FILOMAT (Ni&) 13 (1999), 59-65

ON CERTAIN PROPERTIES OF A
CLASS OF UNIVALENT FUNCTIONS

Milutin Obradovié¢ and Nikola Tuneski

Abstract. We consider certain properties of the class of univalent functions
defined earlier in [4].

1. Introduction and preliminaries

Let H denote the class of functions analytic in the unit disc A = {z :
|2| < 1} and let A C H be the class of normalized analytic functions f in A
such that f(0) = f/(0) — 1 = 0. Further, let

5*(ﬂ)—{feA:Re{zj:£S)} >B0<f<1,z¢ A}

denote the class of starlike functions of order 5. We put §* = $*(0) (the
class of starlike functions). Also, let

I(:{feA:Re{l-kzﬂ(Z;)}>0,zeA}

be the class of conver functions in A. It is well-known that these classes
belong to the class of univalent functions in A (see, for example [2]).

In [4] the first author has shown that the class of functions defined by the
condition

(1) ‘ F(2) (ﬁ) "

<A, ZE A,
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where 0 < p< 1,0 < A < ﬁ, is the subclass of the class S*.
—)?+p

In this paper for this class we consider starlikeness of order £ and convex-
ity. Also, we give a sufficient condition for f € A to be in the class defined
by (1).

For our results we need the following lemmas.

Lemma A ([3]). Let w be a nonconstant and analytic function in A with
w(0) = 0. If || attains its mazimum value on the circle |z| = r at 2, we
have zgw'(zp) = kw(z), k > 1.

Lemma B ([6]). Let p € H. Then for k, a complez number satisfying
Rek > —|k|?, we have

N of
lp(2) + kzp'(2)| < J  implies |p(z)| < e %€ A.

Lemma C ([6]). Let 0 < p < 1,0 < X < \/ui—%ﬂ—zandleté? be a

Junction defined on A satisfying the condition

Ap

@(3)41_#,

z € A,

Suppose that

1= p—A/0— ) — 2
B 2) = L2P (1 —p) w

& 1—p+ pA

Ifp=1+piz+--- € H satisfies

il

QM2)(B+(1-F)p(2)) + (1= B)p(2) — 1) < Az, z€A,
then Rep(z) > 0 in A,

We note that Lemma C was given in [6] in a slightly different form, but
we need it in this form.

Lemma D ([7]). Let 0 < Ay < A < 1 and let Q be analytic in A satisfying
Q(z) <14+ Mz, Q(0)=1.
Ifwe H, w0)=0 and
Q)1+ w(2)] <1+ Az,

then
A+ A

Ty

lw(2)]| < =p<1, X2+2)\ <1




On certain properties of a class of univalent functions 61

2. Main results
We consider first the problem of starlikeness of order 3.

Theorem 1. Let f € A satisfy the condition (1), where 0 < p < 1 and
. S * h ;
0< A< T Then f € S*(8) where 8 is defined by (2).

Proof. If we put Q(z) = (f—("z—))ﬁ — 1, then we have

Q(z) - iZQ’(Z) = (ﬁ) " Fleh— 1.

|
|
|
From this and the condition (1) we get ‘

3) Qz) - }chz'(z)"

< A

Since 0 < p < 1 implies —% > —L%, from (3) and Lemma B we obtain that

a Z, zE€A,

Q(z) < .

A
]

On the other hand, since

z

PES]
(WZ)) fl(2)=1=Q(2)(B+ (1 - Bp(2)) + (1 _.g)(p(z) ~1) < Az,

where % = B+ (1 - B)p(z), we have by Lemma C that Re p(z) > 0, i.e.
[ € 5%(0) where 3 is defined by (2).
Theorem 2. Let f € A and let

z2f'(z) 1 =f=) A
() T | P R,
f(z)  p+1 fi(2) (L4 m)(1+ )
where 0 < u<1,0< A< 1. Then

()" s

a1
Proof. Let’s put (—f«(‘%) f'(z) =1 = Aw(2). Then w is analytic in A and
w(0) = 0. After logarithmic differentiation, we have

z €A,

< A

z2fi(z) 1 z2f'(2) -1 Aw(z)
%) f(z)  u+1 fi(z2) = L+ pl+4 dw(z)
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We want to prove that |w(2)| < 1, z € A. If not, then by Lemma A there
exists 2g, |20| < 1, such that |w(z)| = 1 and zw'(20) = kw(20), & > 1. If we
put w(z) = e*?, then from (5) we have
ng',(ZU) _ 1 ZOf”(Zg) _ 1‘ _ A k > A

()  p+1 f(=) Sl T (T4 p)(1 4+ A)

|
|
|
|
which is a contradiction to (5). Now we get |w(z)| < 1, z € A, which gives
|
|
\

the desired conclusion.

We note that for 4 and A given in Theorem 1, the condition (4) implies
starlikeness. Especially, for 4 = 0 we have

A

1 i oty
}<1+)\ =

2f'(z) _2f"(z) _
fz)  f'(2)

and for p = 1:

2f'(2)

=

<A, zZEA,

2f'(2) _128"(2) . 2\ iy —
) "2 ) 1‘< 0y k(f(Z)) Fa—1

<A, zE€A.

(for the class defined by the condition

2
(f(zz)) f'(z) - 1} < Az €A, see
the paper [5]).

Theorem 3. Let f € A satisfy the condition (1) with 0 < p < 3 and

0< AL };—ﬂ Then f is conver at least in |z| < r = max{min{rq,r1},7m2},
where

_ A

T 144/1-22

and 71,79 are the smallest positive roots of the equations

(5) To

(6) MAE — (A +20)r+1=0
and '
(7) Mrd —rt — (A 4 2r0)r+1=0,

respectively, and where

_ _(A+mA
(8) Sk oy
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b+l
Proof. From the condition (1) we have that (ﬁ) f1(2) = 1+ dw(z),
where w(0) = 0 and |w(z)| < 1, z € A. From the above equation we obtain

() | 22 | Aw(2)
(1) (1“ f(Z))+ ) - 1+ aw(z)’

which implies that

zf"(z)
f'(z)

In Theorem 1 we obtained that

&Y A
(f(ZJ) I

and since the condition (1) is equivalent to

21'(2) Mzllw'(2)]
B+ )} 12) ‘*1—A|w(z>1'

(9)

zf'(2) { =z \*
7o () <1
by Lemma D we have
z2f'(z
(10) }f((z)) <1+ pz,
X s 2
where p = 1;)\”:1##A1f)\+2”)‘<1( )\gﬁ—#)and0<p<
-
%. Also
il = 2
(11) lw'(2)] < —1_|w+|2)| ( see, for example [1]).

By using (9), (10) and (11) we have the next estimation

2£1(2)] . (L2l | Ael 1= ()P
VIS Toa— A TT- P 1= Al
If we consider the function ®(|w|) = ;—}}%, with |w(z)| < |2, then we can
conclude that the function ® has the property:

z € A.
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—-—-—1_[2 3 |Z| < To
(13) O(w]) < § 1oAED )
2, o < |2] < 1 (also for |2] < 1)

where 7 is defined by (5). Now, from relation (12}, (13) and notation (8)
we have that

2"(2) Nel o
| s+ 25 < e,
and
2f"(z) ; 27|z B
f’(Z) S)‘ll ,+l—lzl2 <1 (I 'Sl)

are satisfied for |2| < r, where r is defined in the statement of the theorem.

Examples. 1°If we put 4 = 0, A = 1, then we have that the function f € A

for which zﬁg,;) — 1‘ < 11is convex at least in [z] < 3_2—‘/_§~

2° For p = 1/9, A = 4/5 we have that ry, = 1/2, ry = 81=y1921 _
0.4292..., r5 = 0.4281... i.e. a function f € A which satisfies the condition

10/9
l(?(gﬁ) fi(z) - 1‘ < % in A, is convex at least in |z| < ry.
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