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Abstract. This paper aims to discuss inequalities involving extension of Euclidean numerical radius. We
obtain a refinement of the inequality shown by Sattari et al. We give an improvement of the inequality
presented by Kittaneh for the numerical radius. In fact we show that if T ∈ B(H), then

ω2(T) ≤
1
2
‖T∗T + TT∗‖ − inf

‖x‖=1
φ(x),

where φ(x) =
〈(∣∣∣∣∣|T| − 〈|T|x, x〉∣∣∣∣∣2 + ∣∣∣∣∣|T∗| − 〈|T∗|x, x〉∣∣∣∣∣2)x, x〉.

1. Introduction

Let B(H) denote the C∗-algebra of all bounded linear operators on a complex Hilbert space H with
inner product 〈·, ·〉. For T ∈ B(H), let ω(T) = sup

‖x‖=1
|〈Tx, x〉| and ‖T‖ = sup

‖x‖=1
‖Tx‖, denote the numerical radius,

the usual operator norm of T, respectively. It is well know that ω(·) is a norm on B(H), and that for all
T ∈ B(H),

1
2
‖T‖ ≤ ω(T) ≤ ‖T‖. (1.1)

For other results concerning the numerical radius of bounded linear operator on a Hilbert space, see [1],
[2], [10].
In [6], Kittaneh has improved (1.1) in the following manner:

1
4
‖T∗T + TT∗‖ ≤ ω2(T) ≤

1
2
‖T∗T + TT∗‖. (1.2)

Let (T1, . . . ,Tn) ∈ B(H)(n), the Euclidean numerical radius of (T1, . . . ,Tn) is defined in [9] by

ω2(T1, . . . ,Tn) = sup
‖x‖=1

(
n∑

i=1

|〈Tix, x〉|2)
1
2 .
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In the following Sattari et al. [8] considered the generalized Euclidean numerical radius of a n-tuple of
bounded linear operators on a Hilbert space (H , 〈·, ·〉), as follows

ωp(T1, . . . ,Tn) = sup
‖x‖=1

(
n∑

i=1

|〈Tix, x〉|p)
1
p .

It is worth to mention here that ωp : Bn(H) −→ [0,∞) is a norm and if (T1, . . . ,Tn), (A1, . . . ,An), (B1, . . . ,Bn) ∈
B

n(H) , p ≥ 1 and r ≥ 2, then

ωrp
p (A∗1T1B1, . . . ,A∗nTnBn) ≤

1
2

∥∥∥∥∥∥∥
n∑

i=1

([B∗i f 2(|Ti|)Bi]rp + [A∗i1
2(|T∗i |)Ai]rp)

∥∥∥∥∥∥∥ . (1.3)

In this paper we establish inequalities that refine the inequality (1.3) and second inequality in (1.2). We
also compare our result with the corresponding inequality obtained in [8]. Some applications of these
inequalities are considered as well.

2. Main Results

To prove our generalized numerical radius inequality, we need several well known lemmas. The first
lemma is known as the generalized mixed Schwartz inequality, which has been proved in [5].

Lemma 2.1. Let T ∈ B(H), then

|〈Tx, y〉|2≤ 〈|T|2αx, x〉〈|T∗|2(1−α)y, y〉,

for all x, y ∈ H and for all α with 0 ≤ α ≤ 1.

The second lemma is a simple consequence of the classical Jensen inequality concerning the convexity or
concavity of certain power function. This is a special case of Schlomilchs inequality for weighted means of
non negative real numbers. For generalization of this lemma, we refer to [3].

Lemma 2.2. For a, b ≥ 0, 0 < α < 1, and r , 0, let Mr(a, b, α) = (αar + (1 − α)br)
1
r and let M0(a, b, α) = aαb1−α.

Then

Mr(a, b, α) ≤Ms(a, b, α). r ≤ s

The third lemma, which is called Hölder-McCarthy inequality, is a well-known result that follows from the
spectral theorem for positive operators and Jensen’s inequality (see [7]).

Lemma 2.3. Let T ∈ B(H) be positive, and let x ∈ H be any unit vector. Then

(i) 〈Tx, x〉r ≤ 〈Trx, x〉, r ≥ 1,

(ii) 〈Trx, x〉 ≤ 〈Tx, x〉r, 0 < r ≤ 1.

The forth lemma is an immediate consequence of the spectral theorem for self-adjoint operators. For
generalization of this lemma, we refer to [5].

Lemma 2.4. Let T ∈ B(H) and f and 1 be non-negative continuous function on [0,∞) satisfying f (t)1(t) = t. Then

|〈Tx, y〉| ≤ ‖ f (|T|)x‖ ‖1(|T∗|)y‖,

for all x, y ∈ H .

In the following lemma proved by Kian for positive operators and r ≥ 2 (see[4]).



A. B. Bajmaeh, M. E. Omidvar / Filomat 33:14 (2019), 4519–4524 4521

Lemma 2.5. Let T ∈ B(H) be a positive operator, and x ∈ H be any unit vector. Then

〈Tx, x〉r ≤ 〈Trx, x〉 − 〈|T − 〈Tx, x〉|rx, x〉,

for r ≥ 2.

Now we are ready to state the main result of this section and generalization of inequalities.

Theorem 2.6. Let (T1, . . . ,Tn), (A1, . . . ,An), (B1, . . . ,Bn) ∈ B(H)(n) and let f , 1 be non-negative continuous on
[0,∞) satisfying f (t)1(t) = t, then

ωrp
p (A∗1T1B1, . . . ,A∗nTnBn) ≤

nr−1

2

∥∥∥∥∥∥∥
n∑

i=1

([B∗i f 2(|Ti|)Bi]rp + [A∗i1
2(|T∗i |)Ai]rp)

∥∥∥∥∥∥∥ − inf
‖x‖=1

φ(x),

for p ≥ 1 and r ≥ 2, where

φ(x) =
nr−1

2

〈 n∑
i=1

(∣∣∣∣∣(B∗i f 2(|Ti|)Bi)p
− 〈(B∗i f 2(|Ti|)Bi)px, x〉

∣∣∣∣∣r + ∣∣∣∣∣(A∗i12(|T∗i |)Ai)p
− 〈(A∗i1

2(|T∗i |)Bi)px, x〉
∣∣∣∣∣r)x, x〉.

Proof. For every unit vector x ∈ H , we have

n∑
i=1

|〈A∗i TiBix, x〉|p =
n∑

i=1

|〈TiBix,Aix〉|p

≤

n∑
i=1

‖ f (|Ti|)Bix‖p‖1(|T∗i |)Aix‖p (by Lemma 2.4)

=

n∑
i=1

〈B∗i f 2(|Ti|)Bix, x〉
p
2 〈A∗i1

2(|T∗i |)Aix, x〉
p
2

≤

n∑
i=1

〈(B∗i f 2(|Ti|)Bi)px, x〉
1
2 〈(A∗i1

2(|T∗i |)Ai)px, x〉
1
2 (by Lemma 2.3)

≤

n∑
i=1

(1
2
〈(B∗i f 2(|Ti|)Bi)px, x〉 + 〈(A∗i1

2(|T∗i |)Ai)px, x〉)
)

(by arithmetic-geometric mean inequality)

≤

n∑
i=1

(1
2
〈(B∗i f 2(|Ti|)Bi)px, x〉r + 〈(A∗i1

2(|T∗i |)Ai)px, x〉r)
) 1

r

(by Lemma 2.2)

≤ (
1
2

)
1
r

n∑
i=1

[(〈
(B∗i f 2(|Ti|)Bi)rpx, x

〉
−

〈∣∣∣∣∣(B∗i f 2(|Ti|)Bi)p
− 〈(B∗i f 2(|Ti|)Bi)px, x〉

∣∣∣∣∣rx, x〉)
+

(〈
(A∗i1

2(|T∗i |)Ai)rpx, x
〉
−

〈∣∣∣∣∣(A∗i12(|T∗i |)Ai)p
− 〈(A∗i1

2(|T∗i |)Ai)px, x〉
∣∣∣∣∣rx, x〉)] 1

r

(by Lemma 2.5)
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= (
1
2

)
1
r

n∑
i=1

(〈(
(B∗i f 2(|Ti|)Bi)rp + (A∗i1

2(|T∗i |)Ai)rp
)
x, x

〉
−

〈∣∣∣(B∗i f 2(|Ti|)Bi)p
− 〈(B∗i f 2(|Ti|)Bi)px, x〉

∣∣∣rx, x〉
−

〈∣∣∣(A∗i12(|T∗i |)Ai)p
− 〈(A∗i1

2(|T∗i |)Ai)px, x〉
∣∣∣rx, x〉) 1

r

= (
1
2

)
1
r

n∑
i=1

(〈(
(B∗i f 2(|Ti|)Bi)rp + (A∗i1

2(|T∗i |)Ai)rp
)
x, x

〉
−

〈(∣∣∣(B∗i f 2(|Ti|)Bi)p
− 〈(B∗i f 2(|Ti|)Bi)px, x〉

∣∣∣r
+

(∣∣∣(A∗i12(|T∗i |)Ai)p
− 〈(A∗i1

2(|T∗i |)Ai)px, x〉
∣∣∣r)x, x〉) 1

r

≤ n
1−

1
r (

1
2

)
1
r
[〈 n∑

i=1

(
(B∗i f 2(|Ti|)Bi)rp + (A∗i1

2(|T∗i |)Ai)rp
)
x, x

〉
−

〈 n∑
i=1

(∣∣∣∣∣(B∗i f 2(|Ti|)Bi)p
− 〈(B∗i f 2(|Ti|)Bi)px, x〉

∣∣∣∣∣r
+

∣∣∣∣∣(A∗i12(|T∗i |)Ai)p
− 〈(A∗i1

2(|T∗i |)Bi)px, x〉
∣∣∣∣∣r)x, x〉] 1

r

(by the concavity of the f (t) = t1/r).

Thus  n∑
i=1

|〈A∗i TiBix, x〉|p


r

≤
nr−1

2

〈 n∑
i=1

(
(B∗i f 2(|Ti|)Bi)rp + (A∗i1

2(|T∗i |)Ai)rp
)
x, x

〉
−

nr−1

2

〈 n∑
i=1

(∣∣∣∣∣(B∗i f 2(|Ti|)Bi)p
− 〈(B∗i f 2(|Ti|)Bi)px, x〉

∣∣∣∣∣r
+

∣∣∣∣∣(A∗i12(|T∗i |)Ai)p
− 〈(A∗i1

2(|T∗i |)Bi)px, x〉
∣∣∣∣∣r)x, x〉

≤
nr−1

2

〈 n∑
i=1

(
(B∗i f 2(|Ti|)Bi)rp + (A∗i1

2(|T∗i |)Ai)rp
)
x, x

〉
− inf
‖x‖=1

φ(x),

where

φ(x) =
nr−1

2

〈 n∑
i=1

(∣∣∣∣∣(B∗i f 2(|Ti|)Bi)p
− 〈(B∗i f 2(|Ti|)Bi)px, x〉

∣∣∣∣∣r
+

∣∣∣∣∣(A∗i12(|T∗i |)Ai)p
− 〈(A∗i1

2(|T∗i |)Bi)px, x〉
∣∣∣∣∣r)x, x〉.

Now the result following by taking the supremum over all unit vector inH .

Remark 2.7. In Theorem 2.6, inf
‖x‖=1

φ(x) = 0 if and only if

0 ∈
n⋂

i=1

W
(∣∣∣∣∣(B∗i f 2(|Ti|)Bi)p − 〈(B∗i f 2(|Ti|)Bi)px, x〉

∣∣∣∣∣r + ∣∣∣∣∣(A∗i12(|T∗i |)Ai)p − 〈(A∗i1
2(|T∗i |)Ai)px, x〉

∣∣∣∣∣r).
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An important special case of Theorem 2.6, which leads to sharper of inequality (1.3) for φ(x) > 0. Choosing
Ai = Bi = I we get.

Corollary 2.8. Let (T1, . . . ,Tn) ∈ B(H)(n) and let f , 1 be non-negative continuous on [0,∞) satisfying f (t)1(t) = t
for all t ∈ [0,∞). Then

ωrp
p (T1, . . . ,Tn) ≤

nr−1

2

∥∥∥∥∥ n∑
i=1

(
f 2rp(|Ti|) + 12rp(|T∗i |)

)∥∥∥∥∥ − inf
‖x‖=1

φ(x),

for p ≥ 1 and r ≥ 2, where

φ(x) =
nr−1

2

〈 n∑
i=1

(∣∣∣∣∣ f 2p(|Ti|) − 〈 f 2p(|Ti|)x, x〉
∣∣∣∣∣r + ∣∣∣∣∣12p(|T∗i |) + 〈1

2p(|T∗i |)x, x〉
∣∣∣∣∣r)x, x〉.

Corollary 2.9. Let T ∈ B(H), then

ω2(T) ≤
1
2
‖T∗T + TT∗‖ − inf

‖x‖=1
φ(x),

where

φ(x) =
〈(∣∣∣∣∣|T| − 〈|T|x, x〉∣∣∣∣∣2 + ∣∣∣∣∣|T∗| − 〈|T∗|x, x〉∣∣∣∣∣2)x, x〉.

Proof. The result follows by letting T1 = T and f (t) = 1(t) = t
1
2 , r = 2, p = 1, n = 1 in Corollary 2.8.

Remark 2.10. Corollary 2.9 gives a sharper inequality than (1.2).

Corollary 2.11. Let (T1, . . . ,Tn), (A1, . . . ,An), (B1, . . . ,Bn) ∈ B(H)(n). Then

ωrp
p (A∗1T1B1, . . . ,A∗nTnBn) ≤

nr−1

2

∥∥∥∥∥ n∑
i=1

(
(B∗i |Ti|Bi)rp + (A∗i |T

∗

i |Ai)rp
)∥∥∥∥∥ − inf

‖x‖=1
φ(x),

for p ≥ 1 and r ≥ 2, where

φ(x) =
nr−1

2

〈 n∑
i=1

(∣∣∣∣∣(B∗i |Ti|Bi)p
− 〈(B∗i |Ti|Bi)px, x〉

∣∣∣∣∣r + ∣∣∣∣∣(A∗i |T∗i |Ai)p
− 〈(A∗i |T

∗

i |Ai)px, x〉
∣∣∣∣∣r)x, x〉.

Corollary 2.12. Let (A1, . . . ,An), (B1, . . . ,Bn) ∈ B(H)(n). Then

ωrp
p (A∗1B1, . . . ,A∗nBn) ≤

nr−1

2

∥∥∥∥∥ n∑
i=1

(
|Bi|

2rp + |Ai|
2rp

)∥∥∥∥∥ − inf
‖x‖=1

φ(x),

for p ≥ 1 and r ≥ 2, where

φ(x) =
nr−1

2

〈 n∑
i=1

(∣∣∣∣∣|Bi|
2p
− 〈|Bi|

2px, x〉
∣∣∣∣∣r + ∣∣∣∣∣|Ai|

2p
− 〈|Ai|

2px, x〉
∣∣∣∣∣r)x, x〉.

Theorem 2.13. Let (T1, . . . ,Tn) ∈ B(H)(n). Then

ωp
p(T1, . . . ,Tn) ≤

1
2p

∥∥∥∥∥ n∑
i=1

(
|Ti|

2α + |T∗i |
2(1−α)

)p∥∥∥∥∥ − inf
‖x‖=1

φ(x),

for 0 ≤ α ≤ 1, and p ≥ 2, where

φ(x) =
1
2p

〈 n∑
i=1

∣∣∣∣∣|Ti|
2α + |T∗i |

2(1−α)
− 〈(|Ti|

2α + |T∗i |
2(1−α))x, x〉

∣∣∣∣∣px, x
〉
.
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Proof. By using the arithmetic- geometric mean for any unit vector x ∈ H . We have

n∑
i=1

|〈Tix, x〉|p ≤
n∑

i=1

(
〈|Ti|

2αx, x〉
1
2 〈|T∗i |

2(1−α)x, x〉
1
2

)p
(by Lemma 2.1)

≤
1
2p

n∑
i=1

(
〈|Ti|

2αx, x〉 + 〈|T∗i |
2(1−α)x, x〉

)p

=
1
2p

n∑
i=1

〈
(|Ti|

2α + |T∗i |
2(1−α))x, x

〉p

≤
1
2p

(〈 n∑
i=1

(|Ti|
2α + |T∗i |

2(1−α))px, x
〉

−

〈 n∑
i=1

∣∣∣∣∣|Ti|
2α + |T∗i |

2(1−α)
− 〈(|Ti|

2α + |T∗i |
2(1−α))x, x〉

∣∣∣∣∣px, x
〉)

(by Lemma 2.5)

≤
1
2p

〈 n∑
i=1

(|Ti|
2α + |T∗i |

2(1−α))px, x
〉
− inf
‖x‖=1

φ(x),

where

φ(x) =
1
2p

〈 n∑
i=1

∣∣∣∣∣|Ti|
2α + |T∗i |

2(1−α)
− 〈(|Ti|

2α + |T∗i |
2(1−α))x, x〉

∣∣∣∣∣px, x
〉
,

now the result following by taking the supremum over all unit vector inH .

Corollary 2.14. Let T = C + iD be the Cartesian decomposition of T, then

ω2(T) ≤
1
4

∥∥∥∥∥(|C|2α + |C|2(1−α)
)2

+
(
|D|2α + |D|2(1−α)

)2∥∥∥∥∥ − inf
‖x‖=1

φ(x),

for 0 ≤ α ≤ 1, where

φ(x) =
1
4

〈(∣∣∣∣∣|C|2α + |C|2(1−α)
− 〈(|C|2α + |C|2(1−α))x, x〉

∣∣∣∣∣2 + ∣∣∣∣∣|D|2α + |D|2(1−α)
− 〈(|D|2α + |D|2(1−α))x, x〉

∣∣∣∣∣2)x, x〉.
Proof. We observe that if T = C+ iD is the Cartesian decomposition of T, then ω2

2(C,D) = ω2(T). By choosing n = 2,
p = 2, T1 = C and T2 = D in Theorem 2.13, we conclude that the desired inequality.
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