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ON A CANONIC ALMOST GEODESIC MAPPINGS
OF THE SECOND TYPE OF AFFINE SPACES

Miéa S. Stankovic

Abstract. In this paper we investigate two kinds of almost geodesic map-
pings of the second type of afline spaces. Also we find some invariant geo-
metric objects for the canonic almost geodesic mappings.

0. Introduction

Let GAn be an N-dimensional space with an affine connection L given
with the aid of components L;k in each local map V on a differentiable
manifold. Generally it is L%, # L}

Generalizing conception of a geodesic mappings for Riemannian and affine
spaces Sinyukov introduced [5] following notations:

The curve [ : ¢ = 2(¢) is called the almost geodesic line if its tangential
vector A\*(t) = da®/dt # 0 satisfies the equations

—h _ S —h 5 wh —h i
Ay = BN +5@A0, Ay =AA" Ag = Aaeds

where @(t) and b(¢) are functions of a parameter ¢, and || denotes the covari-
ant derivative with respect to the connection in Ay.

A mapping f of the affine space An onto a space Ay is called the almost
geodesic mapping if any geodesic line of the space Ay turns into almost
geodesic line of the space Ap.

Sinjukov [5] singled out the three types of the almost geodesic mappings,
Ty, Ty, T3 for spaces without torsion. In the present work we investigate the
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106 Mica Stankovié

mappings of the type w9 for spaces with torsion. In a differentiable manifold
with nonsymmetric affine connection L}, for a vector exist two kinds of
covariant derivative:

M =X LR R0, M, =030, FIEHP,
2
Thus, in the case of the space with nonsymmetric affine connection we can
define two kinds of almost geodesic lines and two kinds of almost geodesic
mappings.

1. Almost geodesic mappings of affine spaces

In an affine spaces GAy (with nonsymmetric affine connection L) one
can define four kinds of a covariant derivative [1,2]. Let us denote by |,|| a
6 8

covariant derivative of the kind 6 in GAy and G Ay respectively. A curve
1:z" = a(t) is called almost geodesic line of the first kind if its tangential
vector A*(t) = dz"/dt # 0 satisfies the equations

IR = h T(+\\ h Nl o AR a Y _3Yh o
(L.1) Ay =a()A" + 61, %(1)—)\11@’\ , {*(2)—)1‘(1)|]|a/\ ;

where ?(t) and ?(t) are functions of a parameter ¢. A curve [ : 2" = z”(t) is

called almost geodesic line of the second kind if its tangential vector AP(2) =
dzh/di # 0 satisfies the equations

e
2

Ih = h T\ R b  _ yh o Jh  __Th o
(1.2) Ay =a(OA" +0Ah, Ay =AAs Ay = AneA”

where g,'(t) and §(t) are functions of a parameter ¢.

A mapping f of the space GApy onto a space with nonsymmetric affine
connection GAp is called almost geodesic mapping of the first kind if any
geodesic line of the space GAy turns into almost geodesic line of the first
kind of the space GAy. A mapping f is called almost geodesic mapping
of the second kind if any geodesic line of the space GAy turns into almost
geodesic line of the second kind of the space GAp.

We can put

(1.3) Iii(z) = Ll(z) + Pl(2),

._.h . . A
where Lf-”j (z), L;;(z) are connection coefficients of the space GAx and GAy,

(N > 2), and Pi};-(z) is a deformation tensor. From [7] it follows that the
following results hold:
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Theorem 1.1. The mapping f of the space GAn onto GAp is the almost
geodesic mapping of the first kind if and only if the deformation tensor Pf;-(m)
satisfies the conditions

h h pb o _ h yo h
(1.4) (PMPJFPMPE,,),\ AP AT = bPp) WP +aX

identically, where a andll) are invariants.

Theorem 1.2. The mapping f of the space GAy onto GAy is the almost
geodesic mapping of the second kind if and only if the deformation tensor
Pl'(z) satisfies the conditions

(1.4 ") (Pgﬁp + PPN N XY = gpgﬁ,\ﬂ AP 4 g)\’*
identically, where a andll) are invariant.

2. Almost geodesic mappings of the second type

In [5] Sinyukov introduced almost geodesic mapping of the second type
7y for affine spaces without torsion by condition:

hysAAS
T ogaAe

Analogously, almost geodesic mappings of the first kind of affine space is
the second type T2 if for the function ? satisfied the following condition:

W e

1 ouae ]
where g, A* # 0.

Let there be
(2.1) PRI NP = 20,0 FEAP 4 200, A% AP
Then
(Pl — 20, F}f — 2pa6 )A* X =0,

wherefrom

(2.2) Pl = $i8) + 9568 + oiFf + o FP.
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We can put Pi-’},- = ff’g, In this paper ij denotes symmetrization with division

v
and ij denotes antisymmetrization with division. Then
V]

(23) Pli(z) = 9i(z) 8 +9i(2) 6] + oi(2)F (2) + oj(2)F(z) + £4(=).

In (2.3) 9, o; are vectors, F!* is a tensor and £F is an antisymmetric tensor.
Substituting (2.3) in (1.4) we obtain:

Fl .4 Fh t + F{Floj + F}Flo, + E4F} + ¢ F!

=IJ i

(2.4)
= #iFJh -+ 'u,jFih + I/ié.? 4 I/J'(S,L'-h' ,

where p;, v; are covariant vectors.
Conditions (2.3) and (2.4) are the basic equations of the mapping T2

Almost geodesic mapping of the second kind is the second type T2 if

satisfied the following condition for the function Q in (1.4"):

bys AT A®

g: Ta A

where 0,A% # 0. Using the methods from the previous case we get

(24") 1|_',\+ 3|:+F6F603+F6F50-1+£MF5+66F5
“nuﬂFh"‘P"] +V16h +V_;|

where p;, v; are covariant vectors.
Conditions (2.3) and (2.4 ') are the basic equations of almost geodesic
mappings of T2

3. The property of reciprocity
of almost geodesic mappings of the second type

The mapping T2 has the property of reciprocily, if its inverse mapping
:;r{l is of T2 type, and 11:'2,_1 corresponds to the same affinor F;h also. Since
the inverse mapping "irz_l : GAy — G Ay satisfies

J ijs




On a canonic almost geodesic mappings ... 109

we can put in (2.3) the following:

- _ —h PR %
;= —%i, O;=-—0;, F;=1F Eéj:_ij'

The mapping T has the property of reciprocity if and only if the affinor F}*
of the space GAp satisfies the equation of the form (2.4), i.e.

h h o h R h — ¢h
(3.1) Fi|1|j — FyFGog — o Ffy = Bty + 765,

where (%7) is a symmetrization without division with respect to ¢ and j, and

|| is a covariant derivative of the first kind in GAy. Crossing in (3.1) to a
1
covariant derivative of the first kind in GAn, we get

o h o = h = h
(3.2) FaFGoj + & F5 = paFj + vib),

(=4

where the vectors fz,-, v; are expressed by Wiy Viy Ty Tiy i, 03, FI'. Since
o # 0, we get

(3.3) FrFP = pbt + qF},

where p i ¢ are invariants.
On the base of the facts given above, we have:

Theorem 3.1. Relation (3.3) ezpressed necessary and sufficient condition
that @ mapping Ty GAn — GAp has the property of reciprocity.

The equations (2.3) and (2.4) are invariant to the mapping of the affinor:
(3.4) Fl=rFh 456 (r#0).
Then we have
(3.5) FRFY = po} +qFy,

where are
7 =rip— s —srq, qg=2s+rq.

Here we can select invariants r and s such that

0, §=¢&(==1,0).

q
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In this case we have

(3.6) FrFe = a6t

On the base of the facts given above we can put
(3.7) FIF? =ef!  (e=+1,0)
Using (3.7) in the condition (2.4) we get:

h h o h h
(3.8) Fapp + &t = palf) +vdj)

Hence, the almost geodesic mapping my ! GAn — GAp which satisfies the

property of reciprocity is characterized by equations (2.3), (3.7) and (3.8).
This mapping is denoted

711'2(6) i GAN 7 GZN

The case of the mappings T2 can be investigated analogously.

4. Canonic almost geodesic mappings
The mapping 2 (€) : GAny — GAy is canonicif in by mapping common

coordinate system between connection coefficients L'ﬁi and Lf‘j- satisfies the
relation

(4.1) LY = LY + o;F} + o;F! 4 €8

i3

where ffz Is an antisymmetric tensor, ; a vector, F}* is an affinor, and Fh
satisfies the conditions (3.7) and (3.8).

Theorem 4.1. Every mapping T is canonic or it can be present in form of

the product of a geodesic and a canonic mapping.

Proof. If i; = 0 then this mapping is canonic. Let t; # 0. Suppose that
for the mapping f: GAy — GAp satisfies

Th h h ot
Lij = Lij + oy + &ij
and for mapping g : GAy — G Ay satisfies

~ —h B -
L = Tij + ptjy +&5.
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Then for the product of the mappings f and g we have

Lh—Lh'Jr‘d)(zfs)‘i‘O' )+Ezg+£

i.e. the mapping 2 is presented as the product of the geodesic f and the

canonic mapping g. O

Theorem 4.2. Geometric objects of the space GAyn

1

h _ 7h o o 7 h o arP h
(4.2) Th=Li+— g [(FLg; — Ff' Ly o) Fi' + (FLg; — FY L, )FY,

are invariant of the canonic mapping 111'2(8) (e = 1), where F!* is an affinor,

such that F = Fg, e — F* # 0 and ij is a symmetrization with division.

Proof. Let us conctract in (4.1) with respect to h,1:

(43) ng:ng+Faj+£gj
where
(4.4) 8 = Ol F= F2.

From (3.7) and (4.4) we have
(4.5) FP(L25— L2,) = ea; + F;.

Substituting (4.3) in (4.5) we get

1 T o o T o
(4.6) 0= — [Ff(Lﬂ—Lﬂ)—F(L = Lg)]-

From (4.6) and (4.1) we have

I+ [(FL“ — FPI )F“+(FL° - FLG )F;]

e— F?

=LY = [(PLg;~ FR LG )P + (FLg; - FRLG )T,

i.e.

(4.7) Tii(z) = Tii(z).
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Theorem is proved. O
From (4.1) and (3.7) we get

(4.8) Fly = Fl

zlj !lj

+ &, F} — eqi6} + €2 Y — €3 F,

i3 ou

where | is a covariant derivative of the first kind in a space GAy. From here
1
we get

(49) Fh( !ij iol|(j) = 6(6-1'6 Jth) + £ﬁJFﬁFh eézga

i.e.

h h h o [+ ~ o
(410) G'!'Fj + JJ‘Fz = EFO( (FY("P) = F(a_.llj)) + 0'(16;1) + eé‘ﬁ(JFg'Fg

Substituting (4.10) in (4.1) we get

Fh h fo Bk
Li«i+ eF, ¥ eLﬁ(jF. s

)
= Ly + eFu Fg;) - L FyFu + 608

HJ)
(4.11)

We can put the following relations in (4.11):

— fh B h
L L -|—€F F(‘”) eLﬁ(JF)F

(4.12) - )
Ly = Ly + eFaFg;) — LG Py P

Then

(4.13) E = L} + 663 .

zh i
We can see that the magnitudes L;; and L?j are connection objects of the

spaces A n and Ay without torsion [5]. From the condition (4.13) we can

conclude that the space Ay geodesic maps to the space Ap. Then projective
parameters of this spaces are equal,[3] i.e.

(4.14) CI:"Z(:E) = 72‘?3(:1:)
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They order geometric objects of the spaces GAy and GAp, which are
invariant to the canonic almost geodesic mappings. Then we have

ih T a ch o ch
,‘;z'j(m) - Li_;i - 1 +N(Lza63 +L 5 )
_ 7h h B -k
= Lij + eFL Y, ~ eLj FiF,
1

(L, + eF¥ Fg; = eLmerv)a

g h
»G('YF F )5]

T 1+N
—I—(LO‘ + eFP Fg

|z

_ mh h ,ﬁ

tlJ

Jé] o h o ro h
1_|_NF [Fﬁl;r L .3 )6 (Fﬁli W&ﬁpﬁ)gi]’

i.e.

2%

T4(e) = Th + eF4(F,; — L3 F)
(4.15) 1

Jé] o h h
1+NF [F5); = L3 FE + (Fgji = Lo F7)6 |,

where T/ are objects of the projective connection [3]. On the base of the
facts given above, we have

Theorem 4.3. Geometric objects of the space GAn (4.15) are invariant of
the canonic mapping 111"2(6) (e = +1) where F! is an affinor, F = F and

ij is an antisymmetrization with division.
v

Remark. From (4.13) it follows that the space Ax geodesic maps to the

space Ay. Also from (4.12) we can see that the spaces Ay and Ay are with
symmetric affine connection.

Now, for example the Weil’s tensor [4,6] is an invariant of this mapping,
i.e.

~

(416) pyijmn(m) = I/Zﬂjmn(m)
where
371 i 1
(4.17) VQV smn = Ry + 14 N(S"T R[m”] + [(NRJH + Rn})

_(Nij + ij)]s
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R, is a curvature tensor and R, is a Ricci tensor of the space An.
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