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Abstract. In this paper we propose a projective conformal semi-symmetric connection and study its
geometric and physical properties. The Schur’s theorem of this connection is obtained.

1. Introduction

The concept of a semi-symmetric connection in a Riemannian manifold was firstly introduced in [9].
K.Yano in [21] introduced firstly and investigated a semi-symmetric metric connection, and T. Imai in [15]
studied its properties. Afterwards some kinds of semi-symmetric connections were studied in [10, 20, 24].
A semi-symmetric connection that is projectively equivalent to the Levi-Civita connection was defined as a
projective semi-symmetric connection and some of its properties were investigated ([22, 23]). In [13, 14] a
projective conformal semi-symmetric connection was considered. In [7] a curvature copy problem of a non-
metric connection was considered. In [16] the Amari-Chentsov connection as a geometrical structure of a
statistical manifold was regarded and in [18] a conjugate symmetry condition of the statistical manifold was
regarded and in [18] a conjugate symmetry condition of the statistical manifold discovered. In [1, 2, 4, 5] and
[17] the properties of a semi-symmetric non- metric connection were investigated. In [6, 8], a physical model
of a semi-symmetric non-metric connection was studied. In [10] the Schur’s theorem of the Levi-Civita
connection was considered and in [11] the Schur’s theorem of the semi-symmetric non-metric connection
was studied. Recently, Han, Fu and Zhao [12] studied a projective connection and its properties on Sub-
Riemannian manifolds.

In this paper we will propose a new projective conformal semi-symmetric connection and study its
properties.

The paper is organized as follows. Section 1 introduces one type of semi-symmetric connection and
studied its properties. Section 2 studies the property of projective semi-symmetric connection and Section
3 studies conformal semi-symmetric connection. Finally in Section 4 a new projective conformal semi-
symmetric connection is defined and its properties and conjugate symmetry condition are studied. And
we study the Schur’s theorem of the projective conformal semi-symmetric connection.
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2. Semi-symmetric Connections

Definition 2.1. In a Riemannian manifold (M, 1), a connection
t
∇ is called a semi-symmetric connection if it satisfies

the relation
t
∇Z1(X,Y) = (1 − t)π(Z)1(X,Y) −

1 − t
2
π(X)1(Y,Z) −

1 − t
2
π(Y)1(X,Z), (2.1)

T(X,Y) = π(Y)X − π(X)Y (2.2)

for any X,Y,Z ∈ T (M) and a 1-form π.

A semi-symmetric connection
t
∇ is a non-metric connection and it is can be written as

t
∇XY =

0
∇XY +

1 + t
2
π(Y)X −

1 − t
2
π(X)Y, (2.3)

for any X,Y ∈ T (M), where
0
∇ is the Levi-Civita connection.

The coefficient of the semi-symmetric connection
t
∇ is

t
Γ

k

i j =
{k

i j

}
+

1 + t
2
π jδ

k
i −

1 − t
2
πiδ

k
j , (2.4)

where {ki j} is the coefficient of the Levi-Civita connection
0
∇ and πi is a component of the 1-form π(This is

called a semi-symmetric component). Using expression (2.4), the curvature tensor
t

Rl
i jk of

t
∇ is

t

Rl
i jk = Kl

i jk + δl
jτ jk − δ

l
iτ jk − δ

l
kβi j, (2.5)

where Kl
i jk is the curvature tensor of the Levi-Civita connection and τik = 1+t

2 (
0
∇iπk−

1+t
2 πiπk), βi j = 1−t

2 (
0
∇iπ j−

0
∇ jπi).

The coefficient of dual connection
t
∇
∗ of the connection

t
∇ is

t
Γ∗

k

i j =
{k

i j

}
+

1 − t
2
π jδ

k
i −

1 + t
2
πk1i j,

and the curvature tensor of
t
∇
∗ is

t

R∗li jk = Kl
i jk + 1ikτ

l
j − 1 jkτ

l
i + δl

kβi j, (2.6)

The coefficient of mutual connection
tm
∇ of the connection

t
∇ is

tm

Γk
i j =

{k

i j

}
+

1 + t
2
πiδ

k
j −

1 − t
2
π jδk

i ,

and the curvature tensor of
tm
∇ is

tm

Rl
i jk = Kl

i jk + δl
iτ̄ jk − δl

jτ̄ik + δl
kβ̄i j, (2.7)

where τ̄ik = 1−t
2 (

0
∇iπk + 1−t

2 πiπk), β̄i j = 1+t
2 (

0
∇iπ j −

0
∇ jπi).
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Lemma 2.2. In the Riemannian manifold (M, 1)(dimM > 3), the tensor

t

Wl
i jk =

t

Rl
i jk −

1
n − 1

(δl
i

t
R jk − δ

l
j

t
Rik) (2.8)

+
t − 1

(n − 1)[(n + 1)t + n − 3]

[
δl

i(
t
R jk −

t
Rkj) + δl

j(
t
Rik −

t
Rki) + (n − 1)δl

k(
t
R ji −

t
Ri j)

]
,

is an invariant under the connection transformation
0
∇ −→

t
∇.

Proof. By using contraction of the indices i and l of (2.5), we find
∗

R jk = K jk − (n − 1)τ jk + β jk, (2.9)

Alternating the indices j and k, using τ jk − τkj = 1+t
1−tβ jk, we find

β jk =
1 − t

(n + 1)t + n − 3

[
(K jk − Kkj) − (

t
R jk −

t
Rkj)

]
, (2.10)

Substituting (2.10) into (2.9), we have

τ jk =
1

n − 1

{
(K jk −

t
R jk) +

t − 1
(n + 1)t + n − 3

[
(K jk − Kkj) − (

t
R jk −

t
Rkj)

]}
, (2.11)

Substituting (2.10) and (2.11) into (2.5), by a direct computation, we arrive at

t

Wl
i jk =

0

Wl
i jk (2.12)

where the tensor
0

Wl
i jk is

0

Wl
i jk = Kl

i jk −
1

n − 1
(δl

iK jk − δ
l
jKik)

+
t − 1

(n − 1)[(n + 1)t + n − 3]

[
δl

i(K jk − Kkj) + δl
j(Kik − Kki) + (n − 1)δl

k(K ji − Ki j)
]

= Kl
i jk −

1
n − 1

(δl
iK jk − δ

l
jKik).

This ends the proof of Lemma 2.2.

Remark 2.3. The tensor
0

Wl
i jk is a Weyl projective curvature tensor of the connection

0
∇.

Using Lemma 2.2, the following theorem is proved without difficulty.

Theorem 2.4. If a Riemannian metric admits the semi-symmetric connection
t
∇ with vanishing curveture tensor,

then the Riemannian metric is projective flat.

Remark 2.5. In [21], it is proved that if a Riemannian metric admits the semi-symmetric metric connection with
vanishing curvature tensor, then the Riemannian metric is conformal flat.

For the Riemannian manifold, if Rl
i jk =

∗

Rl
i jk, then the connection ∇ is called a conjugate symmetry and if

R jk =
∗

R jk, then the connection ∇ is called a conjugate Ricci symmetry and if
(s)
R jk =

∗(s)
R jk, then the connection

∇ is a conjugate semi-Ricci symmetry (see [20]).
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Lemma 2.6. In the Riemannian manifold (M, 1), the tensor
t

Vl
i jk of the connection

t
∇

t

Vl
i jk =

t

Rl
i jk −

1
n − 1

(
δl

i

t
R jk − δ

l
j

t
Rik + 1ik

t
R

l

j − 1 jk
t
R

l

i

)
−

2(1 − t)
n[(n + 4)t + (n − 4)]

[
δl

i(
t
R jk −

t
Rkj) − δl

j(
t
Rik −

t
Rki) + 1ik(

t
R

l

j −
t
R

l

. j) − 1 jk(
t
R

l

i −
t
R

l

.i)

+ nδl
k(

t
Ri j −

t
R ji)

]
(2.13)

is an invariant under the connection transformation
t
∇ −→

t∗
∇, where

t
Rl
. j =

t
Rsj1

sl.

Proof. From (2.5) and (2.6), we get

t∗

Rl
i jk =

∗

Rl
i jk + δl

iτ jk − δ
l
jτik + 1ikτ

l
j − 1 jkτ

l
i + 2δl

kβi j (2.14)

Contracting the indices i and l of (2.14), then we find

t∗
R jk =

∗

R jk + nτ jk − 1 jkτ
i
i − 2β jk (2.15)

Alternating the indices j and k of (2.15) and using τ jk − τkj = 1+t
1−tβ jk, we have

β jk =
1 − t

(n + 4)t + n − 4

[
(

t∗
R jk −

t∗
Rkj) − (R jk − Rkj)

]
(2.16)

Substituting (2.16) into (2.15), we obtain

τ jk =
1
n

{ t∗
R jk −

t
R jk + 1 jkτ

i
i +

2(1 − t)
(n + 4)t + n − 4

[
(

t∗
R jk −

t∗
Rkj) − (R jk − Rkj)

]}
(2.17)

Substituting (2.16) and (2.17) into (2.14), by a direct computation, we have

∗

Vl
i jk =

t∗

Vl
i jk (2.18)

where the tensor
t∗
Vl

i jk is given as

t∗

Vl
i jk =

t∗

Rl
i jk −

1
n − 1

(
δl

i

t∗
R jk − δ

l
j

t∗
Rik + 1ik

t∗
R

l

j − 1 jk
t∗
R

l

i

)
−

2(1 − t)
n[(n + 4)t + (n − 4)]

[
δl

i(
t∗
R jk −

t∗
Rkj) − δl

j(
t∗
Rik −

t∗
Rki) + 1ik(

t∗
R

l

j −
t∗
R

l

. j) − 1 jk(
t∗
R

l

i −
t∗
R

l

.i)

+ nδl
k(

t∗
Ri j −

t∗
R ji)

]
(2.19)

This completes the proof of Lemma 2.6.

Using Lemma 2.6, it is not hard to show that the following theorem is tenable.

Theorem 2.7. A manifold associated with a semi-symmetric connection
t
∇ is conjugate symmetric if and only if it is

conjugate Ricci symmetric.
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Lemma 2.8. In the Riemannian manifold (M, 1)(dimM > 3), the tensor

t

Wl
i jk =

t

Rl
i jk −

1
n − 1

(
δl

i

t
R jk − δ

l
j

t
Rik

)
−

t − 1
(n − 1)(n − 3)

[
δl

i(
t
R jk −

t
Rkj) + δl

j(
t
Rik −

t
Rki) + (n − 1)δl

k(
t
Ri j −

t
R ji)

]
(2.20)

is an invariant under the transformation of the connection
t
∇ −→

tm
∇.

Proof. Let αik = τikτ̄ik and πik = βik + β̄ik. From the expressions (2.5) and (2.6), we find

tm

Rl
i jk =

t

Rl
i jk + δl

iα jk − δ
l
jαik + δl

kπi j (2.21)

Contracting the indices i and l of (2.21), then there holds the following

tm

Rl
jk =

t

Rl
jk + (n − 1)δ jk − π jk (2.22)

Alternating the indices j and k of this expression, using α jk − αkj = π jk, we then obtain

πi j =
1

n − 3

[
(
tm
Ri j −

tm
R ji) − (

t
Ri j −

t
R ji)

]
(2.23)

From (2.23) and (2.22), we find

αi j =
1

n − 1

{tm
Ri j −

t
Ri j) +

1
n − 3

[
(
tm
Ri j −

tm
R ji) − (

t
Ri j −

t
R ji)

]}
(2.24)

Substituting (2.23) and (2.24) into (2.21), by a direct computation, we have

t

Wl
i jk =

tm

Wl
i jk,

where the tensor
tm
Wl

i jk is written as

tm

Wl
i jk =

tm

Rl
i jk −

1
n − 1

(
δl

i

tm
R jk − δ

l
j

tm
Rik

)
−

t − 1
(n − 1)(n − 3)

[
δl

i(
tm
R jk −

tm
Rkj) + δl

j(
tm
Rik −

tm
Rki) + (n − 1)δl

k(
tm
Ri j −

tm
R ji)

]
(2.25)

This completes the proof of Lemma 2.8.

Remark 2.9. The tensor
t

Wl
i jk is independent of the parameter t. This tensor is called a generalized Weyl projective

curvature tensor with respect to connection
t
∇.

Lemma 2.8 implies that the following theoremark is true.

Theorem 2.10. In order that
t

Rl
i jk =

tm
Rl

i jk, it is necessary and sufficient that
t
R jk =

tm
R jk.

Theorem 2.11. In a Riemannian manifold (M, 1), the Weyl conformal curvature tensors
t

Cl
i jk,

t∗
Cl

i jk w. r. t. connec-

tions
t
∇,

t∗
∇ are invariants under the transformations of

0
∇ −→

t
∇ and

0
∇ −→

t∗
∇. Furthermore, there holds

t

Cl
i jk +

t∗

Cl
i jk = 2

0

Cl
i jk (2.26)
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where
0

Cl
i jk is the Weyl conformal curvature tensor with respect to Levi-Civita connection

0
∇, namely,

0

Cl
i jk = Kl

i jk −
1

n − 2
(δl

jK jk − δ
l
jKik + 1 jkKl

i − 1ikKl
j) −

K
(n − 1)(n − 2)

(δl
j1ik − δ

l
i1 jk) (2.27)

Proof. Adding (2.5) and (2.6), we have

t

Rl
i jk +

t∗

Rl
i jk = 2Kl

i jk + δl
jτik − δ

l
iτ jk − 1 jkτ

l
i + 1ikτ

l
j (2.28)

Contracting the indices i and l for (2.28), then we find

t
R jk +

t∗
R jk = 2K jk − (n − 2)τ jk − 1 jkτ

i
i (2.29)

Multiplying both sides of the expression (2.29) by 1 jk, we obtain

t
R +

t∗
R = 2K − 2(n − 1)τi

i

From this expression we find

τi
i =

1
2(n − 1)

[
2K − (

t
R +

t∗
R)

]
(2.30)

Using this expression and from the expression (2.29), we find

τik =
1

n − 2

{
2Kik − (

t
Rik +

t∗
Rik) −

1
2(n − 1)

[2K − (
t
R +

t∗
R)]1ik

}
(2.31)

Substituting this expression into the expression (2.28), by a direct computation and using (2.27), we have
the formula (2.26).

Theorem 2.12. In a Riemannian manifold (M, 1), the Weyl projective curvature tensors
t

Wl
i jk,

tm
Wl

i jk w. r. t.

connections
t
∇,

tm
∇ are invariants under the transformations of

0
∇ −→

t
∇ and

0
∇ −→

tm
∇. Furthermore, there holds

t

Wl
i jk +

tm

Wl
i jk = 2

0

Wl
i jk (2.32)

where
0

Wl
i jk is the Weyl projective curvature tensor with respect to Levi-Civita connection

0
∇,

Proof. Adding the expressions (2.5) and (2.7), since π is a closed form we find

t

Rl
i jk +

tm

Rl
i jk = 2Kl

i jk − δ
l
jγik + δl

iγ jk (2.33)

where γ jk = τ̄ jk − τ jk.
Contracting the indices i and l of (2.33), then we find

t
R jk +

tm
R jk = 2K jk + (n − 1)γ jk (2.34)

From the expression (2.34), we have

γ jk =
1

n − 1
(

t
R jk +

tm
R jk − 2K jk) (2.35)

Substituting (2.35) into (2.33), by a direct computation, then we have the expression (2.32).
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3. Projective Semi-symmetric Connections

Definition 3.1. A connection
p
∇ is called a projective semi-symmetric connection if

p
∇ is projective equivalent to

t
∇ in

a Riemannian manifold.

The coefficient of the projective semi-symmetric connection
p
∇ is

p

Γk
i j =

{k

i j

}
+ (ψ j +

1 + t
2
π j)δk

i + (ψi −
1 − t

2
πi)δk

j , (3.1)

where ψ j is a projective component. The curvature tensor of
p
∇ is

p

Rl
i jk = Kl

i jk + δl
jτik − δ

l
iτ jk + δl

kβi j, (3.2)

where τik =
0
∇i(ψk + 1+t

2 πk) − (ψi + 1+t
2 πi)(ψk + 1+t

2 πk), βi j =
0
∇i(ψ j −

1−t
2 π j) −

0
∇ j(ψi −

1−t
2 πi). The coefficient of

the dual projective connection
p∗
∇with respect to the connection

p
∇ is written as

p∗

Γk
i j =

{k

i j

}
+ (ψi −

1 − t
2
πi)δk

j − 1i j(ψk +
1 + t

2
πk),

and the curvature tensor of
p∗
∇ is

p∗

Rl
i jk = Kl

i jk + 1ikτ
l
j − 1 jkτ

l
i − δ

l
kβi j. (3.3)

The coefficient of the mutual projective connection
pm
∇ with respect to the connection

p
∇ is

pm

Γk
i j =

{k

i j

}
+ (ψ j −

1 − t
2
π j)δk

i + (ψi +
1 + t

2
πi)δk

j ,

and the curvature tensor of
pm
∇ is

pm

Rl
i jk = Kl

i jk + δl
jτ̄ik − δ

l
iτ̄ jk + δl

kβ̄i j, (3.4)

where τ̄ik =
0
∇i(ψk −

1−t
2 πk) − (ψi −

1−t
2 πi)(ψk −

1−t
2 πk), β̄i j =

0
∇i(ψ j + 1+t

2 π j) −
0
∇ j(ψi + 1+t

2 πi).

Lemma 3.2. In a Riemannian manifold (M, 1)(dimM > 2), the tensor

p

Wl
i jk =

p

Rl
i jk −

1
n − 1

(δl
i

p
R jk − δ

l
j

p
Rik) −

1
(n + 1)(n − 2)

[
δl

i(
p
R jk −

p
Rkj) − δl

j(
p
Rik −

p
Rki)

− (n − 1)δl
k(

p
Ri j −

p
R ji)

]
−

1
(n − 1)(n − 2)

[
δl

i

p(s)
R jk − δ

l
j

p(s)
R ik + (n + 1)δl

k

p(s)
R ji

]
, (3.5)

is an invariant under the transformation of the connection
0
∇ −→

p
∇, and

p(s)
R jk is the corresponding projective semi-Ricci

curvature tensor of
p
∇ defined by

p(s)
R jk =

p
R jkhl1

hl(see [20]).

Proof. Contracting the indices i and l of the expression (3.2), then we find
p
R jk = K jk − (n − 1)τ jk − β jk, (3.6)
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Alternating the indices j and k of this expression, we get

p
R jk −

p
Rkj = K jk − Kkj − (n − 1)(τ jk − τkj), (3.7)

On the hand, one can contract the indices k and l of (3.2) and arrive at

(s)
R jk =

0(s)
R jk + τ jk − τkj + nβ jk, (3.8)

From the expressions (3.7) and (3.8), we have

β jk =
1

(n − 1)(n − 2)

[
(

p
R jk −

p
Rkj) − (K jk − Kkj) + (n − 1)(

(s)
R jk −

0(s)
R jk)

]
, (3.9)

Substituting (3.9) into (3.8), we obtain

τ jk =
1

n − 1

{
K jk −

p
R jk −

1
(n − 1)(n − 2)

[(
p
R jk −

p
Rkj) − (K jk − Kkj)

+ (n − 1)(
(s)
R jk −

0(s)
R jk)]

}
, (3.10)

Substituting (3.9) and (3.8) into (3.2), by a direct computation, then from the expression (3.5), we have

p

Wl
i jk =

0

Wl
i jk, (3.11)

where
0

Wl
i jk is the Weyl projective curvature tensor of

0
∇, namely,

0

Wl
i jk = Kl

i jk −
1

n − 1
(δl

iK jk − δ
l
jRik) −

1
(n + 1)(n − 2)

[
δl

i(K jk − Kkj) − δl
j(Kik − Kki)

− (n − 1)δl
k(Ki j − K ji)

]
−

1
(n − 1)(n − 2)

[
δl

i

0(s)
R jk − δ

l
j

0(s)
R ik + (n − 1)δl

k

0(s)
R ji

]
= Kl

i jk −
1

n − 1
(δl

iK jk − δ
l
jKik) (3.12)

This ends the proof of Lemma 3.2.

Remark 3.3.
0(s)
R ik = Ki jkl1

kl is a semi-Ricci curvature tensor of the Levi-Civita connection
0
∇.

Lemma 3.2 implies that the following theorem is tenable.

Theorem 3.4. If a Riemannian metric admits the projective semi-symmetric connection
p
∇ with vanishing curvature

tensor, then the Riemannian metric is projective flat (dimM > 2).

Lemma 3.5. In a Riemannian manifold the tensor

p

Vl
i jk =

p

Rl
i jk −

1
n

(δl
i

p
R jk − δ

l
j

p
Rik + 1ik

p

Rl
j − 1 jk

p

Rl
i) −

1
n(n2 − 4)

[
δl

i(
p
R jk −

p
Rkj) − δl

j(
p
Rik −

p
Rki)

+ 1ik(
p

Rl
j −

p

Rl
. j) − 1 jk(

p

Rl
i −

p

Rl
.i) − nδl

k(
p
Ri j −

p
R ji)

]
−

1
n2 − 4

(
δl

i

p(s)
R jk − δ

l
j

p(s)
R ik + 1ik

p(s)

Rl
j − 1 jk

p(s)

Rl
i + nδl

k

p(s)
R ji

)
(3.13)

is an invariant under the connection transformation
p
∇ −→

p∗
∇, where

p(s)
R jk =

p
Ri jkl1

kl.



J. Cui et al. / Filomat 33:12 (2019), 3901–3912 3909

Proof. From (3.2) and (3.3), we have

p∗

Rl
i jk =

p

Rl
i jk − δ

l
jτik + δl

iτ jk + 1ikτ
l
j − 1 jkτ

l
i − 2δl

kβi j, (3.14)

By using contracting of the indices i and l of the expression (3.14), we find

p∗
R jk =

p
R jk + nτ jk − 1 jkτ

l
l − 2β jk, (3.15)

Alternating the indices j and k of this expression, we get

p∗
R jk −

p∗
Rkj =

p
R jk −

p
Rkj + n(τ jk − τkj) − 4β jk,

On the other hand, by contracting the indices k and l of the expression (3.14), we have

p∗(s)
R i j =

p(s)
R i j − 2(τi j − τ ji) − 2nβi j,

From these expressions we find

β jk =
1

2(n2 − 4)

[
2(

p∗(s)
R jk −

p∗(s)
R kj) − 2(

p(s)
R jk −

p(s)
R kj) − n(

p∗(s)
R jk −

p(s)
R jk)

]
, (3.16)

Substituting the expression (3.16) into the expression (3.15), we find

τ jk =
1
n

{p∗(s)
R jk −

p(s)
R jk + 1 jkτ

i
i −

1
(n2 − 4)

[
2(

p∗(s)
R jk −

p∗(s)
R kj) − 2(

p(s)
R jk −

p(s)
R kj)

− n(
p∗(s)
R jk −

p(s)
R jk)

]}
, (3.17)

Substituting (3.16) and (3.17) into (3.14), by a direct computation and the expression (3.13), we have

p

Vl
i jk =

p∗

Vl
i jk (3.18)

where the tensor
p∗

Vl
i jk is

p∗

Vl
i jk =

p∗

Rl
i jk −

1
n

(δl
i

p∗
R jk − δ

l
j

p∗
Rik + 1ik

p∗

Rl
j − 1 jk

p∗

Rl
i) −

1
n(n2 − 4)

[
δl

i(
p∗
R jk −

p∗
Rkj) − δl

j(
p∗
Rik −

p∗
Rki)

+ 1ik(
p∗

Rl
j −

p∗

Rl
. j) − 1 jk(

p∗

Rl
i −

p∗

Rl
.i) − nδl

k(
p∗
Ri j −

p∗
R ji)

]
−

1
n2 − 4

(
δl

i

p∗(s)
R jk − δ

l
j

p∗(s)
R ik + 1ik

p∗(s)

Rl
j − 1 jk

p∗(s)

Rl
i + nδl

k

p∗(s)
R ji

)
(3.19)

This completes the proof of Lemma 3.5.
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4. Projective Conformal Semi-symmetric Connections

Definition 4.1. A connection ∇ is called a projective conformal semi-symmetric connection, if ∇ is projective

equivalent to
c
∇ in a Riemannian manifold, where

c
∇ is conformal equivalent to

t
∇.

It is not hard to write down the coefficient of the conformal semi-symmetric connection
c
∇ is as

c

Γk
i j =

{k

i j

}
+ (δi −

1 − t
2
πi)δk

j + (δ j +
1 + t

2
π j)δk

i − 1i jδ
k,

where δi is a conformal component w.r.t. the conformal transformation of metric 1 ji, namely, 1 ji −→ 1̄ ji =

e2δ1 ji. Furthermore, the projective conformal semi-symmetric connection ∇ satisfies relations

∇k1i j = −2(ψk + σk −
1 − t

2
πk)1i j − (ψi +

1 + t
2
πi)1 jk − (ψ j + σ j +

1 + t
2
π j)1ik

Tk
i j = π jδ

k
i − πiδ

k
j (4.1)

and its connection coefficient is

Γk
i j =

{k

i j

}
+ (ψi + σi −

1 − t
2
πi)δk

j + (ψ j + σ j +
1 + t

2
π j)δk

i − 1i jσ
k, (4.2)

and the curvature tensor of is

Rl
i jk = Kl

i jk + δl
jcik − δ

l
ic jk + 1ikbl

j − 1 jkbl
i + δl

kβi j, (4.3)

where

b ji =
0
∇ jδi − δ jδi,

c ji =
0
∇ j(ψi + σi +

1 + t
2
πi) − (ψ j + σ j +

1 + t
2
π j)(ψi + σi +

1 + t
2
πi)

+ 1 ji(ψl + σl +
1 + t

2
πl)σl.

The coefficient of dual connection
∗

∇with respect to the connection ∇ is
∗

Γk
i j =

{k

i j

}
+ (ψi + σi −

1 − t
2
πi)δk

j − 1i j(ψk + σk +
1 + t

2
πk) + σ jδ

k
i ,

and the curvature tensor of the connection is
∗

Ri jk

l
= Ki jk

l + δl
jbik − δ

l
ib jk + 1ikcl

j − 1 jkcl
i − δ

l
kβi j, (4.4)

The coefficient of the mutual connection
m
∇with respect to the connection ∇ is

m

Γk
i j =

{k

i j

}
+ (ψi + σi +

1 + t
2
πi)δk

j + (ψ j + σ j −
1 − t

2
π j)δk

i − 1i jσ
k,

and the curvature tensor of the connection
m
∇ is given as

m

Rl
i jk = Kl

i jk + δl
jc̄ik − δ

l
ic̄ jk + 1ikbl

j − 1 jkbl
i + δl

kβ̄i j, (4.5)

where

c̄ ji =
0
∇ j(ψi + σi −

1 − t
2
πi) − (ψ j + σ j −

1 − t
2
π j)(ψi + σi −

1 − t
2
πi)

+ 1 ji(ψl + σl −
1 − t

2
πl)σl. (4.6)
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Theorem 4.2. (Schur’s Theorem) Suppose (Mn, 1)(n > 3) is a connected Riemannian manifold associated with a
projective conformal semi-symmetric connection ∇ that is isotropic. If it satisfies the relation

φh + 2σh +
1 + t

2
πh = 0. (4.7)

Then (Mn, 1) is a constant curvature manifold.

Proof. In a Riemannian manifold the second Bianchi identify of the curvature tensor of the projective
conformal semi-symmetric connection ∇ is

∇hRi jk
l + ∇iR jhk

l + ∇ jRhik
l = 2(πhRi jk

l + πiR jhk
l + π jRhik

l), (4.8)

From the fact that (Mn, 1) is of isotropic, this implies that the curvature is

Ri jk
l = k(p)(δl

j1ik − δ
l
i1 jk), (4.9)

Substituting the expression (4.9) into the expression (4.8), then we obtain

∇hk(δl
j1ik − δ

l
i1 jk) + ∇ik(δl

h1 jk − δ
l
j1hk) + ∇ jk(δl

i1hk − δ
l
h1ik)

+k(δl
j∇h1ik − δ

l
i∇h1 jk + δl

h∇i1 jk − δ
l
j∇i1hk + δl

i∇ j1hk − δ
l
h∇ j1ik)

= 2[πh(δl
j1ik − δ

l
i1 jk) + πi(δl

h1 jk − δ
l
j1hk) + π j(δl

i1hk − δ
l
h1ik)].

Using the expression (4.1) we have

[∇hk − (ψh + 2δh +
1 + t

2
πh)k](δl

k1i j − δ
l
i1 jk) + [∇hk − (ψh + 2δh +

1 + t
2
πh)k](δl

h1 jk − δ
l
j1kh)

+[∇hk − (ψh + 2δh +
1 + t

2
πh)k](δl

i1kh − δ
l
k1hi) = 0.

Contracting the indices i and l of this expression, then we find

(n − 2)
{
[∇ jk − (ψ j + 2σ j +

1 + t
2
π j)k]1hk − [∇hk − (ψh + 2σh +

1 + t
2
πh)k]1 jk

}
= 0,

multiplying both sides of this expression by 1ik, then we obtain

(n − 1)(n − 2)
[
∇hk − (ψh + 2σh +

1 + t
2
πh)k

]
= 0.

Consequently, from dimM > 2, it is known that k = const if and only if

φh + 2σh +
1 + t

2
πh = 0.

This completes the proof of Theorem 4.2.

Remark 4.3. If σi = 0, we see from Theorem 4.2 that Γi j
k =

{k

i j

}
−πiδk

j , this connection is studied in [6]. Ifψi = σi = 0,

then the projective conformal semi-symmetric connection ∇ is exactly the semi-symmetric connection
t
∇. By virtue of

the expressions in [4, 7], the semi-symmetric connection
t
∇ with constant curvature is just that the connection

t
∇ with

t = −1.
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