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Abstract. In this paper we have firstly examined the properties of & and B cuts of intuitionistic fuzzy
numbers in R" with the help of well-known Stacking and Characterization theorems in fuzzy set theory.
Then, we have studied the generalized Hukuhara difference in intuitionistic fuzzy environment by using
the properties of @ and g cuts and support function. Finally, we have extended the strongly generalized
differentiability concept from fuzzy set theory to intuitionistic fuzzy environment and proved the related
theorems with this concept.

1. Introduction

The fuzzy set theory was firstly introduced by L. Zadeh in 1965 to utilize the vagueness or uncertainty
in mathematical models in science and engineering [1]. In this theory, each element x of a fuzzy set in a
universal set X is given with a function u : X — [0, 1], called membership function. Hence with the help
of this function it is possible to consider both the full and partial membership of an element to the set. In
fuzzy set theory, if u is the membership function of an element in a fuzzy set then 1 — u is immediately
assumed as the non-membership function of the element to the set. Hence the sum of membership and
non-membership function in a fuzzy set is always equal to 1. However, due to inadequate or incomplete
data or information in models, there may be uncertainty in membership function or non-membership
function. For example if there is a lack of information in the membership function itself, then sum of the
membership and non-membership function cannot be 1. Hence, some extensions of fuzzy set theory were
introduced [2—4]. One of these extensions is Atanassov’s intuitionistic fuzzy set (IFS) theory [2].

In 1986, Atanassov [2] introduced the concept of intuitionistic fuzzy sets. In this set, he separately
introduced a new degree v : X — [0, 1], called non-membership function, to a classical fuzzy set such that
the sum p + v is less than or equal to 1. Further the difference 1 — (u + v) is regarded as degree of hesitation
[2]. Since an intuitionistic fuzzy set contains the information of the membership function, non-membership
function and the degree of hesitation of an element, IFS theory can be regarded as a tool which is more
flexible and more human consistent reasoning in handling uncertainty due to imprecise information or
data. Later Atanassov carried out rigorous researches to develop IFS theory [5-12].
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Intuitionistic fuzzy set and fuzzy set theory have interesting flourishing applications in different fields
of science and engineering such as decision-making problems [13, 14]; image processing and pattern
recognition [15], medicine [16, 17]; fault analysis [18]. In [19-21], Szmidt et. al showed that intuitionistic
fuzzy sets are pretty useful for the models having imperfect data and he demonstrated some applications
of IFS in some cases with linguistic variables. More detailed information about applications of fuzzy set
and intuitionistic fuzzy set theory can be found in [22-38].

The space of compact and convex sets has a linear structure with respect to Minkowski sum and scalar
multiplication [39]. These two operations are associative, commutative and have the set {0} as the identity
element. This linear structure is that of a cone rather than a vector space since the inverse element of a
set with respect to Minkowski sum is a problematic issue. Because if A = {a} is not a singleton set, the
Minkowski sum of A and —A is not always the identity element {0}, i.e., A + (=1)A # {0} [39, 40]. Hence,
the inverse element with respect to Minkowski sum may not exist. This is a drawback not only in theory
of compact and convex sets but also in theory of fuzzy sets and IFS. Because the a-cut of a fuzzy number,
which is a special fuzzy set, is a compact and convex set. That is why inverse element issue may cause
problems in finding solutions of algebraic equations with fuzzy numbers and in differentiability concept
of fuzzy number valued functions [40]. Hence some alternative difference operations such as Hukuhara
difference, generalized Hukuhara difference, generalized difference were proposed [41-44].

The study of Hukuhara was the starting point to handle the inverse element problem. He defined a new
difference called Hukuhara difference (H-difference) for compact and convex sets [41]. Later Hukuhara
difference of fuzzy sets and Hukuhara derivative (H-derivative) of fuzzy number valued functions were
introduced and studied [45-47]. However Hukuhara differentiability has a disadvantage such that a
differentiable function may have increasing length of its support [39]. This means that the uncertainty
increases as time passes by [42, 43]. That is why, Stefanini et al. [42, 44] proposed and studied some
generalizations for Hukuhara difference and derivative concept for compact and convex sets and for fuzzy
number valued functions in IR. Recently some other differences were also proposed and studied [48].

The main idea of this paper is to study and extend the fundamental concepts in fuzzy set theory
to Atanassov’s intuitionistic fuzzy set theory. In this work, firstly we study the properties of @ and f
cuts of intuitionistic fuzzy numbers in n-dimensional Euclidean space IR” by extending the well-known
Characterization and Stacking theorems [39, 49-51] in fuzzy set theory to IFS theory. Then, we study the
generalized Hukuhara difference in intuitionistic fuzzy environment by using the properties of a and f§ cuts
and support function [39]. Finally as an application of Hukuhara difference in derivative concept we study
strongly generalized Hukuhara derivative and its properties in intuitionistic fuzzy environment.

The general structure of the paper is as follows. In Section 2 we give some notations, definitions and
theorems about compact and convex sets, fuzzy sets and intuitionistic fuzzy sets in IR”. In Section 3, we
have studied Stacking and Characterization theorems in intuitionistic fuzzy environment. In Section 4
and Section 5, we give the generalizations for generalized Hukuhara difference and strongly generalized
Hukuhara derivative in intuitionistic fuzzy environment and studied their properties by using « and g cuts.
Finally we give conclusions and summary in Section 6 .

2. Preliminaries

In this section we will give some fundamental definitions and theorems which will be needed in further
sections. Throughout this paper we will assume the considered sets in definitions or theorems are non-
empty sets. Since a and f cuts of intuitionistic fuzzy numbers are very closely related with compact and
convex sets, we will firstly give some definitions and theorems on compact and convex sets.

2.1. Compact and Convex Sets in R"

Definition 2.1. [39] A subset A in n-dimensional Euclidean space R" is called a compact set if it is a closed and
bounded.

Definition 2.2. [39] A subset A in n-dimensional Euclidean space IR" is called a convex set if for every x, y € A and
A€0,1]; Ax + (1 — A)y € A holds.
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We will denote set of all compact and convex set in R" by K¢ (IR").

Definition 2.3. [39] Let A, B € Kc(R") and k € R. The Minkowski addition and scalar multiplication are defined
as follows:

A+B = {a+b:a€Aandb € B}
kKA = f{ka:aeA keR}
Theorem 2.4. [39] Kc(IR") is closed under Minkowski addition and scalar multiplication.

Minkowski addition and scalar multiplication induce a linear structure on K¢ (IR") with zero element {0}.
However, if we take k = —1 we can see that (—1)A = {—a : a € A} is not always the inverse of A with respect
to Minkowski sum. Let us see this in the following example.

Example 2.5. Let A = [0, 1] then
A+ (-DA=[0,1]+ (-DI[0,1] =[-1,1].

Hence A + (-1)A # {0} indeed. Thus, adding —1 times a set does not constitute a natural operation of
substraction. To overcome this problem, Hukuhara introduced a new difference operation, called Hukuhara
difference. It was defined as follows:

AeyB=Co A=B+C_C.

Clearly, A ©y A = {0} for all non-empty sets A. However Hukuhara difference of compact and convex sets
does not always exist. As seen from the definition of Hukuhara difference, an obvious necessary condition
for the existence of A ©y B is that A contains some translate {c} + B for some c € C. That is why Hukuhara
difference was generalized by Stefanini et al. [42].

Definition 2.6. [39] Let A, B € Kc(IR"). The generalized Hukuhara (gH) difference of A and B is such that
AouB=Co® A=B+CorB=A+(-1)C.

Let us consider the previous example by using gH-difference.

Example 2.7.
[0/ 1] egH [O/ 1] = C= [0/ 1] = [0/ 1] + [Cll C2]
= [0,1] =[c1,1 +c2]
= ¢ =0andc; =0
= C=10,0]
Note.

1)If A= B+ Cand B = A + (-1)C both hold simultaneously then C is a singleton set.
2) In the case of compact intervals in R, if we take A = [a1,4,] and B = [by, by] then it can be easily shown
that

A 6yn B = [min{a; — by, a2 — ba}, max{a; — by, a2 — by}]
holds.
Theorem 2.8. Let A, B € Kc(R"). If A©yy B = C exists then it is unique.

Theorem 2.9. Let A, B € Kc(R"). If A 6,y B exists then the followings hold:
1. Agju A =0.
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2. (A+B)ouu B =A.

3. Beyy A exists and B ;g A = —(A Sy B) = (—=B) 6y (—A).
4. (A-B)+B=C® (A-B)=Ceoyu B.

5. AgguB=BoyA=Co C=({0}and A =B.

More useful information can be obtained directly from the concept of support function of non-empty
compact and convex sets as well. Let us now give some basics of support functions.

Definition 2.10. [39] Let A be a non-empty subset of R". The support function of A is defined for all p € R" by

sa(p) = sup{(p,a) :a € A}.
Here (.) is the standard inner product in R".

Note that when A is compact and convex set, the supremum is always attained and the support function
is well defined.

Theorem 2.11. [39] Let A, B € Kc(IR").
1. Forallp e R"

sa+B(p) = sa(p) + sp(p)-
2. If A C B then, forallp € R"

sa(p) < sp(p)-
3. A = Bifand only if for all p € R", sa(p) = sa(p).
4. Forallpe R"and t > 0
sta(p) = tsa(p).
5. For a fixed A € Kc(IR"), 54 is positively homogeneous, i.e., for all t > 0,

sa(tp) = tsa(p).
6. s is subadditive, i.e., for all p1, p» € R"
sa(p1 + p2) < sa(p1) + sg(p2).

Note. [39, 42]
1. Since the restriction s|g.1 of s4 to the unit sphere S"! = {p e R" : Hp“ = 1}issuch thatforall0 # p € R"

p 1
slos (7o) = Trsa(p),
N

we can consider s is restricted to S"~!. Here ||.|| is the standard norm in IR".
2. if 54 is the support function of A € Kc(IR") and s_4 is the support function of —A € K¢(IR") then for all
p c Sn—l/

s-a(p) = sa(-p)

3. A non-empty compact and convex subset of R" is uniquely characterized by its support function. If
A € Kc(R") is a compact and convex set, then it is characterized by its support function such that

A={xeR":(p,x) <salp); Yp € R"}

4. If s : R" — Ris continuous, positively homogeneous and subadditive then s is a support function of
a compact convex set.

By using the properties of support function one can define the gH-difference of A and B € Kc(IR") as in
the following definition.
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Definition 2.12. [39] Let sa, sp, sc and s1)c be support functions of A, B, C and (=1)C € Kc(IR") respectively.
Then
sp(=p) =sa(=p); B=A+(-1)C

Theorem 2.13. [42] Let s4 and sg be the support functions of A, B € Kc(IR") and let s1 = s4 — sp and s, = sg — 54.
Then the followings hold:

se(p) = { sa(p)=sp(p);  A=B+C

1. If s1 and s, are both subadditive, then A ©g B exists and A ©,y B is a singleton set.
2. If sy is subadditive and s, is not, then A = B+ C and sc = s — sp.

3. If s, is subadditive and sy is not, then B = A + (=1)C and sc = s_p —5_4.

4. If sy and s, are neither subadditive, then A &,y B does not exist.

Definition 2.14. [39] Let x € R" and A be a non-empty subset of R". The distance from x to A is determined by
d(x,A) = inf{|lx —al| : a € A}.
Here ||.|| is the standard norm in R"
We will call the subsets
NNA)={xeR":d(x,A) <1}
and
N (A) = {x e R" : d(x, A) < 1}
as open and closed r-neighbourhood (ball) of A C R”, respectively.

Definition 2.15. [39] Let A and B be non-empty subsets of R". Let N} denote the closed unit ball in R".
1. The Hausdorff separation of A to B is defined by

dy;(A, B) = sup{d(a, B) : a € A}
or, equivalently,
dy(A,B) =inf{r >0: A C B +rNj}
2. The Hausdorff separation of A to B is defined by
dy,(B,A) = supl{d(b, A) : b € B}
ot, equivalently,
dy(B,A) =inf{r >0: B C A +rNj}
Note that d},(A, B) # d;,(B, A) in general.
Definition 2.16. [39] Let A and B be non-empty subsets of R". The Hausdorff distance of A and B is defined as
du(A, B) = max{d;;(A, B), d},(B, A)}

Note. [39]
1. Hausdorff distance defines a metric on the set of non-empty compact subsets of IR".
2. Hausdorff metric is related to the support function of compact and convex sets A and B by

du(A, B) = supffsa(p) — ss(p)| : p € S" ).
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2.2. Fuzzy and Intuitionistic Fuzzy Sets in R"
Definition 2.17. [39] Let us : R" — [0, 1] be a function. The set

A={(x, pa(x) : x € R", pus: R"> [0,1]}
is called a fuzzy set in R".
We will denote set of all fuzzy sets in R" by F(R").
Definition 2.18. [39] Let A € F(R"). The a-cut of A is denoted by A(a) such that for a € (0,1],
Al@) = {x e R" : pa(x) > a}
and especially for a = 0,

tjmm

ae(0,1]

A(0) = cl

Here ”cl” means the closure of the set.

Definition 2.19. [39] A fuzzy set A € F(R") satisfying the following properties is called a fuzzy number in R"

1. A is a normal set; i.e., A(1) # @.

2. A(0) is a bounded set in R".

3. pa : R" — [0,1] is an upper semi-continuous function; i.e., Vk € [0,1], {x € R" : pa(x) < k} is open.
4. pua:R" — [0,1] is a quasi-concave function; i.e., for Vx,y € A(a) and A € [0,1]

pa(Ax + (1= A)y) = minfu(x), u(y)}-
We will denote set of all fuzzy numbers in R” by Fn(IR").

Theorem 2.20. [39] Let A € FN(R") be a fuzzy number and A() be its a-cut. Then the following properties hold:

1. For every a € [0, 1], A(«) is a non-empty compact and convex set in R".
2. For0 <aj <ap <1; A(1) € A(ap) € A(ar) € A(0) is satisfied.
3. Let (ay) C [0,1] be a non-decreasing sequence converging to o then

mm:fﬁm@
n=1

4. Let () C [0,1] be a non-increasing sequence converging to 0 then

O Alan)
n=1

Definition 2.21. [39] Let A € FN(IR") and let S"~! = {p € R" : ||p|| = 1}. The function say : S"™' — R defined by

A(0) = cl

Saw(p) = sup{< p,x >: x € A(a)}
is called the support function of a fuzzy number A. Here < . > is the standard inner product in R".

Theorem 2.22. [39] Let A and B € FN(R"). Then the support function

1. Sa(a is uniformly bounded on S"~1.
2. sa satisfies Lipschitz condition in p for every a € [0,1]
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3. Forevery a € [0,1],
du(A@), B(@)) = sup {[saw(p) - ssw(@)| : p € S"}.

Theorem 2.23. [39] Let A € FN(IR"). Then sa is a non-increasing and left continuous function in a for each p €
sl

Definition 2.24. [2] Let pa,va : R" — [0, 1] be two functions such that for each x € R", 0 < pa(x) + va(x) <1
holds. The set

A = {(x, pa(x),va(®) s x € R% g, va - R* — [0,1])

is called an intuitionistic fuzzy set in R". Here ua and va are called membership and non-membership functions,
respectively.

We will denote set of all intuitionistic fuzzy sets in R" by IF(IR").

Definition 2.25. [2] Let A" € IF(R"). The a-cut of A' is defined as follows:
For a € (0,1]

Al@) ={x eR": pa(x) > af,

and fora =0

A0) =cl

U A)].

ae(0,1]

Definition 2.26. [2] Let A" € IF(R"). The p-cut of A’ is defined as follows:
For g €[0,1)

A'(B) ={x e R" 1 va(x) < B},

and for p =1

am=d| | ap
pel0,1)
Definition 2.27. [2] Let A" € IF(R"). For a and € [0,1] with 0 < a + < 1, the set
Ala,B) = {x e R" : pa(x) > a,va(x) < p}

is called (a, B)-cut of Al

Theorem 2.28. [2] Let A" € IF(R"). Then
Ala, ) = Ala) N A*(B)
holds.

Definition 2.29. An intuitionistic fuzzy set A' € IF(R") satisfying the following properties is called an intuitionistic
fuzzy number in R"
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1. Alis a normal set, i.e., A(1) # @ and A*(0) # @.

2. A(0) and A*(1) are bounded sets in IR".

3. pa : R" — [0,1] is an upper semi-continuous function; i.e., Vke [0, 1], {x € A : ua(x) < klisanopenset.
4. vy : R" — [0,1] is a lower semi-continuous function; i.e., Vke [0, 1], {x € A : va(x) > k}isanopenset.
5. The membership function L, is quasi-concave; i.e., YA € [0,1],Vx, y € R"

pa(Ax + (1 = A)y) = min(pa(x), ua(y))
6. The non-membership function v, is quasi-convex; i.e., YA € [0,1],Vx, y € R"
va(Ax + (1 - A)y) < max(va(x), va(y)); YA €10,1],
We will denote the set of all intuitionistic fuzzy numbers in R" by IFy(IR").
Theorem 2.30. [52, 53] Let A', B! € IF(IR"). Let us define
Di(A,B) = sup(du(A(@), B@):a € [0,1])
Do(A,B) = sup{dn(A(p),B(p)):p € [0,1]}
The function
D(A', B') = max {Dy (A", B'), Dy(B', A")}

defines a metric on IFN(R™). Hence (IFN(R"), Do) is a metric space.

3. Characterization and Stacking Theorems for Intuitionistic Fuzzy Numbers

In this section we will give the fundamental theorems characterizing a and f cuts of intuitionistic fuzzy
numbers based on the characterization and stacking theorems for fuzzy numbers given in [39, 49-51].

Theorem 3.1. Let A’ € IFy(R") and a, € [0, 1] such that the a and B cuts of A’ given by A(a) = {x € R" : ua(x) >
a}and A*(B) = {x € R" : va(x) < B}. Then the followings hold:

1. For every o € [0, 1], A(a) is a non-empty compact and convex set in R"
2. If0<ag <ap <1 then A(ap) € A().
3. If (ay) is a non-decreasing sequence in [0, 1] converging to a then

ﬁA(an) = A(a).

n=1

4. If (an) is a non-increasing sequence in [0, 1] converging to 0 then

O Alan)
n=1

5. For every B € [0,1], A*(B) is a non-empty compact and convex set in R".
If0 < By <o < 1then A*(B1) € A*(Bo).
7. If (Bn) is a non-increasing sequence in [0, 1] converging to p then

cl = A(0).

(o)}

(A6 =A).
n=1
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If (By) is a non-decreasing sequence in [0, 1] converging to 1 then

|| Ja@a|=a.
n=1

Proof. From [39, 49] we know that A(a) satisfy the properties given in (1.)-(4.). Let us prove the properties
given in (5.)-(8.)

5.

O

Since A’ is an intuitionistic fuzzy number, the 0-cut A*(0) is a non-empty set. Let x, y € A*(8). So
va(x) < pand va(y) < B. Since v, is a quasi-convex function, for all A € [0,1]

va(Ax + (1 = A)y) < max{va(x), va)} < = valx+ (1 -ANy) <p

holds. Hence we obtain that Ax + (1 — A)y € A*(5). Therefore A*(f) is a convex set.

Now let us show that A*(f) is a closed set. Since v4 is a lower semi-continuous function

{x e R:va(x) > B} is an open set for every § € [0, 1]. Hence its complement A*() = {x € R : v4(x) < S}
is a closed set. Since for all § € [0,1), A*(8) € A*(1) and A*(1) is bounded, A*(B) is bounded as well. As
a result A*(f) is a compact and convex set in R".

Let 0 < 1 < B2 £ 1and x € A*(B1). Since va(x) < p1 £ B2 holds, we obtain that x € A*(f,). Hence
A(B1) € A'(Ba).

Let (8,) be a non-increasing sequence converging to f and x € A*(§). Since for alln € N, § < 5, we

can write that v4(x) < 8, = x € A*(B,). So we obtain thatx € [ A*(B,).

n=1
On the other hand let x € () A*(,) then for all n € N, x € A*(8,) = va(x) < B,. Since 8, — B as

n=1
n — oo, then va(x) < B. So x € A*(f). Hence

(A6 =A@).
n=1

holds.
Let (B,) be a non-decreasing sequence converging to 1 and x € A*(8,). Since , < 1then foralln € IN,

A*(B,) € A*(1). Hence we can write that ¢/ ( G A*(,Bn)) c A*(D).
n=1

Let x € A*(1) then there exists a sequence (x,) in Uﬂe[m) A*(B) converging to x. Without loss of
generality, for 1 < B2 < B3 <, ..., < Bu,..,.< 1 we can construct the sequence such that x; € A*(1),

xp € A'(B2), x3 € A*(B3) ,-.., Xn € A*(Bn),.... Then we can write that (x,) C CZ(G A*(ﬁn)). So by the
n=1

property of the closure of a set we obtain that x € c/ ( fj A*(ﬁn)). So A*(1) C ! ( fj A*(ﬁn)).
n=1 n=1
Therefore

A1) =cl

Ow%ﬂ
n=1

holds.

Corollary 3.2. Let A’ € IFy(IR). Then a and B cuts of A’ are closed and bounded intervals such that

Ala) = [Ar(@), Az(a)]
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and

AY(B) = [A1(B), Ay (B)]-

Here

Ar(e) =inflx e R : pa(x) = a},

Asr(a) =sup{x € R: ua(x) > a},

Aj(B) = inflx € R:va(x) < B},

A5(B) = sup{x € R:va(x) < B}.
Theorem 3.3. Let A* € IFN(R) be an intuitionistic fuzzy number and o, € [0,1]. Let a and B cuts of A’ be
given by A(a) = [A1(@), Ax(a)] and A*(B) = [AJ(B), A5(B)], respectively. Then the functions Ay : [0,1] — R,
Ay :[0,1] » R, A7 : [0,1] = Rand A : [0,1] — R satisfy the followings:

1. Aj is a bounded, non-decreasing, left continuous function in (0, 1] and it is a right continuous function at 0.
2. A is a bounded, non-increasing, left continuous function in (0, 1] and it is a right continuous function at 0.
3. A1(1) < Ax(1) holds.

4. A] is a bounded, non-increasing, right continuous function in [0, 1) and it is a left continuous function at 1.

5. A

5 is a bounded, non-decreasing, right continuous function in [0, 1) and it is a left continuous function at 1.

6. Aj(0) < A3(0) holds.

Proof. By [49, 50] we know that (1.)-(3.) are satisfied. Hence we will proceed the proof by considering only
p-cuts. 5

Let A*(B) = [A](B), A5(B)] be the B-cut of A’. Since 0 < < 1, we can write that A*(0) € A*() € A*(1).
This implies that

[A1(0), A5(0)] € [AT(B), A5(B)] € [A1(1), AS(D)].
Hence we obtain that
A(1) £ AJ(B) < AJ(0) < A%(0) < A5(B) < A3(D).

Since A*(1) is a closed and bounded interval then the functions Aj(B) and A}(f) are bounded as well. And
from the inequality above we obtain that A}(0) < A%(0) holds.
Let 0 < 1 < B2 < 1 then by the similar argument above this implies that

A1(B2) < A1(B1) < Ay(Br) < Ay (Ba)-
Hence A] is a non-increasing function and A} is a non-decreasing function.

Let (B,) be a non-increasing sequence converging to . Then by property (7.) in Theorem 3.1 we can write
that

([AIB), A3(B)] = [A7(B), A3 (A,
n=1

By Proposition 2.4.5 in [39], this implies that A}(8,) — Aj(B) and A}(B,) — A5(B). Hence by the sequential
definition of right continuity, both functions A] and A} are right continuous at g € [0, 1).
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*

Let us show the left continuity of the functions A] and A} at 1. Let (8,) be a non-decreasing sequence
converging to 1 then by property (8.) in Theorem 3.1, we can write that

CZ(U A'(Bn) = A°(1) = [A7(1), A3 (D]
n=1

Since A*(1) and A*(,,)) are closed and bounded intervals, by Proposition 2.4.5 in [39] we get A](8,) — Aj(1)
and A}(B.) — A5(1). So by the sequential definition of left continuity, A] and A} are left continuous at 1. [

Theorem 3.4. Let {M, € R" : a € [0,1]} be a family of sets in R" satisfying (1.)-(4.) in Theorem 3.1 and
{Mg € R" : B € [0,1]} be a family of set in R" satisfying (5.)-(8.) in Theorem 3.1. Let us define the functions
p:R*—[0,1]and v : R" — [0,1] by

_ | supla€[0,1]:x e My}, x€ My

_ ) inf{fe[0,1]:xe Mg}, x€M;
V) = { 1, x ¢ M,
Then there exists an intuitionistic fuzzy number A € IFy(IR") with its a and B cuts A(a) and A*(B) satisfying the
followings:

1. Forall « € [0,1], A(a) = M,.
2. Forall g €[0,1], A*(B) = Mp.

Proof. Assume that {M, C R" : a € [0, 1]} is a family of sets in IR" satisfying (1.)-(4.) in Theorem 3.1 and
{Mg € R" : B € [0,1]} is a family of set in R" satisfying (5.)-(8.) in Theorem 3.1. Since for every x € R”,
0 < p(x) +v(x) < 1 holds, the functions y and v obviously define a membership and a non-membership
function for an intuitionistic fuzzy set, say A’. We want to prove that A’ is an intuitionistic fuzzy number
such that its a« and § cuts are M, and M;g. By [49, 50] we know that u defines a membership function of a
fuzzy number whose a-cuts are M, satisfying (1.). Hence we will complete the proof by showing (2.)

Let

Al = {(x, u(x), v(x)) : x € R" i, v} : R" — [0, 1]}

Firstly let us show that A*(8) = Mg. Let By € [0,1) be an arbitrary fixed number and let x € Mpg,. Since
Mg, € M, then x € M. So by the definition of v and properties of infimum, we can write that

ﬁo <€ {ﬁ X € Mﬁ} = 1nf{ﬁ €e[0,1]:x€ Mﬁ} < ﬁo = v(x) < ﬁo =Xc A*(ﬁo) = Mﬁo - A*(ﬁo)

On the other hand, let x € A*(8) so we can write that v(x) < fo = inf{f € [0,1] : x € Mg} < fo. Now let us
consider the following two cases:

Case 1. If inf{ € [0,1] : x € Mg} = fo then there exists a non-increasing sequence (f,) in {f € [0,1] : x €
Mg} converging to fo. Hence by the property (7.) in Theorem 3.1 we have

ﬁ Mﬁn = Mﬁo'

n=1

Since for every n € IN, x € M, then we obtain that x € Mg,. And this implies that A*(8o) C Mg, .

Case 2. If inf{g € [0,1] : x € Mg} < By then by the definition of infimum there exists a $; € {f € [0,1] :
x € Mg} with x € Mg, such that inf{g € [0,1] : x € Mg} < B1 < Bo. Since B1 < fo implies My, C Mg, we obtain
x € Mg,. So A*(Bo) S Mg, hold. Hence for an arbitrary fixed f € [0,1] we obtain that A*(8y) = Mpg,. As a
result we obtain that A*(f) = M; for any § € [0, 1].



O. Akin, S. Bayeg / Filomat 33:10 (2019), 3123-3148 3134

Now let us prove that A’ is an intuitionistic fuzzy number. We know that u satisfies requirements (i.e.,
normality, quasi-concavity, upper semi-continuity and compactness of its 0-cut) for being a membership
function of an intuitionistic fuzzy number. So let us prove that v satisfies the normality, quasi-convexity,
lower semi-continuity and compactness of its 1-cut.

Normality. Since Mg is non-empty by (5.) in Theorem 3.1, there exists at least an element xo € My
such that v(x) = 0. So A’ is normal.

Quasi-convexity. Since for any § € [0, 1), M is a quasi-convex set and A*() = Mg then A*(f) is also a
quasi-convex set. So for every f € [0,1] the level set {x : v(x) < f} is a convex set. This implies that v
is a quasi-convex function.

Lower semi-continuity. Since A*(f) = Mp are closed by (5.) in Theorem 3.1 the complement of
{x :v(x) > B} is an open set. This implies that v is a lower semi-continuous function.

Compactness of its 1-cut. Let (8,) be a non-decreasing sequence converging to 1 then we can write
that

A1) =l

OA*(ﬁn)) =cl OMﬁ”] = M;.
n=1 n=1

So we have A*(1) = M;. Hence A*(1) is a compact set.

As aresult A’ is an intuitionistic fuzzy number such that its a and g cuts are M, and Mg. [

Theorem 3.5. Let A : [0,1] - R, Ay : [0,1] = R, A] : [0,1] — Rand A} : [0,1] — R be functions satisfying
the followings:

1. Aj is a bounded, non-decreasing, left continuous function in (0, 1] and it is a right continuous function at 0.
2. A is a bounded, non-increasing, left continuous function in (0, 1] and it is a right continuous function at 0.

3. A1(1) < Az(l) holds.

~

. A7 18 a bounded, non-increasing, right continuous function in [0, 1) and it is a left continuous function at 1.
5. A} is a bounded, non-decreasing, right continuous function in [0,1) and it is a left continuous function at 1.

6. Aj(0) < A3(0) holds.

Then there exists an intuitionistic fuzzy number A’ such that the a and B cuts of A’ are the following closed and
bounded intervals [Ay(a), Ax(a)] and [A3(B), A5(B)], respectively.

Proof. We will prove the theorem with the aid of Theorem 3.4. By [49, 50] under the conditions (1.)-(3.)
A(a) = [A1(a), A2(@)] holds. Now let us prove the rest. Let {Mz C R" : g € [0, 1]} be a family of set in R”
such that Mg = [A](B), A5(B)]. Firstly we will show that M satisfies (5.)-(8.) in Theorem 3.1.

Let 0 < 1 < o < 1. Since Aj(f) is a non-increasing function we can write that

Al(1) < Aj(B2) < AL(B1) < AJ(0).

And since A}(f) is a non-decreasing function we can write that
A3(0) < A5(B1) < AL(B2) < AX(D).

Since A}(0) < A5(0) we obtain that

A(1) < Aj(B2) < A1(B1) < A1(0) < A3(0) < A3(B1) < Ay (B2) < A(1).
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And this implies that My € Mg, C Mg, C M;.
Consider the sequence (8,,) C [0, 1] converging to € [0, 1) from above. Since Aj(B) and A5(p) are right
continuous on [0, 1) we obtain that A](8,) — Aj(f) and A}(B,) — A5(f). Hence

(M, = [ IAI B, A3(B] = [41(B), B2(B)] = My
n=1

n=1

holds.
Let (B,) converge to 1 from below in [0, 1]. Since A}(B) and A}(f) are left continuous at 1 then we obtain
that A (8,) — Aj(1) and A3(B,) — A5(1). So

CZ(O Mﬁn] =cl OA*(‘[%”)
n=1 n=1

holds. Hence (5.)-(8.) in Theorem 3.1 are all satisfied by Mp.
As aresult, by Theorem 3.4 and [49, 50] there exists an intuitionistic fuzzy number Al such that the a and
cuts of A’ are given by [A1(a), Ax(a)] and [A1(B), A5(B)], respectively. [J

= [A1(D), A(D] = My

4. Generalized Hukuhara Difference In Intuitionistic Fuzzy Environment

Definition 4.1. Let A, B' € IFN(R") and c € R —{0}. Minkowski addition and scalar multiplication of intuitionistic
fuzzy numbers in IFN(IR") are defined level wise as follows:

A'+B = (o C(a)=A(a) + B(a) and C'(8) = A*(B) + B*(B)
Ay = D' e D(a)=cA(a)and D'(B) = cA*(B)

Theorem 4.2. IFN(IR") is closed under Minkowski addition and scalar multiplication.

Proof. Let@and B € [0,1]. Let A' + B' = C" and c(A?) = D'. We will prove IFy(R") is closed under addition
and multiplication given in Definition 4.1. To prove the theorem we will use Theorem 3.4. Since the families
of subsets {C(a) : @ € [0,1]}, {D(a) : a € [0, 1]} satisfy the properties (1.)-(4.) in Theorem 3.1 by [39], we
only need to show that the families of subsets {C*(8) : § € [0, 1]} and {D*(B) : € [0, 1]} satisfy the properties
(5.)-(8.) in Theorem 3.1.

Since A*(f) and B*(B) are compact and convex sets and families of compact and convex sets are closed
under Minkowski addition and scalar multiplication [39], the families {C*(8) : § € [0, 1]} and {D*() : B €
[0, 1]} are compact and convex as well. Hence (5.) in Theorem 3.1 is satisfied. Moreover the property (6.) in
Theorem 3.1 follows directly from the inclusion property of A*() and B*(f).

Now let (B,) C [0, 1] be a non-increasing sequence converging to § € [0, 1]. By properties of Hausdorff
metric we write that

du(C'(Bn), C'(B) du(A*(Bn) + B'(Bn), A*(B) + B'(B))

du(A(Bn), A" (B) + du(B’(Bn), B*(B)).

And since dy(A*(B,), A*(B)) — 0and duy(B*(B,), B*(B)) — 0asn — oo then we obtain thatdy(C*(8,), C*(8)) — 0.
In a similar manner as # — oo we can also obtain that dy(D*(8,), D*(B)) = Ic| du(A*(B4), A*(B)) — 0. So by
Proposition 2.4.5 in [39], (7.) in Theorem 3.1 is satisfied.
Let (8,) be a non-decreasing sequence converging to 1. Since for all n € IN, f, < 1 then A*(8,) € A*(1)
and B*(8,) € B*(1). Hence for all n € IN, A*(8,) + B*(8x) € A*(B) + B*(B) = C*(B,) € C*(1) and we can write
that

IN

cl(U C*(ﬁn)] cC(1).
n=1
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Let x € A*(1) + B*(1) then there exist a € A*(1) and b € B*(1) such that x = a + b. By the property of the
closure of a set, there exists a sequence (4,,) in | sefo,1) A"(B) converging toa and a sequence (b,) in U gefo1) B*(B)
converging to b. Without loss of generality, for 1 < 2 < f3 <, ..., < Bp,...,.< 1 we can construct the sequences
(a,) € A*(B,) and (by) € B*(6,) such that a; € A*(1), a2 € A*(B2), a3 € A*(B3) ..., an € A*(By), ....and by € B*(f1),
by € B*(B2), bz € B*(B3) ,-.., by € B*(By),.... Then we can write (a, + b,) € A*(B.) + B*(Bx).- So we obtain

that (a, + b,) C CZ(G C*(By)|- Since as n — oo, (a,) — a and (b,) — b then (@, +b,) - x =a+b. So
n=1

xe cl(fj C*(ﬁn)) and this implies that C*(1) C cl([j C*(ﬁn)).
n=1 n=1

Hence

c) = cl(U C*(ﬁ”)]
n=1

holds. In a similar manner we can show that

e
n=1

As a result the families of subsets {C*(8) : € [0,1]} and {D*(B) : B € [0, 1]} satisfy the properties (5.)-(8.)
in Theorem 3.1. So by Theorem 3.4 and [39] we obtain that {C(a) : a € [0,1]}, {C*(B) : B € [0,1]} and
{D(a) : @ € [0,1]}, {D*(B) : B € [0, 1]} define intuitionistic fuzzy numbers C' and D. Hence IFy(IR") is closed
under addition and multiplication given in Definition 4.1. [

D*(1) =cl

Now, we will firstly define the generalized Hukuhara difference for intuitionistic fuzzy numbers in R".
Then we will observe the properties of it with the help of support function.

Definition 4.3. Let A’, B' € IFN(R"). The generalized Hukuhara difference (gH-difference) of A" and B' is C', if it
exists, such that

AlopB =Ces Ai=B+CoB =i+ (10

As in Definition 2.12 we can define generalized Hukuhara difference for intuitionistic fuzzy numbers in
terms of support functions of a and f§ cuts.

Definition 4.4. Let At € IF(R") and let S" = {p € R" : ||pl| = 1}. The support function for an intuitionistic fuzzy
number A" is given by the following functions sa) : S"' — Rand sx-g) : S — R defined by

Sa(p) = sup{< p,x >: x € A(a)}
and
sap)(p) = sup{< p,x >: x € A*(B)}.

Here < . > is the standard inner product in R". We will call s and sa-g) as a and B support functions of A’,
respectively.

Definition 4.5. Let A~i, B, Ce IFN(IR™) such that Ci=Al OSgH B holds. Letsa(y, Sp(), Sc() and SA*()s SB*()s SC*() be
a and B support functions of A', B' and C', respectively. Then sc(y and sc-g) is defined by

1) 54a)(P) — SB)(P)
scP) =9 or
i) S(-1)B(@) (P) — S(-1)A@ (P)
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and
i) sa)(P) — sBp)(P)
scpP) =3 or
ii) 8-1)Bp)(P) — S(-1)a+() (P)
respectively.

With the help of Theorem 2.22 and the properties of f-cuts of intuitionistic fuzzy numbers, we can state
the following theorem without its proof.

Theorem 4.6. Let A’ € IF(IR"). Then the support function for B-cut of A satisfies the followings:

1. sag) is uniformly bounded on 5",
2. sp«p) is Lipschitz in p. i.e., for every p, q € S""! there exists a real number L > 0 such that

[sa () = sa@)| < L [[p — 4]
3. Let B € IF(R"). For each € [0,1]

du(A*(B), B'(B)) = SuP{|SA*(5>(P) - SB*(;;)(p)| :pe s

Theorem 4.7. Let A’ € IFN(R"). Then for each p € S"!

1. sa() is a non-increasing and left continuous function with respect to .
2. sa-(p) is a non-decreasing and right continuous function with respect to p.

Proof. 1. It is immediate from [42]

2. Let 0 < 1 < B < 1. Since f-cut of an intuitionistic fuzzy number forms a non-decreasing sequence
of sets, A*(f1) < A*(B2) and hence sa-(g,)(P1) < s4:,)(p2) holds. Let (8,) C [0, 1] be a sequence converging to
B € [0,1] non-increasingly. By (7.) in Theorem 3.1 and (3.) in Theorem 4.6 we have 'SA*(ﬁ)(pn) - SA*(,;)(p)| <
du(A*(Bn), A*(B)) — 0. Hence s4-(g) is a right continuous function. [J

In this paper we will define the length of an interval I = [a, b] by the function len : Kc(R) — R* U 0 such
that

len(I):=b—-a

Theorem 4.8. Let A" and B' € IFN(R) be intuitionistic fuzzy numbers. Let A()
A*(B) = [A1(B), A(B)] be aw and B cuts of A', and B(a) = [B1(a), Bo()] and B*(B)
B'. Then At e,y B = C' exists if and only if one of the followings holds

[A1(a), Ax(a)] and
[B:(B), B5(B)] be a and B cuts of

1.
len(A(a)) = len(B(w)),
(@) { Ci(a) := Ai(a) — Bi(«a) is non-decreasing w.r.t a,
Co(a) := Az(a) — Ba(a) is non-increasing w.r.t .
and

len(A*(B)) > len(B*(B))
(b) Ci(B) := A(B) — B}(B) is non-increasing w.r.t §,
C5(B) := A5(B) — B5(P) is non-decreasing w.r.t B,

or
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len(A(a)) > len(B(a)),
(@) { Ci(a) := Ai(a) — Bi(«a) is non-decreasing w.r.t a,
Co(a) := Ax(a) — Bo(a) is non-increasing w.r.t a.

and
len(A*(B)) < len(B*(B))
(b) { Ci(B) := A5(B) — B(B) is non-increasing w.r.t f,
C;(ﬁ) = A’i(ﬁ) - B’;(ﬁ) is non-decreasing w.r.t p,
or
3.
len(A(a)) < len(B(w)),
(@) { Ci(a) :== Az(a) — Bo(«a) is non-decreasing w.r.t a,
Cao(a) := A1(a) — Bi(a) is non-increasing w.r.t a.
and
len(A*(B)) = len(B*(B))
(b) { Ci(B) := Aj(B) — Bi(B) is non-increasing w.r.t f,
C5(B) := A5(B) — B3(P) is non-decreasing w.r.t B,
or
4,
len(A(a)) < len(B(a)),
(@) { Ci(a) = Az(a) — By(«av) is non-decreasing w.r.t a,
Co(a) := A1(a) — Bi(a) is non-increasing w.r.t .
and
len(A*(B)) < len(B*(B))
(b) § Ci(B) := A5(B) — B5(B) is non-increasing w.r.t f,
C5(B) := A(B) — By (B) is non-decreasing w.r.t f,

Proof. Let A’ € IF(R"). By definition of support function for intuitionistic fuzzy numbers, for every
p € S = {-1,1} and standard inner product in R", we can write that

sa@)(p) = supfx - p : x € [A1(a), A2 ()]},
sap)(p) = supfx - p : x € [A1(B), A5(B)]},
SB)(p) = supix - p : x € [Bi(a), B2()]},
sg(p)(p) = supfx - p : x € [B{(B), B5(B)]}-

For p = —1, since sa()(p) = —A1(a) and sp)(p) = —Bi(a) then we obtain
SA@)(P) — sBw)(p) = —A1(a) — (=Bi1(a)) = —(A1(a) — Bi(@)).

Forp =1, since sa(y)(p) = A2(a) and sp()(p) = Bz2(a) then we obtain
SA@@)(P) — sB)(p) = Az2(a) — Ba(a).

Hence,

—(A -B ; =-1
Sa@(P) = sBa(p) = { 5421(((3)— le(fxo;?) pP =1
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holds. In a similar way we obtain

—(Az2(@) = Bo(a)); p=-1
S-B(@(P) — S-a@(p) = { 5412(210;)— Blifxo;?) pP =1

On the other hand,
for p = -1, we obtain sx5)(p) = —Aj(B) and sp-)(p) = —B;(B);
for p = 1, we obtain sa-(g)(p) = A3(B) and sp-)(p) = B3(B). Hence we can write that

—(A;(B)-Bi(B); p=-1
sap(P) —sppp) = { 1(4;1((;))— Bil(;f)?) pP =1

and

—(A%(B) — B (B)); =-1
s-pp)(P) —S-a@(P) = { f(“ﬁ(ﬁﬁ))— Bf((ﬁﬁ)?) pp =1

By Theorem 4.7 considering monotonicity of s4()(p) — S@)(P), 5-B@)(P) — 5-a@)(P), sa:p)(P) — 8B-()(p) and
s-pg)(p) — s-a:(p)(p) we obtain the four different cases given in the theorem.
On the other hand, if one of the four cases is satisfied than by Theorem 3.5 it is obvious that C' exists. [

Definition 4.9. [23] Let a3}, a1, az, as and a; be real numbers such that a] < a; < ay < a3 < a; holds. A triangular
intuitionistic fuzzy number (TIFN) A’ € IFN(R) is defined with the following membership and non-membership
functions:

X—a7
%2__%(1, a <x<ap
pa(x) =9 7= a2 <x<a;

az—az

0; otherwise

and

BH—=X ., _x
az—az’ al Sx= az
_ ) xa.
va(x) = i @ <x<a;

1; otherwise

It is denoted by Al = (a1,a,a3; ay,a,ay). And its o and B cuts can be obtain as follows
A(a) = [m1 + alax — m1), a3 + alas — ax)] and A*(B) = [az + B(az — a}), a2 + B(a; — a2)].

Example 4.10. Let A’ = (6,9,10;5,9,11) and B = (13,15,18;12,15,19). Assume A’ ©,y B' = C' exists.
The o and B cuts of A are

A(a) [A1(a), As()] = [6 + 3a,10 — a],
A'(B) [A5(B), A5(B)] = [9 — 48,9 + 28].
The a and B cuts of B! are
B(a) [Bi(a), Ba(a)] = [13 + 2a, 18 — 3a],
B'(B) [B3(B), B;(B)] = [15 — 38,15 + 4p].
Let C(a) = [C1(), Co(a)] and C*(B) = [C(B), C5(B)]. So we can obtain the followings:
C(a) := A(a) 644 B(a)

[min{a — 7,2a — 8}, max{a — 7,2« — 8}]
[2a-8,a-7]
[Ci(a), Ca(a)]
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and

[min{-7 - B, =7 = 2B}, max{-7 — B, -7 — 2f}]
(=7 -2B,-7-p]

[C1(B), G (B)]

Since Ci(a) and Cy(av) are both increasing with respect to a and C; (ﬁ) and C5(B) are both decreasing with respect to

B there is no an intuitionistic fuzzy number satisfying A' €,y B' = C'.
Remark: As we see in the Example 4.10 given above that the monotonicity of a and p cuts are essential.

C'(B) := A"(B) &yn B'(B)

Corollary 4.11. Let A’ = (a1,a,,a3;a},a2,a3) and B' = (by, by, b3; b}, by, b)) be two triangular intuitionistic fuzzy
numbers. Alogy B' exists if and only if one of the following cases is satisfied:

1.
—bl < ﬂz-bzﬁ&lg—bg,
’ ’ ’ ’
ay—=by < ay—by<a;-b;

2.
—bl < a2—b25a3—b3
’ ’ ’ ’
ay—b;, < ay—by<a; -b]

3.
a3—bs < ap—-by<a—bh
’ ’ ’ 4
ay—=by < ay—by<a;-b;

4.
(13—b3 < llz—bzﬁlll—bl
’ ’ ’ ’
a,—by, < ay—by<a; -b]

Proof. The a and B cuts of A’ = (a1,a2,a3;a},a2,a5) and B' = (b1, by, bs; b}, ba, b}) can be written as follows:
Aa) = [A1(a), Ax(@)] = [a1 + alaz — a1), a3 + a(az — a3)],
B(a) = [Bi(a), B2(a)] = [b1 + a(by — b1), b3 + Oé(bz - b3)],
A(B) = [AT(B), A3(B)] = a2 + B(a] — a2), a2 + B(aj — a2)],
B*(B) = [B] (.3)/ (ﬁ)] =[b+ ,B(b' —by), by + .B(b' by)].

Let us assume Case 1 in Theorem 4.8 is satisfied. So from

A(@) = Bi(@) = am+al@—am)—b—ab—b)
= m —b1 +a(a2—a1 —b2+b1))

we observe that Ai(a) — Bi(«) is a non-decreasing function of o if and only if
ay—ay—by+b 20
is satisfied. Hence we obtain that
—by <a, —by.

On the other hand, from

Ax(a) = Ba(@) = a3+ alay—az) —bs —a(br —b3)
= ﬂ3-b3+0{(d2—ﬂ3—b2+b3))
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we observe that A(a) — By(a) is a non-increasing function of « if and only if
a; — by < az — bs.
Hence we obtain that
a—by <ay—by <az—bs

Now let us consider the -cuts. From

A1B) - Bi(B) = ay+play —a2) — by — p(b — b2)
ay — by + B(a) —ax — b} + by)

we obtain that A3(B) — B} (B) is a non-increasing function of B if and only if
ai - bi <a;— bz
holds. On the other hand, from

A5(B) - B3(B) a; + Blaz — az) — by — B(bs — b2)
= ay— by +paj —a, — b} + by)

we obtain that A5(B) — B5(B) is a non-decreasing function of f if and only if

a — by §a;—bé.
Hence we obtain that
ay — by <ay—by <aj - b
As a result Ao,y B exists if and only if

m—-by < ay—-by<az—bs
’ ’ 7 4
ay—=by < a-by<a,-bj

hold. In a similar way other cases can be proved by using Theorem 4.8.

3141

On the other hand, if one of the four cases is satisfied than by Theorem 3.5 it is obvious that A'egy B’ exists. [

Note that in Example 4.10 Clis obtained as (-8, —6,-7; -9, -7, —8) which is not obviously a triangular intuition-

istic fuzzy number.

Theorem 4.12. Let Sa(), sa-p) be a and B support functions of A’ € IFN(IR") and sp(), sp-g) be a and p support
functions of B' € IFN(R™). Let us define the following functions s1 = Saw) — S(a), S2 = SB@) — SA@) S} = SA*(®) — SB®)

and sy = spg) = sa(p)

1 If

() s is subadditive in p € S"! for all a € [0, 1] and non-increasing in a € [0,1] for all p € 5"

and

(b) s is subadditive in p € S"* for all B € [0, 1] and non-decreasing in B for all p € S*~*

then Al 6,y B' = C' exists such that A" = B' + C' is satisfied. And a and p support functions of C' € IF(R") satisfy

SC(a) = SA(a) = SB(a) ANd SC:(p) = SA+(p) ~ SB(p)-

2. I

() sy is subadditive in p € S"! for all a € [0, 1] and non-increasing in a € [0,1] for all p € S*!

and

(b) s is subadditive in p € S"™* for all B € [0,1] and non-decreasing in g for all p € S**
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then A gy B' = C' exists such that B = A’ + (=1)C' is satisfied. And a and B support functions of C' € IF(R")
satisfy SC(a) = S-B(a) — S—-A(a) and So(ﬁ) = S_B*(ﬁ) - S—A*(ﬁ)'

3. If
(a) s1 and sy are both subadditive in p € S"™! for all a € [0,1] and both non-increasing in a € [0,1] for all
pest
and

(b) s} and s} are both subadditive in p € S"! for all B € [0,1] and both non-decreasing in p for all p € S"*
then Al oy B' = C' exists such that A" = B + C' and B' = A" + (=1)C' hold simultaneously.

Proof.

1. Since for all a, € [0,1] s1 and s] are subadditive in p, by Theorem 2.13 C(a) := A(a) &1 B(a) and
C*(B) := A*(B) ©yu B*(B) exist. Besides sc(,) and sc-(g) are a and f support functions of C(a) and C*(B). Let us
now consider the family of sets {C(x) : @ € [0, 1]} and {C*() : § € [0,1]}. In [42] it is shown that the family
{C(a) : @ € [0, 1]} forms an a-cut. Let us show that {C*() : § € [0, 1]} forms a B-cut. Since sc-(g) is the support
function of C*(g) for g € [0, 1) we can uniquely define C*() by

C'(B) = (x e R": {p,x) <% (p: ), p € R, [[p|| = p}
and for =1
c(1) = cl{ U C*(ﬁk)].
ke[0,1)

Since sc-(g) is a support function, for all § € [0, 1], C*(B) is a compact and convex set. Since for all p € R" sc-()
is non-decreasing in f, we get

i = Pa=scp) S S
= C'(B1) € C(Bo)-

Let (Bx) be a sequence in [0, 1] converging to  from above. So for all k € IN, we can obtain that

B < Be=C(B)cC(Br
= CE<()CE.
k=1
On the other hand let x € (2, C*(Bx) = Y k € IN, x € C*(Bx). So for all p € R” with ”p” = Bk

(P, x) < scpy(p)

holds. Especially let us take p = %pl for p; € R". So we have

p p

Since B is a non-increasing sequence converging to f, if we take the limit of both sides as k — co we get

<&P1rx> < SC*(ﬁk)(&Pl)'

(p1,x) < scp)(p1)-

So we obtain x € C*(). Hence

(CErcCc®.
k=1
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As a result
cEo=c@
k=1

is satisfied. In a similar way, for a sequence (Bx) be a sequence in [0, 1] converging to 1 from below it can be
shown that

cl (U C*(ﬁk)] = C(1).
k=1

Hence by Theorem 3.4 and by [42] we obtain that the family of sets {C(«) : @ € [0,1]} and {C*() : B € [0, 1]}
define an intuitionistic fuzzy number. For (2.) and (3.) proof can be done in a similar way [

5. An Application: Strongly Generalized Hukuhara Differentiability Concept in Intuitionistic Fuzzy
Environment

One of the important applications of the Hukuhara difference is in the foundation of generalized
derivative concept in fuzzy set theory [43]. In this section we will give the definition of strongly generalized
Hukuhara derivative for intuitionistic fuzzy environment. Then we will extend some important theorems
from fuzzy set theory to intuitionistic fuzzy set theory.

Definition 5.1. Let f : (a,b) — IFN(IR) be an intuitionistic fuzzy number valued function and let xo, xo +h € (a, b).
for all sufficiently small positive real number h > 0. f is called strongly generalized Hukuhara (GH) differentiable at
xo if there exists f/,,(xo) € IFN(R) such that for all sufficiently small positive real number h > 0 at least one of the
followings is satisfied:

1. f(xo +h) ©n f(xo) and f(xo) ©n f(xo — h) exist and the following limits exist such that

lim f(xo+h) Gn f(xo) _ lim f(xo) ©n f(xo —h)
h—0+ h h—0* h

= f(/;H(xO)
2. f(xo) ©n f(xo + h) and f(xo —h) &y f(xo) exist and the following limits exist such that

lim f(xo0) ©1 f(xo +h) - lim f(xo = h)eu f(xo)
h—0* —h h—0* —h

= féu(xo)
3. f(xo +h) ey f(xo) and f(xo — h) ©n f(xo) exist and the following limits exist such that

h)e -h)e

4. f(xo) e f(xo + h)and f(xo) ©n f(xo — h) exist and the following limits exist such that

h —-h
hlf(r)‘f (XO)GH_ £ (o+h) _ ,}E{}f (x0) 9th (xo—h) _ £0)

Lemma 5.2. Let f : (a,b) — IF(R) be an intuitionistic fuzzy number valued function such that its a and B cuts
given by f(x;a) = [fi(x; ), fo(x; )] and f*(x; B) = [f{ (x; ), f(x; P)].
Suppose fi(x;a), fo(x; a), fl* (x; B) and fz* (x; B) are real valued differentiable functions w.r.t. x uniformly in a and
p<l0,1].
If f is GH-differentiable on (a, b) then
1. There is no a sign change in the difference f,(x; ao) — f](x; ao) at a fixed ag € (0, 1).
and
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2. There is no a sign change in the difference (f;)’(x; fo) — (f7)'(x; Bo) at a fixed By € (0, 1).

Proof. From [49] we know (a) holds. Let us prove (2.).

Assume that there is a sign change in the difference (f;)"(x; fo) — (f;)'(x; fo) at a fixed o € (0,1). Then
at fo € (0,1), (f)(x;Bo) — (f;)'(x; o) = 0 and (f;)"(x; fo) — (f;)'(x; Bo) < 0 both hold. So we obtain than
() (x; Bo) = (f;)’(x; Bo)- This means that (f5,;)(x; o) is a singleton set. Since for 0 < < fp we know that
(fen) (6 B) € (féy)(x Po) then (f5,) (x; B) is a singleton set as well. So it follows that (f,)"(x; B) — (f3)(x; ) = 0.
And this is a contradiction with the assumption that the difference (f;)’(x; B) — (f;)’(x; f) changes sign at
ﬁo € (O, 1) |

Theorem 5.3. Let f : (a,b) — IFN(R) be an intuitionistic fuzzy number valued function. Let o and f cuts of f be
given by f(x;a) = [fi(x; ), f2(x; @)] and f*(x; B) = [f;(x; B), f5(x; B)]. Suppose that the functions fi(x; @), f2(x; ),
f1(x; B), and f;(x; ) are differentiable (in classical sense) w.r.t. x uniformly in a and B € [0, 1]. Then if the function
f(x) is GH-differentiable at x € (a, b) then one of the followings is satisfied:

(a) f](x; @) is non-decreasing w.r.t. a, f,(x; a) is non-increasing w.r.t. a and f{(x;1) < f,(x; 1)
. { (b) (f;) (x; B)is non-increasing w.r.t. B, (f;) (x;p) ?:ZOn—decreasing w.rt. Band (f]) (x;0) < () (x;0)
or
(a) f(x; @) is non-decreasing w.r.t. a, f,(x; a) is non-increasing w.r.t. a and f/(x;1) < f(x;1)
> { (b) (f,) (x; B) is non-increasing w.r.t. B, (f;) (x; ‘B;Zigion—decreasing w.r.t. Band (f;) (x;0) < (f]) (x;0)
or
(a) f5(x; @) is non-decreasing w.r.t. a, f/(x; a) is non-increasing w.r.t. a and f;(x;1) < f{(x; 1)
’ { (b) (f) (x; B) is non-increasing w.r.t. B, (f;) (x; ‘B;Zion—decreasing w.r.t. Band (f7) (x;0) < (f;) (x;0)
or
(a) f,(x; a) is non-decreasing w.r.t. a, f|(x; @) is non-increasing w.r.t. a and f;(x;1) < f/(x; 1)
* { (b) (f5) (x; B) is non-increasing w.r.t. B, (f;) (x; ﬁ)i?ion—decreasing w.r.t. Band (f7) (x;0) < (f) (x;0)

Moreover we have

fop(6 @) = [min{f{(x; @), f,(x; )}, max{f{(x; @), f,(x; )}]

and

(fer) (6 B) = [min{(f7) (x; B), (/)" (x; )}, max{(f7) (x; B), (f;) (x; )}]-

Proof. Suppose that the functions fi(x; a), f2(x; @), f;(x;f), and f;(x; B) are differentiable (in classical sense)
w.r.t. x, uniformly in a and f8 € [0, 1]. Since f is GH-differentiable on (a, b) we obtain the followings:

fenxa) [f{ (5 a), f(x; )]

or

fenta) = [Hxa), fxa)l

and

(fern)'(x:P) () (6 B), () (x: B)]

or

[(£2) (B, (F) (x5 B)]

(f; (ISH)*(x/' B)
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So we can write that
fen( a) = [min{f] (x; @), f;(x; @)}, max{f] (x; &), f;(x; @)}]
and
(for)" (6 B) = [min{(f7)’ (x; B), () (x; )}, max{(f;) (x; B), (f)' (x; B)}.
By [43, 44] it is known that for any fixed a € (0, 1) the difference
fa) = fi(xa)
does not change sign on (a,b). So at a fixed € [0, 1]
Fxa) - fl(x;a) 2 0
or
fHxa) = filxa) <0
is satisfied. And by Lemma 5.2 it is known that for any fixed § € (0, 1) the difference
() (x5 B) = (f)) (x; B)
does not change sign on (a,b). So at a fixed § € [0,1]
() (B — () (x:p) 20
or
() (B — () (x:p) <0
is satisfied. By considering these facts we obtain the following cases:
1.
fHxa) = filxa) 20
() (B — () (x:p) 20
2.
fHxa) = filga) 20
() (B — () (x:p) <0
3.
flca) = fi(xa)<0
(f2) (@ B) = (f)) (x;B) = 0
4,
fia) - fi(;a) <0

() (6 B) = (f}) (x;B) <0
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Let us complete the proof by considering the first case. The proof for the other cases can be done in the
same way.

Case 1. Let us assume that f(x; @) — f/(x;@) > 0 and (f;)'(x; B) — (f)'(x; B) = 0 are satisfied at x € (a, b).
Since f is GH-differentiable on (g, ),

fen(a) = [min{fi(x; ), £, a)}, max{f{(x; ), f;(x; a)}]
(), f5(x; )]

and

(fern) (x:P) [min{(f7)"(x; B), (f)" (x; B)}, max{(f) (x; B), (f3)"(x; B)}]

(A7) (B, (f2) (x5 B)]

hold.
Let 0 < @y < ap < 1. Since f/, (x; az) C f/,(x; @1) then we obtain

fixar) < fi(x;az)

and

fr(6a2) < f3(x;a1).

Hence f](x; a) is non-decreasing w.r.t. a, f;(x; @) is non-increasing w.r.t. a and f/(x; 1) < f;(x;1) holds.
Let 0 < B1 < B2 < 1. Since (f/,)"(x; B1) € (f£;,)"(x; B2) then we obtain

() (x; B2) < (f))'(x; B1)

and

(3) (x; B1) < (f)'(x; B2).

Hence (f;)'(x; B) is non-increasing w.r.t. B, (f;)’(x;p) is non-decreasing w.r.t. §and (f;)'(x;0) < (f,) (x;0)
holds. O

Theorem 5.4. Let f : (a,b) — IF(R) be an intuitionistic fuzzy number valued function and xq € (a,b). If
1. Forevery a,p € [0,1], lim f(x; @) = [A1(a), A2(a)] and lim f(x; B) = [A7(B), A5(B)]
X—Xp X—Xo

and
2. [A1(@), Ax(@)] and [A7(B), A5(B)] satisfy (1-7) in Theorem 3.1.

then there exists an intuitionistic fuzzy number A' such that the o and B cuts of A" are [A1(@), Aa(@)] and

[A2(B), A3(B)], respectively; and that }1_% fx) = Al

Proof: Assume the conditions (1.) and (2.) are satisfied. Then by Theorem 3.4 we can deduce that there
exists an intuitionistic fuzzy number A’ such that the a and 8 cuts of A" are [A1(a), A2(a)] and [A](B), A5(B)],
respectively. Furthermore, since

lim f(x; @) = A(a) = ImDi(f(x;a), A(@)) = 0

and

lim f(x;) = A'(9) = lim Da(f"(x; ), A'(B)) = 0

X—Xp

we can write that lim Do (f(x), A’) = 0. Hence we obtain that lim f(x) = A'.
X=X

X—Xg
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6. Conclusion and Summary

In this paper, we have studied and extended some important definitions and results from fuzzy set theory
to intuitionistic fuzzy set theory. We have firstly extended the well-known stacking and characterization
theorems to intuitionistic fuzzy sets in R”. For this, we have proved that the a and 8 cuts of an intuitionistic
fuzzy number in IR" are compact and convex sets satisfying the properties (1.)-(8.) in Theorem 3.1. With
the help of this theorem, we have proved that the endpoints of the @ and g cuts of an intuitionistic fuzzy
number in R"satisfies (1.)-(6.) in Theorem 3.2. In Theorem 3.3, we have shown that any two families of
sets satisfying (1.) -(8.) in Theorem 3.1 define an intuitionistic fuzzy number. Hence we have shown that
the family of closed and bounded intervals satisfying the properties in Theorem 3.1 define an intuitionistic
fuzzy number in IR".

By using Minkowski sum and scalar multiplication of compact and convex sets, we have defined the sum
and scalar multiplication for the intuitionistic fuzzy numbers with the help of a and § cuts. And we have
proved that the family of intuitionistic fuzzy numbers in IR" is closed under these two operations. With the
help of these results, we have examined the fundamental theorems of Hukuhara and generalized Hukuhara
differences. we have given the necessary and sufficient condition for the existence of the gH-difference of
intuitionistic fuzzy numbers by using the a and  support functions of intuitionistic fuzzy numbers. Lastly,
as an application of Hukuhara difference, we have studied the strongly generalized differentiability concept
in intuitionistic fuzzy environment.
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