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Ruscheweyh-Type Harmonic Functions with Correlated Coefficients
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Abstract. In the paper we introduce the classes of functions with correlated coefficients defined by
generalized Ruscheweyh derivatives. We also define the dual set for harmonic functions and show that
the classes of functions can be presented as dual sets. Moreover, by using extreme points theory, we obtain
estimations of classical convex functionals on the defined classes of functions. Some applications of the
main results are also considered.

1. Introduction

Harmonic functions are famous for their use in the study of minimal surfaces and also play important
roles in a variety of problems in applied mathematics. Harmonic functions have been studied by differential
geometers such as Choquet [4], Kneser [18], Lewy [20], and Rado [23]. Recent interest in harmonic complex
functions has been triggered by geometric function theorists Clunie and Sheil-Small [5]. LetH denote the
family of continuous complex-valued functions which are harmonic in the open unit diskU :=U (1) ,where
U (r) := {z ∈ C : |z| < r}, and let A denote the class of functions which are analytic in U. Every harmonic
function f ∈ H has a unique representation

f = h + 1, (1)

where h and 1 are analytic in U and 1(0) = 0. A result of Lewy [20] shows that f is locally univalent and
sense-preserving if and only if

|h′ (z)| >
∣∣∣1′ (z)

∣∣∣ (z ∈ U) . (2)

We denote byH0 the family of functions f ∈ H of the form

f (z) = h + 1 = z +

∞∑
n=2

(
anzn + bnzn

) (
h, 1 ∈ A, z ∈ U

)
(3)

which are univalent and sense-preserving in U.
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Let Nk := {k, k + 1, ...} ,N := N1. For functions f1, f2 ∈ H of the form

fl(z) =

∞∑
n=0

(
al,nzn + bl,nzn

)
(z ∈ U, l ∈N) (4)

we define convolution of f1 and f2 by

(
f1 ∗ f2

)
(z) =

∞∑
n=0

(
a1,na2,nzn + b1,nb2,nzn

)
(z ∈ U) .

We say that a function f ∈ H0 is harmonic starlike inU (r) if f maps the circle ∂U (r) onto a closed curve
that is starlike with respect to the origin i.e.

∂
∂t

(
arg f

(
reit

))
> 0 (0 ≤ t ≤ 2π)

or equivalently

Re
DH f (z)

f (z)
> 0 (|z| = r) ,

where

DH f (z) := zh′ (z) − z1′ (z) (z ∈ U) .

Ruscheweyh [25] introduced an operatorDλ : A→A, defined by the convolution:

D
λ f (z) =

z
(1 − z)λ+1

∗ f (z) (λ , −1; f ∈A), (5)

which implies that

D
n f (z) =

z(zn−1 f (z))(n)

n!
(n ∈N0).

Let Dλ,τ
H

: H →H denote the linear operator defined for a function f = h + 1 ∈ H by

Dλ,τ
H

:= Dλh + τDλ1 (|τ| = 1) .

The operator Dλ,τ
H

for τ = (−1)n was investigated in [21] (see also [7, 10, 12, 14, 28]).
We say that a function f ∈ H is subordinate to a function F ∈ H , and write f (z) ≺ F(z) (or simply

f ≺ F) if there exists a complex-valued function ω which maps U into oneself with ω(0) = 0, such that
f (z) = F(ω(z)) (z ∈ U) .

Let A and B be two distinct complex parameters.We denote by Sλ,τ
H

(A,B) the class of functions f ∈ H0
such that

DH
(
Dλ,τ
H

f
)

(z)

Dλ,τ
H

f (z)
≺

1 + Az
1 + Bz

. (6)

Also, by Rλ,τ
H

(A,B) we denote the class of functions f ∈ H0 such that

Dλ,τ
H

f (z)

z
≺

1 + Az
1 + Bz

.
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In particular, if we put λ = n ∈N0, τ = (−1)n , then we obtain the classes

S
n
H

(A,B) := Sn,(−1)n

H
(A,B), Rn

H
(A,B) := Rn,(−1)n

H
(A,B)

related to the harmonic Ruscheweyh derivatives Dn
H

f (see [10]). The classes SH (A,B) := S0
H

(A,B),
KH (A,B) := S1

H
(A,B) andRH (A,B) := R1

H
(A,B) are defined in [8] (see also [9]) with restrictions−B ≤ A < B ≤ 1.

The object of this papers to obtain some necessary and sufficient conditions for the above defined classes.
Some topological properties and extreme points of the classes are also considered. By using extreme points
theory we obtain coefficients estimates, distortion theorems, integral mean inequalities for these classes of
functions.

2. Dual sets

LetV ⊂ H ,U0 := Ur {0} . Motivated by Ruscheweyh [24] we define the dual set ofV by

V
∗ :=

 f ∈ H0 :
∧
q∈V

(
f ∗ q

)
(z) , 0 (z ∈ U0)

 .
The object of this section is to show that the defined classes of functions can be presented as dual sets.

Theorem 2.1.

S
λ,τ
H

(A,B) =
{
ψξ : |ξ| = 1

}∗ ,
where

ψξ (z) : = z
(B − A) ξ + (1 + λ + λBξ + Aξ) z

(1 − z)λ+2
(7)

−τz
2 + (A + B) ξ − (1 − λ − λBξ + Aξ) z

(1 − z)λ+2
(z ∈ U) .

Proof. Let f ∈ H0 be of the form (1). Then f ∈ Sλ,τ
H

(A,B) if and only if it satisfies (6) or equivalently

DH
(
Dλ,τ
H

f
)

(z)

Dλ,τ
H

f (z)
,

1 + Aξ
1 + Bξ

(z ∈ U0, |ξ| = 1) . (8)

Since

DH
(
Dλ,τ
H

h
)

(z) = h (z) ∗
z

(1 − z)λ+1
∗

z
(1 − z)2 = h (z) ∗

z + λz2

(1 − z)λ+2
,

the above inequality yields

(1 + Bξ) DH
(
Dλ,τ
H

f
)

(z) − (1 + Aξ) Dλ,τ
H

f (z)

= (1 + Bξ) DH
(
Dλ,τ
H

h
)

(z) − (1 + Aξ) Dλ,τ
H

h (z)

−τ
[
(1 + Bξ) DH

(
Dλ,τ
H
1
)

(z) + (1 + Aξ) Dλ,τ
H

h (z)
]

= h (z) ∗
(

(1 + Bξ) (1 + λz) z
(1 − z)λ+2

−
(1 + Aξ) z

(1 − z)λ+1

)

−τ1 (z) ∗

 (1 + Bξ)
(
1 + λz

)
z

(1 − z)λ+2
+

(1 + Aξ) z

(1 − z)λ+1


= f (z) ∗ ψξ (z) , 0 (z ∈ U0, |ξ| = 1) .

Thus, f ∈ Sλ,τ
H

(A,B) if and only if f (z) ∗ ψξ (z) , 0 for z ∈ U0, |ξ| = 1 i.e. Sλ,τ
H

(A,B) =
{
ψξ : |ξ| = 1

}∗.
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Using an argument similar to that given in the proof of Theorem 2.1, we can prove the following Theorem
2.2.

Theorem 2.2.

R
λ,τ
H

(A,B) =
{
δξ : |ξ| = 1

}∗ ,
where

δξ (z) := z
1 + Bξ − (1 + Aξ) (1 − z)λ+1

(1 − z)λ+1
+ τz

1 + Bξ

(1 − z)λ+1
(z ∈ U) . (9)

If we put λ = n ∈N0, τ = (−1)n , in Theorems 2.1 and 2.2 we obtain the following results (see [8]).

Theorem 2.3.

S
n
H

(A,B) =
{
ρξ : |ξ| = 1

}∗ , (10)

where

ρξ (z) : = z
(B − A) ξ + (1 + n + (nB + A) ξ) z

(1 − z)n+2 (11)

− (−1)n z
2 + (A + B) ξ + (n − 1 + (nB − A) ξ) z

(1 − z)n+2
(z ∈ U) .

Theorem 2.4.

R
n
H

(A,B) =
{
δξ : |ξ| = 1

}∗ ,
where

δξ (z) := z
1 + Bξ − (1 + Aξ) (1 − z)n+1

(1 − z)n+1 + (−1)n z
1 + Bξ

(1 − z)n+1
(z ∈ U) .

Moreover, if we get n = 0 and n = 1 in Theorem 2.3 and n = 1 in Theorem 2.4 we obtain the following
results (see [8]).

Theorem 2.5.

SH (A,B) =
{
ψξ : |ξ| = 1

}∗ ,
where

ψξ (z) := z
(B − A) ξ + (1 + Aξ) z

(1 − z)2 − z
2 + (A + B) ξ − (1 + Aξ) z

(1 − z)2
(z ∈ U) .

Theorem 2.6.

KH (A,B) =
{
ψξ : |ξ| = 1

}∗ ,
where

ψξ (z) := z
(B − A) ξ + (2 + Aξ + Bξ) z

(1 − z)3 − z
2 + (A + B) ξ + (B − A) ξz

(1 − z)3
(z ∈ U) .

Theorem 2.7.

RH (A,B) =
{
δξ : |ξ| = 1

}∗ ,
where

δξ (z) := z
1 + Bξ − (1 + Aξ) (1 − z)2

(1 − z)2 − z
1 + Bξ

(1 − z)2
(z ∈ U) .
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3. Correlated coefficients

Let us consider the function ϕ ∈ H of the form

ϕ = u + v, u(z) =

∞∑
n=0

unzn, v(z) =

∞∑
n=1

vnzn (z ∈ U) . (12)

We say that a function f ∈ H of the form (3) has coefficients correlated with the function ϕ, if

unan = − |un| |an| , vnbn = |vn| |bn| (n ∈N2) . (13)

In particular, if there exists a real number η such that

ϕ (z) =
z

1 − eiηz
+

e−2iηz

1 − eiηz
=

∞∑
n=1

(
ei(n−1)ηzn + e−i(n+1)ηzn

)
(z ∈ U) ,

then we obtain functions with varying coefficients defined by Jahangiri and Silverman [15] (see also [9]).
Moreover, if we take

ϕ (z) = 2Re
z

1 − z
=

∞∑
n=1

(
zn + zn

)
(z ∈ U) ,

then we obtain functions with negative coefficients introduced by Silverman [27]. These functions were
intensively investigated by many authors (for example, see [6, 8–11, 13, 15, 17, 30]).

Let T λ,τ (η) denote the class of functions f ∈ H with coefficients correlated with respect to the function

ϕ (z) =
z

(1 − eiηz)λ+1
+

τe−2iηz

(1 − eiηz)λ+1
(z ∈ U) . (14)

Moreover, let us define

S
λ,τ
T

(η; A,B) := T λ,τ (η) ∩ Sλ,τ
H

(A,B), Rλ,τ
T

(η; A,B) := T λ,τ (η) ∩ Rλ,τ
H

(A,B),

where η; A,B are real parameters with B > max{0,A}.

Let f ∈ H be of the form (3). Thus, by (5) we have

Dλ
H

f (z) = z +

∞∑
n=2

λnanzn + τ
∞∑

n=2

λnbnzn (z ∈ U) ,

where

λ1 := 1, λn :=
(λ + 1) · . . . · (λ + n − 1)

(n − 1)!
(n ∈N2) . (15)

Moreover, let us assume

|λn| ≥ |λ2| ≥ 1, B > max{0,A}. (16)

Theorem 3.1. If a function f ∈ H of the form (3) satisfies the condition
∞∑

n=2

(
|αn| |an| +

∣∣∣βn

∣∣∣ |bn|
)
≤ B − A, (17)

where

αn = λn {n (1 + B) − (1 + A)} , βn = λn {n (1 + B) + (1 + A)} , (18)

then f ∈ Sλ,τ
H

(A,B).
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Proof. It is clear that the theorem is true for the function f (z) ≡ z. Let f ∈ H0 be a function of the form (3)
and let there exist n ∈N2 such that an , 0 or bn , 0. By (16) we have

|αn|

B − A
≥ n,

∣∣∣βn

∣∣∣
B − A

≥ n (n ∈N2) . (19)

Thus, by (17) we get

∞∑
n=2

(n |an| + n |bn|) ≤ 1 (20)

and

|h′ (z)| −
∣∣∣1′ (z)

∣∣∣ ≥ 1 −
∞∑

n=2

n |an| |z|n −
∞∑

n=2

n |bn| |z|n ≥ 1 − |z|
∞∑

n=2

(n |an| + n |bn|)

≥ 1 −
|z|

B − A

∞∑
n=2

(
|αn| |an| +

∣∣∣βn

∣∣∣ |bn|
)
≥ 1 − |z| > 0 (z ∈ U) .

Therefore, by (2) the function f is locally univalent and sense-preserving in U. Moreover, if z1, z2 ∈ U,
z1 , z2, then.∣∣∣∣∣∣zn

1 − zn
2

z1 − z2

∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
n∑

l=1

zl−1
1 zn−l

2

∣∣∣∣∣∣∣ ≤
n∑

l=1

|z1|
l−1
|z2|

n−l < n (n ∈N2) .

Hence, by (20) we have∣∣∣ f (z1) − f (z2)
∣∣∣ ≥ |h (z1) − h (z2)| −

∣∣∣1 (z1) − 1 (z2)
∣∣∣

=

∣∣∣∣∣∣∣z1 − z2 −

∞∑
n=2

an

(
zn

1 − zn
2

)∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣
∞∑

n=2

bn

(
zn

1 − zn
2

)∣∣∣∣∣∣∣
≥ |z1 − z2| −

∞∑
n=2

|an|
∣∣∣zn

1 − zn
2

∣∣∣ − ∞∑
n=2

|bn|
∣∣∣zn

1 − zn
2

∣∣∣
= |z1 − z2|

1 −
∞∑

n=2

|an|

∣∣∣∣∣∣zn
1 − zn

2

z1 − z2

∣∣∣∣∣∣ − ∞∑
n=2

|bn|

∣∣∣∣∣∣zn
1 − zn

2

z1 − z2

∣∣∣∣∣∣


> |z1 − z2|

1 −
∞∑

n=2

n |an| −

∞∑
n=2

n |bn|

 ≥ 0.

This leads to the univalence of f i.e. f ∈ SH . Therefore, f ∈ Sλ,τ
T

(A,B) if and only if there exists a complex-
valued function ω, ω(0) = 0, |ω(z)| < 1 (z ∈ U) such that

DH
(
Dλ,τ
H

f
)

(z)

Dλ,τ
H

f (z)
=

1 + Aω(z)
1 + Bω(z)

(z ∈ U) ,

or equivalently∣∣∣∣∣∣∣ DH
(
Dλτ
H

f
)

(z) −Dλτ
H

f (z)

BDH
(
Dλτ
H

f
)

(z) − A
(
Dλτ
H

f (z)
)

(z)

∣∣∣∣∣∣∣ < 1 (z ∈ U) . (21)
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Thus for z ∈ U\ {0} it suffices to show that∣∣∣∣DH (
Dλτ
H

f
)

(z) −Dλτ
H

f (z)
∣∣∣∣ − ∣∣∣∣BDH

(
Dλτ
H

f
)

(z) −Dλτ
H

f (z)
∣∣∣∣ < 0.

Indeed, letting |z| = r (0 < r < 1) we have∣∣∣∣DH (
Dλτ
H

f
)

(z) −Dλτ
H

f (z)
∣∣∣∣ − ∣∣∣∣BDH

(
Dλτ
H

f
)

(z) −Dλτ
H

f (z)
∣∣∣∣

=

∣∣∣∣∣∣∣
∞∑

n=2

(n − 1)λnanzn
−

∞∑
n=2

(n + 1) τλnbnzn

∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣(B − A) z +

∞∑
n=2

(Bn − A)λnanzn +

∞∑
n=2

(Bn + A) τλnbnzn

∣∣∣∣∣∣∣
≤

∞∑
n=2

(n − 1) |λnan| rn +

∞∑
n=2

(n + 1) |λnbn| rn
− (B − A) r

+

∞∑
n=2

(Bn − A) |λnan| rn +

∞∑
n=2

(Bn + A) |λnbn| rn

≤ r

 ∞∑
n=2

(
|αn| |an| +

∣∣∣βn

∣∣∣ |bn|
)

rn−1
− (B − A)

 < 0.

whence f ∈ Sλ,τ
H

(A,B).

The next theorem, shows that the condition (17) is also the sufficient condition for a function f ∈ H of
correlated coefficients to be in the class Sλ,τ

T
(η; A,B).

Theorem 3.2. Let f ∈ T λ,τ (η) be a function of the form (3). Then f ∈ Sλ,τ
T

(η; A,B) if and only if the condition (17)
holds true.

Proof. In view of Theorem 3.1 we need only to show that each function f ∈ Sλ,τ
T

(η; A,B) satisfies the
coefficient inequality (17). If f ∈ Sλ,τ

T
(η; A,B), then f is of the form (3) satisfying (13) for which (21) must

hold, or equivalently∣∣∣∣∣∣∣∣∣∣∣
∞∑

n=2
(n − 1)λnanzn

− (n + 1) τλnbnzn

(B − A) z +
∞∑

n=2

{
(Bn − A)λnanzn − (Bn + A) τλnbnzn

}
∣∣∣∣∣∣∣∣∣∣∣ < 1 (z ∈ U).

Therefore, by (14) and (13) for z = reiη (0 ≤ r < 1), we obtain

∞∑
n=2

(n − 1) |λn| |an| + (n + 1) |λn| |bn| rn−1

(B − A) −
∞∑

n=2

{
(Bn − A) |λn| |an| + (Bn + A) |λn| |bn| rn−1} < 1. (22)

It is clear that the denominator of the left hand side cannot vanish for r ∈ 〈0, 1) . Moreover, it is positive for
r = 0, and in consequence for r ∈ 〈0, 1) . Thus, by (22) we have

∞∑
n=2

(
|αn| |an| +

∣∣∣βn

∣∣∣ |bn|
)

rn−1 < B − A (0 ≤ r < 1). (23)
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The sequence of partial sums {Sn} associated with the series
∞∑

n=2

(
|αn| |an| +

∣∣∣βn

∣∣∣ |bn|
)

is non-decreasing se-

quence. Moreover, by (23) it is bounded by B − A. Hence, the sequence {Sn} is convergent and

∞∑
n=2

(
|αn| |an| +

∣∣∣βn

∣∣∣ |bn|
)

= lim
n→∞

Sn ≤ B − A,

which yields the assertion (17).

The following result may be proved in much the same way as Theorem 3.2.

Theorem 3.3. Let f ∈ H0 be a function of the form (15). Then f ∈ Rλ,τ
T

(η; A,B) if and only if

∞∑
n=2

|λn| (|an| + |bn|) ≤
B − A
1 + B

.

By Theorems 3.2 and 3.3 we have the following corollary.

Corollary 3.4. Let a = 1+A
1+B and

φ (z) = z +

∞∑
n=2

( 1
n − a

zn +
n

n + a
zn

)
(z ∈ U) , (24)

ω (z) = z +

∞∑
n=2

(
(n − a) zn + (n + a) zn

)
(z ∈ U) .

Then

f ∈ R
λ,τ
T

(η; A,B)⇔ f ∗ φ ∈ Sλ,τ
T

(η; A,B),

f ∈ S
λ,τ
T

(η; A,B)⇔ f ∗ ω ∈ Rλ,τ
T

(η; A,B).

In particular,

R
λ,τ
T

(η;−1,B) = Sλ,τ
T

(η;−1,B).

4. Topological properties

We consider the usual topology on H defined by a metric in which a sequence
{
fn
}

in H converges to
f if and only if it converges to f uniformly on each compact subset of U. It follows from the theorems of
Weierstrass and Montel that this topological space is complete.

Let F be a subclass of the classH . A functions f ∈ F is called an extreme point of F if the condition

f = γ f1 +
(
1 − γ

)
f2

(
f1, f2 ∈ F , 0 < γ < 1

)
implies f1 = f2 = f . We shall use the notation EF to denote the set of all extreme points of F . It is clear that
EF ⊂ F .

We say that F is locally uniformly bounded if for each r, 0 < r < 1, there is a real constant M = M (r) so that∣∣∣ f (z)
∣∣∣ ≤M

(
f ∈ F , |z| ≤ r

)
.

We say that a class F is convex if

γ f + (1 − γ)1 ∈ F ( f , 1 ∈ F , 0 ≤ γ ≤ 1).
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Moreover, we define the closed convex hull of F as the intersection of all closed convex subsets of H that
contain F . We denote the closed convex hull of F by coF .

A real-valued functional J : H → R is called convex on a convex class F ⊂ H if

J
(
γ f +

(
1 − γ

)
1
)
≤ γJ

(
f
)

+
(
1 − γ

)
J

(
1
) (

f , 1 ∈ F , 0 ≤ γ ≤ 1
)
.

The Krein-Milman theorem (see [19]) is fundamental in the theory of extreme points. In particular, it
implies the following lemma.

Lemma 4.1. [8, pp.45] Let F be a non-empty compact convex subclass of the class H and J : H → R be a
real-valued, continuous and convex functional on F . Then

max
{
J( f ) : f ∈ F

}
= max

{
J( f ) : f ∈ EF

}
.

SinceH is a complete metric space, Montel’s theorem implies the following lemma.

Lemma 4.2. A class F ⊂ H is compact if and only if F is closed and locally uniformly bounded.

Theorem 4.3. The class Sλ,τ
T

(η; A,B) is convex and compact subset ofH .

Proof. Let f1, f2 ∈ Sλ,τT (η; A,B) be functions of the form (4), 0 ≤ γ ≤ 1. Since

γ f1(z) + (1 − γ) f2 (z) = z +

∞∑
n=2

{(
γa1,n +

(
1 − γ

)
a2,n

)
zn +

(
γb1,n +

(
1 − γ

)
b2,n

)
zn

}
,

and by Theorem 3.2 we have
∞∑

n=2

{
|αn|

∣∣∣γa1,n +
(
1 − γ

)
a2,n

∣∣∣ +
∣∣∣βn

∣∣∣ ∣∣∣γb1,n +
(
1 − γ

)
b2,nzn

∣∣∣}
≤ γ

∞∑
n=2

{∣∣∣αna1,n

∣∣∣ +
∣∣∣βnb1,n

∣∣∣} +
(
1 − γ

) ∞∑
n=2

{∣∣∣αna2,n

∣∣∣ +
∣∣∣βnb2,n

∣∣∣}
≤ γ (B − A) +

(
1 − γ

)
(B − A) = B − A,

the function φ = γ f1 + (1 − γ) f2 belongs to the class Sλ,τ
T

(η; A,B). Hence, the class is convex. Furthermore,
for f ∈ Sλ,τ

T
(η; A,B), |z| ≤ r, 0 < r < 1, we have∣∣∣ f (z)

∣∣∣ ≤ r +

∞∑
n=2

(|an| + |bn|) rn
≤ r +

∞∑
n=2

(
|αn| |an| +

∣∣∣βn

∣∣∣ |bn|
)
≤ r + (B − A) . (25)

Thus, we conclude that the class Sλ,τ
T

(η; A,B) is locally uniformly bounded. By Lemma 4.2, we only need to
show that it is closed i.e. if fl ∈ Sλ,τT (η; A,B) (l ∈N) and fl → f , then f ∈ Sλ,τ

T
(η; A,B). Let fl and f be given

by (4) and (3), respectively. Using Theorem 3.2 we have
∞∑

n=2

(∣∣∣αnal,n

∣∣∣ +
∣∣∣βnbl,n

∣∣∣) ≤ B − A (l ∈N) . (26)

Since fl → f , we conclude that
∣∣∣al,n

∣∣∣ → |an| and
∣∣∣bl,n

∣∣∣ → |bn| as l → ∞ (n ∈N). The sequence of partial

sums {Sn} associated with the series
∞∑

n=2

(
|αnan| +

∣∣∣βnbn

∣∣∣) is a non-decreasing sequence. Moreover, by (26) it is

bounded by B − A. Therefore, the sequence {Sn} is convergent and
∞∑

n=2

(
|αnan| +

∣∣∣βnbn

∣∣∣) = lim
n→∞

Sn ≤ B − A.

This gives the condition (17), and, in consequence, f ∈ Sλ,τ
T

(η; A,B), which completes the proof.
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Theorem 4.4.

ESλ,τ
T

(η; A,B) = {hn : n ∈N} ∪
{
1n : n ∈N2

}
,

where

h1(z) = z, hn(z) = z −
B − A
αnei(n−1)η

zn, 1n(z) = z +
τ (B − A)

βne−i(n+1)η
zn (z ∈ U). (27)

Proof. Suppose that 0 < γ < 1 and

1n = γ f1 +
(
1 − γ

)
f2,

where f1, f2 ∈ Sλ,τT (η; A,B) are functions of the form (4). Then, by (17) we have
∣∣∣b1,n

∣∣∣ =
∣∣∣b2,n

∣∣∣ = B−A
|βn|
, and, in

consequence, a1,l = a2,l = 0 for l ∈ N2 and b1,l = b2,l = 0 for l ∈ N2� {n} . It follows that 1n = f1 = f2, and
consequently 1n ∈ ES∗

T
(η; A,B). Similarly, we verify that the functions hn of the form (27) are the extreme

points of the class Sλ,τ
T

(η; A,B). Now, suppose that a function f belongs to the set ESλ,τ
T

(η; A,B) and f is not
of the form (27). Then there exists m ∈N2 such that

0 < |am| <
B − A
|αm|

or 0 < |bm| <
B − A∣∣∣βm

∣∣∣ .
If 0 < |am| < B−A

|αm |
, then putting

γ =
|αmam|

B − A
, ϕ =

1
1 − γ

(
f − γhm

)
,

we have that 0 < γ < 1, hm , ϕ and

f = γhm +
(
1 − γ

)
ϕ.

Thus, f < ESλ,τ
T

(η; A,B). Similarly, if 0 < |bm| < B−A
|βn|

, then pouting

γ =

∣∣∣βmbm

∣∣∣
B − A

, φ =
1

1 − γ
(

f − γ1m
)
,

we have that 0 < γ < 1, 1m , φ and

f = γ1m +
(
1 − γ

)
φ.

It follows that f < ESλ,τ
T

(η; A,B), and the proof is completed.

5. Applications

It is clear that if the class

F =
{
fn ∈ H : n ∈N

}
,

is locally uniformly bounded, then

coF =

 ∞∑
n=1

γn fn :
∞∑

n=1

γn = 1, γn ≥ 0 (n ∈N)

 . (28)

Thus, by Theorem 7 we have the following corollary.
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Corollary 5.1.

S
λ,τ
T

(η; A,B) =

 ∞∑
n=1

(
γnhn + δn1n

)
:
∞∑

n=1

(
γn + δn

)
= 1

(
δ1 = 0, γn, δn ≥ 0

) ,
where hn, 1n are defined by (27).

For each fixed value of m,n, λ ∈ N, z ∈ U, the following real-valued functionals are continuous and
convex onH :

J
(

f
)

= |an| , J
(

f
)

= |bn| , J
(

f
)

=
∣∣∣ f (z)

∣∣∣ J (
f
)

=
∣∣∣DH f (z)

∣∣∣ (
f ∈ H

)
. (29)

Moreover, for γ ≥ 1, 0 < r < 1, the real-valued functional

J
(

f
)

=

 1
2π

2π∫
0

∣∣∣∣ f (
reiθ

)∣∣∣∣γ dθ


1/γ (

f ∈ H
)

(30)

is also continuous and convex onH .

Therefore, by Lemma 4.1 and Theorem 7 we have the following corollaries.

Corollary 5.2. Let f ∈ Sλ,τ
T

(η; A,B) be a function of the form (15). Then

|an| ≤
B − A
|αn|

, |bn| ≤
B − A∣∣∣βn

∣∣∣ (n ∈N2), (31)

where αn, βn are defined by (18). The result is sharp. The functions hn, 1n of the form (27) are the extremal functions.

Corollary 5.3. Let f ∈ Sλ,τ
T

(η; A,B), |z| = r < 1. Then

r −
B − A

|λ2| (1 + 2B − A)
r2
≤

∣∣∣ f (z)
∣∣∣ ≤ r +

B − A
|λ2| (1 + 2B − A)

r2,

r −
2 (B − A)

|λ2| (1 + 2B − A)
r2
≤

∣∣∣DH f (z)
∣∣∣ ≤ r +

2 (B − A)
|λ2| (1 + 2B − A)

r2,

where λ2 is defined by (15). The result is sharp. The function h2 of the form (27) is the extremal function.

Corollary 5.4. Let 0 < r < 1, γ ≥ 1. If f ∈ Sλ,τ
T

(η; A,B), then

1
2π

2π∫
0

∣∣∣ f (reiθ)
∣∣∣γ dθ ≤

1
2π

2π∫
0

∣∣∣h2(reiθ)
∣∣∣λ dθ,

1
2π

2π∫
0

∣∣∣DH f (z)
∣∣∣γ dθ ≤

1
2π

2π∫
0

∣∣∣DHh2(reiθ)
∣∣∣γ dθ,

where h2 is the function defined by (27).

The following covering result follows from Corollary 5.3.

Corollary 5.5. If f ∈ Sλ,τ
T

(η; A,B), then U (r) ⊂ f (U) , where

r = 1 −
B − A

|λ2| (1 + 2B − A)
.
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By using Corollary 3.4 and the results above we obtain corollaries listed below.

Corollary 5.6. The class Rλ,τ
T

(η; A,B) is convex and compact subset ofH . Moreover,

ERλ,τ
T

(η; A,B) = {hn : n ∈N} ∪
{
1n : n ∈N2

}
and

R
λ,τ
T

(η; A,B) =

 ∞∑
n=1

(
γnhn + δn1n

)
:

(
γn + δn

)
= 1

(
δ1 = 0, γn, δn ≥ 0

) ,
where h1(z) = z, and

hn(z) = z −
(B − A) ei(1−n)η

(1 + B)λn
zn, 1n(z) = z +

(B − A) ei(n+1)η

(1 + B) τλn
zn (z ∈ U). (32)

Corollary 5.7. Let f ∈ Rλ,τ
T

(η; A,B) be a function of the form (3). Then

|an| ≤
B − A

(1 + B) |λn|
, |bn| ≤

B − A
(1 + B) |λn|

(n ∈N2),

r−
B − A

(1 + B) |λ2|
r2
≤

∣∣∣ f (z)
∣∣∣ ≤ r +

B − A
(1 + B) |λ2|

r2 (|z| = r < 1) ,

r−
2 (B − A)

(1 + B) |λ2|
r2
≤

∣∣∣DH f (z)
∣∣∣ ≤ r +

2 (B − A)
(1 + B) |λ2|

r2 (|z| = r < 1) ,

1
2π

2π∫
0

∣∣∣ f (reiθ)
∣∣∣γ dθ ≤

1
2π

2π∫
0

∣∣∣h2(reiθ)
∣∣∣λ dθ,

1
2π

2π∫
0

∣∣∣DH f (reiθ)
∣∣∣γ dθ ≤

1
2π

2π∫
0

∣∣∣DHh2(reiθ)
∣∣∣γ dθ,

where λn is defined by (15). The results are sharp. The functions hn, 1n of the form (32) are the extremal functions.

Corollary 5.8. Let us assume (16). If f ∈ Rλ,τ
T

(η; A,B), then U (r) ⊂ f (U) , where

r = 1 −
B − A

(1 + B) |λ2|
.

The classesSn
H

(A,B) andRn
H

(A,B) are related to harmonic starlike functions, harmonic convex functions
and harmonic Janowski functions.

The classes SH (α) := S0
H

(2α − 1, 1) and KH (α) := S1
H

(2α − 1, 1) were investigated by Jahangiri [13]
(see also [2, 22]). They are the classes of starlike and convex functions of order α, respectively. The
classes NH (α) := R1

H
(2α − 1, 1) and RH (α) := R2

H
(2α − 1, 1) were studied in [1] (see also [17]). Finally,

the classes SH := SH (0) and KH := KH (0) are the classes of functions which are starlike and convex
in U (r) , respectively, for all r ∈ (0, 1〉 . We should notice that the classes S(A,B) := SH (A,B) ∩ A and
R(A,B) := RH (A,B) ∩A were introduced by Janowski [16].

By Theorem 2.3 or Theorem 2.4 for the classes defined above we obtain corollaries listed below (see [7]).

Corollary 5.9.

SH (α) =
{
ψξ : |ξ| = 1

}∗ ,
where

ψξ (z) := z
2 (1 − α) ξ + (1 − ξ + 2αξ) z

(1 − z)2 − z
2 + 2αξ − (1 − ξ + 2αξ) z

(1 − z)2
(z ∈ U) .
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Corollary 5.10.

KH (α) =
{
ψξ : |ξ| = 1

}∗ ,
where

ψξ (z) := z
(1 − α) ξ + (1 + αξ) z

(1 − z)3 + z
1 + αξ + (1 − α) ξz

(1 − z)3
(z ∈ U) .

Corollary 5.11.

NH (α) =
{
δξ : |ξ| = 1

}∗ ,
where

δξ (z) := z
2 (1 − α) ξ + (2αξ − ξ + 1)

(
z2
− 2z

)
(1 − z)2 − z

1 + ξ

(1 − z)2
(z ∈ U) .

Corollary 5.12.

SH =
{
ψξ : |ξ| = 1

}∗ ,
where

ψξ (z) := z
2ξ + (1 − ξ) z

(1 − z)2 − z
2 − (1 − ξ) z

(1 − z)2
(z ∈ U) .

Corollary 5.13.

KH =
{
ψξ : |ξ| = 1

}∗ ,
where

ψξ (z) := z
ξ + z

(1 − z)3 + z
1 + ξz

(1 − z)3
(z ∈ U) .

The classSλ
H

(τ,n; A,B) generalizes the classes of starlike functions of complex order. The classCSH (γ) :=
SH

(
1 − 2γ, 1

) (
γ ∈ Cr {0}

)
was defined by Yalçin and Öztürk [29]. In particular, if we put γ := 1−α

1+eiη , then
we obtain the class RSH (α, η) := SH

(
2α−1+eiη

1+eiη , 1
)

studied by Yalçin et al. [30]. It is the class of functions
f ∈ H0 such that

Re
{(

1 + eiη
) DH f (z)

f (z)
− eiη

}
> α

(
z ∈ U, η ∈ R

)
.

Thus, by Theorem 2.3 we have the following two corollaries (see [7]).

Corollary 5.14.

CSH (γ) =
{
ψξ : |ξ| = 1

}∗ ,
where

ψξ (z) := z
2γξ +

(
1 + ξ − 2γξ

)
z

(1 − z)2 − z
2 + 2

(
1 − γ

)
ξ −

(
1 + ξ − 2γξ

)
z

(1 − z)2
(z ∈ U) . (33)

Corollary 5.15.

CS
n
H

(α, η) =
{
ψξ : |ξ| = 1

}∗ ,
where ψξ is defined by (33) with γ := 1−α

1+eiη .

Remark 5.16. By varying the parameters in the defined classes of functions we can obtain new and also well-known
results (see for example [1]-[3], [6]-[17], [22] and [27]-[30]).
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