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Almost Periodic Generalized Ultradistributions

Chikh Bouzara, Fethia Ouikenea

aLaboratory of Mathematical Analysis and Applications, Université Oran1. Oran, Algeria

Abstract. We first introduce an algebra of almost periodic generalized ultradistributions containing
classical almost periodic ultradistributions as well as the algebra of almost periodic generalized functions,
and then we study the fundamental properties of this algebra.

1. Introduction

The concept of an almost periodic distribution extending the classical Bohr and Stepanoff almost periodic
functions is due to L. Schwartz [13]. In view of the problem of multiplication of distributions, algebras
of generalized functions containing different classes of distributions have been introduced and developed,
see [11]. Consequently, an algebra of almost periodic generalized functions containing almost periodic
functions and almost periodic distributions has been introduced and studied in [3], and an application to
systems of ordinary differential equations is given in [4].

It is well known that ultradistributions are generalization of distributions, they are useful for concrete
problems, for example differential equations, see [8]. However they are also less adapted to non linear oper-
ations. Algebras of generalized ultradistributions containing ultradistributions are nowadays an important
subject of research, see [2] and [7].

The almost periodicity of Beurling ultradistributions in the sense of Komatsu [10] is tackled in the paper
[6].

Therefore, this work mainly investigates the concept of almost periodicity in the setting of algebras of
generalized functions containing almost periodic ultradistributions. So we have a new reservoir of mathe-
matical objects that could be useful for studying problems with nonlinear operations on ultradistributions.
The paper aims to introduce an algebra of almost periodic generalized ultradistributions containing almost
periodic Beurling ultradistributions of [6], as well as the algebra of almost periodic generalized functions
of [3], and then it studies fundamental properties of this algebra.

The paper is organised as follows, this introduction is followed by a second section of preliminaries
where we recall the mathematical notions needed in the sequel. In the third section, we first introduce
the algebra of almost periodic generalized ultradistributions GM

pp and then we show some properties they
satisfy. The fourth section is aimed to study generalized numbers with asymptotic behavior connected
to the punctual values of generalized ultradistributions. In section five, examples of almost periodic
generalized ultradistributions are given, in particular we propose the embedding of the space of Beurling
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ultradistributions intoGM
pp. In section six, we show how the algebraGM

pp is stable under a nonlinear operation
as the composition with tempered generalized ultradistributions. The last section is aimed to show that
the extension of the classical generalized point value and the mean value to the case of almost periodic
generalized ultradistributions, and then it gives a result connected with the classical Bohl-Bohr Theorem.

2. Preliminaries

We consider functions and distributions defined on the whole space of real numbers R. Let Cub denotes
the space of continuous, bounded and complex valued functions defined on R, endowed with the norm
‖.‖∞ of uniform convergence on R, the space (Cub, ‖.‖∞) is a Banach algebra.

Definition 2.1. A continuous function onR is said to be almost periodic if it satisfies one of the following equivalent
assertions :

i) ∀ε > 0 the set

E
(
ε, f

)
:=

{
τ ∈ R :

∥∥∥ f (. + τ) − f (.)
∥∥∥
∞
< ε

}
is relatively dense in R, i.e. there exists a number l such that every interval of length l contains at least a number of
E
(
ε, f

)
.

ii) For any sequence of real numbers (hn)n one can extract a subsequence
(
hnk

)
k such that

(
f
(
. + hnk

))
k converges

uniformly on R.
iii) ∀ε > 0 there exists P a trigonometric polynomial such that∥∥∥ f − P

∥∥∥
∞
< ε

We denote by Cpp the space of almost periodic functions on R.

We summarize some properties of the space Cpp, for the proofs see [9].

Proposition 2.2. 1. Cpp ⊂ Cub.
2. Cpp × Cpp ⊂ Cpp.
3. Cpp ∗ L1

⊂ Cpp.
4. If f ∈ Cpp then f ′ ∈ Cpp if and only if f ′ is uniformly continuous on R.

The following result called Bohl-Bohr’s Theorem gives the almost periodicity of a primitive.

Proposition 2.3. A primitive of f ∈ Cpp is almost periodic if and only if it is bounded.

One of the important properties of almost periodic functions is the association of Fourier series to them.

Proposition 2.4. If f ∈ Cpp and λ ∈ R then

i. a f (λ) := lim
X→+∞

1
X

X∫
0

f (x) e−iλxdx exists.

ii. There exists at most a countable set of λ′s for which a f (λ) , 0.

iii. If f is positive then M
(

f
)

:= lim
X→+∞

1
X

X∫
0

f (x) dx is zero if and only if f ≡ 0.

iv. ∀ϕ ∈ L1,

M
(

f ∗ ϕ
)

= M
(

f
) +∞∫
−∞

ϕ (x) dx. (1)
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Definition 2.5. The numbers An := a f (λn) ,n ∈N, are called Fourier coefficients of f . The formal series
+∞∑
n=1

Aneiλnx

is called the Fourier series associated to f .

Denoting byE the space of infinitely derivable functions, we recall the space of almost periodic infinitely
derivable functions and the space of infinitely derivable bounded functions, see [13] and [3], are denoted
and defined respectively by

Bpp :=
{
ϕ ∈ E : ∀ j ∈ Z+, ϕ( j) ∈ Cpp

}
.

B :=
{
ϕ ∈ E : ∀ j ∈ Z+, ϕ( j) ∈ L∞

}
.

It is well known that B is a Frechet algebra.

Proposition 2.6. i) Bpp is a closed differential subalgebra of B stable under derivation .
ii) Bpp ∗ L1

⊂ Bpp.
iii) Bpp = B ∩ Cpp.

Let M = (Mk)+∞
k=0 be a sequence of positive numbers, we define the following properties

Logarithmic Convexity

M2
k ≤Mk−1Mk+1,∀k ∈ Z+. (H1)

Stability under ultraderivation

∃A > 0,∃H > 0,Mk+q ≤ AHk+qMkMq,∀k, q ∈ Z+. (H2)

Non quasi-analyticity

∞∑
k=1

Mk−1

Mk
< ∞. (H′3)

Definition 2.7. The associated function of the sequence M is the function defined by

M (t) = sup
k

ln
tkM0

Mk
, 0 < t < ∞.

Example 2.8. If Mk = (k!)σ , σ > 1, then M (t) is equivalent to t
1
σ .

An important properties of the associated function is given by the following result, see [10].

Proposition 2.9. i) The sequence M satisfies (H1) if and only if ∀k ∈ Z+

Mk = sup
t>0

tkM0

eM(t)
.

ii) Let M satisfying condition (H1) , then it satisfies (H2) if and only if ∃A,H > 0,∀t > 0,

2M (t) ≤M (Ht) + ln (AM0) .

The function M being increasing and by Proposition 2.9- ii) we have ∃A,H > 0,∀t1, t2 > 0,

M (t1) + M (t2) ≤M (H max (t1, t2)) + ln (AM0) . (2)

The general case is proved further in Lemma 4.2.
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Remark 2.10. We will always assume that the sequence M satisfies conditions (H1) , (H2) and
(
H′3

)
.

We need some function spaces, see [12].

Definition 2.11. The spaceD(M)
Lp , 1 ≤ p ≤ ∞, is the set of ϕ ∈ E such that ∀h > 0,∃c > 0,∀ j ∈ Z+,∥∥∥∂ jϕ

∥∥∥
Lp ≤ ch jM j.

The spaceD(M)
Lp is endowed with the projective limit topology of Banach spaces, i.e.

D
(M)
Lp := lim proj

h→0
D

(M),h
Lp ,

where the space

D
(M),h
Lp :=

{
ϕ ∈ E :

∥∥∥ϕ∥∥∥
p,h,M < ∞

}
, h > 0, (3)

provided with the norm

∥∥∥ϕ∥∥∥
p,h,M := sup

j

∥∥∥∂ jϕ
∥∥∥

Lp

h jM j
(4)

is a Banach space.

Remark 2.12. The space

D
(M) :=

{
ϕ ∈ E : ∀K compact of R,∀h > 0,∃c > 0,∀ j ∈ Z+, sup

x∈K

∣∣∣∂ jϕ(x)
∣∣∣ ≤ ch jM j

}

of Beurling ultradifferentiable functions is dense inD(M)
Lp for p ∈ [1,+∞[ . We denote by

·

B

(M)
the closure of the space

D
(M) inD(M)

L∞ =: B(M).

Definition 2.13. Let p ∈ [1,+∞[ and 1
p + 1

q = 1, the topological dual ofD(M)
Lp , denoted byD′Lq,(M), is called the space of

Lp- Beurling ultradistributions. We denoteD′L1,(M) the topological dual of
·

B

(M)
. The space denoted byB′(M) :=

(
D

(M)
L1

)′
is called the space of bounded ultradistributions .

3. Almost periodic generalized ultradistributions

Let I := ]0, 1] , if
(

fε
)
ε∈I is a sequence of functions the notation∥∥∥ fε

∥∥∥
∞

= O
(
eM( k

ε )
)
, ε→ 0,

means that ∃c > 0,∃ε0 ∈ I,∀ε ≤ ε0,
∥∥∥ fε

∥∥∥
∞
≤ ceM( k

ε ).

Definition 3.1. i) The space of almost periodic moderate elements is the space defined by

M
M
pp :=

{(
fε
)
ε∈I ∈

(
Bpp

)I
: ∀ j ∈ Z+,∃k > 0,

∥∥∥∥∥ f ( j)
ε

∥∥∥∥∥
∞

= O
(
eM( k

ε )
)
, ε→ 0

}
.

ii) The space of almost periodic null elements is the space defined by

N
M
pp :=

{(
fε
)
ε∈I ∈

(
Bpp

)I
: ∀ j ∈ Z+,∀k > 0,

∥∥∥∥∥ f ( j)
ε

∥∥∥∥∥
∞

= O
(
e−M( k

ε )
)
, ε→ 0

}
.



C. Bouzar, F. Ouikene / Filomat 33:17 (2019), 5407–5425 5411

We have the null characterization ofNM
pp .

Proposition 3.2. An element
(

fε
)
ε ∈ M

M
pp is null if and only if ∀k > 0,∥∥∥ fε

∥∥∥
∞

= O
(
e−M( k

ε )
)
, ε→ 0. (5)

Proof. The proof is based on the following classical Landau-Kolmogorov inequality∥∥∥∥ f (p)
∥∥∥∥
∞

≤ 2π
∥∥∥ f

∥∥∥1− p
m

∞

∥∥∥ f (m)
∥∥∥ p

m

∞
,

where 0 < p < m ∈ Z+ and the function f is of class Cm.
Let

(
fε
)
ε ∈ M

M
pp, i.e. ∀i ∈ Z+,∃ki > 0,∃ci > 0,∃εi ∈ I,∀ε ≤ εi,

∥∥∥ f (i)
ε

∥∥∥
∞
≤ ci exp

(
M

(
ki

ε

))
. (6)

Suppose that
(

fε
)
ε satisfies (5) , i.e. ∀k > 0,∃c > 0,∃ε0 ∈ I,∀ε ≤ ε0,

∥∥∥ fε
∥∥∥
∞
≤ ceM( k

ε ). The Landau-Kolmogorov
inequality for m = 2i, (5) , (6) and (2) give

∥∥∥ f (i)
ε

∥∥∥
∞
≤ 2π

∥∥∥ fε
∥∥∥1− 1

2

∞

∥∥∥ f (2i)
ε

∥∥∥ 1
2

∞
≤ 2π

(
ce−M( k

ε )
) 1

2

(
cie

M
(

ki
ε

)) 1
2

≤ Cie
−

1
2 M( k

ε )+ 1
2 M

(
ki
ε

)
,

where Ci = 2πAM0c
1
2 c

1
2
i . Let k0 > 0 using the inequality (2) with k

ε = H max
(

ki
ε ,

k0
ε

)
we obtain the result, i.e.

∀i ∈ Z+,∀k0 > 0,∥∥∥ f (i)
ε

∥∥∥
∞
≤ Cie

−M
(

k0
ε

)
.

The main properties of the spacesMM
pp andNM

pp are shown in the following Proposition.

Proposition 3.3. 1) The spaceMM
pp is an algebra stable under derivation.

2) The spaceNM
pp is an ideal ofM(M)

pp .

Proof. 1) The stability with respect to the derivation is obvious. Let
(

fε
)
ε ,

(
1ε

)
ε ∈ M

M
pp, then they satisfy (6)

and we have ∀ n ∈ Z+,∥∥∥∂n (
fε1ε

)∥∥∥
∞
≤

∑
i+ j=n

n!
i! j!

∣∣∣∣ f ( j) (x)
∣∣∣∣ ∣∣∣1(i)

ε (x)
∣∣∣ ≤ ∑

i+ j=n

n!
i! j!

c je
M

( kj
ε

)
cie

M
(

ki
ε

)
.

From (2) with t1 =
k j

ε
, t2 =

ki

ε
, k = Hmax

i+ j=n

(
k j, ki

)
and ε ≤ min

i+ j=n

(
ε j, εi

)
, we obtain

M
(

k j

ε

)
+ M

(
ki

ε

)
≤M

(
k
ε

)
+ ln (AM0) ,

and consequently

∥∥∥∂n (
fε1ε

)∥∥∥
∞
≤

AM0

∑
i+ j=n

n!
i! j!

c jci

 eM( k
ε ),
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which gives
(

fε1ε
)
ε ∈ M

M
pp.

2) Let
(

fε
)
ε ∈ M

M
pp and

(
1ε

)
ε ∈ N

M
pp , i.e. ∀i ∈ Z+,∃ki > 0,∃ci > 0,∃εi ∈ I,∀ε ≤ εi,

∥∥∥ f (i)
ε

∥∥∥
∞
≤ ci exp

(
M

(
ki

ε

))
and ∀i ∈ Z+,∀k1 > 0,∃c′i > 0,∃ε′i ∈ I,∀ε ≤ ε′i ,∥∥∥1(i)

ε

∥∥∥
∞
≤ c′i e

−M
(

k1
ε

)
, (7)

sinceNM
pp ⊂ M

M
pp, then

(
fε1ε

)
ε ∈ M

M
pp. It remains to prove (5) . Indeed

∥∥∥ fε1ε
∥∥∥
∞
≤

∥∥∥ fε
∥∥∥
∞

∥∥∥1ε∥∥∥
∞
≤ c0c′0e

M
(

k0
ε

)
e
−M

(
k1
ε

)
.

Due to (2) with t1 =
k0

ε
, t2 =

k
ε
, k1 = H max (k0, k) and ε ≤ min

(
ε0, ε′0

)
, we obtain

M
(

k0

ε

)
−M

(
k1

ε

)
≤ −M

(
k
ε

)
+ ln (AM0) ,

then ∥∥∥ fε1ε
∥∥∥
∞
≤ c0c′0AM0e−M( k

ε ),

according to Proposition 3.2, we have
(

fε1ε
)
ε ∈ N

M
pp .

The main definition of this work is the following one.

Definition 3.4. The algebra of almost periodic generalized ultradistributions, denoted by GM
pp, is the quotient algebra

G
M
pp :=

M
M
pp

N
M
pp
.

In order to obtain the properties of GM
pp in the spirit of the space Bpp given in Proposition 2.6, we recall

the following algebras. Let p ∈ [1,∞] , the algebra of Lp-generalized ultradistributions is defined by

G
M
Lp :=

M
M
Lp

N
M
Lp

, (8)

where

M
M
Lp :=

{(
fε
)
ε∈I ∈ E

I : ∀ j ∈ Z+,∃k > 0,
∥∥∥∥∥ f ( j)
ε

∥∥∥∥∥
Lp

= O
(
eM( k

ε )
)
, ε→ 0

}
,

and

N
M
Lp :=

{(
fε
)
εI ∈ E

I : ∀ j ∈ Z+,∀k > 0,
∥∥∥∥∥ f ( j)
ε

∥∥∥∥∥
Lp

= O
(
e−M( k

ε )
)
, ε→ 0

}
.

Remark 3.5. The elements of GM
L∞ are said bounded generalized ultradistributions.
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The algebra of Cpp−generalized functions is defined by

G
M
Cpp

:=
M

M
Cpp

N
M
Cpp

, (9)

where

M
M
Cpp

:=
{(

fε
)
ε∈I ∈

(
Cpp

)I
: ∃k > 0,

∥∥∥ fε
∥∥∥
∞

= O
(
eM( k

ε )
)
, ε→ 0

}
,

and

N
M
Cpp

:=
{(

fε
)
ε∈I ∈

(
Cpp

)I
: ∀k > 0,

∥∥∥ fε
∥∥∥
∞

= O
(
e−M( k

ε )
)
, ε→ 0

}
.

If ũ =
[
(uε)ε

]
∈ G

M
L∞ and ṽ =

[
(vε)ε

]
∈ G

M
L1 , it is not difficult to show that the convolution ũ ∗ ṽ given by

(
ũ ∗ ṽ

)
(x) =

(∫
uε

(
x − y

)
vε

(
y
)

dy
)
ε

+NM
L∞

is a well-defined element of GM
L∞ .

Proposition 3.6. We have
1. GM

pp is a subalgebra of GM
L∞ stable under derivation and translation.

2. GM
pp ∗ G

M
L1 ⊂ G

M
pp.

3. GM
pp = GM

L∞ ∩ G
M
Cpp
.

Proof. 1. The stability with respect to derivation and translation is obvious. Let ũ =
[
(uε)ε

]
∈ G

M
pp, i.e. (uε)ε

satisfies (6) , and as uε ∈ Bpp = Cpp ∩ B ⊂ B, ∀ε > 0, then (uε)ε ∈ MM
L∞ . In the same way, if (uε)ε ∈ NM

pp , then
(uε)ε ∈ NM

L∞ .
2. Let (uε)ε be a representative of ũ ∈ GM

pp and (vε)ε be a representative of ṽ ∈ GM
L1 , due to Proposition

2.6-ii) we have uε ∗ vε ∈ Bpp ∀ε > 0, and since (uε)ε and (vε)ε satisfy estimates as moderate elements of
respectivellyMM

L∞ andMM
L1 , then we have ∀ j ∈ Z+,∥∥∥∥(uε ∗ vε)( j)

∥∥∥∥
∞

≤ ‖vε‖L1

∥∥∥∥∥u( j)
ε

∥∥∥∥∥
∞

= O
(
exp M

(
k
ε

))
,

consequently (uε ∗ v)ε ∈ MM
pp. One shows easily that the result is independent on representatives.

3. We clearly have GM
pp ⊂ G

M
L∞ ∩ G

M
Cpp
. Let ũ ∈ GM

L∞ ∩ G
M
Cpp
, there are two representatives of ũ, namelly

(uε)ε ∈ MM
L∞ and (vε)ε ∈ MM

Cpp
such that (uε)ε = (vε)ε ∈ MM

L∞ ∩M
M
Cpp
, so we have that uε ∈ B ∩ Cpp = Bpp,

∀ε > 0, and satisfying (6) which give (uε)ε ∈ MM
pp. In the same way, if (uε)ε = (vε)ε ∈ NM

L∞ ∩ N
M
Cpp
, then

(uε)ε ∈ NM
L∞ ∩N

M
Cpp
, so we obtain uε ∈ B ∩ Cpp = Bpp, ∀ε > 0, and satisfying (7) which give that (uε)ε ∈ NM

pp .

We may have also that (uε)ε ∈ MM
L∞ and (vε)ε ∈ NM

Cpp
or (uε)ε ∈ NM

L∞ and (vε)ε ∈ MM
Cpp
, then in the both cases

we obtain that (uε)ε ∈ MM
pp. Consequently ũ ∈ GM

pp.

The following consequence of the last Proposition is a lifting to the generalized setting of the character-
isation of a classical almost periodic Beurling ultradistribution, see Definition 5.3.

Corollary 3.7. Let ũ ∈ GM
L∞ , the following statements are equivalent :

i) ũ ∈ GM
pp.

ii) ũ ∗ ϕ ∈ GM
Cpp
,∀ϕ ∈ DM.
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4. Generalized numbers of type M

In this section, we study the algebra of generalized numbers with an asymptotic behavior of type M.

Definition 4.1. The ring of generalized numbers of type M is defined by

K̃M :=
M

M [K]
NM [K]

,

where

M
M [K] :=

{
(zε)ε ∈ K

]0,1],∃k ∈ Z+, |zε| = O
(
eM( k

ε )
)
, ε→ 0

}
and

N
M [K] :=

{
(zε)ε ∈ K

]0,1],∀k ∈ Z+, |zε| = O
(
e−M( k

ε )
)
, ε→ 0

}
.

HereK is the field C or R.

Let us remark that it is easy to proveMM [K] is an algebra andNM [K] is an ideal ofMM [K] .

Lemma 4.2. If the sequence M satisfies condition (H2) then ∀ t1, ..., tn > 0,∀n ∈N, we have

M (t1) + ... + M (tn) ≤M
(
H

(n+2)(n−1)
2n max (t1, ..., tn)

)
+ (n − 1) ln AM0. (10)

Proof. According to (H2) and repeating this property, we obtain ∃A > 0,∃H > 0,∀n ∈N,

Mnp = M(n−1)p+p ≤ AHnpM(n−1)pMp

Mnp ≤ A2HnpH(n−1)pM(n−2)pM2
p

...

Mnp ≤ An−1H
(n+2)(n−1)

2 pMn
p

So ∀t > 0

tnpMn
0

Mn
p
≤ An−1

(
H

(n+2)(n−1)
2n

)np
Mn

0
tnp

Mnp

and then

sup
p

ln
tnpMn

0

Mn
p
≤ sup

p
ln

 tnpH
(n+2)(n−1)

2n npM0

Mnp
An−1Mn−1

0

 ,
hence

nM (t) ≤M
(
tH

(n+2)(n−1)
2n

)
+ (n − 1) ln AM0.

Let t1, ..., tn > 0, we have

nM (ti) ≤M
(
tiH

(n+2)(n−1)
2n

)
+ (n − 1) ln AM0, 1 ≤ i ≤ n,

hence

M (t1) + ... + M (tn) ≤M
(
H

(n+2)(n−1)
2n max (t1, t2, ..., tn)

)
+ (n − 1) ln AM0.
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Lemma 4.3. Let λ̃ ∈ K̃M, then
(
λ̃
) j
∈ K̃M,∀ j ∈N.

Proof. If λ̃ =
[
(λε)ε

]
∈ K̃M and j ∈N, as (λε)ε ∈ MM [K] we have ∃k ∈ Z+,∃c > 0,∃ε0 ∈ ]0, 1] ,∀ε < ε0, |λε| ≤

ceM( k
ε ), then |λε| j ≤ c je jM( k

ε ). Due to Lemma 4.2, for t1 = ... = tn = k
ε , we obtain

e jM( k
ε ) ≤ (AM0)( j−1) e

M

 k
εH

( j+2)( j−1)
2 j


,

hence

|λε|
j
≤ c j (AM0)( j−1) eM( k′

ε ),

with k′ = kH
( j+2)( j−1)

2 j , i.e. (λε)
j
ε ∈ M

M [K] .
If (λε)ε ∈ NM [K] , then ∀k ∈ Z+,∃c > 0,∃ε0 ∈ ]0, 1] ,∀ε < ε0, |λε|

j
≤ c je− jM( k

ε ). From (H1) we have

Mpj ≥

(
Mp

) j

M j−1
0

,

then

e−M( k
ε ) ≥

e− jM( k
ε )

M j−1
0

,

so

c jM j−1
0 e−M( k

ε ) ≥ c je− jM( k
ε ) ≥ |λε| j ,

i.e.
(
λ̃
) j
∈ K̃M.

Corollary 4.4. The set of generalized numbers K̃M is an algebra.

Example 4.5. The generalized number
[(

e−M( k
ε )
)
ε

]
∈ K̃M, k > 0.

Remark 4.6. The algebra K̃M is not a field.

5. Examples of almost periodic generalized ultradistributions

The algebra of almost periodic generalized functions of [3] is the quotient algebra

Gpp :=
Mpp

Npp
,

where

Mpp =

{(
fε
)
ε∈I ∈

(
Bpp

)I
: ∀ j ∈ Z+,∃k > 0,

∥∥∥∥∥ f ( j)
ε

∥∥∥∥∥
∞

= O
(
ε−k

)
, ε→ 0

}
and

Npp =

{(
fε
)
ε∈I ∈

(
Bpp

)I
: ∀ j ∈ Z+,∀k > 0,

∥∥∥∥∥ f ( j)
ε

∥∥∥∥∥
∞

= O
(
εk

)
, ε→ 0

}
.
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Proposition 5.1. The algebra Gpp is embedded into GM
pp.

Proof. Defining

I : Gpp → G
M
pp[

(uε)ε
]
→ (uε)ε +NM

pp
,

to show that I is an embedding it suffices to prove thatMpp ⊂ M
M
pp andMpp ∩N

M
pp ⊂ Npp.

Due to Proposition 2.9-i),we have

Mk = sup
t>0

tkM0

eM(t)
, k ∈ Z+,

then

∀p ∈ Z+, eM( k
ε ) ≥

(
k
ε

)p
M0

Mp
≥

(
kpM0

Mp

)
ε−p, (11)

Let
(

fε
)
ε ∈ Mpp, i.e. ∀i ∈ Z+,∃k > 0,∃ci > 0,∃εi ∈ I,∀ε ≤ εi,∥∥∥ f (i)
ε

∥∥∥
∞
≤ ciε

−k,

in (11) , we take p = k, then∥∥∥ f (i)
ε

∥∥∥
∞
≤ ciε

−k
≤ ci

Mk

kkM0
eM( k

ε ),

i.e. ∀i ∈ Z+,∃k > 0,∃Ci = ci
Mk

kkM0
> 0,∃εi ∈ I,∀ε ≤ εi,∥∥∥ f (i)

ε

∥∥∥
∞
≤ Cie

(
M

(
ki
ε

))

i.e.
(

fε
)
ε ∈ M

M
pp, which givesMpp ⊂ M

M
pp.

Let
(

fε
)
ε ∈ N

M
pp , i.e. ∀i ∈ Z+,∀k > 0,∃c′i > 0,∃ε′i ∈ I,∀ε ≤ ε′i ,∥∥∥ f (i)

ε

∥∥∥
∞
≤ c′i e

−M( k
ε ),

The estimate

εk
≥

(
kkM0

Mk

)
e−M( k

ε ),∀k ∈ Z+,

gives ∀i ∈ Z+,∀k > 0,∃c′i > 0,∃ε′i ∈ I,∀ε ≤ ε′i ,∥∥∥ f (i)
ε

∥∥∥
∞
≤ c′i

Mk

kkM0
εk

which givesNM
pp ⊂ Npp. Consequentely we haveMpp ∩N

M
pp ⊂ Npp asNpp ⊂ M

M
pp.

A generalized trigonometric polynomial P̃ is defined as

P̃ (x) :=
m∑

k=1

c̃keiλ̃kx, x ∈ R,

where c̃k ∈ C̃
M and λ̃k ∈ R̃

M.
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Proposition 5.2. Every generalized trigonometric polynomial is an almost periodic generalized ultradistribution.

Proof. As for every j ∈ N we have P̃( j) (x) =
m∑

k=1

(
iλ̃

) j
c̃keiλ̃kx

ε then the result is obtained from the fact that K̃M

is an algebra.

We now show that as important examples of almost periodic generalized ultradistributions are almost
periodic Beurling ultradistributions. Let us give the definition and the fundamental result of [6].

Definition 5.3. A bounded ultradistribution T is an almost periodic Beurling ultradistribution if it satisfies one of
the following equivalent statements :

i) T ∗ ϕ ∈ Cpp,∀ϕ ∈ D(M).
ii) There exist P(D) an (M)−ultradifferential operator and f , 1 ∈ Cpp such that T = P (D) f + 1.
The space of almost periodic Beurling ultradistributions is denoted by B′pp,(M).

Recall that an (M)−ultradifferential operator P (D) :=
∑

j a jD j is a differential operator of infinite order
satisfying ∃h > 0 ∃c > 0,∀ j ∈ Z+,∣∣∣a j

∣∣∣ ≤ c
h j

M j
. (12)

If N =
(
Np

)∞
p=0

is a sequence of positive real numbers, the space D{N}
L1 defined by the inductive limite

topology of Banach spaces

D
{N}
L1 := lim ind

h→0
D

(N),h
L1 ,

where the Banach spaceD(N),h
L1 is already defined in (3) .

For ε > 0 and ϕ ∈ D{N}
L1 define ϕε(.) := 1

εϕ
(
.
ε

)
.

Theorem 5.4. Let M,N be two sequence satisfying (H1) , (H2) and
(
H′3

)
, the map

J : B′pp,(MN) → G
M
pp

T 7→ T =
[(

T ∗ ϕε
)
ε

]
is a linear embedding.

Proof. Let T ∈ B′pp,(MN), according to Definition 5.3, there exist P (D) =
∑

j a jD j an (MN)-ultradifferential
operator and f , 1 ∈ Cpp such that T = P (D) f + 1. Moreover, we have ∀ γ ∈ Z+,(

T ∗ ϕε
)(γ) = P (D)

(
f ∗ ϕ(γ)

ε

)
+ 1 ∗ ϕ

(γ)
ε ,

from (12) and the fact that ϕ ∈ D{N}
L1 , i.e. ∃b > 0 such that

∥∥∥ϕ∥∥∥
b,N < ∞, we have∣∣∣∣(T ∗ ϕε)(γ) (x)

∣∣∣∣ ≤ ∣∣∣∣∣(P (D) f ∗ ϕ(γ)
ε

)
(x)

∣∣∣∣∣ +

∣∣∣∣∣(1 ∗ ϕ(γ)
ε

)
(x)

∣∣∣∣∣ ,
≤ c

∥∥∥ f
∥∥∥
∞

∑
j

h j

M jN j

1
ε j+γ b j+γ

∫ ∣∣∣∣ϕ( j+γ) (y)∣∣∣∣
b j+γ dy +

1
εγ

∥∥∥1∥∥∥
∞

∫ ∣∣∣∣ϕ(γ) (y)∣∣∣∣ dy.
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Due to (H2) : ∃A,A′ > 0,∃H,H′ > 0,N j+γ ≤ AH j+γN jNγ and M j+γ ≤ A′H′ j+γM jMγ,∣∣∣∂γ (T ∗ ϕε) (x)
∣∣∣ ≤ cAA′

∥∥∥ f
∥∥∥
∞

∑
j

b j+γh j (HH′) j+γ

M j+γ

1
ε j+γNγMγ

∫ ∣∣∣∂ j+γϕ
(
y
)∣∣∣

b j+γN j+γ
dy +

+
1
εγ

∥∥∥1∥∥∥
∞

∫ ∣∣∣∂γϕ (
y
)∣∣∣ dy,

i.e. we have

(2h)γ

NγMγ

∣∣∣∂γ (T ∗ ϕε) (x)
∣∣∣ ≤ cAA′

∥∥∥ f
∥∥∥
∞

∑
j

b j+γh j (HH′) j+γ (2h)γ

M j+γ

1
ε j+γ

∫ ∣∣∣∂ j+γϕ
(
y
)∣∣∣

b j+γN j+γ
dy +

+
1
εγ

(2h)γ

NγMγ
bγ

∥∥∥1∥∥∥
∞

∫ ∣∣∣∂γϕ (
y
)∣∣∣

bγ
dy,

≤ cAA′
∥∥∥ f

∥∥∥
∞

∑
j

2− j (2hbHH′) j+γ

M j+γ

1
ε j+γ

∫ ∣∣∣∂ j+γϕ
(
y
)∣∣∣

b j+γN j+γ
dy +

+
1
εγ

(2h)γ

Mγ
bγ

∥∥∥1∥∥∥
∞

∫ ∣∣∣∂γϕ (
y
)∣∣∣

bγNγ
dy,

≤ cAA′
∥∥∥ f

∥∥∥
∞

∑
j

2− j

(
2hbHH′

ε

) j+γ

M j+γ

∥∥∥ϕ∥∥∥
1,b,N +

∥∥∥1∥∥∥
∞

∥∥∥ϕ∥∥∥
1,b,N

(
2hb
ε

)γ
Mγ

,

according to Proposition 2.9, we obtain

(2h)γ

NγMγ

∣∣∣∂γ (T ∗ ϕε) (x)
∣∣∣ ≤ cAA′

∥∥∥ f
∥∥∥
∞

∥∥∥ϕ∥∥∥
1,b,N

∑
j

2− jeM( 2hbHH′
ε ) +

∥∥∥ϕ∥∥∥
1,b,N

∥∥∥1∥∥∥
∞

eM( 2hb
ε ),

≤ 2cAA′
∥∥∥ f

∥∥∥
∞

∥∥∥ϕ∥∥∥
1,b,N eM( 2hbHH′

ε ) +
∥∥∥ϕ∥∥∥

1,b,N

∥∥∥1∥∥∥
∞

eM( 2hb
ε ),

≤ CeM( k
ε ),

where k = H max (2hbHH′, 2hb) and C = max
(
2cAA′

∥∥∥ f
∥∥∥
∞

∥∥∥ϕ∥∥∥
1,b,N ,

∥∥∥ϕ∥∥∥
1,b,N

∥∥∥1∥∥∥
∞

)
, i.e. we proved

∃k > 0,∃C > 0,∀γ ∈ Z+,
∣∣∣∂γ (T ∗ ϕε) (x)

∣∣∣ ≤ C
NγMγ

(2h)γ
eM( k

ε ), (13)

which gives
(
T ∗ ϕε

)
ε ∈ M

M
pp.

Let ϕ ∈ D{N}
L1 and

∫
R

ϕ (x) dx = 1. If
(
T ∗ ϕε

)
ε ∈ N

M
pp , then ∀ε > 0, T ∗ ϕε ∈ Bpp, and ∀k > 0,∃c > 0,∃ε0 ∈

]0, 1] ,∀ε ≤ ε0,∥∥∥T ∗ ϕε
∥∥∥
∞
≤ ce−M( k

ε ). (14)

Let ψ ∈ D(MN)
L1 , we have

〈
T, ψ

〉
= lim

ε→0

∫ (
T ∗ ϕε

)
(x)ψ (x) dx, from (14) , we obtain ∃c′ > 0,∀ε ≤ ε0,∣∣∣∣∣∫ (

T ∗ ϕε
)

(x)ψ (x) dx
∣∣∣∣∣ ≤ c′e−M( k

ε ),

the limit ε→ 0, gives
〈
T, ψ

〉
= 0,∀ψ ∈ D(MN)

L1 . Hence J is injective.

Remark 5.5. The Theorem indicates explicitly the contribution of the mollifier ϕwhen embedding the space of almost
periodic ultradistributions into the algebra GM

pp. However, the authors of [7] propose a way to avoid the contribution
of the mollifier by imposing an inevitable condition between the ultradifferentiability order (N) of the mollifier ϕ and
the ultradifferentiability order (M) of the embedded ultradistributions, but this is valid only in the local case .
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6. A nonlinear operation

The following algebra of tempered generalized ultradistributions defined on C and denoted by GM
T

(C)
plays the same role as the algebra of tempered generalized functions, see [11] for more details, its definition
is the quotient algebra

G
M
T

(C) :=
M

M
T

(C)

N
M
T

(C)
,

where the space of tempered moderate elements is defined by

M
M
T

:=
{(

fε
)
ε∈I ∈ E

I : ∀ j ∈ Z+,∃k > 0,
∥∥∥∥∥(1 + |.|)−k f ( j)

ε (.)
∥∥∥∥∥
∞

= O
(
eM( k

ε )
)
, ε→ 0

}

and the space of tempered null elements is

N
M
T

:=
{(

fε
)
ε∈I ∈ E

I : ∀ j ∈ Z+,∃p > 0,∀k > 0,
∥∥∥∥∥(1 + |.|)−p f ( j)

ε (.)
∥∥∥∥∥
∞

= O
(
e−M( k

ε )
)
, ε→ 0

}
.

Proposition 6.1. Let u = [(uε)ε] ∈ GM
pp and F = [( fε)ε] ∈ GM

T
(C) then

F ◦ u := [( fε ◦ uε)ε]

is a well-defined element of GM
pp.

Proof. Let (uε)ε ,
(

fε
)
ε be representatives of u and F respectively, then

∀r ∈ Z+,∃kr > 0,∃cr > 0,∃εr ∈ I,∀ε ≤ εr,
∥∥∥u(r)

ε

∥∥∥
∞
≤ creM( kr

ε ), (15)

∀ j ∈ Z+,∃k j > 0,∃c j > 0,∃ε j ∈ I,∀ε ≤ ε j,

∥∥∥∥∥(1 + |.|)−k j f ( j)
ε (.)

∥∥∥∥∥
∞

≤ c je
M

( kj
ε

)
(16)

Let us show that
(

fε ◦ uε
)
ε ∈ M

M
pp. Due to the classical formula of Faà di Bruno, we have

(
fε ◦ uε

)(n)
=

∑
1≤r≤n

n!
r!

f (r)
ε (uε)

∏
n1+n2+...+nr=n

nj≥1

u(n j)
ε

n j!
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and from Lemma 4.2, (15) and (16) , we have

e−M( k
ε )

∥∥∥∥( fε ◦ uε
)(n)

∥∥∥∥
∞

≤ e−M( k
ε )

∑
1≤r≤n

n!
r!

cr ‖1 + uε‖k(r)
∞ eM

(
k(r)
ε

) ∏
n1+n2+...+nr=n

nj≥1

1
n j!

c je
M

( kj
ε

)

≤ e−M( k
ε )

∑
1≤r≤n

n!
r!

cr

(
1 + ceM( k′

ε )
)k(r)

eM
(

k(r)
ε

)
×

×

∏
n1+n2+...+nr=n

nj≥1

1
n j!

c je
M

( kj
ε

)

≤ e−M( k
ε )

∑
1≤r≤n

n!
r!

cr (1 + c)k(r) e([k(r)]+1)M( k′
ε )eM

(
k(r)
ε

)
×

×

∏
n1+n2+...+nr=n

nj≥1

1
n j!

c je
M

( kj
ε

)

≤ e−M( k
ε )

∑
1≤r≤n

n!
r!

cr (1 + c)k(r) (AM0)m−1 e
M

(
k′
ε H

(m+2)(m−1)
2m

)
eM

(
k(r)
ε

)

×

∏
n1+n2+...+nr=n

nj≥1

1
n j!

c je
M

( kj
ε

)
,

where m = [k (r)] + 1. According to Lemma 4.2 , for l = H max
(
k (r) , k′H

(m+2)(m−1)
2m

)
, ε ≤ min (ε1, ε2) , we obtain

eM
(

k(r)
ε

)
e

M
(

k′
ε H

(m+2)(m−1)
2m

)
= e

M
(

k(r)
ε

)
+M

(
k′
ε H

(m+2)(m−1)
2m

)
≤ AM0eM( l

ε ).

Consequently

e−M( k
ε )

∥∥∥∥( fε ◦ uε
)(n)

∥∥∥∥
∞

≤ e−M( k
ε )

∑
1≤r≤n

n!
r!

cr (1 + c)k(r) (AM0)m−1 AM0eM( l
ε )enM( l′

ε ) ×

×

∏
n1+n2+...+nr=n

nj≥1

1
n j!

c j

≤ e−M( k
ε )

∑
1≤r≤n

n!
r!

cr (1 + c)k(r) (AM0)m−1 AM0eM( l
ε ) (AM0)n−1

×

×e
M

(
l′
ε H

(n+2)(n−1)
2n

) ∏
n1+n2+...+nr=n

nj≥1

1
n j!

c j.

For k = H max
(
l, l′H

(n+2)(n−1)
2n

)
, ε ≤ min (ε1, ε2) , we have

eM( l
ε )e

M
(

l′′
ε H

(m+2)(m−1)
2m

)
≤ AM0eM( k

ε ),
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hence

e−M( k
ε )

∥∥∥∥( fε ◦ uε
)(n)

∥∥∥∥
∞

≤

∑
1≤r≤n

n!
r!

cr (1 + c)k(r) Ak(r) (AM0)m (AM0)n
×

×

∏
n1+n2+...+nr=n

nj≥1

1
n j!

c jAn(r)

≤ Cn

Therefore, ∀n ∈ Z+,∃k > 0,∃C = C′n > 0,∃ε0 ∈ I,∀ε ≤ ε0∥∥∥∥( fε ◦ uε
)(n)

∥∥∥∥
∞

≤ CneM( k
ε ),

i.e
(

fε ◦ uε
)
ε ∈ M

M
pp.

To show that F ◦ u is well defined, we first show(
fε (uε + nε) − fε (uε)

)
ε ∈ N

M
pp , ∀ (nε)ε ∈ N

M
pp .

According to Proposition 6, it suffices to show ∀k > 0,∃C > 0,

∥∥∥ fε (uε + nε) − fε (uε)
∥∥∥
∞
≤ C exp

(
−M

(
k
ε

))
.

Taylor’s formula and Lemma 4.2 give

eM( k
ε )

∣∣∣ fε ((uε + nε) (x)) − fε (uε (x))
∣∣∣ ≤ eM( k

ε ) |nε (x)|

1∫
0

∣∣∣ f ′ε (θuε (x))
∣∣∣ dθ,

≤ ceM( k
ε )e
−M

(
k2
ε

)
c1 (1 + |θuε (x)|)k1 e

M
(

k1
ε

)

≤ ceM( k
ε )e
−M

(
k2
ε

)
c1 (1 + c)k1 e

k1M
(

k′1
ε

)
e

M
(

k1
ε

)

≤ ceM( k
ε )e
−M

(
k2
ε

)
c1 (1 + c)k1 (AM0)m′−1

×

×e
M

(
k1
ε

)
e

M

 k1
ε H

(m′−1)(m′+2)
2m′


,

where m′ = [k1] + 1.

Due to Lemma 4.2, let k2 = H max
(
k1H

(m′−1)(m′+2)
2m′ , k1, k

)
, ε ≤ min (ε1, ε2, ε3) , then

eM( k
ε )e

M

 k1
ε H

(m′−1)(m′+2)
2m′


e

M
(

k1
ε

)
≤ (AM0)2 e

M
(

k2
ε

)
,

hence

eM( k
ε )

∣∣∣ fε ((uε + nε) (x)) − fε (uε (x))
∣∣∣ ≤ c1 (1 + c)k1 (AM0)m′+1 = C

i.e. we obtain ∀k > 0,∃C > 0,∃ε0 ∈ I,∀ε ≤ ε0,∣∣∣ fε ((uε + nε) (x)) − fε (uε (x))
∣∣∣ ≤ Ce−M( k

ε )
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Now let
(
1ε

)
ε be another representative of F, so

(
fε − 1ε

)
ε = (hε)ε ∈ NM

T
(C) , and let show that(

fε − 1ε
)

(uε) = hε (uε) ∈ NM
pp , ∀ (uε)ε ∈ MM

pp. Indeed according to Lemma 4.2,

eM( k
ε ) |hε (uε)| = eM( k

ε )

∣∣∣∣∣∣∣∣hε (0) + uε (x)

1∫
0

h′ε (θuε (x)) dθ

∣∣∣∣∣∣∣∣
≤ eM( k

ε )
(
c1e
−M

(
k1
ε

)
+ ce

M
(

k0
ε

)
(1 + |θuε (x)|)p e

−M
(

k1
ε

))
≤ eM( k

ε )
(
c1e
−M

(
k1
ε

)
+ ce

M
(

k0
ε

)
(1 + c0)p epM( k′′

ε )e
−M

(
k1
ε

))
≤

(
c1 + c (1 + c0)p) eM( k

ε )e
−M

(
k1
ε

)
e

M
(

k0
ε

)
epM( k′′

ε )

≤
(
c1 + c (1 + c)p) eM( k

ε )e
−M

(
k1
ε

)
e

M
(

k0
ε

)
(AM0)p−1 e

M

 p
εH

(p−1)(p+2)
2p



≤
(
c1 + c (1 + c)p) (AM0)p−1 eM( k

ε )e
−M

(
k1
ε

)
e

M
(

k0
ε

)
e

M

 p
εH

(p−1)(p+2)
2p


The same reasoning as above, for k1 = H max

(
k, k0, pH

(p−1)(p+2)
2p

)
, ε ≤ min (ε1, ε2, ε3) , we get

eM( k
ε ) |hε (uε)| ≤ C

hence the result.

7. More properties of GM
pp

The notion of point value is extended to the algebra GM
pp.

Proposition 7.1. i) Let ũ =
[
(uε)ε

]
∈ G

M
pp and x̃ =

[
(xε)ε

]
∈ R̃M, the point value of ũ at x̃ given by ũ

(
x̃
)

:=
[
(uε (xε))ε

]
is a well- defined element of C̃M.

ii) If ũ ∈ GM
pp, then

ũ = 0̃ in GM
pp ⇔ ũ

(
x̃
)

= 0̃ in C̃M,∀x̃ ∈ R̃M.

Proof. i) Let ũ =
[
(uε)ε

]
∈ G

M
pp and x̃ =

[
(xε)ε

]
∈ R̃M, it follows easily that (uε (xε))ε ∈ MM [C] . Let

(
yε

)
ε

another representative of x̃, using Taylor’s formula we have

∣∣∣uε (xε) − uε
(
yε

)∣∣∣ ≤ ∣∣∣xε − yε
∣∣∣ 1∫

0

∣∣∣u′ε (xε + t
(
yε − xε

))∣∣∣ dt,

and since (uε)ε ∈ MM
pp, then ∃k ∈ Z+,∃c > 0,∃ε0 ∈ I,∀ε ≤ ε0,∣∣∣u′ε (xε + t

(
yε − xε

))∣∣∣ ≤ ceM( k
ε ).

On the other hand, ∀k′ ∈ Z+,∃c′ > 0 such that
∣∣∣yε − xε

∣∣∣ ≤ c′e−M( k′
ε ), and therefore, taking c′′ = max (c, c′) ,

we have∣∣∣uε (xε) − uε
(
yε

)∣∣∣ ≤ c′′eM( k
ε )e−M( k′

ε ),
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From Lemma 4.2 with t1 =
k
ε

, t2 = k′′
ε and k′ = H max (k, k′′) , we obtain

∣∣∣uε (xε) − uε
(
yε

)∣∣∣ ≤ c′′AM0e−M( k′′
ε ),

which shows that uε (xε) − uε
(
yε

)
∈ N

M [C] .
ii) If ũ = 0̃ in GM

pp, it’s obvious that ũ
(
x̃
)

= 0̃ in C̃M. Conversely, suppose that ũ , 0 in GM
pp, in view of

Proposition 3.2, we have

∃k > 0,∀c > 0,∀ε0 ∈ I,∃ε ≤ ε0, |uε (xε)| > ce−M( k
ε ), (17)

and since ũ
(
x̃
)

= 0, then uε (xε) satisfies (7) for i = 0, i.e. ∀k > 0,∃c0 > 0,∃ε0 ∈ I,∀ε ≤ ε0,

|uε (xε)| ≤ c0e−M( k
ε ),

which gives is a contradiction with (17) .

Let ũ =
[
(uε)ε

]
∈ G

M
pp, the generalized mean value of ũ, denoted M1

(
ũ
)
, is defined by

M1

(
ũ
)

:=

 lim
X→+∞

1
X

X∫
0

uε
(
y
)

dy


ε

+NM (C) .

Proposition 7.2. If ũ =
[
(uε)ε

]
∈ G

M
pp then M1

(
ũ
)

is a well-defined element of C̃M.

Proof. Let (uε)ε a representative of ũ, we have∣∣∣∣∣∣∣∣ lim
X→+∞

1
X

X∫
0

uε
(
y
)

dy

∣∣∣∣∣∣∣∣ ≤ lim
X→+∞

1
X

X∫
0

∣∣∣uε (y)∣∣∣ dy ≤ ceM( k
ε ),

hence

 lim
X→+∞

1
X

X∫
0

uε
(
y
)

dy


ε

∈ M
M [C] . If (uε)ε ∈ NM

pp , then (uε)ε satisfies (7) , consequently

∣∣∣∣∣∣∣∣ lim
X→+∞

1
X

X∫
0

uε
(
y
)

dy

∣∣∣∣∣∣∣∣ ≤ ce−M( k
ε ),

i.e.

 lim
X→∞

1
X

X∫
0

uε
(
y
)

dy


ε

∈ N
M [C] .

Let ũ ∈ GM
pp and λ̃ ∈ R̃M, then ũe−iλ̃x

∈ G
M
pp , consequently the generalized mean value M1

(
ũe−iλ̃x

)
of ũ

is a well-defined element of C̃M. We define the generalized spectra of ũ as the set of generalized numbers
defined by

Λ1
(
ũ
)

:=
{
λ̃ ∈ R̃M : aλ̃

(
ũ
)
, 0 in C̃M

}
, (18)

where

aλ̃
(
ũ
)

:= M1

(
ũe−iλ̃x

)
.
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Example 7.3. Let P̃ (.) =
m∑

k=1
c̃keiλ̃k. then

Λ1
(
P̃
)

=
{
λ̃k : k = 1, ...m

}
.

Remark 7.4. The generalized spectra of an almost periodic generalized ultradistribution Λ1
(
ũ
)

is not necessarily
countable, see [3].

In the same way as almost periodic distributions, see [13], the mean value of T ∈ B′pp,(M) is defined as the
value

M (T) := M
(
T ∗ ρ

)
= lim

X→∞

1
X

X∫
0

(T ∗ ρ)
(
y
)

dy,

where ρ ∈ D(M) and
∫
R
ρ (x) dx = 1.

Proposition 7.5. If T ∈ B′pp,MN then M1 (J (T)) = M (T) in C̃M.

Proof. We have for ρ ∈ D(MN) and
+∞∫
−∞

ρ (x) dx = 1,

M1 (J (T)) −M (T) =


 lim

X→∞

1
X

X∫
0

T ∗
(
ϕε − ρ

) (
y
)

dy


ε

 , ε > 0,

whereϕ ∈ D{N}
L1 is such that

∫
R

ϕ (x) dx = 1.Since T ∈ B′pp,(MN), there exist P (D) =
∑

j a jD j an (MN)−ultradifferential

operator and f , 1 ∈ Cpp such that T = P (D) f + 1, hence

T ∗
(
ϕε − ρ

) (
y
)

= P (D) f ∗
(
ϕε − ρ

) (
y
)

+ 1 ∗
(
ϕε − ρ

) (
y
)
,

= a0 f ∗
(
ϕε − ρ

) (
y
)

+
∑
j≥1

a j f ∗D j (ϕε − ρ) (y) + 1 ∗
(
ϕε − ρ

) (
y
)
,

By the Proposition 2.4-vi), we obtain

lim
X→∞

1
X

X∫
0

T ∗
(
ϕε − ρ

) (
y
)

dy = a0M
(

f
) ∫
R

(
ϕε − ρ

)
(x) dx +

+
∑
j≥1

a jM
(

f
) ∫
R

D j (ϕε − ρ) (x) dx +

+M
(
1
) ∫
R

(
ϕε − ρ

)
(x) dx = 0,

as ∀ε ∈ I,
∫
R

ϕε (x) dx =
∫
R

ρ (x) dx = 1 and D j−1 (
ϕε − ρ

)∣∣∣+∞
−∞

= 0. So the result is obtained.

A primitive Ũ of ũ =
[
(uε)ε

]
∈ G

M
pp is defined by Ũ (x) =

 x∫
x0

uε
(
y
)

dy


ε

+N (C) , x0 ∈ R. This definition

does not depend on the representative. We have a generalized version of the classical Bohl-Bohr’s result.
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Proposition 7.6. A primitive of an almost periodic generalized ultradistribution is almost periodic if and only if it is
a bounded generalized ultradistribution.

Proof. Let ũ =
[
(uε)ε

]
∈ G

M
pp and suppose that Ũ =

[
(Uε)ε

]
∈ G

M
L∞ , i.e. Uε (x) :=

x∫
x0

uε
(
y
)

dy ∈ B,∀ε > 0, then Uε

is a bounded primitive of the almost periodic function uε according to the classical Bohl-Bohr’s Theorem

Uε ∈ Bpp. In addition (Uε)ε ∈ MM
L∞ , i.e. ∀ j ∈ Z+,∃k > 0,∃c > 0,

∥∥∥∥∥U( j)
ε

∥∥∥∥∥
L∞
≤ ceM( k

ε ), hence (Uε)ε ∈ MM
pp, so

Ũ ∈ GM
Cpp
, and then Ũ ∈ GM

pp by Proposition 3.6-3. Conversely, if Ũ ∈ GM
pp = GM

L∞ ∩ G
M
Cpp
⊂ G

M
L∞ , then Ũ is a

bounded generalized ultradistribution.

Remark 7.7. As a generalization of the obtained result in a forthcoming work, see [5], we study systems of ordinary
differential equations

·

ũ = Aũ + f̃ ,

where f̃ =
([(

f1,ε
)
ε

]
, ...,

[(
fn,ε

)
ε

])
∈

(
G

M
pp

)n
and A =

(
ai j

)
0≤i, j≤n

is a square matrix of order n of elements of C.
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[13] Schwartz L., Théorie des distributions. Herman, 2ieme Ed., (1966).


