by setting Lb(µ) = log( f µ)′. To prove Theorem 1.4, we need the following result
which has its own interest.

Proposition 3.1. The pre-Bers projection mapping Lb :M0(D∗)→Dp
λ(D) is well defined and holomorphic.

Proof. For any µ ∈M0(D∗) ⊂M0(D∗), it follows from [5] that log( f µ)′ ∈ B0. It also follows from Theorem 1.2
that log( f µ)′ ∈ Dp

λ(D). Therefore, the pre-Bers projection mapping Lb : M0(D∗) → Dp
λ(D) is well defined.

To prove that Lb : M0(D∗)→ Dp
λ(D) is holomorphic, we first show that it is continuous. For µ, ν ∈ M0(D∗),

it follows from Theorem 3.1 in Chapter II in [17] that

sup
z∈D

(1 − |z|2)
∣∣∣∣∣ ( f µ)′′

( f µ)′
−

( f ν)′′

( f ν)′

∣∣∣∣∣ . ‖µ − ν‖∞.
By Lemma 2.4, we have

‖β3(µ) − β3(ν)‖Npλ,3 . ‖µ − ν‖L.

Therefore, from Lemma 2.1, we get

‖ log( f µ)′ − log( f ν)′‖2
D

p
λ(D)
≈ sup

a∈D
(1 − |a|2)p(1−λ)

∫
D

( 1 − |a|2

|1 − az|2

)p

×

∣∣∣∣∣ ( f µ)′′

( f µ)′
−

( f ν)′′

( f ν)′

∣∣∣∣∣2 (1 − |z|2)pdxdy

≈ sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

( 1 − |a|2

|1 − az|2

)p ∣∣∣∣∣( ( f µ)′′

( f µ)′

)′
−

( ( f ν)′′

( f ν)′

)′∣∣∣∣∣2 (1 − |z|2)p+2dxdy

. sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

( 1 − |a|2

|1 − az|2

)p ∣∣∣S f µ − S f ν
∣∣∣2 (1 − |z|2)p+2dxdy

+ sup
a∈D

(1 − |a|2)p(1−λ)
∫
D

( 1 − |a|2

|1 − az|2

)p
∣∣∣∣∣∣( ( f µ)′′

( f µ)′

)2

−

( ( f ν)′′

( f ν)′

)2
∣∣∣∣∣∣2 (1 − |z|2)p+2dxdy

. ‖β3(µ) − β3(ν)‖2
Npλ,3

+ sup
z∈D

{
(1 − |z|2)2

∣∣∣∣∣ ( f µ)′′

( f µ)′
−

( f ν)′′

( f ν)′

∣∣∣∣∣2 }
× sup

a∈D
(1 − |a|2)p(1−λ)

∫
D

( 1 − |a|2

|1 − az|2

)p ∣∣∣∣∣ ( f µ)′′

( f µ)′
+

( f ν)′′

( f ν)′

∣∣∣∣∣2 (1 − |z|2)pdxdy

. ‖µ − ν‖2
L

+ ‖µ − ν‖2∞(‖ log( f µ)′‖2
D

p
λ(D)

+ ‖ log( f ν)′‖2
D

p
λ(D)

)

. ‖µ − ν‖2
L
.

This implies that Lb :M0(D∗)→Dp
λ(D) is continuous.

Similar to the proof of Theorem 1.3, it remains to show that for any µ ∈M0(D∗) and ν ∈ L(D∗), Lb(µ+ tν)
is holomorphic in a small neighborhood of t = 0 in the complex plane. Chose a positive constant ε such
that for any t with |t| < 2ε, ‖µ + tν‖∞ < 1 and ‖µ + tν‖L < ∞. We abbreviate the function Lb(µ + tν) by φ(t).
For fixed z ∈ D, the function φ(t) is holomorphic in |t| < 2ε (see [18]) and (15) still holds for φ(t).
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Thus, by Fubini theorem, we deduce that

(1 − |a|2)p(1−λ)
∫
D

∣∣∣∣∣φ(t)(z) − φ(t0)(z)
t − t0

−
d
dt
|t=t0φ(t)(z)

∣∣∣∣∣2 (1 − |z|2)p
( (1 − |a|2)
|1 − az|2

)p

dxdy

≤ (1 − |a|2)p(1−λ) |t − t0|
2

4π2ε6

∫
D

(∫
|s|=2ε
|φ(s)(z)||ds|

)2

(1 − |z|2)p
( (1 − |a|2)
|1 − az|2

)p

dxdy

. (1 − |a|2)p(1−λ)
|t − t0|

2
∫
D

∫
|s|=2ε
|φ(s)(z)|2|ds|(1 − |z|2)p

( (1 − |a|2)
|1 − az|2

)p

dxdy

= |t − t0|
2
∫
|s|=2ε

(1 − |a|2)p(1−λ)
∫
D

|φ(s)(z)|2(1 − |z|2)p
( (1 − |a|2)
|1 − az|2

)p

dxdy|ds|

. |t − t0|
2.

Therefore, we deduce that the limit

lim
t→t0

φ(t) − φ(t0)
t − t0

=
d
dt
|t=t0φ(t)

exists inDp
λ(D). This implies that Lb :M0(D∗)→Dp

λ(D) is holomorphic and the proof follows.

We now start our proof of Theorem 1.4.

Proof. Let log f ′ ∈ T0
DM(1). By Theorem 1.2, f can be extended to a quasiconformal mapping to the whole

plane such that its complex dilatation µ satisfies |µ(z)|2

(|z|2−1) dxdy ∈ CMpλ(D∗). Let f t be the quasiconformal

mapping in Ĉ with f−1(∞) = ( f t)−1(∞) and ∂ f t = tµ∂ f t. We now prove the path t 7−→ log( f t)′, 0 ≤ t ≤ 1 is
continuous in B0 ∩D

p
λ(D).

For f t1 , f t2 , we conclude from Proposition 3.1 that

‖ log( f t1 )′ − log( f t2 )′‖
D

p
λ(D) . |t1 − t2| · ‖µ‖L.

On the other hand, by (14) (see Theorem 3.1 in Chapter II in [17]), we get

‖ log( f t1 )′ − log( f t2 )′‖B . |t1 − t2| · ‖µ‖∞.

Thus, we deduce that
‖ log( f t1 )′ − log( f t2 )′‖B,Dp

λ
. |t1 − t2| · ‖µ‖L.

This means that the path t 7−→ log( f t)′, 0 ≤ t ≤ 1 is continuous in B0 ∩D
p
λ(D).

Therefore, each log f ′ ∈ T0
DM(1) can be connected by a continuous path in B0 ∩ D

p
λ(D) to a Möbius

transformation γ with logγ′ ∈ T0
DM(1). Observe that γ(D) is bounded, it follows that the path ρ 7−→ logγ′ρ

connects the point logγ′ to the point 0 in T0
DM(1), where γρ = γ(ρz). This implies that T0

DM,b(1) = { log f ′ ∈
T0

DM(1) : f (D) is bounded } is connected in B0 ∩D
p
λ(D).
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