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Approximation by Operators Sequence Involving
a Certain Class of Polynomials

Sezgin Sucu?

® Ankara University, Faculty of Science, Department of Mathematics, TR-06100, Ankara, Turkey.

Abstract. This paper is devoted to the convergence properties of the operators sequence including a
certain class of polynomials in the continuous functions space and weighted continuous functions space.
The convergence order for the presented operators sequence is also discussed. At last, operators including
Hermite polynomials of variance v are given as an application.

1. Introduction

Bernstein polynomials were proposed by Bernstein [5] to contribute to the proof of the Weierstrass
theorem in virtue of probabilistic considerations. Quantitative properties of Bernstein polynomials together
with several generalizations have been studied by many authors ([6], [15], [22], [25], [27]). Henceforth, there
have been significant developments in the investigation of approximating functions which are continuous
on the interval [, b] and have specific conditions on the real line. In 1930 Kantorovich [21] made a small
modification to Bernstein polynomials for approximating Lebesgue integrable functions.

Szasz-Mirakjan operators which defined with the help of Poisson distribution have been introduced by
Mirakjan [23] and were investigated by many authors ([9], [27]). This operator, denoted by S,,, associates to
any function ¢ € C[0, o) the operator S, (¢, .), defined by

) = exp (-nn) 3 2 (%)
Si ;) = exp ( "x);; () M
The polynomials g, having the following form
g(w) exp (wx) = Z gy (x) 0" )
v=0

are called Appell polynomials, where g is a holomorphic function in the || < R (R > 1) and suppose that
g (1) # 0. Szasz type operators containing Appell polynomials were constructed by Jakimovski and Leviatan
[16]. If g, (x) = O for x € [0, o), the operators

P = "2 Y g %) ®
v=0
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were introduced in [16] and then the convergence properties of (3) were presented with the help of Szasz’s
perspective by Jakimovski and Leviatan.
The polynomials g, having the following form

A (@) exp (xH (@) = Z g ()@, lw] <R, (R>1)

v=0

are called Sheffer polynomials, where A and H are analytic functions. By assuming g, (x) > 0, A(1) # 0 and
H’ (1) = 1, the operators defined as

Valpin) = =5 ( Arg;q(l)) qu ﬂx)<P( )

were presented by Ismail [12].
The polynomials g, having the following form

A(w) B (xw) = i qv (x) @" (4)
v=0
are called Brenke type polynomials [7], where
Alw) = iava)v, ag # 0, 5)
v=0
B(w) = i byw', b, #0 (v 0) (6)
v=0
and for k € IN,
gy (x) = iav_jb]-xf. )

j=0

Under the some assumptions, Varma [28] presented the linear positive operators as follows

1 - v
L, ((P; x) = m VZ:S v (nx) @ (E) (8)

There are also some other articles investigating the convergence result of these type operators sequence
involving certain class of polynomials ([1], [4], [11], [14], [17], [18], [19], [20], [26]).
The following operators are the main concern of this paper

T (fi) = mi‘;q ) £(%), ©)

where g, are polynomials [2] which have following form

2xa) + a) Z gy (%) " (10)

and A is analytic function such that

(o8]

Aw) = Zava}” (ay #0). 11)

v=0
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Let us confine ourselves to the polynomials (10) which have the following properties
() A:R-—(0,0), g, (x) 20,
(i) For |w| <R (R>1), (10) and (11) converge.

(12)

With reference to the (12), 7, operators defining by (9) are positive.

The objective of the following work is to investigate approximation of the operators defined as (9) in the
continuous functions space and weighted continuous functions space. Moreover, the degree of convergence
of a function is obtained.

The organization of this work is the following. Firstly, we succinctly acquire some essential knowledge
about operators (9) and express our main results about convergence of operators (9) in continuous functions
space and weighted continuous functions space. Furthermore, we obtain the rate of convergence through
the instrument of modulus of continuity, Peetre’s K functional and second order modulus of continuity
in continuous functions space and give the order of approximation under favour of weighted modulus of
continuity in weighted continuous functions space. In section 3, operators including Hermite polynomials
of variance v are given as an example.

2. Approximation Properties of 7,, Operators

The following set E

x
E= { f: lf-: 332 is convergent as x — oo}

will be critical in our result.
We first prove two auxiliary lemmas.

Lemma 2.1. The operators (9) admit

T (1; X) =1,
A (2nx +1) A (2nx +1)
AQnx +1) x 2)\(ch +1)n’
A (2nx +1) 40" 2nx + 1)+ A’ 2nx + 1) A @nx+1)+ A 2nx + 1)
T”(SZ;X) - 4/\(2nx+1) x+2 AQRnx+1)n x4 A (2nx + 1) n? !
A7 (2nx + 1)x3 N 122)\"' @ux+1)+ A" Qnx + 1)x2
AQRnx+1) AQRnx+1)n
1217 2nx + 1) + 181" 2nx + 1) + A’ 2nx + 1)
A (2nx + 1) n? X
A" 2nx+1)+ 31" 2nx +1) + A’ 2nx + 1)
AQnx+1)nd ’
A® 2nx+1) 4A® 2nx +1) + 31" 2nx + 1)
e +D) © T16 AQnx+ Dn *
. 424A<4> nx +1) + 481" Qnx + 1) + 71" 2nx + 1)x2
A 2nx + 1) n?
+232)\(4) (@nx +1) + 1201 2nx + 1) + 641" 2nx + 1) + A’ 2nx + l)x
AQ@nx +1)n
@ux+1)+71" 2ux +1)+ A’ 2nx + 1)
AQ2nx+1)nt '

Tu(s;x) =

T (53; x)

+2

+8

T (54;x) =

"

A® 2nx +1) + 64

+16 (13)
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Proof. Comparing the relations (9) and (10), we establish the first equality of (13). Differentiating the
statement (10) with respect to w, we get

i gy (x) ' !
v=1

i g ) v(v-1) o2 = 4\ (2xa) + a)z) [x + w]* + 21 (Zxa) + a)z) ,
v=2

27 (Zxa) + a)z) [x + w],

(e8]
"

Z 3 @vv-1)rv-2)0"> = 8A (Zxa) + a)z) [x + w]® + 124" (wa + wz) [x+w],
v=3

Z G@vr-DE-2E-3)"™" = 160 (210 +w?)[x + o]* + 481" (21w + 0?) [x + w]?
v=4

+121" (2% + @?). (14)

To obtain the required equalities, we replace x with nx and @ with 1 in the above statements. Finally,
considering (14) in the definition of operators given by (9) will conclude the proof of lemma. [

Lemma 2.2. With A and T, as above, we have

A (2nx + 1) A (2nx +1)
S el | PR A s St
A@2nx +1) AQ@Rnx+1)n
4)\” @nx+1)= A" 2nx + 1)
AQnx +1)
A Q@ux+1)+ A (2nx +1)
AQ2nx +1)n2 ’
2A® 2nx +1) — 40" @ux +1) + 31" @ux +1) = A’ @nx + 1) .
8 +1|x
AQ2nx +1)
16A® 2nx +1) — 121" Qnx + 1) + A’ 2nx + 1) 4
+4 X
AQ@Rnx+1)n
+424/\(4) nx +1) + 241" @nx +1) — 231" @nx + 1) + 41" Qnx + 1)x2
A @2nx + 1) n?
193240 @2 +1) +1041" @nx +1) + 161" (2nx +1) = 151 @ux +1)
AQ@nx +1)nd
T 6)\(4) @nx+1)+6A" @Qnx+ 1)+ 71" @nx + 1) + A’ Qnx + 1)
AQnx +1)nt '

T (s —x;%)

40" 2nx +1) = A (2nx + 1)x

242
X AQnx+ )n

+1

T ((S - x)2 ;x)

+4

T (s = )5 x)

Proof. Because of the linearity of 7, we can write
Tn(s=x0) =T (5;0) = xT (1, %)
In a similar manner, we may obtain
T ((s - x) ;x) =Ty (SZ;JC) = 2xT 7 (5; %) + T (1; %)
and
T ((s - x)4 ;x) =7, (54;x) —4xT, (53;x) + 6X°T, (sz;x) — 43T, (s; %) + x4, (1; %) .

Substituting the equalities given by (13) in the above statements, we conclude the desired result. [
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Theorem 2.3. Suppose that the following

v Vw1
M T2 MR T "

are provided. So, for f € C[0,00) N E

lim 7, (f3x) = f ()

converges uniformly on every bounded and closed subset of [0, c0).

Proof. Keep in view (15) in Lemma 2.1, we infer fori = 0,1,2

lim 7, (si;x) =x

n—oo

converge uniformly on every bounded and closed subset of [0, o). Putting into practice the Korovkin-type
property from [3], the proof is completed. [

Remark 2.4. The following examples serve to illustrate some functions which satisfy conditions (15):
(a) Fori e N, A(y) = ez,
(b) For q is any polynomial with positive coefficients, the functions A (y) = q(y) exp (%)

If we make use of the representation C [0, o) for the class of uniformly continuous functions on [0, o),
for p € C[0, )

w(@;p) = supflop () -9 ()] : x,y € [0,), |x—y| < p] (16)

is titled by modulus of continuity attached to the function ¢.

Theorem 2.5. Suppose that f € C[0, ) N E, then

it -0l 220 (-] ).

Proof. In compliance with (13) and also taking advantage of the (16),

1 (o8]
7 (Fix) - f)| < A@2nx +1) ;)‘qv 09 f(%)—f(x)
11 .
< [1+5m2qv(nx)]£—x|\]mﬂp) 17
v=0

are deduced. When we take into account the infinite series in (17), then the following inequality

oo oo 172 [
szo gy (nx) ‘% - x‘ {;0 Gy (nx)} {; gy (nx) [% _ x]z}

A@nr41) {(4A” @nx+1)- A 2nx +1) . 1)x2

1/2

IA

AQnx +1)
40" 2nx +1) - A (2nx + 1)x
AQ@Rnx+1)n

” , 12
+4/\ @nx +1)+ A’ 2nx + 1)}

A @2nx + 1) n?
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is derived from well known Holder inequality. Considering the last inequality in (17),
1 ) V2
|75 (%) - f ()] < 1+E[’Tn((s—x) x)] 7w (fip)

1/2
can be composed. With choosing p = [7',1 ((s —x)* ;x)] ”in the above expression, we get the conclusion. [
ForO0<y <land M >0,
Lipm (y) == {qo € Cg[0,00) : |(p () - (y)| <M |x - y|y}
is called Lipschitz class of order y, where Cg [0, o) represents the space of all continuous and bounded
functions on [0, o).
Results of Theorem 2.6 can be used to estimate for the approximation error of 77, to function ¢ in Lip ().
Theorem 2.6. Consider the function ¢ in Lipp (), so then
2 y/2
|7'n (p;x) - (p(x)| < M[Tn ((s - Xx) ;x)] .
Proof. Due to the fact that 7, operators are monotone,
|70 (@ %) — @ (x)| < MT, (s — xI” ;x)
can be expressed. If well known Holder inequality could be applied, the above argument shows that

1 — e 2
Mm [Z I (nX)] ;qu (nX)(% —X) l

v=0

)4
2

| (@3) — ¢ ()|

y/2
7

IN

M [Tn ((s - x)2 ;x)]
which proves the result. [

Let us denote the set of all continuous and bounded functions on [0, o) that have a continuous and
bounded first and second derivative by C [0, o). The following functionals

7

||(pHCB[O,oo) = XS[‘&E’) |(P (x)

||¢“c§[0,oo) = “4)“(:3[0,00) + ”‘P/“cg[o,w) + Hll’”“cg[o,oo)

are a norm, respectively, on Cg [0, c0) and CZZ3 [0, 00). Let ¢ € Cg [0, 00). In order to obtain the estimations we
are going to define [8]

w2 (p; p) = sup lo(+20-2p(+0+¢ (')”cB[o,oo) ’

<t<p

which is called the second modulus of continuity attached to the function ¢ and

K(p;p)= inf {”(P - 1l’“cg[o,oo) tp H‘/’””cglo,oo)}’

PeC2[0,00)

which is called the functional of Peetre attached to the function ¢.
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Theorem 2.7. Consider the function f in C [0, ), so then

175 (50 = £ @) < 0 ) | Fll oy

where

{4 [A" @nx+1) = 1 @nx + 1)] + A @nx + 1)
On (X) = 2

2AQnx + 1) X
4V 2nx + 1)+ [2n —1]A @nx + 1) — nA Qux + 1)
+ x
nA (2nx + 1)
+2/\" @ux+1)+[n+1]A 2nx +1)
n2A 2nx + 1) '

Proof. To obtain the mentioned inequality, as a beginning we use the linearity of 7, and then apply standard
expansion of Taylor

750 (f;2) = F@)| < |f @] Ta s —x;0) + i 2(”)'% (6=27;x),n€(x5).
The result
4[N @nx+ 1) = N @nx + D]+ A @nx+1)
7 (fin) - f @) < A @nx +1) X
40" 2nx + 1)+ [2n — 1] A Qnx + 1) — nA 2nx + 1)
M nA (2nx + 1) X
A @ux+1)+[n+1]A 2nx+1)
2 n?A (2nx + 1) } ”f”C%[O,OO)

on ()| “cg[o,oo)

is obtained after the elementary calculation. [J

Theorem 2.8. Consider the function ¢ in Cg [0, 00), so then

A 2nx+1) A (2nx+1)
|Tn ((P, .X) -—@ (.X)| < CZUZ ((P, \/ Kn (.X')) + w ((P, (Zm - 1).76' 2m) (18)
where
1 2 N@nx+1) Nenx+1)
K (1) = 8 {T” ((S - %) ,x) + [(2 A@nx +1) 1)x * 2A(2nx +1)n }'

and C is constant.

Proof. We start with defining an operator H,, by

N . A (2nx +1) AN (2nx + 1)
P i) = T (93) _¢(2[A(2nx+ D A@nx+ 1)n]) ®

The result

Hy(s—xx)=0 (19)



S. Sucu / Filomat 33:10 (2019), 3149-3159 3156

can be deduced from Lemma 2.2. For this purpose, let us represent the function ¢ € C2 [0, c0) in the form

YE) =P @)+ (-2 (x)+f(s—u)1//’ (u) du.

Bearing in mind the above equality and (19)

|H, (15 %) = 9 (x)|

H, [f(s —u) " (u)du; x

S
< |Tx f(s —u)y’ (u)du;x]
X
2 /\Al((zzny?:f)) A\(/z(iZ:;r)x]
A (2nx + 1) A (2nx + 1) "
* { [A(an+1)x+/\(2nx+1)n g (wdu
X
<

1 2 A @nx + 1) e+ TPy on
5 {Tn ((s - Xx) ,x) + [(Z—A ot D) 1)x + 2—/\ 2+ D) n] } H‘/’ ”cB[o,oo)
= 4Ky (v) ”‘PHHCB[O,OO) (20)

can be written. Owing to the fact Lemma 2.1 and (20)

[T (i) —p )| < [Ha(p—ix) = (@ = ) ()| + |Hu (30) — ¢ ()]
( [/\’ (2nx +1) A 2nx +1) ]) o)

TP T T A s D
4 ”(P - lib”Cg[O,oo) + 41y (%) ||¢””CB[O,°<>)

[NV @nx+1) A (2nx + 1)
+w(¢’(2)\(znx+1) 1)x+2/\(2nx+1)n)

IA

can be therefore hold. We can thus see in the light of the property of Peetre’s K functional

) (A 2nx+1) 3 A (2nx +1)
4K (@510 () + w (rp, (2—)\ ) 1)x Y T Tn n)

. [ A @nx+1) A (2nx + 1)
Cw, ((Pr VEKn (x)) + w((p, (2—)\ ) 1)x 2T e 1)n).

This completes the proof. O

IA

|72 (5%) = ¢ ()

IN

Prior to stating and proving the weighted approximation, we first state below the family of functions
By [0, 00) = {f : }f(x)| <Msp(x), Myisa constant},
and as a subset of By, [0, o) the following class is defined by
Cy[0,00) = B, [0,00) N C[0, 0),
and as a subset of Cy [0, o) the following class is defined by

f ()
¢ (%)

C’(; [0, c0) = {f : f €Cy[0,00) and J}l_r)go =k(a Constant)},
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where ¢ (x) = 1 + x2. The remarkable aspect of this family is that the following functional

e
I, =sr 5%

is a norm on By, [0, o).

Theorem 2.9. If f € Cy [0, ) is the case then
lim [|75, (f2) = F @], = 0.

Proof. Considering the identities proved in Lemma 2.1, it immediately follows that
lim |17, (1;) = 1]}, = 0

and
lim 175, 537%) — ¥l = 0.

A combination of Lemma 2.1 and the definition of norm yields for given € > 0 by choosing n € IN sufficiently
large

2. 2
T"<S'x)‘x|< 4R 3 x 3 1
sup——————— <€esup—————— + —SUp —— + — Sup ——.
xe]RE 1+ x2 XE]RE 1+ x? noere 1+x2 n? XE]RE 1+ x?

This proves lim

n—oo

Korovkin-type theorem [10]. O

T (sz; x) - xZH¢ = 0. These facts enable us to complete of the proof by the weighted

We next take up the topic of quantitative result for weighted space [13]. To obtain quantitative approxi-
mation result we will need to use

h) —
0Gip) = sy LEEDTE)

,feCyI0,).
xe[0,00),Ih|<p (1+h2)(1+x2) f ®

To prove the result we require the following expression
IimQ(f;p) =0,
p—0

lf () - )| < 2(1 + 't;px')(1 +0)(1+22) (1+ (t-x7)Q(f;p), tx € [0,0). (1)

The following theorem, under the suitable restriction

Ay 1
li = —
o Aly) | 2F

k=1,2,3,4

on A, provides an error estimate.
Theorem 2.10. Consider the function f in C’qﬁ) [0, =), so then
T (fix) = f (x)
mpLLQ_Lg;JsK@+1ﬁ4ﬁ;L)
xe[0,00) (1+x2) n Vn

holds for some constant K which is independent of n.
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Proof. It follows directly from Lemma 2.1 and expression (21) that

72 (Fi2) - f] < quv(m)f(%)—f(x)
v=0
1 . |%—x| v 2
< 2(1+p2)(1+x2)Q(f;P)mVZ_6qv(nx)(l+ ’ ](1+(Z_x))

2(1 + pZ) (1 + xz)Q(f;p) m {Z gy (nx) + qu (nx)(% — x)z
v=0 v=0

+ %;‘%(nx)|£_x|+%gqv(nx)|£_x|(£_x)z}'

If well known Holder inequality could be applied for the above series, the mentioned relation therefore
gives

[T (fix) - f@] < 2(1+p%)(1+22)Q(fip)

x{l +Tn((s—x)2;x)+% Tn((s—x)z;x)

1
+E \/‘Tn ((s - x)z;x) T ((s —x)! ;x)} . (22)
Taking into consideration Lemma 2.2, we readily find

T ((s = )7 ;x)

IA

O(1)(x2+x+1),

A

Y l) 4,3, .2
Tn((s Xx) ,x) < O(n (x +x +x +x+1).
If these expressions are combined with (22) and by choosing p = \Lfn’ we therefore have
Ta(f;x)—f(x
xe[0,00) (1+x2) n \Vn

O

3. Example

In the present section, our plan is to obtain an explicit example of operators (9) including certain set of
polynomials ensuring all restrictions (12) and assumptions (15).

Example 3.1. Generating function of the Hermite polynomials H,((V) of variance v is given by [24]

(o) (V)
H, (x) L

—ve?
e = Z o o,

k=0
where H]((V) can be calculated by the following sum

[£] .
HY @ =) (_g) r! (kk—! 2r)!xk_2r'

r=0

NI
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Let A (w) = ez. One can show that the polynomials H,((V) satisfy the relation (10) for A. The polynomials HI(CV) with
v < 0 will satisfy the expressions (12) and (15). Hence, the explicit form of T, can be obtained by applying (10)

Ty - oo 3 L) al

=GR
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