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On Idempotency of Linear Combinations of a Quadratic or a Cubic
Matrix and an Arbitrary Matrix

Murat Sarduvan?, Nurgiil Kalayc1®

?Department of Mathematics, Sakarya University

Abstract. Let A be a quadratic or a cubic 1 X n nonzero matrix and B be an arbitrary #n X n nonzero matrix.
In this study, we have established necessary and sufficient conditions for the idempotency of the linear
combinations of the form aA + bB, under the some certain conditions imposed on A and B, where 4,b are
nonzero complex numbers.

1. Introduction and Preliminary Results

Let C, C*, €™, and C" denote the sets of complex numbers, nonzero complex numbers, all m X n
complex matrices, and all n X n complex matrices, respectively. 0, 0,, and I, stand for a zero matrix of
appropriate size, a zero matrix of order 7, and an identity matrix of order 7, respectively. The symbol @
will denote the direct sum of matrices. Moreover, a matrix A € C" is called an idempotent, an involutive,
and an {a, B} — quadratic matrix if A2 = A, A2 = I,,, and (A — al,,)) (A — BI,) = 0 with a, 8 € C, respectively
[1]. It is noteworthy that an idempotent and an involutive matrix are a {1,0} — quadratic matrix and a
{1, -1} — quadratic matrix, respectively. As in above, we will call a matrix A € C" as an {a, 8, y} — cubic
matrix if (A — al,) (A - BL,) (A — yI,) = 0 with a, B,y € C. Involutive, idempotent, tripotent, and quadratic
matrices (that is, some special cases of cubic matrices) have been comprehensively studied in the literature
(for example [1-6, 8-11]). Moreover, they have applications to digital image encryption [12].

Consider a linear combination of the form

K=aA+0bB, A,BeC", q,beC". (1)

Recently, under some conditions, it has been studied some problems of characterizing all situations where a
linear combination of the form (1) is a special type of matrix when A and B are special types of matrices (see,
for example, [2—4, 9-11]). Liu et al. characterize the involutiveness of the form (1) when A is a quadratic or
a tripotent matrix and B is an arbitrary matrix [8].

The aim of this paper is to obtain the necessary and sufficient conditions for K = aA + bB to be an
idempotent matrix, where A is a quadratic or a cubic matrix and B is an arbitrary matrix with some certain
conditions. Moreover, some examples are given related to the obtained results.

It was established a useful expression for quadratic matrices in [9]. Now the following lemma, inspired
by it, can be given for cubic matrices.
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Lemma 1.1. Let A € C". The following statements are equivalent.

(a) Thereexist o, B,y € Csuchthata # B, a 7y, #yand
(A —al,) (A - BL,) (A= yI,) = 0. 2)

(b) A is diagonalizable and its spectrum o(A) is a subset of {a, B, v}.

(c) There exist a, B,y € C such that « # B, a # 7y, B # y and three idempotent matrices X,Y,Z € C" such that
A=aX+BY+YZX+Y+Z=1,,and XY =YX=XZ=ZX=YZ=ZY =0.

(d) Thereexista,b,c € Cand two commuting idempotent matrices X, Y such thata # 0,b # 0 and A = aX+bY +cl,.

Proof.

(a) = (b): It is clear from the fact that a matrix is diagonalizable if and only if every eigenvalue of it has
multiplicity 1 as a zero of its minimal polynomial [7, Corollary 3.3.10].

(b) = (c): Let A be a diagonalizable matrix and 6(A) C {a, 8, '}, then there exists a nonsingular matrix S € C"
such that

A =S(al, ®pl, ®1,)S™!

with p, g, 7 € {0,...,n) and p+q+r = n LetX = S(,®090)S™, Y = S(081,80)S™!, and Z =
SO0a0aI,)S ! Observe that A = aX+BY+yZ, X+Y+Z=1,,and XY=YX=XZ=ZX=YZ=ZY =0
as desired.

(c) = (d): Since A=aX+pY+yZand Z =1, - X~-Y, we can write
A=(@=p)X+B=-Y+yL,

and the desired result is obtained by takinga =a -y, b=8—-y,andc=y.

(d) = (a): Since X commutes with Y and they are idempotent, there exists a nonsingular matrix S € C" such
that X =S (Ip 00 0) StandY=S (0 oL, e 0) S~! with rank (X) = p and rank (Y) = g [7, Theorem 1.3.12].
So, it can be written

A =aS(,©000)S +bS(001,©0)S +cS(I, @1, @1, ,,4)S!
=S ((a +oLeb+ol® cIn_p_q) S

by the hypothesis. Leta =a+¢, f = b+ ¢, and y = c. Hence, we have

A-al,=S(00(B-) L&y -a)l,,)S™

A-pL,=S((a-p)L,®00(y - )L ,)S7",
and
A-yL=S((a-y)L,e@E-y),o0)s™".
So, the proof is completed. [
Therefore some properties have been given for {a,f,y} — cubic matrices. In view of the fact that a

cubic matrix can be written as in (2), some results previously worked about special type of matrices can be
generalized. Now we can give the main results.



M. Sarduvan, N. Kalayct / Filomat 33:10 (2019), 3161-3185 3163
2. Main Results

In this section, we will investigate the idempotency of the linear combination of the form (1), under
some certain conditions. The following result, concerning with a cubic and an arbitrary matrix, is striking.

Theorem 2.1. Let o, 8,y € Cwitha # 0, a # B, a # y, B # y. Moreover, let A and B € C"\ {0} be an {a, B, )} -
cubic matrix and an arbitrary matrix, respectively. Furthermore, let A°BA = A’B and K = aA + bB with a,b € C".
Then K is an idempotent matrix if and only if there exists a nonsingular matrix V. € C" such that

al, 0 0
A=Vl 0o g, o |V!
0 0 YLy
and B satisfies one of the following cases.
(@ a=18=0anday =1.
y-1
WIY 0 0 0 0
0 L., 0 0 0
B=V ’ 1 v
0 B, L 0 0 /
By, ©bBg,B;, 0 0, By
0 B, 0 0 0,,,

being By, € Csx(p‘r), By, € C(q‘s)xr, Bs, € C(q‘s)x(”‘p“’), and By, € ¢ (r=p-a)x(p-r) arbitrary.
(b) a=1,y=0,andap =1.

-1
ZL 0 0 o 0
0 ZFL, 0 0 0
-1
B=Vl o B, 0, 0 o |V
0 By, 0 L 0

being By, € C™(1), B, € €1, B, € Clp=0-%7 and Bg, € C7~0-%4 grbitrary,.
() p=1,y=0,and aa = 1.

0, 0 B, 0 0
0 I, 0 0 0
B=V| 0 0 L 0 0 v,
0 0 B, I 0
B;, Bs, UB;By, 0 0,

being By, € cr(a-s), By, € Clmp-a-t)p, Bs, € (%), and Bg, € C(r=p=a-t)xs arbitrary.
d) y=1,=0,andaa =1.

o, 0 0 0 B;,
0 L 0 0 Be,
B=V| By, 0 0, Bs bByBs, [V}
-1
0 0 o0 <l 0
0 0 0 0 iy

being Bs, € CP<(-r=1-) B, e Cl1-5)¢, By, € C*("7=9-1)  and Bs, € C-)% arbitrary.
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Proof. From Lemma 1.1, we can write a cubic matrix A as

A=U(al,®pl, @ L,y ) U,

B, B, B3
wherep,q €{0,...,n},p+g <nand U € C" is a nonsingular matrix. LetuswriteB=U| B, Bs B |U7},
B; Bg By
where By € C?, Bs € C1. Observe that under the hypotheses A2BA = A?B and a # 0, one has
Bi = aBy, B, = By, B; = yBg3,
p’Bs=ap’Bs, p°Bs=f’Bs, [’Bs =p’)Bs, (3)

v2B; = ay*B;, y?Bg = fy?Bs, °Bg = ¥?By.

Let us assume that K is an idempotent matrix. Hence,

12 (B,By + B3By) + (aal,, + bBl)z = aal, + bBy, ab(a + B) By + b2 (B,Bs + BsBs + B1By) = bBy,

ab (o +7)Bs + b? (B2Bs + B3Bo + B1B3) = bB3, ab (a + ) By + b* (B4B; + BsB7 + B5B4) = bBy,

b2 (B4B, + BeBs) + (aﬁlq + 19135)2 = apl, + bBs, ab (B + ) B + b* (B4B; + BsBo + BsBg) = bBy, 4)
ab(a +7) By + b? (ByB1 + BgBy + BoBy) = bBy, ab(B + y) Bs + b? (B;B, + BgBs + ByBg) = bBg,

b2 (ByB; + BsBg) + (ayln_p_q + ng)z = yal,_,_, + bBo.

The proof can be divided into following cases depending on the scalars a, 3, y.
(i) Leta=1.
From (3), it is seen that B, and Bj are zero matrices. Depending on the f, let us split this case into two
cases.
(i-1) Letp=0.
From (3), it is seen that Bg and By are zero matrices. Reorganizing the equations of (4) it follows that

(a1, + 1B, ' = al,+ 0By, (bBs)? = bBs, (ayln_p_q)z = ayl, g,
abyBg + b*BsBg = bBg, ab(1+7)B; + b’B;B; = bBy, ()
ﬂbB4 + b2 (B4B1 + B¢B7 + B5B4) = bB4

From the first and second equations in (5), it is clear that al, + bB; and bBs are idempotent. Since an
idempotent matrix is a {1,0} — quadratic matrix, there exist r € {0,...,p}, s € {0,...,q} and nonsingular
matrices V; € C?, V, € C1 such that

I. O

IZIP + bBl =V; ( 0 Op—‘y

L 0
Vil bBs=V,| ° v,
) 1 5 2( 0 Oq—s) 2

respectively. So, we obtain that

Ly 0 i, o
= b T -1 — bs -1
B =V, ( 0 I, Vit Bs=Va| f 0. Voo (6)
Let B¢ and B; be written as
B _
Bs = Vz( B61 ) and By =( B;, By, )Vl L ()
62

where Bg, € C("-1) and By, € C(np-a)xr, Substituting (6), (7) into the forth and fifth equations in (5) yield

B Be ) i, 0 Bs, \ [0
(aby/ b) V2( Bél ) +b V2( 0 Oq—s B6: =l o
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and

[ab(1+y)-b]( By, By, )Vi'+0*( B, By )( %SI’ _Tﬂ;’pir )Vl‘l =(0 o).

(“7/ - 1) B62
the third equation in (5), it is clear that ay = 1. Hence, B¢ and B7 reduce to

Therefore, it can be written( ayBe, ) = ( g )and( ayB;,  (ay —1)By, ) = ( 00 ) Moreover, from

0 -
B6:V2( By, ) and 137:( 0 By, )V1 ) (8)
where Bg, € C(1=)x(n=9) and B;, € C(r=r=0)x(r=r) are arbitrary matrices.
Lastly, let
By By -1
Bs=V ! v, 9
4 2( B, B, ) 1 )

where By, € C*7. Substituting (6), (8), and (9) into the sixth equation in (5) yields

By, 0 (0 O
0 bBg,By, — By, 0 o/

Therefore, B4 turns into

— 0 B42 -1
B4 - VZ( B43 bB62 B72 )Vl 7 (10)

where By, € () and By, € Clo=)*" are arbitrary matrices.
Let us define V:= U (V1 OV, ® I,,_p_q). In view of (6), (8), and (10) we obtain that

I, 0 0
A = UuU{lo0oo o |U!
0 0 yLipy
Vit 0 I, 0 0 Vi 0 0
=V A2 0 0, 0 0 V., 0 |V
0 0 Lipg )LO 0 L,y 0 0 L,y
I, 0 0
= v/oo o [V
0 0 yLipy
and
1-a
Lay, 0
b T -1
B = U 0 By a1 i, 0 = 0 Ut
\Y% 2 vt vy B v, v
2( By, bBg,By, | ! o o077 2\ B,
(0 By, )Vl‘l 0 0npq
r-1
=L 10 0 0 0
0 L, 0 0 0 B
= VI o B, L o o |V
By, bBs,B;, 0 0, B,
0 By, 0 0 0.py
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which establishes part (a).

(i-2) Letp #0.
From (3), it is seen that Bs and B¢ are zero matrices. Reorganizing the equations of (4) it follows that

(a1, +B,)" = aL, + 1By, (apL,) = apl,, (ayLip—y+bBo) = ayLp +DBs,
ab(1+ p) By + b*ByBy = bBy, ab(B +7)Bs + b*ByBg = bBg, (11)
ab (1 + )/) B; + b? (B7B1 + BgBy + B9B7) = bB7.

From the first equation in (11), it is obvious that al, + bB; is an idempotent matrix. Thus, there exist
re{0,...,p} and a nonsingular matrix Y; € C such that

1, 0 -

B1:Y1( b )Y1 L (12)
(V)

From the second and third equations in (11), it is clear that af = 1 and ayI,,—; + bBy is idempotent.

However, from the last equation in (3), y = 0 or ¥ = 1 or Bg = 0. It is clear that y # 1. Moreover, if By = 0

then ay = 0 or ay = 1. But this latter equality contradicts the hypothesis § # y. Thus y must be zero. So,

there exist t € {0,...,n — p — q} and a nonsingular matrix Y € C(=9) such that

Bocy, [t 0 )y (13)
9 2\ % Oupget 2 .
Let B4 and Bg be written as
_ B
By=( By Bi )Y;' and By =Y2( B:: ) (14)

where By, € C™, Bg, € C™. Substituting (12), (14) and (13), (14) into the forth and fifth equations in (11)

yield( aBBy,  (ap —1) By, ) = ( 00 )and( (a ﬁaf BBlBg ) = ( g ), respectively. Moreover using aff = 1,
2
B4 and Bg reduce to
. 0
B4:(0 B42 )Yl and BgZYz( B ), (15)
8
where By, € (-1 and Bs, € C (=17 are arbitrary matrices.
Lastly, let
B7, By -1
B;=Y ! Y, 16
7 2( B,, B, ) 1 (16)

where By, € C™. Substituting (12), (13), (15), and (16) into the sixth equation in (11) yields

B;, 0 (0 0
0 bBgBy,-B;, ) |0 0]

So, B; reduces to

— 0 By, -1
B7 - YZ ( B73 bB82B4Z )Yl 7 (17)

where By, € () and By, € Clrp=1-)xr are arbitrary matrices.
Let us define V:=U (Y1 oL o Yz). In view of (12), (13), (15), and (17) we obtain that
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I, 0 0
A = Ulo0o g, o0 |[U!
0 0 04 py
Y," 0 0 I, 0 0 Y, 0 0
= V|l 0 I, 0 0 B, 0 0 I, 0 |V
0 0 Y, ' JLo 0 00py /L O 0 Y
I, 0 0
= V|0 p, o0 |V
0 0 04 py
and
1-a
i, 0 -
b Ar 1
o[ W e ’
B = U 0 By )Y, 0, 0 U’
0 B7 -1 0 1It 0 -1
Y CO R I Y| ® Y
2( B7, stZB42) ' 2( Bgz) 2( 0 Oupygt )
p-1
7L 0 0 0 0
0 ZFL, 0 0 0
=V B, o0 0 o [V
0 B;, 0 1L 0
B;, bBgBy, Bs, 0 0, p g
which yields part (b).
(i) Letp =1.

From (3), it is seen that By, B3, B4, and B¢ are zero matrices. Reorganizing the equations of (4) it can be
written

2 2 2
(aal,)” = aal, (al, +bBs) = aly +bBs, (ayl,pq+bBo) = ayl, 4+ bBo
ab (0( + 1) B, + b2B2B5 =bB,, ab (Ol + )/) By + b2B9B7 = bBy, (18)
ab (1 + )/) Bg + b? (B7B2 + BgBs + B9B8) = bBg.

It is clear that aa = 1 and al,; + bBs is an idempotent matrix from the first and second equations in (18),
respectively. There exist s € {0, ..., q} and a nonsingular matrix T; € C7 such that

lay 0 1
B5 = T1 b 8 —a Tl_ . (19)
0 F

From the third equation in (18), it is clear that ayl,,; + bBg is idempotent. However, from the last
equation in (3), y = 0 or y = 1 or By = 0. It is obvious that y # 1. Moreover, if By = 0 then ay = 0 or
ay = 1. But this latter equality contradicts the hypothesis ¢ # y. Thus y must be zero. So, there exist

te{0,...,n —p— g} and a nonsingular matrix T, € C(=r=1) such that

BT, % O (20)
o=T2\ Y g, T2

Let B, and By be written as

- B
Bz =( le Bzz )Tl 1 and B7 = Tz( B;l ), (21)
2
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where By, € C” and By, € C*P. Substituting (19), (21) and (20), (21) into the forth and fifth equations

in (18) yield ( aaBy,  (aa —1) By, ) = ( 00 ) and ( (aaaf]ingy ) = ( g ), respectively. Moreover, since
2
ac = 1, we obtain that
1 0
B2 = ( 0 Bzz )Tl and B7 = T2 B ’ (22)
73
where B, € (=) and B, € C(=r=1-1)x are arbitrary matrices.
Let
Bs, Bs -1
Bs=T ! 2T, 23
8 2( Bs, Bs, ) 1 (23)

where Bg, € C™. Substituting (19), (20), (22), and (23) into the sixth equation in (18) yields

Bs, 0 (0 O
0 bBy,By, —Bg, {0 o J°

So, Bg turns into

— 0 BSz -1
BS - TZ( B83 bB72B22 )Tl ’ (24)

where Bg, € (19 and Bs, € C(m=r=1-t)%s are arbitrary matrices. Let us define V := U(Ip T & Tz). In
view of (19), (20), (22), and (24) we obtain that

al, 0 0
A = Ul 0 1 o |[U!
0 0 0,y
I, 0 0 al, 0 0 I, 0 0
= Vvlo T, o 0 I, 0 0 T, 0 |V
0 0 T 0 0 0p )L O 0 T,
al, 0 0
= Vvfo 1, o |V
0 0 04y
and
0, (0 By, )Tl_l 0
0 T FL 0 T, 0
B = U 1 0 _bulq—s 1 U

0, 0 B, 0 0
0 %I, o0 0 0

= V| 0o 0 FHI, 0 0 v
0 o Bs, L 0

which establishes part (c).
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(iii) Lety =1.
From (3), it is easily seen that Bj, B, B7, and Bg are zero matrices. Reorganizing the equations of (4) it
follows that

2 2 2
(aal,)" =aal,, (apl,+bBs) = apl, +bBs, (al,_q+bB) = al, ¢+ bBo,
ab(a + 1) B3 + b®B3By = bB;, ab(a + ) By + b*BsBy = bBy, (25)
ab (ﬁ + 1) Bg + b? (B4B3 + BgBo + B5BG) = bBg.

It is clear that aa = 1 and afl, + bBs is an idempotent matrix from the first and second equations in (25),
respectively. However from the fifth equation in (3), § = 0O or § = 1 or B5 = 0. It is obvious that § # 1.
Moreover, if Bs = 0 then af = 0 or ap = 1. But this latter equality contradicts the hypothesis a # f. Thus f8
must be zero. So, there exist s € {0, ..., q} and a nonsingular matrix Z; € C7 such that

=

I, 0 _
Bs = zl( 0 0 )21 L (26)
q—S

Moreover, from the third equation in (25), it is clear that al,,_,_; + bBg is idempotent. Then there exist
te{0,...,n—p - q} and a nonsingular matrix Z, € C("?~9) such that

R A

By =27, —a Z,". (27)
0 7 lnpgt

Let B3 and B4 be written as

B; = ( B31 B32 )2271 and By = Zl( B4] )/ (28)

where B3, € CP and By, € C¥7. Substituting (27), (28) and (26), (28) into the forth and fifth equations in (25)

e . . _ QCYB4 _ 0 .
it is obtained that( aaBs,  (aa — 1) B3, ) = ( 00 ) and ( (acr— 1)1B42 ) = ( 0 ), respectively. Moreover
using aa = 1, B3 and By turn to
B=(0 By )Z" and By=Z( 29)
3 2 B42 ’
where B3, € cr<(rp=1-1) and By, € Cla=) are arbitrary matrices.
Lastly, let
Bs, Bs -1
By =7 1 2 \Z,, 30
6 1( B, B, ) 2 (30)

where Bg, € C. Substituting (26), (27), (29), and (30) into the sixth equation in (25) it is obtained that

Bg, 0 (0 O
0 bBy,Bs, — By, {0 o J°

So, B reduces to

— 0 B62 -1
B6 - Zl ( B63 bB42B32 )Z2 ’ (31)

where Bg, € C*(p=1-1) and B, € Ca-s)t are arbitrary matrices.
Let us define V := U (I, ® Z; & Zy). In view of (26), (27), (29), and (31) we obtain that
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A = Ua,80,01,,,)U"
I, 0 0 al, 0 0 I, 0 0
= Vvlo z7' o 0 0 0 0 Z, 0 |V
0o 0 Z* 0 0 L, )LO0 0 Z
and
0, 0 (0 Bs, )z
0 i, o - 0 B _
pls 1 62 1
B = U 21(1342) Zl( 0 0, )Zl Zl( o DByBs, )22 U
0 0 Z b 0 Z,7!
2 0 _bﬂIn—p—q—t 2
oL 0 0 0 B;,
0 L 0 0 Be,
= V B42 0 Oq—s B63 bB4ZB32 vl
-1
0 0 o0 <l 0
0 0 0 0  Flipgr

which establishes part (d).
(iv) Letp#1,a# 1,and y # 1.
From (3), it is easily seen that By, By, and Bj are zero matrices. Depending on the f3, let us split this case
into two cases.
(iv-1) Letp =0.
From (3), it is seen that By, Bg, and By are zero matrices. Reorganizing the equations of (4) it can be
written

2 2
(aalp) = aaly, (bBs)* = bBs, (ayln_p_q) =aylypq, (32)
abaBy + b*BsBy = bBy, abyBg + b*BsBg = bBs.

It is clear that ae = 1 and ay = 1 from the first and third equations in (32), respectively. However these
equalities contradict the hypothesis of @ # y. So, in this case, there is no matrix form of B such that the
linear combination matrix K is idempotent.

(iv-2) Letp #0.
From (3), it is seen that By, B, and B¢ are zero matrices. Reorganizing the equations of (4) it follows that

2 2 2
(aal,)" = aat,, (apL)" =apl,, (ayl,pq+bBo) = ayl, , , +bBs, 33)
ab (0( + )/) By + b2B9B7 =DbB;, ab (ﬁ + )/) Bg + bZBgBS = bBg.

It is obvious that aa = 1 and af = 1 from the first and second equations in (33), respectively. However
these equalities contradict the hypothesis of a # . So, in this case, there is no matrix form of B such that
the linear combination matrix K is idempotent.

Thus, the necessity has been proved. The sufficiency is obvious. O

In the following example it is sought scalars such that the linear combination of a cubic matrix and an
arbitrary matrix is an idempotent matrix.

Example 2.2. Let

O
S = O
N
o o O
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and
10 5 1 10 -1 0
0 0 -1 0 4 2 -2 0
Bi=t 1 01 21" B=| 2 o0 2 o
2 0 0 -2 5 -2 3 0

Let us find all ordered pair (a, b) such that K; is idempotent, i = 1,2, where a,b € C* and K; = a;A + b;B;. It is clear
that Ais a {-1,1, 0} — cubic matrix (note that it is not tripotent) and A?B;A = A?B,;, i = 1,2. Moreover,

—-a—-b 0 bb-a b —a-"> 0 —-a-b O
K, = —2a a -a-b 0 Ko = —2a-4b a+2b -a-2b 0
Y7 2a+b 0 2a+b b |7 27| 2a+2b 0 20+2b 0 |
4a+2b —2a 3a —a—2b 4a+5b -2a-2b 3a+3b -a
—a? + 15ab + 8b> —2ab —a’+8ab —ab — 8b?
K2 = 20> —ab-v*  a? —a%-14ab—b? b%-ab
V7 2a2-3ab-202 2ab  (Qa+Db)(a+6b)—3ab  ab +2b? ’
2a%> — 13ab — 6>  4ab a%+17ab + 10b? a? + 5ab + 6b>
—(a+Db)? 0 —a®2—2ab-1* 0
K, = 242 — 8ab — 8b>  (a + 2b)* —@+20* 0
202 + 4ab + 212 0 2(a + b)? 0

20% +10ab + 9b* —4ab — 4b* 4% + 6ab + 5b% a?

The solution sets of nonlinear equations K% = K; and K;? = Ky are {(0,0)} and {(0,0),(-1,1)}, respectively,
i =1,2. While the pair (—1,1) implies the idempotency of K,, there is no appropriate pair (a1, b1) to imply that Ky is
idempotent. Because the matrix By should have been in the form of the matrix B, in the part (c) of Theorem 2.1, but
B does not match the desired form. However, B, satisfies aforementioned form of the matrix B.

Example 2.3. Let us define A as in the previous example and let us find a € C* and all matrices B € C* such that
A’BA = A’B and aA + B is idempotent. A diagonalized form of A and the matrix V that diagonalize it are

100 0 001 1 1
1o 10 0], o 0o 2 1
A=Vl g g1 o |V V=g 5 5

0 00 0 1 -1 -3 -1

By using the notations of Theorem 2.1, let us assume a = =1, p = 1, and y = 0. Then only part (c) of Theorem 2.1 can
be implied, sowe geta = 1/a=-1,p=1,q=2,5€{0,1,2}, and t € {0,1}. Therefore, depending on the appearing
and disappearing blocks of VBV, it can be written the following possible cases:

POSSIBILITIES FOR VBV
t/s s=0 s=1 s=2

0 c d 0 00 j O 0 00O

F=0 01 0 O 02 0 O 0 200
0 0 1 0 00 1 O 0 0 20

e ec ed 0 kI kj O w x y 0

0 f g 0 0 0 u O 0000

fo1 01 00 0200 0200
0 010 0 010 0020

0 h i1 0 0 v 1 00 01
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wherec,d,e, f,g9,h,1,j,k |, u, v, w, x, and y are arbitrary complex numbers.

Involutiveness of the linear combination of the form (1) of a quadratic matrix and an arbitrary matrix
under the condition ABA = BA was considered in [8]. It is noteworthy that the above theorem gives the
solution to the problem of the idempotency of linear combination of the form (1) of a cubic matrix and an
arbitrary matrix under the condition A>BA = A”B. Then it may be interesting to reconsider of the same
problem under the condition ABA = BA.

Theorem 2.4. Let a,f,y € Cwitha #0, a # B, a # y, p # . Moreover, let A and B € C"\ {0} be an {a, B, y} -
cubic matrix and an arbitrary matrix, respectively. Furthermore, let ABA = BA and K = aA + bB witha,b € C".
Then K is an idempotent matrix if and only if there exists a nonsingular matrix V. € C" such that

al, 0 0
A=v|l o p, 0o |V!
0 0 YLy
and B satisfies one of the following cases.
(@ a=1,=0,anday =1.
L0 0 B, 0
0 5L, By UB3Bs, By .
B=Vl o 0o I o o |V~
0 0 0 0. 0
0 0 0 By 0upy

being By, € C’X(q‘s), By, € C(”_’)XS, Bs, € C(V")X("‘p‘q), and Bg, € C(r=p-0)x(3-s) arbitrary.
(b) a=1,y=0,andap =1.

pb

0 ;—;1,,_7 B,, Bs, bBy,Bg,
B=V] o 0 o0 0 B, |V

0 0 0 1L 0

0 0 0 0 Oy pygt

being By, € C7)x4, By € C(rv=1-1) By e C=)¥ and By, € C7(*7=1) arbitrary,
() p=1,y=0,andac = 1.

0, O 0 0 Bs,
0 &l 0 0 Bs,

B=V| By, 0 I, By DByBs |V,
0 0 i 0
0 0 0 0 Oypgr

being Bs, € Cp=1-0 B, € C=)¥ By, € C*(m+~11) and By, € C)*! arbitrary.
d) y=1,=0,andaa = 1.

0,0 0 By 0 0
0 ;L 0 0 0

B=V| 0 0 0, 0 0 v,
0 0 Bs, S 0

b
bB7,By, 0 L,y

being B, € C7¥(179), B, € Clrp=4-)0 By € C*(4-5), and Bg, € C*P=1-% arbitrary,
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The proof of Theorem 2.4 is similar to the proof of Theorem 2.1, so it is omitted.
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Remark 2.5. Note that a must be different from 1 in Theorems 2.1 and 2.4 since the hypotheses of a« # B, a # y,

B # y. There is same situation in some parts of some results in the sequel.

A is considered as a cubic matrix in Theorem 2.1. It may be interesting to reconsider A as a quadratic

matrix under the same condition A2BA = AZB.

Theorem 2.6. Let a,f € C, a # 0, @ # . Moreover, let A and B € C"\ {0} be an {«a, B} — quadratic matrix and
an arbitrary matrix, respectively. Furthermore, let A>BA = A?B and K = aA + bB with a,b € C*. Then K is an

idempotent matrix if and only if there exists a nonsingular matrix V.€ C" such that

and B satisfies one of the following cases.

(@ p#1
Lo 0 0 0
0 @5, 0 0
B=V Ol v
0 z, 21, o
Z; 0 0 L.,

being Z, € (1) and Z5 € Clrr-1)x4 arbitrary.

(b) p=landaa = 1.
0

=

B=V] 0
0 -1

0 Y,
-1 -1
ey, 0 v,
0 Elnfp—r

being Yo € CP("7~7) arbitrary.
Proof. From Theorem 2.1 in [9], we can write a quadratic matrix A as
A =U(al, Bl ,) U,

X
zZ

- =<

wherep € {0,...,n} and U € C" is a nonsingular matrix. We can represent B as B = U(

X € 7. In view of the hypotheses A’BA = A”B and a # 0 we can write
aX=X, Y=Y, ap*Z=p*Z, BT =p°T.
Now let us assume that K is an idempotent matrix then we can write
(aady + X)” + 2YZ = aal, + DX, ab(a+ B)Y + % (XY + YT) = bY,
ab(a +p)Z + 12 (ZX + TZ) = bZ, PZY + (aﬁln_p + bT)2 = apl,, + bT.

Depending on the scalars @ and g we have the following cases.

(i) Letp # 1.
From (34), it is seen that Y = 0. Reorganizing the equations of (35), it can be written

(aal, + bx)2 = aal, + bX, (apl,, + bT)2 = apl,_, + T,
ab(a+B)Z +b* (ZX + TZ) = bZ.

) U1, where

(34)

(35)

(36)



M. Sarduvan, N. Kalayci / Filomat 33:10 (2019), 3161-3185 3174

It is clear that aal, + bX and afl,, + bT are idempotent matrices from the first and second equations in
(36), respectively. Since an idempotent matrix is an {1,0} — quadratic matrix, there exist ¢ € {0,...,p},
re{0,...,n — p} and nonsingular matrices S; € ¥, S, € C"P) such that

1-aa ﬂ
X=8,| b L _Mo S;! and T=S,| ¢ I 0 S (37)
0 Gl -+

Let us write Z as

z- 52( o7 )sl‘l, 39)
where Z; € C™. Substituting (37) and (38) into the third equation in (36) it is obtained that
( vZ; 0 ):( 00 )
0 -bZy 00}/
Then Z reduces to
zZ= Sz( z “ )sll, (39)

where Z, € C™=9 and Z; € C("?~)¥ are arbitrary matrices.
Let us define V:= U(S; & S,). In view of (37) and (39), we obtain that

al 0
A=U v U!
( 0 pliy )

o STt al, 0 St 0\,
Ml S s )

0 Bl
and )
=l | 0 _
sl( By g )s1 ! 0
_ b “P1q —1
B=U 1-ap U
S(O Zz)s-1 s( Lo 0 g
2\ zs o0 1 2 0 %ﬁlnfpfr 2
1—
B a0 0
_ b rq 1
=V 0 Z, 1—baﬁlr 0 A%
Z; 0 o I,

which establishes part (a).
(ii) Letp =1.
From the first and third equations in (34), we obtain X = 0 and Z = 0, respectively. Reorganizing the
equations of (35), it is obtained that

2
(aoz)zlp = aaly, (aln_p + bT) =al,, +bT, ab(a+1)Y + b*YT = bY. (40)
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It is obvious that aa = 1 and al,,—, + bT is an idempotent matrix from the first and second equations in

(40), respectively. Hence, there exist 7 € {0, ..., n — p} and a nonsingular matrix S € C (") such that

1-a

Lay 0 _
T=S| 7" _, )sl. (41)
( 0 Flipr

Let us write Y as
Y:( Y, Y, )5*1, (42)
where Y; € CP¢'. Substituting (41) and (42) into the third equation in (40) yields
(b@a)Ys b@a-1)Y; )s'=(0 o).

Since aa = 1, Y reduces to
Y=(0 Y, )s7,

where Y, € CP*"P7) is an arbitrary matrix.
Hence, we can easily write

A=U(al,01,,)U" =U(l,08)(al, ©1,,) (L, ®S") U™

and
0, 0 Y, )s!
— 1— -1
B_UOSTaI,_uo 51 |Y
0 Tln—p—r
0, 0 Y,
= U(,es)| 0 <L 0 (Lost)u.
0 0 iy,

The necessity part of the proof is completed by defining V as V := U(I;7 ) S). The sufficiency is
obvious.

Example 2.7. Let

2 2 3 -1 0 -1 0 -1
0 3 2 -1 0 1 2 -1
A=lg 2 21 1 |"B=lo 1 0 1
0 -2 -2 2 0 4 4 0

Let us find all ordered pair (a, b) such that K is idempotent, where a,b € C* and K = aA + bB. It is clear that A is a
{1,2} — quadratic matrix and A*BA = A?B. Moreover,

20 2a-Db 3a —a-"b
0 3a+b 2a+2b —-a-b

K= 0 b-2a -a a+b
0 4b—-2a 4b-2a 2a
and
40> 6a% — 2ab — 5b* 9a?% — 6% —3a% — 4ab - b?
o| O 70% +2ab—b*  6a® —4ab—2b*  —3a® —2ab + b?
| 0 —6a%+2ab+ 5b? —5a% + 6b? 3a2% + 2ab — b?
0 —6a%+8ab+8b* —6a>+ 8ab + 8b* 442
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From the idempotency of K, it is obtained that (a,b) € {(0,0)}. Therefore, it is seen that there is no appropriate

-1 0 0 1
pair (a, b) to imply that K is idempotent. Note that, V = (1) (1) _11 8 and it diagonalize A. Moreover, B is
2 2 1 0
not compatible with the part (a) of Theorem 2.6.
5 -4 0
Example 2.8. Let A=| 8 =7 0 | Letusfinda € C* and all matrices B € C® such that A’BA = A’B and
-4 4 1

aA + B is idempotent. A diagonalized form of A and the matrix V that diagonalize it are

-3 0 0 -1 1 0
0 1 0|V'iandv=] -2 1 0|.
1 1

0 01 1

A=V

Using the notations of Theorem 2.6, let us assume o = =3 and § = 1. Then only part (b) of Theorem 2.6 can be
implied, so we get a = —=1/3, p = 1, and r € {0,1,2}. Therefore, depending on the appearing and disappearing blocks
of V1BV, the following possible cases of V-'BV are obtained for the values of r = 0, 1, 2, respectively.

0 ¢ d 0 0 e 0 0 0
0 13 0 |, |0 43 0 |, 10 4/3 0 |,
0o 0 1/3 0o 0 1/3 0 0 4/3

where c, d, and e are arbitrary complex numbers.
It can be interesting to consider the above theorem under the condition in Theorem 2.4.

Theorem 2.9. Let a,f € Cwith a # 0, @ # p. Moreover, let A and B € C"\ {0} be an {a, B} — quadratic matrix
and an arbitrary matrix, respectively. Furthermore, let ABA = BA and K = aA + bB witha,b € C*. Then K is an
idempotent matrix if and only if there exists a nonsingular matrix V.€ C" such that

al 0
A=V r v
( 0 pliy )

and B satisfies one of the following cases.

(@ p#1
Laag, 0 0 Y,
0 =8I, Y 0
_ P—q -1
B=V 0 0 1—baﬁ I 0 v,
0 0 o I,

being Yo € C™(P~7) and Y5 € CV-0%" arbitrary.
(b) p=landac = 1.

being Z, € Crp=r)xp arbitrary.

The proof of Theorem 2.9 is similar to the proof of Theorem 2.6, so it is omitted. Under the different
conditions from the previous results, the problem of idempotency of the linear combination of the form (1)
of a quadratic matrix and an arbitrary matrix is reconsidered in the following three results.
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Theorem 2.10. Let o, € Cwith a # 0, @ # B. Moreover, let A and B € C"\ {0} be an {«, B} — quadratic matrix
and an arbitrary matrix, respectively. Furthermore, let BAB = AB? and K = aA + bB with a,b € C*. Then K is an
idempotent matrix if and only if there exists a nonsingular matrix V. € C" such that

A= V( “gﬁ ﬁl(n),,, )V1 (43)

and B satisfies one of the following cases.
(a) p=0and aa = 1.

0, 0 0 Y,
0 Z1,, 0 0
— b P=q -1
B=V 0 0 L 0 v (44)

Z; 0 0 0.,

being Y, € qu(”‘p"), Zs € Clr=p-r)xq arbitrary and Y,Z3 = 0, Z3Y, = 0.
(b) p=0andac # 1.

Laay, 0 0 Y,
0 =4y, 0 0
= b Pa -1
B=V| o 1 o v, (45)
0 0 0 0.,
being Y, € Cr<(np-) arbitrary.
() B#0andap =1.
1—
0 e, w0
- b rq 73 -1
B=V 0 0 0, 0 v (46)
0 0 0 —7Lipy
being Y5 € Clp-a)xr arbitrary.
(d) B#0andaa =1.
0, 0 0 0
0 —iL, 0 0
- bPa 4
B=V 0 0 1—;/3 I 0 v, (47)
Z; 0 o Iy,
being Z3 € Clrp=r)xg arbitrary.
(e) p#0,ap#1,andaa # 1,
1—
W e, o o
_ el 1
B=V 0 0 l—baﬁ 1, 0 A\'% (48)
0 0 o I,

Proof. We can write a quadratic matrix A as

A=U(al, Bl ,) U,
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wherep € {0,...,n} and U € C" is a nonsingular matrix. We can represent B as B = U( )Z( ¥ )U_l, where
X € C7. Observe that under the hypotheses BAB = AB?, a0 #0,and o # B, one has
YZ=0, YT=0, ZX=0, ZY = 0. (49)
Let us assume that K is an idempotent matrix then one can deduce that
2
(aaX, + bX)" + B2YZ = aal,, + bX, ab(a +p)Y + b* (XY + YT) = bY, 50)
2
ab(a+ ) Z + b? (ZX + TZ) = bZ, b*ZY + (apl, + bT) = apl,, + bT.
Considering (49) and (50), we get the following equalities
2 2
(aaX, + bX)" = aal, + bX, (apl,_, + bT) = apl,, + I, 51)

ab(a+B)Y + b*XY = bY, ab(a + B)Z + b*TZ = bZ.

It is clear that aal, + bX and apl,,—, + bT are idempotent matrices from the first and second equations in (51),

respectively. So, there exist g € {0,...,p}, 7 € {0,...,n — p} and nonsingular matrices S; € C” and S, € c(r)
such that

Laay 0
- b -1
x=si( TN g Js 2)
1-ap
—1I 0
T=S( ¢ " _ S, 53
2( 0 L., ) ’ >
Let Y and Z be written as
_ Y1 Y, -1 _ Z, 7, 4
Y_Sl(Yp, Y4 )Sz al’le—Sz(23 Z4 )Sl P (54)
where Y; € C7" and Z; € C™1. Besides, defining V := U (S; @ S,), it follows that
al 0
A = U P U!
( 0 Bl )
S0 al, 0 Si 0 e 1)y
= U(51®Sz)( 0 5 )( o pL, )( 0 s (si"'es")U
- al, 0 -1
EFAs
Substituting (52), (54) and (53), (54) into the third and forth equations in (51) it is obtained that
apYy apYs (0 O aaZy aaZ, (0 0 (55)
@B-1)Ys @B-1)Ys ) L0 0)'\ (aa-1)Zs (@a—-1)Zy )] \ 0 0 )

Depending on the af and aa, we have the following cases for Y and Z.

(i) Letap=0and aa = 1.
It is clear that Y3, Y4 and Z;, Z; are zero matrices from the equations in (55). So, Y and Z reduce to

Yle( ‘({)1 ‘f)z )52—1 andZ=Sz( 203 204 )51-1.
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Substituting X, Y, Z, and T into (49), Y and Z are obtained as

[0 Y _ 0 0 1
Y_(O 0 )andZ—Sz(23 0)81 , (56)

where Y € qu(”_”_r), Zs € C(m=r=7)xq re arbitrary matrices and Y,Z3 = 0, Z3Y; = 0. Therefore, B we get as

0 0 _ 0Y _
51( Oq -1y )511 51(0 02 )521
B — U b P4 U—l
0 0 1y 0
S, S, ! S,| b S, !
Z; 0 0 04 pys
0, 0 0 Y,
0 =21,, 0 0
_ 5 p-q -1 -1\ 17-1
= UGSieS)| 0o (sies U

which establishes part (a).

(ii) Letap =0and aa # 1.
From the equations in (55), it is clear that Y3, Y4, and Z are zero matrices. Thus, Y is as in (56) and then

1-aa
S| ¢ L - 0 S;! S1 0 Yz St
0 Tlv—q 0 0 -1
B = U N 0 U
0 S| b7 S, !
(& ol s
Lap 0 0 Y
0 ==L, 0 0 _ _
— b P19 1 1 -1
= USieS)| o (s es, U,
0 0 0 0ups

where Y, € CP("77) is an arbitrary matrix. So, it is completed part (b).
(iii) Letap =1and aa # 1.

It is obvious that Y1, Y5, and Z are zero matrices from the equations in (55). So, Y reduces to

_ 0 0 -1
Y‘Sl(y3 Y4)sz . (57)

Using (53) and (57) in the second equation of (49), we get the equality ( g _10Y ) = Opx(n_p). Therefore
7 Y4

0 0 _
YZSl(Y3 0)52 1/

where Y5 € C("")* is an arbitrary matrix and
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Laay 0 _ 0 0 _
b q 1 1
U > ( 0 %mlv—q > > Ys 0 5

B = Ut
0, 0 1
0 S S
(5 4, s
1—blla q 0 O 0
0 L, Y3 0 _ _
— b P9 1 1 -1
= U(S1988Sy) 0 0 0, 0 (51 @S, )U .
0 0 0 _%In—p—r

which completes part (c).

(iv) LetaB #0,a6 # 1, and aa = 1.
From the equations in (55), it is clear that Y = 0 and the form of Z is as in (56). Hence,

Sl( 0 1(1) )Sll 0
_ 0 b -1
B U 1-ap U
s( 0 O)s—l s, v 0 )s—l
2\ z, o | 2 0 #In—p—r 2
0, 0 0 0
1
1 0 0
_ bp=q -1 1\ 1721
= USieS)| o L 0 (sies, U,
Z; 0 0 L.,

where Z; € C("77)¥4 is an arbitrary matrix. So, the part (d) of the proof is completed.
(v) Letap #0,ap #1,and ac # 1.
From the equations in (55), it is easily seen that Y = 0 and Z = 0 thus,

1-aa
I 0 -
sl( By g )51 ! 0
b P9 -1
B U 10y 0 U
0 Sz( R )52—1
0 Tln—p—r
Loy 0 0 0
0  hay 0 0
— b P9 -1 -1 -1
= USiesy)| 0 L 0 (si'es, UL
0 0 o Iy,

Therefore, the part of the necessity of the proof is completed.

Now it is evident that if A is represented as in (43) and B is represented as in (44), (45), (46), (47) or (48)
and the scalars aa, af satisfy corresponding conditions, then K* = K. [J

Theorem 2.10 is given under the condition BAB = AB2. Premultiplying this condition by A leads to
A’B? = (AB)z. A similar result can be given below under this new condition.

Theorem 2.11. Let o, € C" with a # B. Moreover, let A and B € C"\ {0} be an {a, B} — quadratic matrix and

an arbitrary matrix, respectively. Furthermore, let A>B? = (AB)? and K = aA + bB with a,b € C*. Then K is an
idempotent matrix if and only if there exists a nonsingular matrix V€ C" such that

al 0
A=V r v
( 0 Pl )

and B satisfies one of the following cases.
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(@) ap=1.
1—
W ., v o
= b pq 13 -1
B=V 0 0 0, 0 v
0 0 0 ZFLips
being Y3 € Clp-a)xr arbitrary.
(b) aa =1.
0o, O 0 0
0 I 0 0
- b p=q 1
B=VI o o e, 0 v
Z; 0 o 1.,
being Z5 € Clrp=r)xg arbitrary.
(c) aa #1and ap + 1,
17
W, 0 o
_ el 1
B=V 0 0 1—;5 I 0 v
0 0 o I,

The proof of this theorem is omitted since it is very similar to proof of Theorem 2.10.

Remark 2.12. Note that the matrices B given in the last parts of Theorem 2.10 and 2.11 commute with the corre-
sponding matrices A while there is no such necessity in other results.

Lastly, let us give the following theorem.

Theorem 2.13. Let a,f € C, @ # 0, a # B, and (a,B) ¢ {(-1,1),(1,-1)}. Moreover, let A and B € C"\ {0} be an
la, B} — quadratic matrix and an arbitrary matrix, respectively. Furthermore, let A’BA = BA and K = aA + bB
with a,b € C*. Then K is an idempotent matrix if and only if there exists a nonsingular matrix V.€ C" such that

A= V( “gv 512_,, )V-l (58)
and B satisfies one of the following cases.
(a) p=0.
B e, v o
B=V| b OW %Ii 0 v, (59)
0 0 0 Opper

being Yo € C™(P~7) and Y5 € CV-0% arbitrary.
(b) p##1,8+0,andap = 1.

L PR 0
- -1
B=V| 0 =L, W [V, (60)
0 0 0.y

being W € Cr-a)x(r-) arbitrary.



M. Sarduvan, N. Kalayci / Filomat 33:10 (2019), 3161-3185
Y
(0 ﬁz =1landaa =1.

0, 0 0
B=Vv| 0 %1, o0 v,
z o P,

being Z, € Clrp=r)p arbitrary.
Proof. Let us write a quadratic matrix A as
A=U(al,®pI,,) U,

X
zZ

= =<

where p € {0,...,n} and U € C" is a nonsingular matrix. We can represent B as B = U(
X € 7. In view of the hypotheses A’BA = BA and a # 0 we can write
a*X =X, a?BY =Y, BPZ =12, B°T = pT.
Let us assume that K is an idempotent matrix then it follows that
(aady + X)” + 2YZ = aal, + DX, ab(a+ )Y + % (XY + YT) = bY,
ab(a + B)Z + 1 (ZX + TZ) = bZ, PPZY + (apl,, + bT)2 = apl,, + bT.

The proof can be split into following cases, depending on the scalar .

(i) Letp? # 1.
From (62), it is seen that Z = 0. Reorganizing the equations of (63), it can be written

(aad, + bX)” = aal, + bX, (aBLo—y + bT) = apl,_, + T,
ab(a + )Y + b* (XY + YT) = bY.

3182

(61)

)U1 where

(62)

(63)

(64)

It is clear that aal, + bX and afl,—, + bT are idempotent matrices from the first and second equations in (64),

respectively. Then, there exist g € {0,...,p}, r € {0,...,n — p} and nonsingular matrices S; € C¥, S, € c(mr)

such that

1-aa
I 0
x:sl( b
0 %IP*Q

0

18y
)51—1 and T:s2( bo r S, L.

.
Let us write Y as

_ Yi Y2 -1
Y_ Sl( Y3 Y4 )52 7

where Y; € C?. Substituting (65) and (66) into the third equation in (64) yields
b, 0 \ [0 0
0 -bYy | |0 0]/
Then Y reduces to

0 Yo \c-
Y=S1( s o )s2 y

where Y, € C™=P=1 and Y; € C-0D*" are arbitrary matrices.
Let us define V := U(S; 8 S5). In view of (65) and (67) we obtain that

(65)

(66)

(67)
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al 0
A = U v uU!
(v )
St o al 0 S; 0 \._
= V r v-!
R C (
al 0
— \V4 14 V—l
(v )
and
losay 0 _ 0 Y _
sl( i Ei Sily. o |52
B = U b ’ U
= 1—a[31 0 .
0 52( bor ~af y )Sz
p ‘n—-p-r
loaay 0 0 Y,
0 _Zalp—q Y3 0 .
=Vl o o o |V
0 0 o Xy,

which yields part (a) for f = 0 and yields part (b) for  # 0 (then from (62), T = 0).
(i) Letf? = 1.
From the first and second equations in (62) and considering hypotheses (o, ) ¢ {(-1,1),(1,-1)} and
a # B, itis obvious that X = 0 and Y = 0. Reorganizing the equations of (63), it can be written

(a1, = aal, (apl,-, + bT)2 = aBl,_, + bT, ab(a + p)Z + *TZ = bZ. (68)

It is explicit that ao = 1 and afl,,_, + DT is an idempotent matrix from the first and second equations in (68).
So, there exist € {0,...,n — p} and a nonsingular matrix S € C("7) such that

1-ap
T=S( p I _aﬁo )sl. (69)
0 Tln—p—r

Let us write Z as
_o| L
2-s(2) o

where Z; € C™*. Substituting (69) and (70) into the third equation in (68), it is obtained that
(aa) Z, _ 0
aax-1)2Zy |\ 0}

Since aa = 1, Z turns into Z = S( 0 ), where Z, € C"P~*7 is an arbitrary matrix.

Z,
Hence, we can easily write
A=U(al, ®BlL,,) U =U(L,@8)(al, ® L) (I, ®S) U

and
0, 0

_ 1-ap -1
B=Ul g 0) g 7 0 s |U
Z, 0 Tln—p—r
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0, 0 0
=u(es)| o L o [(Lest)ul
z o 2,
The necessity part of the proof is completed by defining Vas V := U (Ip @ S).

Now, it is evident that if A is represented as in (58) and B is represented as in (59), (60) or (61) and the
scalars a, § satisfy corresponding conditions, then K*> = K. [J

Example 2.14. Let

50 6 -3 2 02 -2
02 -3 0 00 0 O
A= 00 -1 0} B= 000 O
6 0 6 -4 4 0 4 4

and let us find all ordered pair (a,b) such that K = aA + bB is idempotent, where a, b € C*. It is clear that A is a
{-1,2} — quadratic matrix and A*BA = BA. Moreover,

54+2b 0 6a+2b -3a-2b

0 2a —3a 0
K= 0 0 —a 0
6a+4b 0 6a+4b —4a-—4b
and
7a% —4ab -4 0 6a% —4ab —4b* 342 + 4ab + 4b?
0 442 —342 0
2 _

K= 0 0 a2 0

6a> —8ab—8v* 0 6a%>—8ab—8b*> —24% + 8ab + 8b?

From the idempotency of K, it is obtained that (a,b) € {(0,0),(0,-1/2)}. Although A is a {-1,2} — quadratic
matrix, the form of the matrix B is not compatible with the part (a) of Theorem 2.13. Therefore, it is seen that there is
no appropriate pair (a, b) to imply that K is idempotent.

Example 2.15. Let A be as in the previous example and let us find a € C* and all matrices B € C* such that
AZBA = BA and aA — B is idempotent. A diagonalized form of A and the matrix V that diagonalize it are

-1 0 00 1 -1 0 -1
~ 0 -1 0 0|, I O S R
A=VlI g o 20|V V=1 o o o |
0 0 0 2 0 -2 0 -1

compatible with (58). Using the notations of Theorem 2.13, we can assume o = =1, p = 2. Then only part (b) of
Theorem 2.13 can be implied, so we get a = 1/8 = 1/2, n = 4, p = 2, and q € {0,1,2}. Therefore depending on the
appearing and disappearing blocks of V"BV, it can be written the following possible cases:

POSSIBILITIES OF V- IBV
q=0 q=1 q=2
-12 0 e f =32 0 0 0 =32 0 00
0 -12 g h 0 =12 m s 0 =32 0 0
0 0 00 0 0 0 0 0 0 0 0
0 0 00 0 0 0 0 0 0 0 0

wheree, f, g, h, m, and s are arbitrary complex numbers.
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