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Bounds of Coefficients for Classes of Analytic Functions Related to
Hypergeometric Functions

Zhenhan Tu?, Liangpeng Xiong®*

?School of Mathematics and Statistics, Wuhan University, Wuhan 430072 Hubei, People’s Republic of China

Abstract. The main purpose of the present paper is to give some sharp coefficients bounds for a certain
class of univalent analytic functions in unit open disk, which was defined by using principle of differen-
tial subordination and generalized hypergeometric function. As applications, we investigate the almost
starlike-type functions, parabolic starlike-type functions and uniformly convex-type functions with conic
domain. Our results extend some earlier works related to Ma-Minda starlike and convex functions.

1. Introduction

Let A be the family of all analytic functions from U := {z € C : |z| < 1} into C and & be the subclass of A
consisting of functions which are univalent in U. If f and g are analytic in U, we say that f is subordinate to
g, written f(z) < g(z), provided there exists a analytic function w(z) defined on U with w(0) = 0 and |w(z)| < 1
satisfying f(z) = g(w(z)). Let h be an analytic univalent function with positive real part and normalized by
h(0) = 1,h’'(0) > 0 and h maps U on to domains symmetric with respect to the real axis and starlike with
respect to 1. With this /7, Ma-Minda [16] introduced the following Ma-Minda starlike and convex classes:

z2f'(2)
f@)

Zf/l (Z)
/'@

which envelope kinds of subclasses as special cases (see, e.g. [5, 6, 8, 9, 21, 22, 24, 25, 27]). If f; =
Z+ Yo Ay iz" € A (i = 1,2), then the Hadamard product (or convolution) of f; and f, is defined by

feS(h) < feA, <h(z), zeU (1)

feKh) e feA 1+

<h{z),zeU, )

(fir )@ =2+ ) anaano?", z€ U,
n=2
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Let (a)x be the Pochhammer symbol given as

CTa+k 1, k=0,
@e="F® " a@+1).(a+k—-1), kell2,.)

For {ai}jj, 1 j};zi € C-{0,-1,-2,-3,...}, define the generalized hypergeometric function ;Fs(z) by

— (1)) !’

whereg<s+1,4,5€{0,1,2,..},z€ U (see, e.g. [14, 15, 18, 26]).
Assume that f(z) = z + )Y,,.,a,2" € A. Dziok-Srivastava [3] introduced the following linear operator
H, ...ag; B, ..., fs) : A — Aby

2 () ne- () 2
gFs(2) =4 Fs(an, az, ..., ag; B1, B2, ooos Bs; 2) = Z — o,
n=0

H 0 BOE) = ) ) = 24 ) (L

In literature, the above operator is called Dziok-Srivastava operator.
The following definition associated with the class #y,, 4,5, (1, A) of analytic functions was given by
Xu-Xiao-Srivastava [28].

Definition 1.1 (Xu-Xiao-Srivastava, [28]). Let h satisfies the conditions as in (1)-(2) and 0 < A < 1. Then
2(Hf) (z) + AZ*(Hf)" (2)
(1 - Hf)(2) + Az(Hf) (2)

where f € A, H = H(ay, ...ay; f1, ..., fs) and z € U.

f € Pal,...aq;ﬁl,...,ﬁs (h, A) — < h(Z), (3)

In [28], Xu-Xiao-Srivastava obtained some inclusion relationships and convolution resultson Py, BB (h, A).
In particular, we can note that some examples with Definition 1.1.

Example 1.2. If A =0, h(z) = (%;)’3 in Definition 1.1, where 0 < B < 1, then

SP(ar, ..., g; 1, -, Psi B) = {f eA: 'a z(]Hf)’(z)‘ < gn}

B HSf) )

is class of strongly starlike-type functions of order B (see, Orhan-Riducanu [18]).

2
Example 1.3. IfA =0,h(z) =1+ %(log kﬁ) in Definition 1.1, then

Pyl o g By o ) = { Feas n(ZENE) |z(le)'(Z) 1|}

(Hf)(z) (Hf)(z)

is class of parabolic starlike-type functions (see, Deniz-Budak [6]).

2
Example 14. If A =1, h(z) = 1 + Z(log £22) in Definition 1.1, then

CP(, .y g; By s ) = { feA: R(1+ «(Ff )"(Z)) , |[PHA"® }

(Hf) (2) (Hf)'(2)

is class of uniformly convex-type functions (see, Kanas-Wisniowska [11]).
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Example 1.5. If A =0, h(z) = 532y, in Definition 1.1, where y € [0,1), then

H
APy (a1, ..., ag; P, s Ps) = {f cEA: %(%) S 7/}

is class of almost starlike-type functions of order y.

Let f(z) = z+ Y., a,2" € A, z € U. Estimating for the upper bound of a3 — ua3| is known as the Fekete-Szegd
problem. Until now, there are several results related to this problem (see, e.g. [1,2,4,7,10,12, 13,17, 20, 23]).

In this paper, we give the sharp bounds for the first two coefficients of the class Pm,...aq;ﬁl,m,ﬁs(h/ A),
and the Fekete-Szegd problem is solved when p € R. Some applications associated with the classes

SP(ar, ..., Ag; B1s oo Bs; B), Ppl@r, ooy g; 1, oo Bs), CP(A1, ooy g; P, ooy fs) and AP (e, ..., ag; P1, ..., fs) Were showed.

2. Preliminaries

The class P of functions consists of all analytic functions p with R(p) > 0 for z € U. For this class, we
need the following lemma.

Lemma 2.1 (Pommerenke, [19]). Suppose that p(z) = 1+ c1z + 22> + - -- € P, then |c,| < 2 for n > 1. If 4| =

then p(z) = p1(z) = i% with y1 = ¢1/2. Conversely, if p(z) = p1(z) for some |y1| = 1, then c; = 2y1 and |c1| =

Furthermore we have

Y2241
1+y1792

Ifleal <2 and |c; - —1 =2 -, then p(z) = pa(z), where py(z) = e and 1= 5,)2 = 4—|cf|§' Conversely if

T2z

—c2 2
p(z) = pa(z) for some |y1| < Land |y,| =1, then yq = %,yz = fﬁ and |c; — %l =2- %
3. Main Theorems

Theorem 3.1. Let {a}; - 1/ ﬁ] —1{0, -1, =2, ...} and h satisfies the condition as in (1)-(2). If f = z+Y e az" €
Pal,...aq;ﬁl,“,,ﬁs (h, /\) then

u:|n

lﬁ;

I (O)], n=2,
(1+1) H s

mmw + 30/) T1 16, + 1
= , n=3, IO) < |0 ©0)?* + "

< q
] (1+2) [ + 11
i=

IO 11+ 1
= , n =3, |O) > | (0)>*+ L1 (0)|.

7
(1 +22) [Tlailla; + 1
i1

The results are sharp.

Proof. Let f € Por,.gr,.pe (h, A). By (3), then there is a function w(z), such that

_ _Z(Hf)' (@) + AZ(HS)"(2)
(1= M(Hf)(z) + Az(Hf) (2)

= h(w(z)), z € U. 4)
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where H = H(ay, ...ay; p1, ..., fs). Take the function p(z) by

1+z

1+ w(z) ,
1-z’

T 1-w(z)

=l+ciz+022 +---<

p(z) el,

thus, p(0) = 1 and p € P. In fact, using the (5), it is easy to know that

2

)-1 1 ¢
w(z) = EZ) = E(clz + (cz - El)z2 + )

Following (4) and (6), then it gives that
1 ’ 1 ’ C% 1 " 2\.2
M=1+ K (0)erz + (Eh 0)(c2 - E) +gh O)3)e? +- -

Suppose that

1
H(a, ...aq; 1, .., Bs) f(2) =z + Foz* + 5F3Z3 +..,z€l,

where

il q
F, = (@)1 Ha (a1)2---(eg)2 i:Hla,'(a,'H)

= —— 1 g =53, F3= a3 = £ as.
S AR A R A N AN AR 1156+ 3
=

j=1
By (4) and (8), a computation shows that
M=1+ 1+ AFoz+[(1+21)F5 = (1+ APFE]2 + -

The equations (7) and (9) yield

(1 + A)Fz = %h,(O)Cl,

1 iy 1

22 _ ’ 1 ” 2

(1+20)F3 = (1 + APF5 = 5K O)(c2 = o ) + gh" (O,
T4+ 1)

Let $(1) = ——— . Then (10) and (11) imply that

(1 +2A) H ai(a; + 1)
i=1

H1 Bj
= ,
1= ————— I (O)cy,

20+ M) [T
i=1
_ nbBi 1 ’ 1 2 1 ’ 2 1 ’” 2
a3 = mu)[ih 0)(cz = 5¢3) + (507 O + gh"(©)c]
It follows (12) and Lemma 2.1 that

118,

J=1 /
— = wol
1+ ) [T

laz| <

3038

(5)

©)

(10)

(11)

(12)

(13)

(14)
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Furthermore, making use of (13) with Lemma 2.1, then we obtain

] < 1% mn[ FOlex - 58] +| 4(h'<0>>2+§h"<0>||c1|2]

<L 31O~ glaf) + {0 + o]
<1+ |50 + g 0] - Jir o (15)

It is easy to observe that the (15) reduces to the bounds of |a3].
An examination of proof shows the first and second equalities hold if ¢; = 2, thus, we have pi(z) = %
by Lemma 2.1. The extremal function in Pal,__,aq;ﬁl,.._,ﬁs (h, A) is given by

z(Hf) (z) + AZ2(Hf)" () B (]pl(z)—l)

1 - NHNG) + AzHf)Y @)~ \piz) +1 h(z), z € U.

1+22
1-22

The third equality holds if c; = 0 and ¢, = 2, thus, we have p;(z) =
function in Py, 45,6, (1, A) is given by

by Lemma 2.1. The extremal

z(Hf) (z) + AZ2(Hf)" (2) _ h(]p2(z) )

(1 - V)(Hf)(z) + Az(Hf) (2) ~  \pa(z) + 1 h(z%), z € U.

This completes the proof of Theorem 3.1.
O

Theorem 3.2. Let {a;}' i 1, ﬁ] V= i € R* — {0}. If h satisfies the condition as in (1)-(2) and f = z+ Y, a,2" €

Pay,.app,..p.(h, A), then for any p € R, we have

1+ AP ) H I aifi(Bi+1) + 1

i=1 j=1

, W<SMN,
(1+ 2001+ 12 [T a2 + 1)
i=1

/e OITL ;B +1)
las — pal| < — , MiN < gt < MyN,
1+20) [Tai(a; +1)

i=1

1+ AP0 H 1 aifi(Bi+1) +J2

i=1 ]_

’ [’1>M2NI

(1+20)(1 +A)2 H a?(a; +1)
i=1

where My, Ma, 1, 92 and N are defined as the following (19). The above estimate are sharp for each .

Proof. Let
h'(0) f[lﬁj(ﬁj +1)
]:

with, A) = - .
2(1+2A7) I ai(a; + 1)
i=1
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From (12) and (13), we have

(1 (0)7 TT 2
j=1

2

L) + 1)) TT BB + 1)
]:1

a5 — pal = W (1, N)c2 — 563) —

5 c+

41+ )2 ﬁ a?
i=1
Pu()

2
c
q i
41+ 201+ A)2 ] af(ai +1)

i=1

=0 (1, A)(c2 - %c%) +

where
q s q
Bou(A) = (1+ (0 + %h"m)) [T ]esi6+D - na+200 02 ]
i=1 j=1 j
Therefore, (16) gives us
| Pou(A)
las — ya%l < IlIfji(h, /\)|‘Cz - lcf‘ + | : ' leal>.

4(1 4 24)(1 + A)2 11[ az(a; +1)
i=1

In view of Lemma 2.1 and (17), we obtain

80|

2
le1 7]

, 1
a5 — pa) < UG, (2 = Sleal) + ;
41 +24)(1 + AR [T la?(a; + 1))
i=1

[9.00] = @+ 2T TT a6+ 1)
i=1j= 2
leal”.

=20, A) +
t q

41 +20)(1 + A2 Tl a? (i + 1)
=1

Here, for later convenience , we define 71, 9>, and N as follows:

M = (£ O + Z(©) ~ I O), Ma = 0(O)) + 21"(©) + I (O],

9 s q s
Tr =+ A2y [ ] [T+ - p@+200 P [ ] [ [+ B2

i=1 j=1 i=1 j=1
q s q s
o= p@+ 20 OP [ [ Je + g2 -+ 22Ma [ [ [ T it + 1),
i=1 j=1 i=1 j=1
(1+ A 11[1 f[lai/sj(ﬁ,- +1)
N = — :
(1 + 2002 1T [T + D2
i=1j=1

Now, we have to consider the following four cases.

(1 + 2A) ﬁ ai(ai + 1)
i=1

3040

(16)

(17)

(18)

(19)
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Case 1. If u < [(W(0))? + %h”(O) — | (0)IIN, by (18), then

las — padl < 210 (i, A)| + i - je1? < 21005 (1, )] + g -
41 +20)(1 + AR T] a(a; + 1) (1+20)(1 + A2 ] a?(a; +1)
i=1 i=1
q s
(1+ A (0)] [[ lj aipi(Bi+ 1)+ T
- . . 20)
(1+24)(1 + A2 T a?(a; + 1)
i=1
Case 2. If [(7(0))* + 11 (0) — [ (O)IN < p < [(7(0))* + 11 (0)IN, from (18), then we have
ZONVICERY
a3 — ) < 200 (1, )] + Ji_ S — . e
41 +20)(1 + A2 Tl a? (i + 1) 1 +20) [T ai(a; +1)
i=1 i=1
Case 3. If [('(0))? + %h”(O)]N < u < [((0)* + %h”(O) + |1 (0)]]N, from (18), then we have
ZONVICERY
las — paj| < 2|u§j (h,A)| + J> - lc1f* < = - ) (22)
41 +20)(1 + A2 [T e (i + 1) 1 +20) [ ai(a; + 1)
i=1 i=1
Case 4. If u > [(W'(0))? + %h”(O) + |1 (0)|IN, from (18), then we have
a5 — a2l < 210, )| + T2 jer 2 < 2205, )] + J2_
41+ 201 + A2 [T az(a; + 1) (1+22)(1 + A2 [] a?(a; + 1)
i=1 i=1
q s
(1 + M) (0)] ljl1 le1 aipiBi+1) +J2
= = ) (23)

(14200 + 2T a2(a; +1)
i=1

An examination of proof shows the equalities in (20) and (23) hold if ¢; = 2, thus, we have pi(z) = % by
Lemma 2.1. The extremal function in P, BB (h, A) is given by

z(Hf) () + AZ(Hf)"(z) (Jpl(Z)—l

1 - D)HAE) + Az(HfY () \mi2) + 1) =h(z),zeU.

The equalities in (21) and (22) hold if ¢; = 0 and ¢; = 2, thus, we have py(z) = tﬁz by Lemma 2.1. The
extremal function in Py, _a,,,...5.(1, ) is given by

2(Hf)Y (2) + AZ2(Hf)"(z) (]pz(z)—l

(1 - A)HSf)(z) + Az(Hf) (z) T \p(2) + 1) =h(z?), z e U.

This completes the proof of Theorem 3.2. [
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4. Some applications related to conic domain and almost starlike functions
Kanas-Wisniowska [11] were the first who defined the conic domain Q(k > 0) as
Qr={u+iv:u>k+(u-1)72+70?},

and then, several authors studied the domain for different purposes (see, e.g. [6, 10]). With the conic
domain €, following extremal functions pi(z) defined by

%/ kZO/
1+nz(log1+‘f)2 k=1,

pr(z) = - kz Cos (( arccosk)l log = ﬁ) sz, 0<k<1,
“()

1 kz
ersin(ain b )t k>

where t € (0,1) is chose such that k = cosh(5 (t)) and

K(h)
u(z) = £ \/E, eU.
1- \/Zz
Here K(t) is Legendre’s complete elliptic integral of first kind and K’(t) = K( V1 — #?). In [10], Kanas proved
that
8 16 ,
@) =1+ ;z + ﬁz +..,zelU. (24)

Using (24) in Example 1.3 and Example 1.4, then Theorem 3.1 and Theorem 3.2 reduce to the following
Corollary 4.1 and Corollary 4.2, respectively. We omit the proof.
Corollary 4.1. Let f =z + Y0 0 a,2" € Pplat1, .., g; 1, -on) Ps)-
G If iy 1 4 }Ej €C-{0,-1,-2,..}, then

Sflllﬁfl
i
q 7 n= 2/
72 [T |ovi|
i=1
S
lanl <4 (192 + 1672) ITIBIB; +1
j=1
7 , n=23.
3t [T laillevi + 1

i=1

Gi) If {o) ], ﬁ] V= 1 € R* — {0}, then for any u € R, we have

8 H H aipi(j+1) + P J:

i=1;=1 192-872 N,

q 7 [J =X 3774
m? [l a?(a; + 1)
i=1

s
8 1_[1 ﬁj(ﬁj + 1)
J= _
las — luagl < - , 19én§n2N <p< 19234—:4071 N,
2 [] ai(ai + 1)
z 1
8 H H azﬁ](ﬁ] +1)+ 2>
i=1j=1 ;U 192;14077 N,

q
2 [ af(a; + 1)
i=1
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where
192 8
= 25 HHazﬁ](ﬁ]” yHH(mH)ﬁ,,
i=1 j=1 i=1 j=1
q s
4
1 s L 7 TT TT ey + 1)
Fo= BT T+ 162 - 22O T [T+ 1), = —0 .
=1 = 64 11 [ (e + D
i=1 j=1

The above estimate in (i) and (ii) are sharp.

Corollary 4.2. Let f =z + Y, 2 a,2" € CP(1, .., Ag; P1, -ons Bs) -
0 If fei) ! (B VjeC—wﬁm—szMm

ﬁw
2
— n=2,
72 [ lail
i=1
S
la,| < (192 + 167%) TT IB;lIB; + 11
j=1
7 , n=3.
Ot [T lvillax; + 1]
i=1

Gi) If {oi) ], B} V= € R* — {0}, then for any u € R, we have

S

q
32 lj[]:[ aifi(B;+ 1) + T4
, /’l < 1923n§n N

1272 H a?(a; +1)
i=1

S
SH%%+D
2 = _82 2
03— < { I Ay gy ¢ 12880

3m2 H ai(a; +1)

32 H H aifi(B; + 1) + 2T
i=1 j=1 : us 192;14071 N,
1272 [T a?(o + 1)
i=1
where
768 32n2 T T
Ji= H aifiBi+1) - H (041+1ﬁ],
i=1 j=1 i=1 j=1
it H H aifi(Bj+1)
q s ) 4 s iPj(Pj
192 768 + 1607Z i=1j=1
”I] (@ + 02 - == [[[JasbitBi + 1, N = .
i=1 j=1 i=1 j=1 48 1_[1 1_11(067 + 1)‘82
i=1 j=

The above estimate in (i) and (ii) are sharp.

3043
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Corollary 4.3. Let f =z + ¥,;0, a,2" € AP (1, ..., ¥g; f1, - Ps) -

@ If {e) 2], 1)) € €= 10,-1,-2,..} , then

21-9) 116
—_—, n=2,
_l;[llax‘\
2(1—V)(3—4V)1j1|ﬁjllﬁj+1l
- , n=3y¢€l0,1]

|an| < 1
e IT levillev; + 1]
i=1

m—wﬂ%m+u
L

, n=3y¢€l31).

q
[T laville; + 1]
-1

Gi) If {a; ) {ﬁj};: € R* — {0}, then for any p € R, we have

=17

li[ ﬁ aiBi(B; +1)

q s
4(1-y)? 1:[1 I:[l aipi(Bi+ 1)+ T
z—q i , WS MN,
[Ta(a; +1)
i=1
41 -yy? Ijlﬁj(ﬁj +1)
a3 — pa?| < — , MiN < it < MoN,
H (Xi(O(i + 1)
=1
q s
41— y) 1:[1 lj[l aifi(Bj+1) +J>
l_q = , U= MoN,
[1a%(a: +1)
i=1
where ] ]
Jr=41-na-2) [ [[Tasitsi + D -4 —p2u] ] ] [+ D82
i1 j=1 i1 j=1
2 T 2 2 T =1/
Fo =4 =pPu[[[J+082-8a - [ [ ] o6+ 1, N = — :
i=1 j=1 i=1 j=1 41 = )* I1 IT(a: + 1).3]2-

The above estimate in (i) and (ii) are sharp.
Proof. Since f € AP (a1, ..., ag; P1, ..., fs), following example 1.5, then

_ 14z
1+ 2y -1)z

(25) shows that

h(z) =1+2(1-y)z-21 -2y -1)2* +..., ze U.

1(0) = 2(1 — ), 1"(0) = 4(1 - p)(1 - 2).
Using (26) in Theorem 3.1 and Theorem 3.2, we can obtain the Corollary 4.3. O

3044

(25)

(26)
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Remark 4.4. If we take A = 0 and h(z) = (%)ﬁ in Theorem 3.1 and Theorem 3.2, where 0 < B < 1, then the results
related to strongly starlike functions were proved by Orhan-Rdiducanu [18].
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