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Abstract. In this paper, a new probability distribution, which is synthesized based on the quasi xgamma [26]
and geometric distributions, is proposed and studied. The proposed distribution so synthesized is basically
a family of positively skewed probability distributions and possesses increasing and decreasing hazard rate
properties depending on the values of the unknown parameters. Different important distributional and
survival and/or reliability properties are also studied. A unique characterization of the distribution is
presented based on reversed hazard rate. Seven different frequentist methods of estimating unknown
parameters are proposed and the methods are justified with Monte-Carlo simulation study. Flexible data
generation algorithm eases the utility of the proposed model in survival and/or reliability application which
is accomplished by real data analyses and by comparing with other competitive life distributions.

1. Introduction

In recent years, a large list of probability distributions have been proposed and studied in statistical
literature, the reason being simple owing the fact that in a data driven technological age it is logical to model
the data sets, coming from diverse areas, with proper probabilistic interface and hence, development of
newer and more flexible probability distributions are in their pick hour of progress. However, the process
of developing newer probability distributions are sometimes driven by merely mathematical interest and
hence finding applications with real world uncertainties compels the researchers to make a trade-off between
the nature of the data and the characteristics of the proposed distributions. Moreover, in too many situations,
the actual need and proposal do not apply to simplicity of inferential aspects. Life distributions, as termed
in the survival and reliability contexts, play vital roles in modeling even non-survival data sets for an
obvious reason of the range of the concerned random variable. Popular life distributions sometimes fail to
compete with newly developed life distributions as the data description is more accurately captured and
depicted by newer ones.
Recently, [29] introduced and studied a new life distribution namely, xgamma distribution which has a single
parameter. The xgamma distribution, with the help of the simplicity of its density function and lucrative
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properties, serves as a potential life distribution (see [27] for more details). A two-parameter extension
of xgamma distribution, called quasi-xgamma distribution ([26]) resembles with xgamma distribution
with respect to several distributional and survival and/or reliability properties. Moreover, the xgamma
distribution falls as a special case of quasi xgamma distribution.
Compounding two or more well established life distributions for the purpose of betterment in application
is not new in statistical literature. A two-parameter lifetime distribution with decreasing failure rate by
compounding exponential and geometric distributions, named as exponential geometric (EG) distribution,
was introduced by [4]. The exponential Poisson (EP) and exponential logarithmic (EL) distributions were
introduced and studied by [17] and [33], respectively. A class of distributions, named exponential power
series (EPS) distributions, by compounding exponential and power series distributions, proposed by [7].
In a similar fashion, [30] and [19] introduced the Weibull-geometric (WG) and Weibull-Poisson (WP)
distributions that extend the EG and EP distributions, respectively. A generalization of the exponential-
Poisson distribution has been presented by [5]. The Weibull power series (WPS) class of distributions,
as defined by [22], contains the EPS distributions as sub-models. [3] proposed the extended exponential-
geometric (EEG) distribution as a generalization of the EG distribution and its different statistical and
reliability properties have been studied.

1.1. Motivation

Keeping in mind the role of compounding techniques in improving any existing probability distribution,
in this article we propose and study a generalized version of quasi xgamma, named as the quasi xgamma-
geometric distribution, by some kind of compounding technique with geometric distribution. However,
the compounding adopted is slightly different in sense of its actual idea of synthesis. In a very natural way,
the quasi xgamma and the xgamma distributions come as special cases of the proposed distribution. There
are following motivations in the current investigation.

(i) To obtain a generalized version of quasi xgamma distribution that includes different other sub-models
useful for explaining typical types of uncertainties.

(ii) To obtain an improvement on the hazard rate function that may accommodate constant, decreasing,
increasing, bathtub, upside down bathtub and reversed-J hazard rates.

(iii) To find specific characteristic, if any, of the proposed density function.
(iv) To identify better applicability of the proposed distribution and to establish competency over the

other popular lifetime models.

The possible situation of encountering such a compounding form is described in the next section as a
synthesis of the distribution. The rest of the article is organized as follows.
The synthesis of the proposed distribution, its probability density function, cumulative distribution func-
tion, survival function and hazard rate function are discussed in section 2. Section 3 deal with a series
representation of the proposed distribution. In section 4 and in its dedicated subsections, we study some
distributional and survival/reliability properties. A typical characterization is presented in section 5. Seven
methods of estimating unknown parameters of the proposed distribution are studied in section 6 and in its
subsections. Random data generation algorithm along with a Monte-Carlo simulation study is presented
in section 7. In section 8, two real data sets are analyzed to illustrate the applicability and competence of
the proposed model. Finally, section 9 concludes.

2. Synthesis of the distribution

If Y is a random variable following quasi xgamma (QXG) distribution with parameters α and θ (see [26]),
then it has probability density function (pdf) as

f (y) =
θ

(1 + α)

(
α +

θ2

2
y2

)
e−θy, y > 0, α, θ > 0.
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Let us denote it by Y ∼QXG(α, θ).
The corresponding cumulative distribution function (cdf) is given by

F(y) = 1 −

(
1 + α + θy + θ2

2 y2
)

(1 + α)
e−θy, y > 0, α, θ > 0.

A new distribution, following a very similar way of [28], can be synthesized as follows.
Suppose that the life of a unit (be it mechanical or biological) fails due to the presence of M (an unknown
number) initial defects of some kind. Let Y1,Y2, . . . ,YM denote the lives of the initial defects, then the life
of the unit, say X, can be expressed as

X = Min{Y1,Y2, . . . ,YM}.

Suppose that the lives of the initial defects, Y1,Y2, . . . ,YM, follow identically and independently distributed
(i.i.d) QXG(α, θ) and the number of initial defects M follows a zero-truncated geometric distribution with
parameter p, i.e., the probability mass function (pmf) of M is

Pr(M = m) = p(m) = (1 − p)pm−1, 0 < p < 1,m = 1, 2, . . . .

Assuming that the random variables Yi(i = 1, 2, . . . ,M) and M are independent, the conditional density of
X given M = m is

f (x|m) =
mθ

(
α + θ2

2 x2
)

(1 + α)m

(
1 + α + θx +

θ2

2
x2

)m−1

e−mθx.

Then, the marginal density of X can be obtained as

f (x) =

∞∑
m=1

f (x|m)p(m)

=

∞∑
m=1

mθ
(
α + θ2

2 x2
) (

1 + α + θx + θ2

2 x2
)m−1

e−mθx

(1 + α)m × (1 − p)pm−1

=
θ(1 − p)e−θx

(
α + θ2

2 x2
)

(1 + α)

∞∑
m=1

mpm−1e−θx

(1 + α)m−1

(
1 + α + θx +

θ2

2
x2

)m−1

=
θ(1 − p)e−θx

(
α + θ2

2 x2
)

(1 + α)

1 − pe−θx
(
1 + α + θx + θ2

2 x2
)

(1 + α)


−2

.

We have the following definition for the new distribution obtained from the above synthesis.

Definition 2.1. An absolutely continuous random variable X will be said to follow the quasi xgamma-geometric
(QXGGc) distribution with parameters α(> 0), θ(> 0), and p ∈ (0, 1) if its pdf is of the form

f (x) = K(α, θ, p)
(
α +

θ2

2
x2

)
e−θx

1 − pe−θx
(
1 + α + θx + θ2

2 x2
)

(1 + α)


−2

, x > 0, (1)

where K(α, θ, p) =
θ(1−p)
(1+α) .

We denote it by X ∼ QXGGc(α, θ, p).
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Special cases:

(i) When α = θ in (1), we obtain a new family of probability distributions, can be termed as xgamma-
geometric (XGGc) distribution, with the following pdf:

f1(x) = K1(θ, p)
(
1 +

θ
2

x2
)

e−θx

1 − pe−θx
(
1 + θ + θx + θ2

2 x2
)

(1 + θ)


−2

, x > 0,

where K1(θ, p) =
θ2(1−p)
(1+θ) .

We may denote it by X ∼ XGGc(θ, p).
(ii) While p→ 0 in (1), the QXG model is obtained.

(iii) When α = θ and p → 0 in (1), we obtain xgamma (XG) distribution with parameter θ (see for more
details, [29]).

The cdf of QXGGc(α, θ, p) is obtained as

F(x) = K(α, θ, p)
∫ x

0

(
α +

θ2

2
z2

)
e−θz

1 − pe−θz
(
1 + α + θz + θ2

2 z2
)

(1 + α)


−2

dz

=

1 − e−θx
(
1 + α + θx + θ2

2 x2
)

(1 + α)


1 − pe−θx

(
1 + α + θx + θ2

2 x2
)

(1 + α)


−1

, x > 0. (2)

The survival function (or reliability function) (sf) of QXGGc model is derived as

S(x) =
(1 − p)
(1 + α)

e−θx
(
1 + α + θx +

θ2

2
x2

) 1 − pe−θx
(
1 + α + θx + θ2

2 x2
)

(1 + α)


−1

.

The hazard rate function (hrf) is obtained as

r(x) =
f (x)
S(x)

=
θ
(
α + θ2

2 x2
)(

1 + α + θx + θ2

2 x2
) 1 − pe−θx

(
1 + α + θx + θ2

2 x2
)

(1 + α)


−1

. (3)

The probability density curves of the QXGGc(α, θ, p) for different values of α, θ and p are shown in Figure 1.
The hrf plots of the QXGGc distribution are displayed in Figure 2. Figure 1 reveals that the QXGGc density
function can be reversed J-shape, concave down, symmetric, right skewed, unimodal or bimodal shapes.
The hrf of the QXGGc distribution can be constant, decreasing, increasing, decreasing-increasing, upside
down bathtub or bathtub failure rate shapes.
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Figure 1: QXGGc density plots for different values of α, θ and p.
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Figure 2: QXGGc hrf plots for different values of α, θ and p.

3. Series representation

In this section, we provide a useful series representation for the QXGGc pdf, cdf and sf. Using the
Maclaurin series of (1 − x)−2 =

∑
∞

k=0(k + 1)xk, we can write1 − pe−θx
(
1 + α + θx + θ2x2

2

)
α + 1


−2

=

∞∑
k=0

(k + 1)pke−θkx

(α + 1)k

[
(1 + θx) +

(
α +

θ2x2

2

)]k

,

and by using the binomial theorem, we can write[
(1 + θx) +

(
α +

θ2x2

2

)]k

=

k∑
n=0

(
k
n

)
(1 + θx)k−n

(
α +

θ2x2

2

)n

. (4)

Substituting (4) in equation (1), we can write

f (x) = θ(1 − p)
∞∑

k=0

k∑
n=0

(
k
n

)
(k + 1)pke−θ(k+1)x

(α + 1)k+1
(1 + θx)k−n

(
α +

θ2x2

2

)n+1

.
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Similarly, apply the binomial theorem on the expressions (1 + θx)k−n and
(
α + θ2x2

2

)n+1
, respectively

(1 + θx)k−n =

k−n∑
j=0

(
k − n

j

)
θ jx j (5)

and (
α +

θ2x2

2

)n+1

=

n+1∑
i=0

(
n + 1

i

)
θ2iαn−i+1

2i x2i. (6)

Therefore, the pdf of the QXGGc in (1) can be expressed as

f (x) =

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) Γ(2i + j + 1) 1
(
x; 2i + j + 1, (k + 1)θ

)
,

where

Kk,n,i, j(α, θ, p) =

(
n + 1

i

)(
k
n

)(
k − n

j

)
(1 − p)pkαn−i+1

2i(α + 1)k+1(k + 1)2i+ j ,

and 1(t;α, β) =
βα

Γ(α) t
α−1e−βt is the gamma distribution.

The cdf of the QXGGc in (2) can be expressed as

F(x) =

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) γ
(
2i + j + 1, (k + 1)θx

)
, (7)

where γ(α, y) =
y∫
0

e−ttα−1dt is the lower incomplete gamma function.

The pdf of QXGGc can be expressed as a mixture of gamma densities.
Using the Maclaurin series of (1 − x)−1 =

∑
∞

k=0 xk, we can write1 − pe−θx
(
1 + α + θx + θ2x2

2

)
α + 1


−1

=

∞∑
k=0

pke−θkx

(α + 1)k

[
(1 + θx) +

(
α +

θ2x2

2

)]k

.

Form equations (4), (5) and (6), sf can be written as

S(x) =
(1 − p)
(1 + α)

e−θx
∞∑

k=0

pke−θkx

(α + 1)k

[
(1 + θx) +

(
α +

θ2x2

2

)]k+1

.

= (1 − p)
∞∑

k=0

k+1∑
n=0

(
k + 1

n

)
pke−θ(k+1)x

(α + 1)k+1
(1 + θx)k−n+1

(
α +

θ2x2

2

)n

.

=

∞∑
k=0

k+1∑
n=0

k−n+1∑
j=0

n∑
i=0

K∗k,n,i, j(α, θ, p)Γ(2i + j + 1)1
(
x; 2i + j + 1, (k + 1)θ

)
,

where

K∗k,n,i, j(α, θ, p) =

(
k + 1

n

)(
k − n + 1

j

)(
n
i

)
(1 − p)pkαn−i

2iθ(α + 1)k+1(k + 1)2i+ j+1
.
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4. Properties

In this section, we provide some statistical and reliability properties of the QXGGc distribution such as
shape, quantile function, ordinary and incomplete moments, mean deviation about the mean and mean
deviation about the median, moment generating function, Rényi entropy measure, mean residual life
function and mean inactivity time.

4.1. Shapes of pdf and hrf
In this subsection, the behavior of the shapes of pdf and hrf of the random variable X follows the

distribution in (1).
The pdf in (1) has the following limits to 0 and +∞, respectively

lim
x→0

f (x) =
αθ

α(1 − p) − p + 1

and

lim
x→+∞

f (x) = 0.

The hrf in (3) has the following limits to 0 and +∞, respectively

lim
x→0

r(x) =
αθ

(α + 1)(1 − p)

and

lim
x→+∞

r(x) = θ.

4.2. Identifiablity of the distribution
In this subsection, we discuss about the identifiability of QXGGc(α, θ, p).

Let φ1 = (α1, θ1, p1) and φ2 = (α2, θ2, p2) be two sets of parameters and f1(x;φ1) and f2(x;φ2) be the
corresponding pdfs. Keeping in mind the definition of identifiability, we have,

f1(x;φ1) = f2(x;φ2)
⇐⇒ r1(x;φ1) = r2(x;φ2) where r1(·) and r1(·) given in (3)
⇐⇒ θ1 = θ2 when x→∞.

Hence the parameter θ is identifiable.

The parameters α and p are not identifiable, because we find f1(α1 = 2, θ = 2, p1 = 0.5) = f2(α2 = 3, θ =
2, p2 = 0.4375) = 2.66667 when x→ 0, but α1 , α2 and p1 , p2.

4.3. Quantile function
The quantile function (qf) of the QXGGc distribution can be obtained by solve F(x) = λ for x, where

0 < λ < 1. There is no closed form for the qf of QXGGc distribution. The λth quantile of the QXGGc
distribution can be obtained by numerically solving the following equation for x

e−θx
(
1 + α + θx +

θ2

2
x2

)
−

(α + 1)(1 − λ)
1 − pλ

= 0 (8)

The median (M) of the QXGGc distribution can be calculated from (8) by substituting λ = 0.5 and solving
the equation numerically.
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4.4. Moments

The rth raw moment of the QXGGc distribution is given by

µ′r = E(Xr)

=

∞∫
0

xr
∞∑

k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)Γ(2i + j + 1) 1
(
x; 2i + j + 1, (k + 1)θ

)
dx

=

∞∫
0

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)Γ(2i + j + 1) xr 1
(
x; 2i + j + 1, (k + 1)θ

)
dx

=

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)Γ(2i + j + 1)

∞∫
0

xr 1
(
x; 2i + j + 1, (k + 1)θ

)
dx

=

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)
Γ(2i + j + r + 1)

(k + 1)rθr . (9)

In particular,

µX = µ′1 = E(X) =

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)
Γ(2i + j + 2)

(k + 1)θ
,

µ′2 = E(X2) =

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)
Γ(2i + j + 3)
(k + 1)2θ2

and

Var(X) = µ′2 − µ
2
X.

The mean is shown graphically in Figure 3, from this plot, it is noted that the mean is decreasing for
increasing values of α, θ and p. The variance is shown graphically in Figure 4, from this plot, it is noted that
the variance is decreasing for increasing values of θ and p, and the variance is increasing then decreasing
for increasing values of α.
The central moments µr can be found from (9) as

µr = E(X − µX)r =

r∑
m=0

(
r
m

)
(−1)mµr

Xµ
′

r−m.

Table 1 shows some results of numerical integration of the central mean,
∫
∞

0 x f (x)dx, via the approxima-
tion by the summation formula above, µX, at truncated N terms instead of ∞, for different values of α, θ
and p. These results are calculated by R, the R code can be found in Appendix Appendix A.

4.5. Incomplete moments

For any t > 0, the rth incomplete moment is defined as

µr(t) = E(Xr
|x < t) =

t∫
0

xr f (x)dx.
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Table 1: The numerical integration and the summation formula of the central mean for different values of
α, θ and p at truncated N terms.

p α θ N Summation Numerical integration
0.1 0.8 1.2 10 1.67744

50 1.67744 1.67744
80 1.67744

6.0 10 0.33549
50 0.33549 0.33549
80 0.33549

2.5 1.2 10 1.24126
50 1.24126 1.24126
80 1.24126

6.0 10 0.24825
50 0.24825 0.24825
80 0.24825

0.4 0.8 1.2 10 1.38272
50 1.38273 1.38273
80 1.38273

6.0 10 0.27654
50 0.27655 0.27655
80 0.27655

2.5 1.2 10 1.00063
50 1.00064 1.00064
80 1.00064

6.0 10 0.20013
50 0.20013 0.20013
80 0.20013

0.9 0.8 1.2 10 0.45420
50 0.48836 0.48851
80 0.48851

6.0 10 0.09084
50 0.09767 0.09770
80 0.09770

2.5 1.2 10 0.30650
50 0.32702 0.32711
80 0.32711

6.0 10 0.06130
50 0.06540 0.06540
80 0.06540

The rth incomplete momentof the QXGGc distribution is given by

µr(t) =

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)Γ(2i + j + 1)

t∫
0

xr 1
(
x; 2i + j + 1, (k + 1)θ

)
dx

=

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)Γ(2i + j + 1)

t∫
0

1
(
x; 2i + j + r + 1, (k + 1)θ

)
dx

=

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)
γ
(
2i + j + r + 1, (k + 1)θt

)
(k + 1)rθr . (10)
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Also, we can write F(x) = µ0(x) and µ′r = µr(∞).
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Figure 3: Plot of the mean of QXGGc for different values of α, θ and p.

4.6. The mean deviations about the mean and the median

Suppose that the median of the QXGGc distribution denoted by M, then the mean deviations about the
mean and the median can be calculated as

δµX =

∞∫
0

|x − µX| f (x)dx = 2F(µX) − 2µ1(µX)

and

δM =

∞∫
0

|x −M| f (x)dx = µX − 2µ1(M),

respectively, where µ1(µX) and µ1(M) can be numerically computed from (10), and F(µX) can be numerically
computed from (7).
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4.7. Moment generating function
The moment generating function of the QXGGc distribution is given by

MX(t) = E(etX)

=

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)Γ(2i + j + 1)

∞∫
0

etx 1
(
x; 2i + j + 1, (k + 1)θ

)
dx

=

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)Γ(2i + j + 1)
(
1 −

t
(k + 1)θ

)−(2i+ j+1)

, t < (k + 1)θ.

It is to be noted that interchange of summation and integration is possible by Dominated Convergence
Theorem.
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Figure 4: Plot of the variance of QXGGc for different values of α, θ and p.

4.8. Rényi entropy
The Rényi entropy of the random variable X is a measure of variation of the uncertainty and it is defined

by

Hδ(x) =
1

1 − δ
log


∞∫
0

f δ(x)dx

 , δ > 0, δ , 1.



S. Sen et al. / Filomat 33:16 (2019), 5291–5330 5302

From equation (1), we have

f δ(x) = Kδ(α, θ, p)
(
α +

θ2

2
x2

)δ
e−θδx

1 − pe−θx
(
1 + α + θx + θ2

2 x2
)

(1 + α)


−2δ

, x > 0,

where Kδ(α, θ, p) =
θδ(1−p)δ

(1+α)δ . For |a| < 1, the general binomial series holds

(1 − a)−p =

∞∑
k=0

Γ(p + k)
k!Γ(p)

ak; p > 0. (11)

So, from (11), for δ > 0, we can write1 − pe−θx
(
1 + α + θx + θ2

2 x2
)

(1 + α)


−2δ

=

∞∑
k=0

Γ(2δ + k)pke−θkx

k!Γ(2δ)(1 + α)k

[
1 + θx + α +

θ2

2
x2

]k

.

Form equations (4), (5) and (6), f δ(x) becomes

f δ(x) = (1 − p)δ
∞∑

k=0

k∑
n=0

n+δ∑
i=0

k−n∑
j=0

Sδ,k,n,i, j(α, θ, p)e−θ(k+δ)xx2i+ j,

where

Sδ,k,n,i, j(α, θ, p) =

(
n + δ

i

)(
k
n

)(
k − n

j

)
Γ(2δ + k)pkθ2i+ j+δαn−i+δ

2ik!Γ(2δ)(1 + α)k+δ
.

Therefore, the Rényi entropy of the QXGGc distribution, is given by

Hδ(x) =
δ

1 − δ
log(1 − p) +

1
1 − δ

log

 ∞∑
k=0

k∑
n=0

n+δ∑
i=0

k−n∑
j=0

S∗δ,k,n,i, j(α, θ, p)

 ,
where

S∗δ,k,n,i, j(α, θ, p) =

(
n + δ

i

)(
k
n

)(
k − n

j

)
Γ(2i + j + 1)Γ(2δ + k)pkθδ−1αn+δ−i

2ik!(α + 1)k+δΓ(2δ)(k + δ)2i+ j+1
.

It is to be noted that interchange of summation and integration is possible by Dominated Convergence
Theorem.

4.9. Mean residual life and mean inactivity time
The mean residual life (MRL) of the random variable X, is given by the general formula

µT(t) = E[(X − t)|X > t] =
1

S(t)

∞∫
t

S(u)du, t > 0.

Then the integration
∞∫
t
S(u)du can be written as

∞∫
t

S(u)du =

∞∑
k=0

k+1∑
n=0

k−n+1∑
j=0

n∑
i=0

K∗k,n,i, j(α, θ, p)Γ(2i + j + 1)

∞∫
t

1
(
u; 2i + j + 1, (k + 1)θ

)
du

=

∞∑
k=0

k+1∑
n=0

k−n+1∑
j=0

n∑
i=0

K∗k,n,i, j(α, θ, p) Γ
(
2i + j + 1, (k + 1)θt

)
,
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where Γ(α, y) =
∞∫
y

e−ttα−1dt is the upper incomplete gamma function. So, the MRL of the QXGGc distribution

is given by

µT(t) =
1

S(t)

∞∑
k=0

k+1∑
n=0

k−n+1∑
j=0

n∑
i=0

K∗k,n,i, j(α, θ, p) Γ
(
2i + j + 1, (k + 1)θt

)
, t > 0.

The mean inactivity time (MIT) function of the QXGGc distribution is given by

mT(t) =
1

F(t)

t∫
0

F(u)du, t > 0

=
1

F(t)

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)

t∫
0

γ
(
2i + j + 1, (k + 1)θu

)
du

=
1

F(t)

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) t γ
(
2i + j + 1, (k + 1)θt

)
−

1
F(t)

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)
1

(k + 1)θ
γ
(
2i + j + 2, (k + 1)θt

)
.

The MRL and MIT are shown graphically in Figure 5 and Figure 6, respectively, from these plots, it is
observed that the MRL and MIT have different shapes based on the values of α, θ and p.
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Figure 5: Plot of the MRL of QXGGc for different values of α, θ and p.

5. Characterization

The fitting of probability distributions to real world data is an important area of research. The char-
acterizations give methods to identify a distribution using some basic properties. The characterizations
presented in this section are how to identify that the distribution under consideration is QXGGc using the
truncated first moment. We will need the following two Lemmas for the characterization of the proposed
distribution.
Assumption A
Let X be an absolutely continuous random variable with cdf F(x) and pdf f (x). We assume E(X) exists and
f (x) is differentiable. we assume further α = sup{x| f (x) > 0} and β = inf{x| f (x) < 1}.
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Figure 6: Plot of the MIT of QXGGc for different values of α, θ and p.

Lemma 5.1. If

E(X|X ≤ x) = 1(x)
f (x)
F(x)

,

where 1(x) is a continuous differentiable function in (α, β), then

f (x) = c exp
(∫

x − 1′(x)
1(x)

dx
)
,

and c is determined by the condition
∫ β
α

f (x)dx = 1

Proof. Let

1(x) =
1

f (x)

∫ x

α
u f (u)du,

thus ∫ x

α
u f (u)du = f (x)1(x).

Differentiating both sides of the above equation with respect to x, we obtain

x f (x) = f ′(x)1(x) + f (x)1′(x).

On simplification, we get

f ′(x)
f (x)

=
x − 1′(x)
1(x)

.

On integrating both sides of the above equation, we obtain

f (x) = c exp
(∫

x − 1′(x)
1(x)

dx
)
,

and c is determined by the condition
∫ β
α

f (x)dx = 1.
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Lemma 5.2. Under the assumption A, if

E(X|X ≥ x) = h(x)
f (x)

1 − F(x)
,

where h(x) is a continuous differentiable function in (α, β), then

f (x) = c exp
(∫

x + h′(x)
h(x)

dx
)
,

and c is determined by the condition
∫ β
α

f (x)dx = 1.

Proof. Let

h(x) =
1

f (x)

∫
∞

x
u f (u)du,

thus ∫
∞

x
u f (u)du = f (x)h(x).

Differentiating both sides of the above equation, we obtain

−x f (x) = f ′(x)h(x) + f (x)h′(x).

On simplification, we obtain

f ′(x)
f (x)

= −
x + h′(x)

h(x)
.

On integrating both sides of the above equation, we obtain

f (x) = c exp
(
−

∫
x + h′(x)

h(x)
dx

)
,

and c is determined by the condition
∫ β
α

f (x)dx = 1.

Theorem 5.3. Suppose that the random variable X satisfies the conditions of the assumption A with α = 0 and
β = ∞. Then

E(X|X ≤ x) = 1(x)τ(x),

where τ(x) =
f (x)
F(x) and

1(x) =

∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) Γ(x, 2i + j + 2, θ(k + 1))∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))
,

where Γ(x, α, β) =
βα

Γ(α)

∫ x

0 uα−1e−βudu, if and only if

f (x) =

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1)).
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Proof. Suppose that

f (x) =

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1)),

then

1(x) f (x) =

∫
∞

x

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) u 1(u, 2i + j + 1, θ(k + 1))du

=

∫ x

0

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)
u2i+ j+1e−θ(k+1)u

Γ(2i + j + 1)
du

=

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) Γ(x, 2i + j + 2, θ(k + 1)),

where

Γ(x, α, β) =
βα

Γ(α)

∫ x

0
uα−1e−βudu.

Thus

1(x) =

∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) Γ(x, 2i + j + 2, θ(k + 1))∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))
.

Suppose that,

1(x) =

∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) Γ(x, 2i + j + 2, θ(k + 1))∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))
,

then

1′(x) = x −


∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) Γ(x, 2i + j + 2, θ(k + 1))∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))


×


∑
∞

k=0
∑k

n=0
∑n+1

i=1
∑k−n

j=1 Kk,n,i, j(α, θ, p)θ(k+1)(2i+ j−θ(k+1)x)
2i+ j 1(x, 2i + j, θ(k + 1))∑

∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))

 .
= x − 1(x)


∑
∞

k=0
∑k

n=0
∑n+1

i=1
∑k−n

j=1 Kk,n,i, j(α, θ, p)θ(k+1)(2i+ j−θ(k+1)x)
2i+ j 1(x, 2i + j, θ(k + 1))∑

∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))

 .
Thus

x − 1′(x)
1(x)

=

∑
∞

k=0
∑k

n=0
∑n+1

i=1
∑k−n

j=1 Kk,n,i, j(α, θ, p)θ(k+1)(2i+ j−θ(k+1)x)
2i+ j 1(x, 2i + j, θ(k + 1))∑

∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))
.

By Lemma 1

f ′(x)
f (x)

=

∑
∞

k=0
∑k

n=0
∑n+1

i=1
∑k−n

j=1 Kk,n,i, j(α, θ, p)θ(k+1)(2i+ j−θ(k+1)x)
2i+ j 1(x, 2i + j, θ(k + 1))∑

∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))
.
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On integrating the above equation with respect to x, we obtain

f (x) = c
∞∑

k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1)).

Using the condition
∫
∞

0 f (x)dx = 1, we obtain

f (x) =

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1)).

Theorem 5.4. Suppose that the random variable X satisfies the conditions of the assumption A with α = 0 and
β = ∞. Then

E(X|X ≥ x) = h(x)τ(x),

where τ(x) =
f (x)
F(x) and

h(x) =

∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) γ(x, 2i + j + 2, θ(k + 1))∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))
,

where γ(x, α, β) =
βα

Γ(α)

∫
∞

x uα−1e−βudu, if and only if

f (x) =

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1)).

Proof. If the pdf of the random variable X is given by

f (x) =

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1)),

then

f (x)h(x) =

∫
∞

x

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) u 1(u, 2i + j + 1, θ(k + 1))du.

=

∫
∞

x

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p)
u2i+ j+1e−θ(k+1)u

Γ(2i + j + 1)
du.

=

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) γ(x, 2i + j + 2, θ(k + 1)).

Thus

h(x) =

∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) γ(x, 2i + j + 2, θ(k + 1))∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))
.

Suppose that

h(x) =

∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) γ(x, 2i + j + 2, θ(k + 1))∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))
,
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then

h′(x) = −x −


∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) γ(x, 2i + j + 2, θ(k + 1))∑
∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))


×


∑
∞

k=0
∑k

n=0
∑n+1

i=1
∑k−n

j=1 Kk,n,i, j(α, θ, p)θ(k+1)(2i+ j−θ(k+1)x)
2i+ j 1(x, 2i + j, θ(k + 1))∑

∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))


= −x − h(x) ×


∑
∞

k=0
∑k

n=0
∑n+1

i=1
∑k−n

j=1 Kk,n,i, j(α, θ, p)θ(k+1)(2i+ j−θ(k+1)x)
2i+ j 1(x, 2i + j, θ(k + 1))∑

∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))

 .
Thus

−
x + h′(x))

h(x)
=

∑
∞

k=0
∑k

n=0
∑n+1

i=1
∑k−n

j=1 Kk,n,i, j(α, θ, p)θ(k+1)(2i+ j−θ(k+1)x)
2i+ j 1(x, 2i + j, θ(k + 1))∑

∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))
.

By Lemma 5.2

f ′(x)
f (x)

=

∑
∞

k=0
∑k

n=0
∑n+1

i=1
∑k−n

j=1 Kk,n,i, j(α, θ, p)θ(k+1)(2i+ j−θ(k+1)x)
2i+ j 1(x, 2i + j, θ(k + 1))∑

∞

k=0
∑k

n=0
∑n+1

i=0
∑k−n

j=0 Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1))
.

On integrating the above equation with respect to x, we obtain

f (x) = c
∞∑

k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1)).

Using the condition
∫
∞

0 f (x)dx = 1, we obtain

f (x) =

∞∑
k=0

k∑
n=0

n+1∑
i=0

k−n∑
j=0

Kk,n,i, j(α, θ, p) 1(x, 2i + j + 1, θ(k + 1)).

6. Estimation of parameters

In this section, we estimate of the QXGGc parameters using seven frequentist approaches. These
methods are: the maximum likelihood, least squares, weighted least-squares, maximum product of spacing,
Cramér–von Mises estimation, Anderson–Darling and Right-tail Anderson–Darling estimators.

6.1. Maximum likelihood estimation

In this section, we consider the Maximum likelihood method to estimate the QXGG parameters from
complete samples. Let x1, . . . , xn be a random sample of size n from the QXGG distribution with parameter
vector ϕ = (α, θ, p)ᵀ. Then, the log-likelihood function for ϕ reduces to

` = n logθ + n log(1 − p) − n log(1 + α) +

n∑
i=1

log
(
α +

θ2

2
x2

i

)

−θ
n∑

i=1

xi − 2
n∑

i=1

log

1 − pe−θxi
(
1 + α + θxi + θ2

2 x2
i

)
(1 + α)

 .
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The Maximum likelihood estimators (MLEs) of the unknown parameters α, θ and p of the QXGGc distri-
bution can be obtained by maximizing the last equation. This can also be done by using different programs
namely R (optim function), SAS (PROC NLMIXED) or by solving the nonlinear likelihood equations obtained
by differentiating `.

The components of the score vector, U
(
ϕ
)

= ∂`
∂ϕ =

(
∂`
∂α ,

∂`
∂θ ,

∂`
∂p

)ᵀ
, are given by

∂`
∂α

= −
n

1 + α
+

n∑
i=1

1

α + θ2

2 x2
i

−
2

1 + α

n∑
i=1

pe−θxi
(
θxi + θ2

2 x2
i

)
α + 1 − si

= 0, (12)

∂`
∂θ

=
n
θ

+

n∑
i=1

θx2
i

α + θ2

2 x2
i

−

n∑
i=1

xi + 2
n∑

i=1

pe−θxi
(
xi + θx2

i

)
− si

1 + α − si
= 0 (13)

and

∂`
∂p

=
n

p − 1
+

2
p

n∑
i=1

si

α + 1 − si
= 0, (14)

where si = pe−θxi
(
1 + α + θxi + θ2

2 x2
i

)
.

Now, we will study the existence and uniqueness of the MLE estimates when the other parameter is
known (or given).

Theorem 6.1. Let us suppose that the parameters θ and p are known. Then, the of equation (12) has only one solution
for α > 0.

Proof. Let x(1) = min(x1, x2, ..., xn) and x(n) = max(x1, x2, ..., xn), so e−θx(n) ≤ e−θxi ≤ e−θx(1) for all i = 1, 2, ...,n
and

pe−θx(n)

(
1 + α + θx(1) +

θ2

2
x2

(1)

)
≤ si ≤ pe−θx(1)

(
1 + α + θx(n) +

θ2

2
x2

(n)

)
,

for all i = 1, 2, ...,n, so

−pe−θx(1)

(
1 + α + θx(n) +

θ2

2
x2

(n)

)
≤ −si ≤ −pe−θx(n)

(
1 + α + θx(1) +

θ2

2
x2

(1)

)
,

for all i = 1, 2, ...,n,

1

α + 1 − pe−θx(n)
(
1 + α + θx(1) + θ2

2 x2
(1)

) ≤ 1
α + 1 − si

≤
1

α + 1 − pe−θx(1)
(
1 + α + θx(n) + θ2

2 x2
(n)

)
for all i = 1, 2, ...,n, and

pe−θx(n)

(
θx(1) +

θ2

2
x2

(1)

)
≤ pe−θxi

(
θxi +

θ2

2
x2

i

)
≤ pe−θx(1)

(
θx(n) +

θ2

2
x2

(n)

)
,

for all i = 1, 2, ...,n, this implies

pe−θx(n)
(
θx(1) + θ2

2 x2
(1)

)
α + 1 − pe−θx(n)

(
1 + α + θx(1) + θ2

2 x2
(1)

) ≤ pe−θxi
(
θxi + θ2

2 x2
i

)
α + 1 − si

≤

pe−θx(1)
(
θx(n) + θ2

2 x2
(n)

)
α + 1 − pe−θx(1)

(
1 + α + θx(n) + θ2

2 x2
(n)

) .
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for all i = 1, 2, ...,n, and

−
2n

1 + α

pe−θx(1)
(
θx(n) + θ2

2 x2
(n)

)
α + 1 − pe−θx(1)

(
1 + α + θx(n) + θ2

2 x2
(n)

) ≤ − 2
1 + α

n∑
i=1

pe−θxi
(
θxi + θ2

2 x2
i

)
α + 1 − si

≤

−
2n

1 + α

pe−θx(n)
(
θx(1) + θ2

2 x2
(1)

)
α + 1 − pe−θx(n)

(
1 + α + θx(1) + θ2

2 x2
(1)

) .
Therefore, the equation (12) can be approximate as follows

−
n

1 + α
+

n
α + θ2

2 x2
(1)

−

( 2n
1 + α

) pe−θx(1)
(
θx(n) + θ2

2 x2
(n)

)
α + 1 − pe−θx(1)

(
1 + α + θx(n) + θ2

2 x2
(n)

) ≤
−

n
1 + α

+

n∑
i=1

1

α + θ2

2 x2
i

−
2

1 + α

n∑
i=1

pe−θxi
(
θxi + θ2

2 x2
i

)
α + 1 − si

≤

−
n

1 + α
+

n
α + θ2

2 x2
(n)

−

( 2n
1 + α

) pe−θx(n)
(
θx(1) + θ2

2 x2
(1)

)
α + 1 − pe−θx(n)

(
1 + α + θx(1) + θ2

2 x2
(1)

) .
The left hand of the inequality has only one solution for α at

α =
eθx(1)

(
4 − 2θ2x2

(1)

)
− p

(
θ
(
x(n)

(
θ2x2

(1) + 2
) (
θx2

(n) + 2
)
− 2θx2

(1)

)
+ 4

)
2p

(
θ
(
2x(n)

(
θx(n) + 2

)
− θx2

(1)

)
+ 2

)
+ 2eθx(1)

(
θ2x2

(1) − 2
) ,

similarly the right hand of the inequality has only one solution for α at

α =
eθx(n)

(
4 − 2θ2x2

(n)

)
− p

(
θ2x2

(n)

(
θx(1)

(
θx(1) + 2

)
− 2

)
+ 2

(
θx(1)

(
θx(1) + 2

)
+ 2

))
−2θ2px2

(n) + 2eθx(n)
(
θ2x2

(n) − 2
)

+ 4p
(
θx(1) + 1

)2 .

Therefore, the equation (12) has a unique solution.

Theorem 6.2. If the parameters α and p are known, then the equation (13) has at least one root on the interval (0,∞).

Proof. It is easy to verify that limθ→0
∂`
∂θ = +∞ and limθ→+∞

∂`
∂θ = −

∑n
i=1 xi. So, there exists at least one

solution on the interval (0,∞). This completes the proof.

Theorem 6.3. Let us suppose that the parameters α and θ are known. Then, the of equation (14) has a unique
solution for 0 < p < 1.

Proof. Let x(1) = min(x1, x2, ..., xn) and x(n) = max(x1, x2, ..., xn) for all i = 1, 2, ...,n, so e−θx(n) ≤ e−θxi ≤ e−θx(1) for
all i = 1, 2, ...,n and

pe−θx(n)

(
1 + α + θx(1) +

θ2

2
x2

(1)

)
≤ si ≤ pe−θx(1)

(
1 + α + θx(n) +

θ2

2
x2

(n)

)
,

for all i = 1, 2, ...,n, this implies

1

(α + 1) − pe−θx(n)
(
1 + α + θx(1) + θ2

2 x2
(1)

) ≤ 1
(α + 1) − si

≤
1

(α + 1) − pe−θx(1)
(
1 + α + θx(n) + θ2

2 x2
(n)

)
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for all i = 1, 2, ...,n, and then

pe−θx(n)
(
1 + α + θx(1) + θ2

2 x2
(1)

)
(α + 1) − pe−θx(n)

(
1 + α + θx(1) + θ2

2 x2
(1)

) ≤ si

(α + 1) − si
≤

pe−θx(1)
(
1 + α + θx(n) + θ2

2 x2
(n)

)
(α + 1) − pe−θx(1)

(
1 + α + θx(n) + θ2

2 x2
(n)

) ,
for all i = 1, 2, ...,n. Therefore, the equation (14) can be approximate as follows

n
p − 1

+
2n
p

pe−θx(n)
(
1 + α + θx(1) + θ2

2 x2
(1)

)
(α + 1) − pe−θx(n)

(
1 + α + θx(1) + θ2

2 x2
(1)

) ≤ n
p − 1

+
2
p

n∑
i=1

si

α + 1 − si
≤

n
p − 1

+
2n
p

pe−θx(1)
(
1 + α + θx(n) + θ2

2 x2
(n)

)
(α + 1) − pe−θx(1)

(
1 + α + θx(n) + θ2

2 x2
(n)

) .
The left hand of the inequality has only one solution for p at

p = 2 −
(α + 1)eθx(n)

(α + 1) + θx(1) + θ2

2 x2
(1)

,

similarly the right hand of the inequality has only one solution for p at

p = 2 −
(α + 1)eθx(1)

(α + 1) + θx(n) + θ2

2 x2
(n)

.

Therefore, the equation (14) has a unique solution.

Newton-Rapshon as a numerical method is required to find the solution of the nonlinear system.

6.2. Ordinary and weighted least-square estimators
Let x(1), x(2), · · · , x(n) be the order statistics of the random sample of size n from F

(
x;α, θ, p

)
. The ordinary

least square estimators (OLSEs) ([32]) α̂LSE, θ̂LSE and p̂LSE can be obtained by minimizing

V
(
α, θ, p

)
=

n∑
i=1

[
F
(
x(i)|α, θ, p

)
−

i
n + 1

]2

,

with respect to α, θ and p. Or equivalently, the OLSEs follow by solving the non-linear equations

n∑
i=1

[
F
(
x(i)|α, θ, p

)
−

i
n + 1

]
∆s

(
x(i)|α, θ, p

)
= 0, s = 1, 2, 3,

where

∆1

(
x(i)|α, θ, p

)
=

∂
∂α

F
(
x(i)|α, θ, p

)
, ∆2

(
x(i)|α, θ, p

)
=
∂
∂θ

F
(
x(i)|α, θ, p

)
and ∆3

(
x(i)|α, θ, p

)
=

∂
∂p

F
(
x(i)|α, θ, p

)
. (15)

Note that the solution of ∆s for s = 1, 2, 3 can be obtained numerically.
The weighted least-squares estimators (WLSEs) ([32]), α̂WLSE, θ̂WLSE and p̂WLSE, can be obtained by

minimizing the following equation

W
(
α, θ, p

)
=

n∑
i=1

(n + 1)2 (n + 2)
i (n − i + 1)

[
F
(
x(i)|α, θ, p

)
−

i
n + 1

]2

.
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Further, the WLSEs can also be derived by solving the non-linear equations

n∑
i=1

(n + 1)2 (n + 2)
i (n − i + 1)

[
F
(
x(i)|α, θ, p

)
−

i
n + 1

]
∆s

(
x(i)|α, θ, p

)
= 0, s = 1, 2, 3,

where ∆1
(
·|α, θ, p

)
, ∆2

(
·|α, θ, p

)
and ∆3

(
·|α, θ, p

)
are provided in (15).

6.3. Method of maximum product of spacings

The maximum product of spacings (MPS) method ([8, 9] and [24]), as an approximation to the Kullback-
Leibler information measure, is a good alternative to the MLE method.

Let Di(α, θ, p) = F
(
x(i)|α, θ, p

)
−F

(
x(i−1)|α, θ, p

)
, for i = 1, 2, . . . ,n + 1, be the uniform spacings of a random

sample from the QXGGc distribution, where F
(
x(0)|α, θ, p

)
= 0, F

(
x(n+1)|α, θ, p

)
= 1 and

∑n+1
i=1 Di(α, θ, p) = 1.

The maximum product of spacings estimators (MPSEs) for α̂MPSE, θ̂MPSE and p̂MPSE can be obtained by
maximizing the geometric mean of the spacings

G
(
α, θ, p

)
=

n+1∏
i=1

Di(α, θ, p)


1

n+1

with respect to α, θ and p, or, equivalently, by maximizing the logarithm of the geometric mean of sample
spacings

H
(
α, θ, p

)
=

1
n + 1

n+1∑
i=1

log Di(α, θ, p).

The MPSEs of the QXGGc parameters can be obtained by solving the nonlinear equations defined by

1
n + 1

n+1∑
i=1

1
Di(α, θ, p)

[
∆s(x(i)|α, θ, p) − ∆s(x(i−1)|α, θ, p)

]
= 0, s = 1, 2, 3,

where ∆1
(
·|α, θ, p

)
, ∆2

(
·|α, θ, p

)
and ∆3

(
·|α, θ, p

)
are defined in (15).

6.4. The Cramer-von Mises minimum distance estimators

The Cramer-von Mises estimators (CVMEs) as a type of minimum distance estimators have less bias
than the other minimum distance estimators ([21]). The CVMEs are obtained based on the difference
between the estimates of the cdf and the empirical distribution function ([20]). The CVMEs of the QXGGc
parameters are obtained by minimizing

C(α, θ, p) =
1

12n
+

n∑
i=1

[
F
(
x(i)|α, θ, p

)
−

2i − 1
2n

]2

,

with respect to α, θ and p. Further, the CVMEs follow by solving the non-linear equations

n∑
i=1

[
F
(
x(i)|α, θ, p

)
−

2i − 1
2n

]
∆s

(
x(i)|α, θ, p

)
= 0, s = 1, 2, 3,

where ∆1
(
·|α, θ, p

)
, ∆2

(
·|α, θ, p

)
and ∆3

(
·|α, θ, p

)
are provided in (15).
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6.5. The Anderson-Darling and right-tail Anderson-Darling estimators
The Anderson-Darling statistic or Anderson-Darling estimator is another type of minimum distance

estimators. The Anderson-Darling estimators (ADEs) of the QXGGc parameters are obtained by minimizing

A(α, θ, p) = −n −
1
n

n∑
i=1

(2i − 1)
[
log F

(
x(i)|α, θ, p

)
+ log S

(
x(i)|α, θ, p

)]
,

with respect to α, θ and p. These ADEs can also be obtained by solving the non-linear equations

n∑
i=1

(2i − 1)

∆s

(
x(i)|α, θ, p

)
F
(
x(i)|α, θ, p

) − ∆ j

(
x(n+1−i)|α, θ, p

)
S
(
x(n+1−i)|α, θ, p

)  = 0, s = 1, 2, 3.

The right-tail Anderson-Darling estimators (RADEs) of the QXGGc parameters are obtained by minimizing

R(α, θ, p) =
n
2
− 2

n∑
i=1

F
(
xi:n|α, θ, p

)
−

1
n

n∑
i=1

(2i − 1) log S
(
xn+1−i:n|α, θ, p

)
,

with respect to α, θ and p. The RADEs can also be obtained by solving the non-linear equations

−2
n∑

i=1

∆s
(
xi:n|α, θ, p

)
+

1
n

n∑
i=1

(2i − 1)
∆s

(
xn+1−i:n |α, θ, p

)
S
(
xn+1−i:n|α, θ, p

) = 0, s = 1, 2, 3.

where ∆1
(
·|α, θ, p

)
, ∆2

(
·|α, θ, p

)
and ∆3

(
·|α, θ, p

)
are defined in Equation (15).

7. Data generation and simulation study

We present below two different algorithms for generating random sample from QXGGc(α, θ, p).
Algorithm 1:

1. Generate U ∼ uni f orm(0, 1).
2. Put λ = U in equation (8).
3. Solve the new equation numerically for x.

Algorithm 2:
Also, we can generate a random data from the QXGGc(α, θ, p) distribution using the following simulation
algorithm:

1. Generate M ∼ zero-truncated geometric (p).
2. Generate Ui ∼ uni f orm(0, 1), i = 1, 2, . . . ,M.
3. Generate Vi ∼ exponential(θ), i = 1, 2, . . . ,M.
4. Generate Wi ∼ 1amma(3, θ), i = 1, 2, . . . ,M.
5. If Ui ≤ α/(1 + α), then set Yi = Vi, otherwise, set Yi = Wi, i = 1, 2, . . . ,M.
6. Set X = min(Y1,Y2, . . . ,YM), then X is the required sample.

Now, we present a simulation study to compare the performance of the different estimators of the unknown
parameters for the QXGGc distribution. To investigate the behavior of the MLEs in the previous section,
and by R software (version 3.4.4), we generate 10,000 samples of the QXGGc distribution, where n =
{50, 100, 350, 600, 800}, and by choosing α = (0.02, 0.10, 30, 65, 100), θ = (0.75, 7, 8, 20.20, 39.50) and p = (0.10,
0.30, 0.50, 0.60, 0.70), for each parameters combination and each sample, we evaluate: the average of absolute
value of biases (|Bias(φ̂φφ)|), |Bias(φ̂φφ)| = 1

N
∑N

i=1 |̂φφφ −φφφ|, the mean square error of the estimates (MSEs), MSEs =
1
N

∑N
i=1(φ̂φφ −φφφ)2, and the mean relative estimates (MREs), MREs = 1

N
∑N

i=1 |̂φφφ −φφφ|/φφφ, where φφφ = (α, θ, p)′.
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Tables 2, 3, 4, 5 and 6 display |Bias(φ̂φφ)|, MSEs and MREs of the WLSE, OLSE, MLE, MPS, CVME and ADE.
Furthermore, these tables show the rank of each of the estimators among all the estimators in each row,
which is the superscript indicators, and the

∑
Ranks, which is the partial partial sum of the ranks for each

column in a certain sample size. Table 7 shows the the partial and overall rank of the estimators. From
tables 2, 3, 4, 5, 6 and 7, we observe that:

• Estimator methods MLE and MPS are the only estimators show the property of consistency i.e., the
MSEs and MREs decrease as sample size increase, for all parameter combinations.

• Estimator method CVME shows the property of consistency for all parameter combinations, except
when α = 30, for the parameter α.

• Estimator method ADE shows the property of consistency for all parameter combinations, except
when α = 30, 100, for the parameter α.

• Estimator method RADE shows the property of consistency for all parameter combinations, except
when α = 30, 65, 100, for the parameter α.

• Estimator method WLSE shows the property of consistency for all parameter combinations, except
when α = 30, 65, 100, for the parameter α.

• Estimator method OLSE shows the property of consistency for all parameter combinations, except
when α = 30, for the parameter α.

• Form Table 7, and for the parameter combinations, we can conclude that the MPS and MLE estimator
methods outperform all the other estimator methods (overall scores of 44 and 46.5, respectively).
Therefore, depends on our study, we can consider the MPS and MLE estimator methods are the best.
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Table 2: Simulation results for φφφ = (α = 0.02, θ = 0.75, p = 0.3)′

n Est. Est. Par. WLSE OLSE MLE MPS CVME ADE RADE
50 BIAS α̂ 0.03436{3} 0.04031{6} 0.02999{1} 0.10282{7} 0.03669{4} 0.03071{2} 0.03809{5}

θ̂ 0.15155{5} 0.16675{6} 0.11786{1} 0.18642{7} 0.15025{4} 0.13842{3} 0.13002{2}

p̂ 0.30275{4} 0.32125{6} 0.26583{1} 0.32178{7} 0.30836{5} 0.29314{3} 0.28343{2}

MSE α̂ 0.00291{3} 0.00418{6} 0.00210{1} 21.89015{7} 0.00349{4} 0.00227{2} 0.00386{5}

θ̂ 0.04427{5} 0.05252{6} 0.02637{1} 0.07273{7} 0.04261{4} 0.03669{3} 0.03305{2}

p̂ 0.11727{4} 0.13110{6} 0.08874{1} 0.13901{7} 0.11860{5} 0.10843{3} 0.10143{2}

MRE α̂ 1.71819{3} 2.01562{6} 1.49938{1} 5.14109{7} 1.83453{4} 1.53531{2} 1.90472{5}

θ̂ 0.20207{5} 0.22233{6} 0.15715{1} 0.24856{7} 0.20033{4} 0.18456{3} 0.17336{2}

p̂ 1.00916{4} 1.07083{6} 0.88611{1} 1.07260{7} 1.02788{5} 0.97714{3} 0.94477{2}∑
Ranks 36{4} 54{6} 9{1} 63{7} 39{5} 24{2} 27{3}

100 BIAS α̂ 0.02520{4} 0.03076{6} 0.02259{1} 0.02382{3} 0.02891{5} 0.02376{2} 0.03135{7}

θ̂ 0.10807{4} 0.12590{6} 0.09351{1} 0.12766{7} 0.11443{5} 0.10153{3} 0.09937{2}

p̂ 0.24968{4} 0.27310{7} 0.22776{1} 0.26043{5} 0.26258{6} 0.23960{2} 0.24272{3}

MSE α̂ 0.00130{4} 0.00207{6} 0.00095{1} 0.00120{3} 0.00176{5} 0.00114{2} 0.00216{7}

θ̂ 0.02096{4} 0.03071{6} 0.01495{1} 0.03549{7} 0.02430{5} 0.01855{3} 0.01662{2}

p̂ 0.08091{4} 0.09783{7} 0.06705{1} 0.09345{6} 0.08862{5} 0.07526{3} 0.07499{2}

MRE α̂ 1.25979{4} 1.53807{6} 1.12974{1} 1.19075{3} 1.44548{5} 1.18777{2} 1.56759{7}

θ̂ 0.14409{4} 0.16787{6} 0.12468{1} 0.17021{7} 0.15257{5} 0.13537{3} 0.13250{2}

p̂ 0.83228{4} 0.91034{7} 0.75919{1} 0.86812{5} 0.87528{6} 0.79866{2} 0.80905{3}∑
Ranks 36{4} 57{7} 9{1} 46{5} 47{6} 22{2} 35{3}

350 BIAS α̂ 0.01511{4} 0.01916{6} 0.01303{2} 0.01254{1} 0.01878{5} 0.01480{3} 0.02196{7}

θ̂ 0.06303{5} 0.07477{7} 0.05641{1} 0.06213{4} 0.07281{6} 0.06203{3} 0.06003{2}

p̂ 0.16460{4} 0.18995{7} 0.15348{1} 0.15536{2} 0.18837{6} 0.16368{3} 0.16610{5}

MSE α̂ 0.00038{4} 0.00063{6} 0.00028{1.5} 0.00028{1.5} 0.00061{5} 0.00037{3} 0.00085{7}

θ̂ 0.00595{4} 0.00862{7} 0.00480{1} 0.00608{5} 0.00804{6} 0.00574{3} 0.00539{2}

p̂ 0.03793{4} 0.04914{7} 0.03366{1} 0.03594{2} 0.04799{6} 0.03768{3} 0.03834{5}

MRE α̂ 0.75533{4} 0.95780{6} 0.65125{2} 0.62703{1} 0.93900{5} 0.74014{3} 1.09807{7}

θ̂ 0.08404{5} 0.09970{7} 0.07522{1} 0.08284{4} 0.09708{6} 0.08270{3} 0.08004{2}

p̂ 0.54865{4} 0.63318{7} 0.51160{1} 0.51786{2} 0.62791{6} 0.54560{3} 0.55368{5}∑
Ranks 38{4} 60{7} 11.5{1} 22.5{2} 51{6} 27{3} 42{5}

600 BIAS α̂ 0.01204{4} 0.01613{6} 0.00991{2} 0.00965{1} 0.01574{5} 0.01180{3} 0.01867{7}

θ̂ 0.05061{5} 0.05981{7} 0.04599{1} 0.04723{2} 0.05964{6} 0.05040{4} 0.04806{3}

p̂ 0.13487{3} 0.15687{6} 0.12518{2} 0.11943{1} 0.15780{7} 0.13545{4} 0.13666{5}

MSE α̂ 0.00024{4} 0.00041{6} 0.00016{1.5} 0.00016{1.5} 0.00040{5} 0.00023{3} 0.00058{7}

θ̂ 0.00387{5} 0.00545{7} 0.00325{1} 0.00349{2} 0.00531{6} 0.00382{4} 0.00353{3}

p̂ 0.02679{3} 0.03524{6} 0.02351{2} 0.02294{1} 0.03529{7} 0.02696{4} 0.02762{5}

MRE α̂ 0.60212{4} 0.80667{6} 0.49545{2} 0.48249{1} 0.78689{5} 0.59022{3} 0.93347{7}

θ̂ 0.06748{5} 0.07975{7} 0.06131{1} 0.06297{2} 0.07951{6} 0.06720{4} 0.06408{3}

p̂ 0.44958{3} 0.52291{6} 0.41725{2} 0.39809{1} 0.52602{7} 0.45150{4} 0.45553{5}∑
Ranks 36{4} 57{7} 14.5{2} 12.5{1} 54{6} 33{3} 45{5}

800 BIAS α̂ 0.01045{3} 0.01418{5} 0.00866{2} 0.00833{1} 0.01426{6} 0.01058{4} 0.01669{7}

θ̂ 0.04458{5} 0.05360{7} 0.03988{1} 0.04012{2} 0.05242{6} 0.04425{4} 0.04224{3}

p̂ 0.11922{5} 0.14161{7} 0.10861{2} 0.10226{1} 0.14033{6} 0.11874{4} 0.11828{3}

MSE α̂ 0.00018{3.5} 0.00032{5.5} 0.00012{1.5} 0.00012{1.5} 0.00032{5.5} 0.00018{3.5} 0.00046{7}

θ̂ 0.00302{5} 0.00433{7} 0.00248{1} 0.00255{2} 0.00412{6} 0.00296{4} 0.00275{3}

p̂ 0.02153{5} 0.02951{7} 0.01833{2} 0.01778{1} 0.02877{6} 0.02137{3} 0.02141{4}

MRE α̂ 0.52228{3} 0.70884{5} 0.43286{2} 0.41630{1} 0.71300{6} 0.52912{4} 0.83453{7}

θ̂ 0.05945{5} 0.07147{7} 0.05318{1} 0.05349{2} 0.06989{6} 0.05900{4} 0.05633{3}

p̂ 0.39741{5} 0.47203{7} 0.36204{2} 0.34086{1} 0.46776{6} 0.39581{4} 0.39428{3}∑
Ranks 39.5{4} 57.5{7} 14.5{2} 12.5{1} 53.5{6} 34.5{3} 40{5}
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Table 3: Simulation results for φφφ = (α = 0.1, θ = 7, p = 0.6)′

n Est. Est. Par. WLSE OLSE MLE MPS CVME ADE RADE
50 BIAS α̂ 0.10527{2} 3.90475{6} 0.10859{3} 1.59240{5} 11.39283{7} 0.09933{1} 0.22862{4}

θ̂ 2.15840{4} 2.26317{7} 1.73786{1} 2.23498{6} 2.22565{5} 2.05692{3} 1.99534{2}

p̂ 0.33148{5} 0.35433{6} 0.30913{1} 0.30929{2} 0.35986{7} 0.31866{3} 0.31893{4}

MSE α̂ 0.02808{2} 66973.27738{6} 0.03696{3} 2769.73461{5} 617906.53968{7} 0.02585{1} 59.22590{4}

θ̂ 7.05821{4} 7.51135{6} 4.83105{1} 8.92959{7} 7.07057{5} 6.57283{3} 6.25447{2}

p̂ 0.14744{5} 0.16307{6} 0.13876{2} 0.13115{1} 0.16896{7} 0.14124{3} 0.14233{4}

MRE α̂ 1.05267{2} 39.04752{6} 1.08594{3} 15.92397{5} 113.92826{7} 0.99327{1} 2.28624{4}

θ̂ 0.30834{4} 0.32331{7} 0.24827{1} 0.31928{6} 0.31795{5} 0.29385{3} 0.28505{2}

p̂ 0.55247{5} 0.59055{6} 0.51522{1} 0.51549{2} 0.59977{7} 0.53110{3} 0.53155{4}∑
Ranks 33{4} 56{6} 16{1} 39{5} 57{7} 21{2} 30{3}

100 BIAS α̂ 0.07608{2} 0.08549{6} 0.07716{3} 0.40139{7} 0.08297{5} 0.07303{1} 0.08163{4}

θ̂ 1.62181{4} 1.91524{7} 1.33069{1} 1.62885{5} 1.85462{6} 1.54574{3} 1.47733{2}

p̂ 0.26487{5} 0.29747{6} 0.24826{2} 0.22747{1} 0.30337{7} 0.25401{4} 0.25217{3}

MSE α̂ 0.01285{2} 0.01908{6} 0.01463{3} 541.10536{7} 0.01515{4} 0.01169{1} 0.01569{5}

θ̂ 4.18640{4} 5.52546{6} 2.82475{1} 5.73999{7} 5.08204{5} 3.82151{3} 3.52666{2}

p̂ 0.10602{5} 0.12572{6} 0.09897{3} 0.08127{1} 0.13107{7} 0.09951{4} 0.09892{2}

MRE α̂ 0.76082{2} 0.85486{6} 0.77157{3} 4.01392{7} 0.82972{5} 0.73028{1} 0.81633{4}

θ̂ 0.23169{4} 0.27361{7} 0.19010{1} 0.23269{5} 0.26495{6} 0.22082{3} 0.21105{2}

p̂ 0.44145{5} 0.49578{6} 0.41377{2} 0.37912{1} 0.50561{7} 0.42334{4} 0.42029{3}∑
Ranks 33{4} 56{7} 19{1} 41{5} 52{6} 24{2} 27{3}

350 BIAS α̂ 0.03818{3} 0.04572{7} 0.03558{2} 0.03350{1} 0.04517{6} 0.03837{4} 0.04311{5}

θ̂ 0.86631{5} 1.09438{7} 0.73961{2} 0.57996{1} 1.09166{6} 0.82953{4} 0.80322{3}

p̂ 0.14653{5} 0.17963{6} 0.12806{2} 0.10718{1} 0.18173{7} 0.14301{4} 0.14117{3}

MSE α̂ 0.00277{3} 0.00396{7} 0.00238{2} 0.00219{1} 0.00380{6} 0.00282{4} 0.00367{5}

θ̂ 1.17431{5} 1.89761{7} 0.87150{1} 1.00656{3} 1.89594{6} 1.07345{4} 1.00412{2}

p̂ 0.03696{5} 0.05321{6} 0.02871{2} 0.02368{1} 0.05498{7} 0.03548{4} 0.03505{3}

MRE α̂ 0.38182{3} 0.45716{7} 0.35580{2} 0.33498{1} 0.45172{6} 0.38370{4} 0.43110{5}

θ̂ 0.12376{5} 0.15634{7} 0.10566{2} 0.08285{1} 0.15595{6} 0.11850{4} 0.11475{3}

p̂ 0.24421{5} 0.29939{6} 0.21343{2} 0.17863{1} 0.30289{7} 0.23834{4} 0.23528{3}∑
Ranks 39{5} 60{7} 17{2} 11{1} 57{6} 36{4} 32{3}

600 BIAS α̂ 0.02824{3} 0.03445{7} 0.02655{2} 0.02367{1} 0.03360{6} 0.02881{4} 0.03213{5}

θ̂ 0.65476{5} 0.84735{7} 0.55274{2} 0.29889{1} 0.83918{6} 0.64561{4} 0.60952{3}

p̂ 0.10884{5} 0.13692{7} 0.09547{2} 0.06681{1} 0.13646{6} 0.10868{4} 0.10591{3}

MSE α̂ 0.00142{3} 0.00218{7} 0.00127{2} 0.00106{1} 0.00207{6} 0.00150{4} 0.00193{5}

θ̂ 0.67710{5} 1.12902{7} 0.48471{2} 0.39267{1} 1.10510{6} 0.65410{4} 0.59019{3}

p̂ 0.02028{5} 0.03118{6} 0.01563{2} 0.01089{1} 0.03150{7} 0.01986{4} 0.01961{3}

MRE α̂ 0.28240{3} 0.34452{7} 0.26552{2} 0.23673{1} 0.33596{6} 0.28815{4} 0.32128{5}

θ̂ 0.09354{5} 0.12105{7} 0.07896{2} 0.04270{1} 0.11988{6} 0.09223{4} 0.08707{3}

p̂ 0.18140{5} 0.22821{7} 0.15911{2} 0.11135{1} 0.22744{6} 0.18113{4} 0.17652{3}∑
Ranks 39{5} 62{7} 18{2} 9{1} 55{6} 36{4} 33{3}

800 BIAS α̂ 0.02477{4} 0.02949{6} 0.02285{2} 0.01974{1} 0.02950{7} 0.02360{3} 0.02701{5}

θ̂ 0.56638{5} 0.73247{7} 0.48275{2} 0.20106{1} 0.72638{6} 0.55376{4} 0.51783{3}

p̂ 0.09395{5} 0.11908{7} 0.08202{2} 0.05102{1} 0.11840{6} 0.09058{4} 0.08840{3}

MSE α̂ 0.00106{4} 0.00157{7} 0.00092{2} 0.00071{1} 0.00154{6} 0.00097{3} 0.00129{5}

θ̂ 0.50097{5} 0.83850{7} 0.36965{2} 0.23563{1} 0.83098{6} 0.48212{4} 0.42251{3}

p̂ 0.01480{5} 0.02382{7} 0.01146{2} 0.00671{1} 0.02364{6} 0.01378{4} 0.01313{3}

MRE α̂ 0.24768{4} 0.29494{6} 0.22852{2} 0.19736{1} 0.29499{7} 0.23599{3} 0.27012{5}

θ̂ 0.08091{5} 0.10464{7} 0.06896{2} 0.02872{1} 0.10377{6} 0.07911{4} 0.07398{3}

p̂ 0.15659{5} 0.19847{7} 0.13670{2} 0.08503{1} 0.19733{6} 0.15097{4} 0.14733{3}∑
Ranks 42{5} 61{7} 18{2} 9{1} 56{6} 33{3.5} 33{3.5}
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Table 4: Simulation results for φφφ = (α = 30, θ = 20.2, p = 0.5)′

n Est. Est. Par. WLSE OLSE MLE MPS CVME ADE RADE
50 BIAS α̂ 45313.64938{7} 0.43586{3} 4.83192{4} 0.23324{1} 0.41939{2} 18829.94899{6} 15964.75954{5}

θ̂ 6.99589{5} 8.09820{7} 6.14694{2} 3.87117{1} 7.80262{6} 6.70426{4} 6.23173{3}

p̂ 0.24028{5} 0.26351{6} 0.22389{2} 0.17123{1} 0.26465{7} 0.23477{4} 0.22485{3}

MSE α̂ 2.41054×1010{7} 0.27877{3} 99493.96456{4} 0.15906{1} 0.26421{2} 1.27598×1010{5} 1.46374×1010{6}

θ̂ 72.86557{5} 97.15129{7} 60.56764{3} 44.21256{1} 92.51742{6} 68.67589{4} 59.25793{2}

p̂ 0.08210{5} 0.09485{6} 0.07611{3} 0.04737{1} 0.09747{7} 0.07934{4} 0.07462{2}

MRE α̂ 1510.45498{7} 0.01453{3} 0.16106{4} 0.00777{1} 0.01398{2} 627.66497{6} 532.15865{5}

θ̂ 0.34633{5} 0.40090{7} 0.30430{2} 0.19164{1} 0.38627{6} 0.33189{4} 0.30850{3}

p̂ 0.48056{5} 0.52702{6} 0.44778{2} 0.34247{1} 0.52929{7} 0.46955{4} 0.44969{3}∑
Ranks 51{7} 48{6} 26{2} 9{1} 45{5} 41{4} 32{3}

100 BIAS α̂ 50208.96830{7} 785.67107{3} 0.26928{2} 0.11378{1} 1125.62633{4} 10403.24306{5} 11326.00266{6}

θ̂ 5.45655{5} 6.04027{6} 4.41676{2} 1.89348{1} 6.11648{7} 5.05480{4} 4.62872{3}

p̂ 0.18377{5} 0.20085{6} 0.16545{3} 0.10928{1} 0.21028{7} 0.17816{4} 0.16489{2}

MSE α̂ 1.51930×1010{7} 8.07537×108{3} 0.11847{2} 0.06345{1} 1.27477×109{4} 8.51999×109{5} 1.42741×1010{6}

θ̂ 45.25379{5} 55.49562{6} 31.91002{2} 17.63927{1} 57.71834{7} 39.67589{4} 33.67889{3}

p̂ 0.05258{5} 0.06074{6} 0.04481{3} 0.02239{1} 0.06687{7} 0.04985{4} 0.04366{2}

MRE α̂ 1673.63228{7} 26.18904{3} 0.00898{2} 0.00379{1} 37.52088{4} 346.77477{5} 377.53342{6}

θ̂ 0.27013{5} 0.29902{6} 0.21865{2} 0.09374{1} 0.30280{7} 0.25024{4} 0.22914{3}

p̂ 0.36753{5} 0.40171{6} 0.33089{3} 0.21856{1} 0.42056{7} 0.35631{4} 0.32977{2}∑
Ranks 51{6} 45{5} 21{2} 9{1} 54{7} 39{4} 33{3}

350 BIAS α̂ 97157.73883{7} 0.18115{3} 0.14295{2} 0.00499{1} 0.18345{4} 71.52307{5} 226.23567{6}

θ̂ 3.58184{7} 3.35448{5} 2.34983{2} 0.08349{1} 3.39905{6} 2.72720{4} 2.58415{3}

p̂ 0.10601{5} 0.11216{6} 0.08610{2} 0.03837{1} 0.11632{7} 0.09558{4} 0.09227{3}

MSE α̂ 3.01468×1010{7} 0.05204{3} 0.03352{2} 0.00206{1} 0.05318{4} 2.54485×107{5} 1.99627×1010{6}

θ̂ 19.58152{7} 17.89431{5} 8.93256{2} 0.57495{1} 18.31580{6} 11.90795{4} 10.57245{3}

p̂ 0.01835{5} 0.02044{6} 0.01236{2} 0.00259{1} 0.02209{7} 0.01509{4} 0.01392{3}

MRE α̂ 3238.59129{7} 0.00604{3} 0.00477{2} 0.00017{1} 0.00611{4} 2.38410{5} 7.54119{6}

θ̂ 0.17732{7} 0.16606{5} 0.11633{2} 0.00413{1} 0.16827{6} 0.13501{4} 0.12793{3}

p̂ 0.21202{5} 0.22431{6} 0.17221{2} 0.07673{1} 0.23264{7} 0.19116{4} 0.18455{3}∑
Ranks 57{7} 42{5} 18{2} 9{1} 51{6} 39{4} 36{3}

600 BIAS α̂ 133799.27748{7} 119.90040{3} 0.10662{2} 0.00058{1} 299.86576{4} 457.22755{6} 301.14773{5}

θ̂ 3.02759{7} 2.57190{5} 1.74324{2} 0.00980{1} 2.58836{6} 2.10353{4} 1.99239{3}

p̂ 0.08339{5} 0.08683{6} 0.06339{2} 0.02921{1} 0.08711{7} 0.07322{4} 0.07073{3}

MSE α̂ 5.54733×1010{7} 7.17145×107{3} 0.01889{2} 0.00015{1} 4.49179×108{6} 2.62513×108{5} 2.36423×1010{4}

θ̂ 13.63681{7} 10.52490{5} 4.95697{2} 0.04166{1} 10.58099{6} 6.97005{4} 6.27288{3}

p̂ 0.01118{5} 0.01217{6} 0.00658{2} 0.00137{1} 0.01240{7} 0.00850{4} 0.00798{3}

MRE α̂ 4459.97592{7} 3.99668{3} 0.00355{2} 0.00002{1} 9.99553{4} 15.24092{6} 10.03826{5}

θ̂ 0.14988{7} 0.12732{5} 0.08630{2} 0.00048{1} 0.12814{6} 0.10414{4} 0.09863{3}

p̂ 0.16679{5} 0.17367{6} 0.12678{2} 0.05842{1} 0.17421{7} 0.14645{4} 0.14146{3}∑
Ranks 57{7} 42{5} 18{2} 9{1} 53{6} 41{4} 32{3}

800 BIAS α̂ 148216.40320{7} 0.11990{4} 0.09331{2} 0.00034{1} 0.11835{3} 2458.22833{6} 156.09153{5}

θ̂ 2.91804{7} 2.22518{6} 1.52682{2} 0.00552{1} 2.19502{5} 1.84438{4} 1.69365{3}

p̂ 0.07668{7} 0.07465{5} 0.05469{2} 0.02465{1} 0.07469{6} 0.06350{4} 0.06027{3}

MSE α̂ 7.24071×1010{7} 0.02272{4} 0.01420{2} 0.00008{1} 0.02219{3} 1.48351×109{6} 1.21614×108{5}

θ̂ 12.10730{7} 7.83549{6} 3.74245{2} 0.02100{1} 7.64873{5} 5.37238{4} 4.56717{3}

p̂ 0.00918{7} 0.00894{5} 0.00486{2} 0.00097{1} 0.00896{6} 0.00638{4} 0.00589{3}

MRE α̂ 4940.54677{7} 0.00400{4} 0.00311{2} 0.00001{1} 0.00394{3} 81.94094{6} 5.20305{5}

θ̂ 0.14446{7} 0.11016{6} 0.07559{2} 0.00027{1} 0.10866{5} 0.09131{4} 0.08384{3}

p̂ 0.15337{7} 0.14930{5} 0.10938{2} 0.04930{1} 0.14937{6} 0.12699{4} 0.12055{3}∑
Ranks 63{7} 45{6} 18{2} 9{1} 42{4.5} 42{4.5} 33{3}
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Table 5: Simulation results for φφφ = (α = 100, θ = 39.5, p = 0.1)′

n Est. Est. Par. WLSE OLSE MLE MPS CVME ADE RADE
50 BIAS α̂ 96520.69023{7} 0.08508{6} 0.07281{4} 0.05149{1} 0.07116{2} 0.07181{3} 0.07300{5}

θ̂ 7.59159{5} 9.05567{7} 6.29992{2} 4.12546{1} 7.70995{6} 7.30793{4} 7.01237{3}

p̂ 0.20261{6} 0.23488{7} 0.16129{1} 0.18479{3} 0.19351{4} 0.19617{5} 0.18464{2}

MSE α̂ 8.33879×1010{7} 0.01328{6} 0.00985{4} 0.01275{5} 0.00949{2} 0.00953{3} 0.00938{1}

θ̂ 93.52205{5} 137.58828{7} 65.74495{1} 70.60265{2} 101.20135{6} 89.62244{4} 80.28634{3}

p̂ 0.07035{6} 0.09601{7} 0.04391{1} 0.06344{3} 0.06702{4} 0.06738{5} 0.05828{2}

MRE α̂ 965.20690{7} 0.00085{6} 0.00073{4.5} 0.00051{1} 0.00071{2} 0.00072{3} 0.00073{4.5}

θ̂ 0.19219{5} 0.22926{7} 0.15949{2} 0.10444{1} 0.19519{6} 0.18501{4} 0.17753{3}

p̂ 2.02611{6} 2.34883{7} 1.61291{1} 1.84792{3} 1.93514{4} 1.96169{5} 1.84636{2}∑
Ranks 54{6} 60{7} 20.5{2} 20{1} 36{4.5} 36{4.5} 25.5{3}

100 BIAS α̂ 223059.53424{7} 0.06059{4} 0.05604{3} 0.01653{1} 0.05448{2} 170.67134{5} 1263.39077{6}

θ̂ 5.36189{5} 6.35788{7} 4.72463{2} 1.33592{1} 5.75947{6} 5.35318{4} 5.10499{3}

p̂ 0.16005{5} 0.18132{7} 0.13889{2} 0.11588{1} 0.16309{6} 0.16002{4} 0.15142{3}

MSE α̂ 2.34717×1011{7} 0.00659{4} 0.00574{3} 0.00336{1} 0.00543{2} 1.45553×108{5} 1.74937×109{6}

θ̂ 47.68192{4} 67.83288{7} 37.06550{2} 19.01506{1} 56.30716{6} 47.68988{5} 42.79370{3}

p̂ 0.04206{4} 0.05511{7} 0.03018{2} 0.02489{1} 0.04497{6} 0.04215{5} 0.03700{3}

MRE α̂ 2230.59534{7} 0.00061{4} 0.00056{3} 0.00017{1} 0.00054{2} 1.70671{5} 12.63391{6}

θ̂ 0.13574{5} 0.16096{7} 0.11961{2} 0.03382{1} 0.14581{6} 0.13552{4} 0.12924{3}

p̂ 1.60051{5} 1.81318{7} 1.38889{2} 1.15883{1} 1.63086{6} 1.60023{4} 1.51422{3}∑
Ranks 49{6} 54{7} 21{2} 9{1} 42{5} 41{4} 36{3}

350 BIAS α̂ 428051.54819{7} 0.03540{4} 0.03425{3} 0.00033{1} 0.03374{2} 1258.22531{5} 5502.71743{6}

θ̂ 3.38709{5} 3.59035{7} 2.83370{2} 0.03134{1} 3.40906{6} 3.09999{4} 3.01386{3}

p̂ 0.10673{4} 0.11774{7} 0.09761{2} 0.06124{1} 0.11305{6} 0.10775{5} 0.10348{3}

MSE α̂ 6.27722×1011{7} 0.00215{4} 0.00209{3} 0.00003{1} 0.00194{2} 1.93994×109{5} 1.16169×1010{6}

θ̂ 18.74097{5} 21.48638{7} 12.93938{2} 0.23912{1} 19.13282{6} 15.57838{4} 14.37513{3}

p̂ 0.01667{4} 0.02122{7} 0.01380{2} 0.00548{1} 0.01922{6} 0.01709{5} 0.01554{3}

MRE α̂ 4280.51548{7} 0.00035{4} 0.00034{2.5} 0.00000{1} 0.00034{2.5} 12.58225{5} 55.02717{6}

θ̂ 0.08575{5} 0.09089{7} 0.07174{2} 0.00079{1} 0.08631{6} 0.07848{4} 0.07630{3}

p̂ 1.06733{4} 1.17737{7} 0.97611{2} 0.61239{1} 1.13053{6} 1.07754{5} 1.03482{3}∑
Ranks 48{6} 54{7} 20.5{2} 9{1} 42.5{5} 42{4} 36{3}

600 BIAS α̂ 473925.65175{7} 0.02898{4} 0.02851{3} 0.00012{1} 0.02821{2} 2502.38251{5} 9796.83869{6}

θ̂ 3.10624{7} 2.90239{6} 2.28344{2} 0.00999{1} 2.83399{5} 2.47664{4} 2.42723{3}

p̂ 0.09189{5} 0.09914{7} 0.08225{2} 0.04851{1} 0.09654{6} 0.08916{4} 0.08771{3}

MSE α̂ 7.83338×1011{7} 0.00140{4} 0.00136{3} 0.00001{1} 0.00131{2} 5.42295×109{5} 2.62655×1010{6}

θ̂ 14.84295{7} 13.75145{6} 8.15081{2} 0.05679{1} 13.00521{5} 9.73673{4} 9.30240{3}

p̂ 0.01188{5} 0.01460{7} 0.00957{2} 0.00351{1} 0.01360{6} 0.01133{4} 0.01110{3}

MRE α̂ 4739.25652{7} 0.00029{3.5} 0.00029{3.5} 0.00000{1} 0.00028{2} 25.02383{5} 97.96839{6}

θ̂ 0.07864{7} 0.07348{6} 0.05781{2} 0.00025{1} 0.07175{5} 0.06270{4} 0.06145{3}

p̂ 0.91889{5} 0.99142{7} 0.82251{2} 0.48512{1} 0.96536{6} 0.89159{4} 0.87709{3}∑
Ranks 57{7} 50.5{6} 21.5{2} 9{1} 39{4.5} 39{4.5} 36{3}

800 BIAS α̂ 510035.02543{7} 0.02509{3} 0.02552{4} 0.00005{1} 0.02467{2} 6406.12800{5} 8221.68252{6}

θ̂ 3.05455{7} 2.49836{6} 2.01298{2} 0.00423{1} 2.47002{5} 2.18949{4} 2.09741{3}

p̂ 0.08671{5} 0.08781{6} 0.07489{2} 0.04193{1} 0.08843{7} 0.07972{4} 0.07679{3}

MSE α̂ 8.97626×1011{7} 0.00103{3} 0.00109{4} 0.00000{1} 0.00100{2} 1.64356×1010{5} 2.11638×1010{6}

θ̂ 14.06801{7} 9.96421{6} 6.36157{2} 0.00899{1} 9.76417{5} 7.58842{4} 6.85928{3}

p̂ 0.01021{5} 0.01127{7} 0.00791{2} 0.00271{1} 0.01119{6} 0.00919{4} 0.00847{3}

MRE α̂ 5100.35025{7} 0.00025{2.5} 0.00026{4} 0.00000{1} 0.00025{2.5} 64.06128{5} 82.21683{6}

θ̂ 0.07733{7} 0.06325{6} 0.05096{2} 0.00011{1} 0.06253{5} 0.05543{4} 0.05310{3}

p̂ 0.86711{5} 0.87811{6} 0.74892{2} 0.41931{1} 0.88432{7} 0.79716{4} 0.76790{3}∑
Ranks 57{7} 45.5{6} 24{2} 9{1} 41.5{5} 39{4} 36{3}



S. Sen et al. / Filomat 33:16 (2019), 5291–5330 5319

Table 6: Simulation results for φφφ = (α = 65, θ = 8, p = 0.7)′

n Est. Est. Par. WLSE OLSE MLE MPS CVME ADE RADE
50 BIAS α̂ 7508.79237{7} 0.02013{5} 0.01790{4} 0.01550{1} 0.02040{6} 0.01671{3} 0.01616{2}

θ̂ 3.96405{5} 4.57972{6} 3.20460{2} 2.76893{1} 4.66884{7} 3.64458{4} 3.30625{3}

p̂ 0.19481{5} 0.21593{6} 0.17079{3} 0.14405{1} 0.23404{7} 0.18316{4} 0.16960{2}

MSE α̂ 5.09381×1010{7} 0.00062{5} 0.00058{4} 0.00045{3} 0.00066{6} 0.00044{2} 0.00041{1}

θ̂ 25.85010{5} 32.86599{6} 19.27062{3} 14.64428{1} 35.44173{7} 22.21309{4} 18.50493{2}

p̂ 0.06767{5} 0.07793{6} 0.05667{3} 0.03616{1} 0.09418{7} 0.05988{4} 0.05255{2}

MRE α̂ 115.51988{7} 0.00031{5.5} 0.00028{4} 0.00024{1} 0.00031{5.5} 0.00026{3} 0.00025{2}

θ̂ 0.49551{5} 0.57247{6} 0.40058{2} 0.34612{1} 0.58361{7} 0.45557{4} 0.41328{3}

p̂ 0.27830{5} 0.30847{6} 0.24399{3} 0.20578{1} 0.33435{7} 0.26166{4} 0.24229{2}∑
Ranks 51{5} 51.5{6} 28{3} 11{1} 59.5{7} 32{4} 19{2}

100 BIAS α̂ 2168.94781{7} 0.01476{5} 0.01263{4} 0.01018{1} 0.01495{6} 0.01170{3} 0.01161{2}

θ̂ 2.81212{5} 3.35911{6} 2.18264{2} 1.77211{1} 3.41555{7} 2.58932{4} 2.38959{3}

p̂ 0.13675{5} 0.15958{6} 0.11411{2} 0.09783{1} 0.16636{7} 0.12725{4} 0.11963{3}

MSE α̂ 1.23304×109{7} 0.00034{5} 0.00028{4} 0.00023{3} 0.00036{6} 0.00022{1.5} 0.00022{1.5}

θ̂ 13.85198{5} 18.11117{6} 8.34929{2} 7.02914{1} 19.55340{7} 11.24827{4} 9.53781{3}

p̂ 0.03539{5} 0.04352{6} 0.02426{2} 0.01697{1} 0.04964{7} 0.02961{4} 0.02605{3}

MRE α̂ 33.36843{7} 0.00023{5.5} 0.00019{4} 0.00016{1} 0.00023{5.5} 0.00018{2.5} 0.00018{2.5}

θ̂ 0.35151{5} 0.41989{6} 0.27283{2} 0.22151{1} 0.42694{7} 0.32366{4} 0.29870{3}

p̂ 0.19536{5} 0.22797{6} 0.16302{2} 0.13975{1} 0.23766{7} 0.18178{4} 0.17089{3}∑
Ranks 51{5} 51.5{6} 24{2.5} 11{1} 59.5{7} 31{4} 24{2.5}

350 BIAS α̂ 53749.07590{7} 0.00773{5} 0.00684{4} 0.00258{1} 0.00787{6} 0.00626{3} 0.00598{2}

θ̂ 1.73147{5} 1.77105{6} 1.13046{2} 0.44473{1} 1.80482{7} 1.38051{4} 1.23401{3}

p̂ 0.07536{5} 0.08217{6} 0.05616{2} 0.03692{1} 0.08513{7} 0.06629{4} 0.06054{3}

MSE α̂ 1.320479×1010{7} 0.00009{5} 0.00008{4} 0.00004{1} 0.00010{6} 0.00006{2.5} 0.00006{2.5}

θ̂ 5.04900{6} 4.90594{5} 2.06105{2} 1.14392{1} 5.24121{7} 3.05046{4} 2.43607{3}

p̂ 0.00974{5} 0.01095{6} 0.00521{2} 0.00303{1} 0.01221{7} 0.00724{4} 0.00607{3}

MRE α̂ 826.90886{7} 0.00012{5.5} 0.00011{4} 0.00004{1} 0.00012{5.5} 0.00010{3} 0.00009{2}

θ̂ 0.21643{5} 0.22138{6} 0.14131{2} 0.05559{1} 0.22560{7} 0.17256{4} 0.15425{3}

p̂ 0.10766{5} 0.11739{6} 0.08023{2} 0.05275{1} 0.12162{7} 0.09470{4} 0.08648{3}∑
Ranks 52{6} 50.5{5} 24{2} 9{1} 59.5{7} 32.5{4} 24.5{3}

600 BIAS α̂ 92964.14919{7} 0.00577{5} 0.00530{4} 0.00089{1} 0.00593{6} 0.00469{3} 0.00458{2}

θ̂ 1.46220{7} 1.32030{5} 0.84937{2} 0.15330{1} 1.35698{6} 1.03802{4} 0.94863{3}

p̂ 0.05874{5} 0.06206{6} 0.04236{2} 0.02217{1} 0.06326{7} 0.05014{4} 0.04640{3}

MSE α̂ 2.763871×1010{7} 0.00005{4.5} 0.00005{4.5} 0.00001{1} 0.00006{6} 0.00003{2.5} 0.00003{2.5}

θ̂ 3.45090{7} 2.80265{5} 1.14970{2} 0.33455{1} 2.93418{6} 1.72709{4} 1.43692{3}

p̂ 0.00576{5} 0.00620{6} 0.00290{2} 0.00109{1} 0.00654{7} 0.00405{4} 0.00350{3}

MRE α̂ 1430.21768{7} 0.00009{5.5} 0.00008{4} 0.00001{1} 0.00009{5.5} 0.00007{2.5} 0.00007{2.5}

θ̂ 0.18277{7} 0.16504{5} 0.10617{2} 0.01916{1} 0.16962{6} 0.12975{4} 0.11858{3}

p̂ 0.08391{5} 0.08866{6} 0.06051{2} 0.03167{1} 0.09038{7} 0.07162{4} 0.06629{3}∑
Ranks 57{7} 48{5} 24.5{2} 9{1} 56.5{6} 32{4} 25{3}

800 BIAS α̂ 111180.84109{7} 0.00505{4} 0.00466{3} 0.00044{1} 0.00511{5} 0.00402{2} 86.69058{6}

θ̂ 1.37954{7} 1.15712{5} 0.73508{2} 0.07530{1} 1.16876{6} 0.88724{4} 0.84238{3}

p̂ 0.05277{5} 0.05405{6} 0.03688{2} 0.01725{1} 0.05468{7} 0.04310{4} 0.04042{3}

MSE α̂ 3.81645×1010{7} 0.00004{4} 0.00004{4} 0.00001{1} 0.00004{4} 0.00002{2} 3.75638×107{6}

θ̂ 3.00556{7} 2.11549{5} 0.86248{2} 0.15964{1} 2.17174{6} 1.24305{4} 1.12133{3}

p̂ 0.00458{5} 0.00467{6} 0.00218{2} 0.00065{1} 0.00481{7} 0.00296{4} 0.00261{3}

MRE α̂ 1710.47448{7} 0.00008{4.5} 0.00007{3} 0.00001{1} 0.00008{4.5} 0.00006{2} 1.33370{6}

θ̂ 0.17244{7} 0.14464{5} 0.09188{2} 0.00941{1} 0.14609{6} 0.11091{4} 0.10530{3}

p̂ 0.07538{5} 0.07721{6} 0.05269{2} 0.02465{1} 0.07811{7} 0.06157{4} 0.05775{3}∑
Ranks 57{7} 45.5{5} 22{2} 9{1} 52.5{6} 30{3} 36{4}
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Table 7: Partial and overall ranks of all the methods of estimation for various combination of φφφ

φφφ′ n WLSE OLSE MLE MPS CVME ADE RADE
50 4 6 1 7 5 2 3
100 4 7 1 5 6 2 3

(α = 0.02, θ = 0.75, p = 0.3) 350 4 7 1 2 6 3 5
600 4 7 2 1 6 3 5
800 4 7 2 1 6 3 5

50 4 6 1 5 7 2 3
100 4 7 1 5 6 2 3

(α = 0.1, θ = 7, p = 0.6) 350 5 7 2 1 6 4 3
600 5 7 2 1 6 4 3
800 5 7 2 1 6 3.5 3.5

50 7 6 2 1 5 4 3
100 6 5 2 1 7 4 3

(α = 30, θ = 20.2, p = 0.5) 350 7 5 2 1 6 4 3
600 7 5 2 1 6 4 3
800 7 6 2 1 4.5 4.5 3

50 6 7 2 1 4.5 4.5 3
100 6 7 2 1 5 4 3

(α = 100, θ = 39.5, p = 0.1) 350 6 7 2 1 5 4 3
600 7 6 2 1 4.5 4.5 3
800 7 6 2 1 5 4 3

50 5 6 3 1 7 4 2
100 5 6 2.5 1 7 4 2.5

(α = 65, θ = 8, p = 0.7) 350 6 5 2 1 7 4 3
600 7 5 2 1 6 4 3
800 7 5 2 1 6 3 4∑

Ranks 139 155 46.5 44 145.5 89 81
Overall Rank 5 7 2 1 6 4 3
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8. Applications

In this section, we illustrate the importance of the QXGGc distribution in modeling skewed data. The
first data set consists of 128 observations of remission times (in months) of bladder cancer patients ([18]).
This data set is positively skewed (skewness: 3.286), with mean remission time of 9.366 months, standard
deviation of 10.508 months and is unimodal (presented in Table 8). This data set was previously studied by
[11] and [2].
The second data set refers the survival times of 33 patients, in weeks, suffering from acute Myelogeneous
Leukemia ([13]). This data set is positively skewed (skewness: 1.165), with mean survival time of 40.88
weeks, standard deviation of 46.70 weeks and is unimodal (presented in Table 9). These data were previ-
ously studied by [1] and [23].

Table 8: Remission times (in months) of a random sample of 128 bladder cancer patients

0.08 2.09 3.48 4.87 6.94 8.66 13.11 23.63 0.20 2.23 3.52 4.98
6.97 9.02 13.29 0.40 2.26 3.57 5.06 7.09 9.22 13.80 25.74 0.50
2.46 3.64 5.09 7.26 9.47 14.24 25.82 0.51 2.54 3.70 5.17 7.28
9.74 14.76 26.31 0.81 2.62 3.82 5.32 7.32 10.06 14.77 32.15 2.64
3.88 5.32 7.39 10.34 14.83 34.26 0.90 2.69 4.18 5.34 7.59 10.66

15.96 36.66 1.05 2.69 4.23 5.41 7.62 10.75 16.62 43.01 1.19 2.75
4.26 5.41 7.63 17.12 46.12 1.26 2.83 4.33 5.49 7.66 11.25 17.14

79.05 1.35 2.87 5.62 7.87 11.64 17.36 1.40 3.02 4.34 5.71 7.93
11.79 18.10 1.46 4.40 5.85 8.26 11.98 19.13 1.76 3.25 4.50 6.25

8.37 12.02 2.02 3.31 4.51 6.54 8.53 12.03 20.28 2.02 3.36 6.76
12.07 21.73 2.07 3.36 6.93 8.65 12.63 22.69

Table 9: Survival times of patients suffering from acute Myelogeneous Leukemia

65 156 100 134 16 108 121 4 39 143 56 26 22 1
1 5 65 56 65 17 7 16 22 3 4 2 3 8
4 3 30 4 43

In order to compare the fits of the new distributions with other some competitive models given in
Table 10, we consider some measures of goodness-of-fit including the maximized log-likelihood under
the model (−̂̀), Akaike information criterion (AIC), Bayesian information criterion (BIC), Hannan-Quinn
information criterion (HQIC) and Kolmogorov Smirnov (K−S) statistics with its bootstrapped p-value (PV).
We bootstrapped the p-value of K− S by using the bootstrap approach as considered in [31], and described
in detail by [6] and [25]. The smaller the values of these statistics, better the fit.

Table 10: The fitted competitive models

Distribution Author(s)
Transmuted generalized exponential (TGEx) [15]
Kumaraswamy exponential (KEx) [12]
Transmuted two-parameter Lindley (TTLi) [16]
Beta exponential (BEx) [14]
Lindley Weibull (LiW) [10]
Quasi xgamma Poisson (QXGPo) [28]

The pdf’s of these models (for x > 0) are given by
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TGEx: f (x) = αa
exp(ax)

[
1 − exp(−ax)

]α−1
{
1 + λ − 2λ

[
1 − exp(−ax)

]α} .
KEx: f (x) = abλexp(−λx)

[
1 − exp(−λx)

]a−1
{
1 −

[
1 − exp(−λx)

]a
}b−1

.

TTLi: f (x) = a2

α+a (1 + αx) exp(−ax)
[
1 − λ + 2λα+a+αax

α+a exp(−ax)
]
.

BEx: f (x) = λ
B(a,b) exp(−bλx)

[
1 − exp(−λx)

]a−1 .

LiW: f (x) =
βθ2

θ+1

[
αβxβ−1 + α2βx2β−1

]
exp

[
−θ (αx)β

]
.

QXGPo: f (x) = λθ(1+α)−1

[exp(λ)−1]
(
α + θ2

2 x2
)

exp
[(

1 + α + θx + θ2

2 x2
)
λ exp(−θx)

1+α

]
exp (−θx) .

The parameters of the above densities are all positive real numbers except for the TGEx and TTLi dis-
tributions for which |λ| ≤ 1. The numerical values of various measures, the parameter estimates and their
corresponding standard errors (SEs) (in parentheses) are given in Tables 12 and 14, respectively.
The fitted pdfs of the fitting distributions as well as the empirical histogram are displayed in Figures 7 and
9, respectively. The corresponding probability (PP) plots are displayed in Figures 8 and 10. In Tables 12
and 14, we compare the fits of the QXGGc model with the distributions. The QXGGc distribution has the
lowest values for all goodness-of-fit statistics among all fitted models.
From Tables 12 and 14, we conclude that the QXGGc distribution gives the smallest AIC, BIC, HQIC, K − S
values and the largest PV based on the KS statistic. Hence, the QXGGc distribution again provides the best
fit for both data sets.
Now as we have aforementioned in Section 6, we use the different methods of estimation with ˆ̀, W, A,
KS (and the corresponding p-value) as measures of goodness-of-fit for data sets I and II, Tables 11 and 13
display these results, respectively. From Tables 11 and 13 and based on goodness-of-fit measures, we
recommend to use either MPS or MLE methods to estimate the parameters of the QXGGc distribution for
data set I and data set II, which is expected from Table 7 in the simulation study.
Figure 11 displays the hrf plots of the QXGGc distribution for both data sets. It is seen that, the hrf is upside
down bathtub for the first data set, whereas it is decreasing for the second data set.
Figure 12 displays the TTT plots of the QXGGc distribution for both data sets. The scaled TTT plot for the
cancer data is concave then convex which indicates an upside down bathtub hazard rate, and the scaled
TTT plot for the leukemia data is convex which indicates an decreasing hazard rate. Therefore, our QXGGc
distribution is a suitable for modeling these data sets.

Table 11: The parameter estimates under various methods and the goodness-of-fit statistics for data set I.

Method α̂ θ̂ p̂ − ˆ̀ W A K − S Bootstrapped PV
WLSE 0.0369 0.0905 0.9615 410.5629 0.0587 0.3303 0.0448 0.6423
OLSE 0.0475 0.1039 0.9463 410.7789 0.0600 0.3418 0.0469 0.2570
MLE 0.0285 0.0828 0.9708 410.4927 0.0560 0.3134 0.0460 0.6843
MPE 0.0197 0.0597 0.9863 410.6991 0.0634 0.3528 0.0467 0.6869
CVME 0.0472 0.1075 0.9431 410.7973 0.0588 0.3362 0.0438 0.5596
ADE 0.0346 0.0878 0.9645 410.5352 0.0582 0.3267 0.0451 0.6342
RADE 0.0361 0.0751 0.9729 410.8998 0.0635 0.3543 0.0579 0.1563
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Table 12: Goodness-of-fit statistics and estimates for data set I

Model −̂̀ AIC BIC HQIC K − S (Bootstrapped PV) Estimates (SEs)
QXGGc 410.493 826.985 835.542 830.462 0.0460 α 0.0286(0.0200)

(0.6843) θ 0.0828(0.0336)
p 0.9707(0.0295)

TGEx 410.947 827.893 836.449 831.370 0.0521 α 1.3025(0.1489)
(0.2771) a 0.0878(0.0183)

λ 0.6980(0.2300)
KEx 412.464 830.927 839.483 834.403 0.0681 a 1.4502(0.2514)

(0.7842) b 0.2887(0.0373)
λ 0.4045(0.0331)

TTLi 412.942 831.884 840.440 835.360 0.0637 α 0.1171(0.0294)
(0.1177) a 0.1580(0.1672)

λ 0.7125(0.2069)
BEx 412.344 830.688 839.244 834.164 0.0665 a 1.4483(0.3276)

(0.4285) b 0.1794(0.1759)
λ 0.6449(0.6076)

LiW 411.518 829.036 837.5919 832.512 0.0548 α 48.471(82.575)
(0.3586) β 0.7369(0.0500)

θ 0.0237(0.0265)
QXGPo 415.015 836.030 844.586 839.506 0.0797 α 0.2902(0.1112)

(0.0108) θ 0.1227(0.0361)
λ 4.0266(1.4030)
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Figure 7: Pdfs and cdfs of the fitted models for data set I.
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Figure 8: PP plots of the fitted models for data set I.

Table 13: The parameter estimates under various methods and the goodness-of-fit statistics for data set II.

Method α̂ θ̂ p̂ − ˆ̀ W A K − S PV
WLSE 0.3485 0.0126 0.9404 153.2798 0.0959 0.6261 0.1251 0.0896
OLSE 0.2694 0.0078 0.9701 153.9561 0.1075 0.6891 0.1237 0.0860
MLE 0.7892 0.0259 0.7698 152.6232 0.0830 0.5639 0.1382 0.1026
MPE 0.6151 0.0204 0.8516 152.7590 0.0872 0.5817 0.1314 0.1002
CVME 0.2838 0.0096 0.9613 153.6155 0.1016 0.6566 0.1248 0.0811
ADE 0.3340 0.0122 0.9446 153.3105 0.0965 0.6290 0.1237 0.0883
RADE 0.4995 0.0176 0.8804 152.9433 0.0891 0.5924 0.1405 0.1189
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Table 14: Goodness-of-fit statistics and estimates for data set II

Model −̂̀ AIC BIC HQIC K − S (Bootstrapped PV) Estimates (SEs)
QXGG 152.623 311.246 315.735 312.756 0.1381 α 0.7892(0.9103)

(0.1038) θ 0.0259(0.0102)
p 0.7698(0.2418)

TGEx 153.557 313.115 317.604 314.626 0.1359 α 0.7213(0.1633)
(0.1402) a 0.0172(0.0061)

λ 0.2277(0.5029)
KEx 153.578 313.156 317.645 314.667 0.1363 a 0.7086(0.1476)

(0.1284) b 1.7469(2.2126)
λ 0.0100(0.0144)

TTLi 154.856 315.713 320.202 317.224 0.2029 α 0.0010(0.0092)
(0.0178) a 0.0215(0.0096)

λ 0.3708(0.3613)
BEx 153.651 313.301 317.790 314.812 0.1382 a 0.6745(0.1527)

(0.2319) b 0.8381(1.7002)
λ 0.0227(0.0494)

LiW 153.602 313.203 317.693 314.714 0.1368 α 0.0103(0.0149)
(0.1417) β 0.7523(0.1115)

θ 2.7340(2.6493)
QXGPo 153.388 312.775 317.264 314.285 0.1725 α 1.5958(1.3949)

(0.0398) θ 0.0295(0.0097)
λ 1.6381(1.4001)
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Figure 9: Pdfs and cdfs of the fitted models for data set II.
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Figure 10: PP plots of the fitted models for data set II.
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Figure 11: The hrf plots of the QXGGc distribution for both data sets.
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Figure 12: The TTT plots of the QXGGc distribution for both data sets.

9. Concluding remarks

In this article, a new distribution is synthesized, proposed and studied based on the quasi xgamma
and geometric distributions. The QXGGc distribution, as named the proposed distribution, is basically a
family of positively skewed probability distributions and possesses increasing and decreasing hazard rate
properties depending on the values of the unknown parameters. The MRL function of QXGGc increases
and decreases depending on the parameters as well. The QXGGc distribution is uniquely characterized
utilizing its reversed hazard rate function. However, identifiability of the proposed probability distribution
is not been investigated in this article and will be an important study.
Seven different frequentist methods of estimating unknown parameters of QXGGc model make it flexible
in view of parametric inferential procedure and the same is justified with Monte-Carlo simulation study.
Flexible data generation algorithm eases the utility of the proposed model in survival and/or reliability
application which is accomplished by real data analyses and by comparing with other potential life distri-
butions.
We believe that the QXGGc distribution can be utilized as useful generalization of the quasi xgamma distri-
bution and can be well applied for data modeling in the field of survival and reliability analyses and other
possible areas to explain uncertainties.
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Appendix A. R code

#The function QXGGc multiply by X#

XQXGG = function(x,theta)
{

alpha = theta[1]

theta1 = theta[2]

p = theta[3]

x1 = alpha+((theta1ˆ2/2))*xˆ2
x2 = exp(-theta1*x)
x3 = (1-((p*x2*(1+theta1*x+x1))/(1+alpha)))ˆ(-2)
const = theta1*(1-p)/(1+alpha)
const*x*x1*x2*x3
}

#Numerical integration of the Mean of X#

MEAN = function(theta)
{

tt1 = seq(1,1,l=length(theta[,1]))
for(i in 1:length(theta[,1])){
tt1[i]= integrate(XQXGG,0,Inf,theta=theta[i,])$val

}

tt1

}

#Mean of X by the Summation in equation (9)#

mom=function(r,M,theta1){
alpha=theta1[1]

theta=theta1[2]

p =theta1[3]

sum=0
for(k in 0:M){
for(n in 0:k){
for(i in 0:(n+1)){
for(j in 0:(k-n)){

t1=choose(n+1,i)*choose(k,n)*choose(k-n,j)
t2=(pˆk)*(alphaˆ(n-i+1))/((2ˆi)*((alpha+1)ˆ(k+1)))
t3=gamma(2*i+j+r+1)/((thetaˆr)*(k+1)ˆ(2*i+j+r))
sum=sum+(t1*t2*t3)

}

}

}

}

sum*(1-p)
}

###########################################

#Numerical integration at N truncated terms#

theta1=rbind(c(0.8,1.2,0.1),
c(0.8,6 ,0.1),

c(2.5,1.2,0.1),
c(2.5,6 ,0.1),
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c(0.8,1.2,0.4),
c(0.8,6 ,0.4),

c(2.5,1.2,0.4),
c(2.5,6 ,0.4),

c(0.8,1.2,0.9),
c(0.8,6 ,0.9),

c(2.5,1.2,0.9),
c(2.5,6 ,0.9))

round(cbind(MEAN(theta1)),5)

#Mean of X by the Summation#

for(i in 1:12){
print(rbind(round(mom(1,10,theta1[i,]),5),

round(mom(1,50,theta1[i,]),5),
round(mom(1,80,theta1[i,]),5)))

}


