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Abstract. The purpose of this paper is to study the existence and multiplicity of solutions to the following
Kirchhoff equation with singular nonlinearity and Riemann-Liouville Fractional Derivative:
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u(0) =u(T) =0,

wherea > 1, b, A > 0, p > 1 are constants, ,17 <a<10<y<1,9€C(0,1]) and f € C}([0,T] X R, R).
Under appropriate assumptions on the function f, we employ variational methods to show the existence
and multiplicity of positive solutions of the above problem with respect to the parameter A.

1. Introduction

The theory of fractional calculus may be used to the description of memory and hereditary properties of
various materials and processes. The mathematical modelling of systems and processes has had a growing
development in fields as physics, chemistry, aerodynamics, electro-dynamics of complex medium, polymer
rheology (seee.g. [4], [18], [19]). In fact, the subject of fractional differential equations has been gaining more
importance and attention in ordinary and partial differential equations involving both Riemann-Liouville
and Caputo fractional derivatives. For details and examples, one may refer to monographs [24, 28] and
papers [1, 2, 25-27], and references cited therein. In particular, in the qualitative theory of fractional dif-
ferential equations, the existence of almost periodic, asymptotically almost periodic, almost automorphic,
asymptotically almost automorphic, and pseudo-almost periodic solutions has attracted great attention.

In the sequel of the above-mentioned works with the new approach to the theory of fractional differential
equations, here, in this paper, we investigate the existence of multiple solutions of the Kirchhoff fractional
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problem involving Riemann-Liouville fractional derivative and singular nonlinearity:

-1
(a tb [ |0Df‘(u(t))|”dt)p D% (@ (oDfu(h))

Py =250+ f(tup), te (©,T)

u(0) =u(T) =0,

wherea >1, b A >0, p > 1 are constants. ;17<a§1,0<7/<1<p<randgeC([O,T]),andq)p: R —> Ris

the p-laplacian defined by
®,(s) = IslP2s (s # 0), ©,(0) = 0.

While f € C([0, T] x R, R) is positively homogeneous of degree r — 1 that is f(x, tu) = ! f(x, u) holds for all
(x,u) € [0,T] X R. Put F(x,s) := j; f(x,t)dt and satisfying suitable growth conditions. Precisely, we assume
the following:

(Hy) F:[0,T] xR — R is homogeneous of degree r that is
F(x,tu) = 'F(x,u) (t > 0) forall x<[0,T], u€R.

(Hy) F*(x,u) = max(xF(x,u),0) # 0 for all u # 0.
Note that, from (H;), f leads to the so-called Euler identity

uf(x,u) = rF(x, u)
and
|F(x, u)| < Klu|" for some constant K > 0. (1.1)

Problem (P,) is related to the stationary version of the Kirchhoff equation presented by Kirchhoff in 1883
[23] given by the equation

Pu (po E (Fou, \Pu

which extends the classical d’Alembert’s wave equation by considering the effects of the changes in the
length of the strings during the vibrations. The parameters in the above equation have the following
meanings: L is the length of the string, & is the area of the cross-section, E is the young modulus of the
material, p is the mass density and py is the initial tension. A feature of problem (1.2) is that the equation
contains a nonlocal coefficient % + % OL |§_Z ?dx, which depends on the average i fOL I% [2dx. Nonlocal effect
also finds its applications in biological systems. Moreover, problem (P,) has a solid theoretical significance
and a sharp physical background. For instance, this problem describes the surface tension of the height of
a thin liquid film on a solid surface in lubrication approximation (see [6, 13]).

A parabolic version of problem (1.2) can be used to describe the growth and movement of a particular
species. The movement, modeled by the integral term, is assumed to be dependent on the energy of the
entire system with u being its population density. Alternatively, the movement of particular species may
be subject to the total population density within the domain (for instance, the spreading of bacteria), which
gives rise to nonlocal parabolic equations. We refer to [30] for details.

Recently, the study of the fractional elliptic equations with regular nolinearities and without a Kirchhoff
coefficient has been attracted lot of interest by researchers in nonlinear analysis. The fractional boundary
value problem using variational methods has been studied in [3, 5, 7, 16, 17, 20, 21, 31, 32] with references
therein. Also, existence and multiplicity results for the Kirchhoff equations with regular nolinearities are
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shown an always increasing interest. We refer the interested readers to [10-12, 29].

Motivated by above results, in the present paper, we show the existence and multiplicity of nontrivial,
non-negative solutions of the Kirchhoff fractional problem involving Riemann-Liouville fractional Deriva-
tive and singular nonlinearity (P,).

We give below the precise statements of results that we will prove.

Theorem 1.1. Assume that the hypothesis (Hy)-(H3) are satisfied. Then, there exists Ag such that for all A € (0, Ay),
problem possesses at least two nontrivial positive solutions.

This paper is organized as follows: In Section 2, some definitions and properties on the fractional
calculus are presented. The section 3 is devoted to proof some lemmas in preparation for the proof of our
main result. While, existence of two solutions (Theorem 1.1) will be presented in sections 4 and 5.

2. Preliminaries

In this section, we give some background theory on the concept of fractional calculus, in particular the
Riemann-Liouville operators and results which will used throughout this paper. Let us start by introduce
the definition of the fractional integral in the sense of Riemann-Liouville.

Definition 2.1. (See [1]) Let [a,b] (—c0 < a < b < o0) be a finite interval on the real axis R and u be a real-valued
function defined almost everywhere (a.e.) on (a,b). The Riemann-Liouville left-sided and right-sided fractional
integrals of a function u

o Lu(t) = oIfu(t) = (aaIfu) (¢) = (70 (1)
and
A u(t) = Lhu(t) = (I2u) (0) = (Lu) )

of order a € R™ are defined by

¢
JLiu(t) = ﬁ ﬁ (t—95)*tu(s)ds (t € (a,b]) (2.1)

and

b
tyu(t) == %I (s =" tu(s)ds (t €[a,b)) (2.2)

respectively. Here I is the familiar Gamma function.

Let [a,b] (—o0 < a < b < o0) be a finite or infinite interval of the real axis R = (—oo, c0). We denote by L?(a, b)
(1 < p < ) the set of those Lebesgue complex-valued measurable functions u on [a, b] for which [[u||, < oo,
where

b 1/p
llull, = (f lu(t)P df) (1<p <o)

and

l[ulloo = ess sup |u(x)|.
a<x<b
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If u € L'(a, b), then olfu and [fu are defined a.e. on (g, b).

Let [a,0] (o0 <a <b < o0)and m € Np := {0, 1, 2, ...}. We denote by C"[a,b] a space of functions u
which are m times continuously differentiable on [, b] with the norm

m m
luller = 3, 1®llc = 3 max [#¥(o)]  (m € No). 23)
k=0 k=0 ’

In particular, for m = 0, C°[a, b] = C[a, b] is the space of continuous functions u on [4, b] with the norm

llullc = max [u(t)]- (2.4)
tela,b]

When [a, b] is a finite interval and 0 < y < 1, we introduce the weighted space C,[a, b] of functions u
given on (g, b], such that the function (t — a)” u(t) € Cla, b], and

llullc, = II(t —a)" u(®)lle, Cola, b] = Cla, b]. (2.5)
Definition 2.2. (See [1]) The Riemann-Liouville left-sided and right-sided fractional derivatives of a function u

o Dfu(t) = (Diu(t) = (o D) () = (,Dfur) (1
and

(D_u(t) = {Dyu(t) = (\Dy_u) (t) = (:Du) (t)

of order a € R* U {0} are defined by

Diu(t) : = (i)n (17 ()

dt
Loy r (2.6)
B r(nl—oz) (%) f (t—s)""tuis)ds (n=[a]+1;t>a)
and
Dju(t) : = (_%) (2 u)
14y 2.7)
= T =) (—5) j; (s—8"*lu@is)ds (m=[a]l+1;t<b),

respectively, where [a] means the integral part of a.

Remark 2.3. From [24, pp. 2-3], if u is absolutely continuous on [a,b], then the fractional derivatives ,Dfu and
tDyu exist almost everywhere on [a,b] and can be represented in the forms

u(a)

ﬂDfM(t) = ultl_alzl/(t) + m

2.8)

and

u(b)

thl/l(t) = —tI;_“u'(t) + m.

(2.9)

In particular, we have

Dru(t) = I} (t) and tDyu(t) = —tI;_“u'(t) (u(a) = 0 = u(b)). (2.10)
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The left-sided and right-sided Caputo fractional derivatives $ D¢ u(t) and F DYu(t) of order v € R* U {0} with, here,
0 < a < 1 are defined by

s Dfu(t) = D [u(t) - u(@)] (2.11)
and

CDgu(t) = D§[u(t) - u(b)], (2.12)
respectively.

We find from (2.8)—(2.12) that, if u is absolutely continuous on [a,b], u(a) = 0 = u(b), and 0 < a < 1, then the
Riemann-Liouville fractional integrals and the Caputo fractional derivatives coincide:

SDfu(t) = U/ (t) and  TDYu(t) = — (I (8). (2.13)

The semigroup property of the fractional integration operators ,Ii' and (I}’ are given by the following
remark.

Remark 2.4. ([24, Lemma 2.3]) If o, B € R™, then the equations
(oIallut) () = (oI Pue) () and (I3 L) () = (i1 P u) () (2.14)

are satisfied at almost every point t € [a,b] for f(t) € LP(a,b) (1 < p < o0). Ifa + p > 1, then the relations in (2.14)
hold at any point of [a, b].

The following assertion shows that the fractional differentiation is an operation inverse to the fractional
integration.

Remark 2.5. ([24, Lemma 2.4]) If « € R* and f(t) € LF(a,b) (1 < p < o0), then the following equalities

(«DfaLiu) (1) = () and  (,DfiIgu)(®) = f(¢) (2.15)
hold almost everywhere on [a, b].

Remark 2.6. (24, Lemma 2.4]) The fractional integration operators ,I}' and ey with « € R* are bounded in LP(a, b)
(1<p<oo)

(b—a)
rl+a)

N b-a)*
lull, and ||I ull, < m”u“p' (2.16)

“alf(u“p <
In the same way, we give another classical result on the boundedness of the left fractional integral from
LP(a, b) to C,(a, b) which completes Remark 2.6 in the case 0 < % <a<l.
4

Remark 2.7. ([9, Property 4]) Let 0 < % <a<landqg= o1 Then, for any u € LF(a, b), ,I}u is Holder continuous

on (a, b] with exponent o — % > 0, that is, there exists a constant M € R* such that

It (t2) = I8 u (t1)] < M (b2 — 1)

forany a < t; <t <b. Moreover, lim;,, oIfu(t) = 0. Consequently, ,Ifu can be continuously extended by 0 at
t = a. Finally, for any u € LP(a, b), ,I}u € Cy(a,b), and

b _ a Ué—%
e < —2—9) il (2.17)

" T(@) ((@—1)g + 1)

The following formula which is often called fractional integration by parts will also be required.
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Remark 2.8. ([9, Property 3]) Let 0 < o < 1 and p, q are such that
p>1,9g=>1 and l+lsl+0z
P49

(andp+#1#qinthecase 1/p+1/q =1+ a). Then, for all u € LP(a, b) and all v € L(a, b), we have

b b
f dfu(t) - o(t) dt:f u(t) - Jyo(t)dt, (2.18)

and

b

b
f u(t) SDYo(t) dt = () [ u(b)], . + f o(t) Du(t) dt. (2.19)

Moreover, if v(a) = v(b) = 0, then we have

b b
f u(t) ;,Do(t) dt = f o(t) SDu(t) dt. (2.20)

3. Nehari manifold and fibering map analysis

To show the existence of solutions to the problem (P,), we will use critical point theory (see, e.g., [22]). We
begin by introduce some notations and results which will be used. The set of all functions u € C*([0, 1], R)
with #(0) = u(1) = 0 is denoted by C;°([0, 1], R). For & € R*, we define the fractional derivative space Eg’p as
the closure of C7’([0, 1], R) with the norm

1
lellap = (lllf) + 1§D ully)” . 3.1)

We summarize some properties for the space E;” in the following remark.

Remark 3.1. (see [22, Remark 3.1])

(i) The space Ey" is the space of functions u € LP[0,1] having an a-order Caputo fractional derivative {D%u €
LP[0,1] and u(0) = u(1) = 0.
(ii) Foranyu € Eg’p (0 < a < 1), since u(0) = 0, we have (see (2.11))

§Dfu(t) = oDju(t) (t€[0,1)). (32)
(iii) The space E;" is a reflexive and separable Banach space.

Lemma 3.2. [22, Proposition 3.2] Let 0 < & < 1and 1 < p < co. Then, for all u € E,*, we have

‘o

< _
by < 71y

llo Dy ullp- (3.3)

Moreover, if a > ’1—7 and ;—J + % =1, we have

a1

e < L Dtul, (3.4)
D) ((a = D+ 1)F
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Incorporating (3.2) and (3.3) into the norm (3.1), we can consider the space Eg’p with respect to the form
llllap = llo D7 ully (3.5)
in the following analysis.

Lemma 3.3. (see [22, Proposition 3.3]) Let 0 < a < 1and 1 < p < co. Assume that o > ’1—7 and the sequence {u,}

converges weakly to u in ESP ie., {uy) — u. Then, {u,} — uin C([0,1]), that is, ||ty — tllee — 0 as n — oco.

Associated to the problem (P,) we define the functional E, : E;” — R given by

Ex(u) = ;17 (a+b||u|| f g(t)|u|1 rd t—lf F(t, u)dt—7

One can easily verify that the energy functional E, (1) is not bounded below on the space E;”. But we will
show that E, () is bounded below on this Nehari manifold and we will extract solutions by minimizing the
functional on suitable subsets. In order to investigate the problem (P,), we define the constraint set

Ny = {u e Eg” \ {0} : t(u)u =0},
where t(u) is the zero of the map @, : (0, 0) — R defined as
Dy (t) = Ex(tu).

Now as we know that the Nehari manifold is closely related to the behaviour of the functions @, : s = E(su)
for s > 0 defined by

1 Asr (T _ s (T a’
Dyu(s) = b7 (a+bs llull, ) 1_yf0 g(t)|u|1th—7fO F(t, u)dt—b—pz

Such maps are called fiber maps and were introduced by Drabek and Pohozaev in [14]. For u € Eg’p, we
have

T T
@) = (ool 9, - 5 [ oo -5 [ FGu,
0 0
-1 -2

) = (-0 Al (a+ bl + bplp - DS, (a + bl )

y T T

+ Asm f g 7dt — (r— 1)s"2 f E(t, u(t))dt.
: 0 0

Note that NV, contains every nonzero solution of (P,), and u € N, if and only if

p-1 T T
(a+b||u||’2,p) llully,, — A fo g7 dt — fo F(t,u)dt = 0. (3.6)

Lemma 3.4. Let u € E;", then tu € N, if and only if @) (t) =

Proof. Let su € N. This means that

T T
p-1 _
(a+blisully,) llsully, — A fo g(Olsul' ™ di — fo F(t,su) dt

= @ (s).

0

This give the proof of the Lemma 3.4. [
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From the lemma 3.4, we have that the elements in N, correspond to stationary points of the maps
®,(t) and in particular, u € N, if and only if @} (1) = 0. Hence, it is natural to split NV, into three parts
corresponding to local minima, local maxima and points of inflection ®,(s) defined as follows:

Ny ={ueNy: (1) >0} = fsu e EgP : /(s) = 0,d(s) > 0},
Ny =1{ue Ny:®)(1) <0} = {su e E; : @ (s) = 0,®}/(s) < 0},
N ={ueNy:®/1)=0}= {su € E37: dl(s) = 0,®)/(s) = 0}.
Our first result is the following
Lemma 3.5. E, is coercive and bounded below on N.

Proof. Let u € N,. Then, using (1.1) and (3.4), we obtain

T T KT1+r(a—%)
F(t,u(t))dt <K lul"dt < ————|lull’, (3.7)
0 0 p
and
T T 1+(1-y)a-3})
f g(f)lullydtgllgllwf lul' 7 dt < |glleo ——g=—llull"" (3.8)
0 0 B
Consequently, from (3.7) and (3.8), we obtain
1
Eixu) = — a+b||u|| ——f (B)lult~ Vdt——‘f F(t,u )dt——
A b2 ( 9 bp?
= (a+blully) (@ + bl )— | = A{ == - = f glolul dt - -2
P bP2 a,p b
>

1 1 11 T D) 11, TV
<>(—>(—) e
@) (@ -1p+1)7

Since 0 < 1 -7y < p? < r, Ex(u) is coercive and bounded below on N,. The proof of the Lemma 3.5 is now
completed. [

Lemma 3.6. Given u € N (respectively N7) with u > 0, for all v € E;¥ with v > 0, there exist ¢ > 0 and a
continuous function w such that for all k € R with k| < & we have

w(0) =1 and w(u+kv) € Ny (respectively N7Y).
Proof. We introduce the function ¢ : R X R — RR define by:
Y(t k) = ! (a +b|lu + kv||Z, )p |[oe + kvllap fOT g(s)(u + ko) ~7ds — gyl fOT F(s,u + kv)ds.
Hence,
p-1

T
[l + kvllZ,p -(r+y- 1)H+r=2 f F(s,u + kv)ds,

Pt k) = (p +y = P2 (a + bllu + kol ) :

is continuous on R X R. Since u € N; ¢ N, we have ¢(1,0) = 0, and

T
1
P(@,0) = +y -1 (a+blulf,) lulf, - ¢+y-1) f F(t, wdt < 0.
0
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Therefore, applying the implicit function theorem to the function ¢ at the point (1,0). So, we obtain the
existence of a parameter 6 > 0 and a positive continuous function w satisfying

w(0) =1, wk)(u+kv)e Ny, VkeR, [k <o
Hence, taking ¢ > 0 possibly smaller enough, we get
wk)(u+kv)e Ny, VkeR, [kl <e.
The case u € N may be obtained in the same way. This completes the proof of the Lemma 3.6. [
Lemma 3.7. There exists Ao, such that for 0 < A < Ag there exist s~ and s* such that
Dy, (s0) = Duls1)

and
@, (s0) <0 < D (s1);

that is, sou € N and sju € N7.

Proof. Fixu € Eg’p . Then it follows that

T T
D) (s) (a + bsP||u||Z,p)p 15”‘1||M||Z,p - Siy f g(t)|u(t)|1‘7dt —g1 f F(t, u(t))dt
0 0

v

A T T
-1, P _ 2 1y 35 _ or—1
7 ulle = 5 fo gl dt — s fo F(t, u(t))dt
= 7 (Il - 9(s))

where y(s) = As!FY fOT g7 dt+sP fOT F(t, u(t))dt. Since, the first derivative of the function ¢ is given
by

T T
Y'(s)=A1—-p—-y)sF7 f(; g(t)lu(t)ll_ydt +(r— p)sr_”_1 L F(t, u(t))dt,

it is simple to verify that ¢(s), attains it's maximum at

. [m p=7) fy 9@ ydt]’*”
- (r=p) [ E(t,u(o)at

Moreover,

o)l [

Al - )T
1 ) (1=p=7) f, 9@l 7dt f F(t, u(t))dt
Pt V (r - fo (t, u(t))dt 0

[
[
|

l;b(smax)

-1\(A Ay (T T
;3_1)( (r_p y)) ( f g™ ydt) ( fo F(t,u(t))dt)

p+y-1

~1\/(AQ AT (T =
;3_1)( (r_p y)) ( f g ydt) ( fo F(t,u(t))dt)
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Consequently, from (3.7) and (3.8), one has

== rd-p-y) )

r+y-1 A(l ) ”‘V ry-1 T +(1- )’)(Df—*) LG KT1+r(a—— per+y=1)
I e I =t N e T
p+y-1 r—p gl- B

Hence, ||u||fw > (Smax) and so ®;,(s) > 0 for all

1y 1)
r=p (py=1\"7 (gl \ g\
1-p-y\r+y-1 TI+A=0)a=]) KTH@=3)

0<A<

On the other hand, we have

~ T T
@) = (o bl = 5 [ o=t [ uo

IN

@+mmm| ]‘ﬂHMQPhﬁ—§1]‘HtMWﬂ

since 1 —y < p <1, there exist 0 < sy < Smax < 51 such that @},(sp) < 0, P;,(s1) < 0. Note that Ng 0, we
deduce that there exist s1, sg such that @/,(s1) = ®;,(sp) = 0 and D//(s1) > 0 > D}/(so) = 0. Thus, O, has a local
minimum at s = sp and a local maximum at s = s;, that is @, is decreasing in (0, s9) and increasing in (so, s1).
Hence, s;u € N7 and sou € N . The proof of Lemma 3.7 is now completed. [

Now, we prove the following crucial Lemma:
Lemma 3.8. Suppose A € (0, Ag), NY = 0.

Proof. We proceed by contradiction to prove that AV = 0 for all A € (0, Ao). Let us suppose that there exists
ug € NY. Then, it follows that

-1 -2
(= Dllull, (a + bl + bp(p = DIl (a + bl , )

T
+ A@+y—nj‘mmmmPMt
0

D,/ (s)

—1 9
= (p+y-"Dlully, (a + bIIuIIZIP)” +bp(p - DIl (a + b”“Hf’y,,,)p

T
- (r+y- 1)fO F(t, u)dt. (3.9

Furthermore, if u € N}?, then

IA

(p+y- 1) ||u|| (p+y = Dllull,, (a + bllulls,) "+ bpp = il (a + bllulls, )~

T
(r+y—1)f F(t, u)dt

1+r(a——)

T
-1
r+y-1)——mp— G lully,

IA



M. Kratou / Filomat 33:7 (2019), 2073-2088 2083

and
T + 1 -1
=N, < =l (o vl
-1 -2
< (-, (a+ b)) - bp@p - Dllul?, (a + bl )"
T
< /\(r+y—l)f g®)lu(t)7dt
0
L)e-p)
< A0+ = Dlgle gl
Consequently,
1 _1
Uty =D T Ap(r +y = Dlglle T~ |77 510)
- < lullpp < — — .
plr +y - KT ' @ (p - NP T(@ +1)
Therefore,

p+y-1

@ p+y -1 ] T p - T+ 1)

A> AO = - —.
p(r+y— 1)KT1”(“7) pr+vy— 1)||g||mT1+a+(1*)')(af,;)

Hence Nf\) =Qforall A € (0,A). O
By Lemmas 3.5 and 3.7, we can write N} = N7 U N and define

¢y = inf Ex(u) and c; = inf E;(u).

ueN; ueEN;

4. Existence of minimizer on NI

In this section, we will show that the minimum of E, is achieved in N/T. Also, we show that this
minimizer is also the first solution of (P}).

Lemma4.1. If0 < A < Ao, then forallu € N3, c; <0.
Proof. Letu € N, then we have ¢;; (1) > 0 which gives
p-1 p-2 T _
(p = Dllullyy (a + il ) + bp(p = Dl (a + bl )~ + Ay fo gl dt
—(r-1) fo ! F(t, u(t)dt > 0. “.1)

Now multiplying equation (3.6) by (r — 1) and subtracting from equation (4.1), we get

T
-2
Ar+y-1) fo gl dt >l (a + bllull,, ) (= p)a + bllull, ,(r = p?)). (4.2)
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Now using equation (3.6) and (4.2), we get

Ei(u) = (a+b||u|| ——f gl th—-f F(t, u)dt—?

)
P
= a+b||u|| ( )” It ) (TV_;),[) g(f)|u|1_ydt—;—pz

a1 1 (¢ = p)a+ bllull ,(r — p?)) p2
< (a+olut,,) (b?z - ;)uun’;p) - T lll , (2 + il ,)
—2)\v? - (1 —
< _b((r p Z(P ( y)))(a s ollt,) 2 I, <0
pr(l—7y)
since0<a<1,and b > 0. Thus,
= ir}\f Ex(u) <0 forall A € (0,Ay). (4.3)
Ue ‘*
O

Theorem 4.2. If0 < A < Ay, then there exists ug € N satisfying Ex(uo) = inqu,V; Ex(u).

Proof. Since E, is bounded below on N, and so on N}. Then, using the Ekeland variational principle [15],
there exist a minimizing sequence {u,} C N;[ such that

Ei(u,) — inf E;(u) asn — oo.
ueNy

Since E, is coercive, {u,} is bounded in Eg’p. Then there exists a subsequence, still denoted by u,, and g € Eg’p
such that, as n — oo,
u, — ug, weakly in Eg’p

u, — up, strongly in L7(Q) forall1 <q<p’,
u, — ugy, a.e.in Q.

Now, using Lemma 3.3, we get that, as n — oo,

T T T
f g(Bu, dt < f g(Huy 't + f g(O) |1y —up |7 dt
0 0 0

T
< f g(EyuY 7 dx + Tg(0) Il — 1 157
0

T
:f g(t)ué_ydt+0(1).
0

T T
f g(Huy " dt < f w7 de+ f g() |ty — ug |7 dt
0 0

T
< f Ot + Tg) |l 1 = o 1157
0

Similarly

T
= f g(Buy 7 dt +o(1).
0
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Thus,

T T
f g(tyuy Vdt = f g(Huy " dx + o(1). (4.4)
0 0

On the other hand, by [8] there exists I € L"(IRN) such that
[un(0)] < I(x), asn — oo

for any 1 < r < p". Therefore by Dominated convergence Theorem we have that

T T
lim F(t, u,)dt = f F(t, ug)dt. (4.5)
n—oo 0 0

Moreover, by Lemma (3.7), there exists s; such that syu € NLA. Now, we shall prove u, — 1y strongly in
Eg’p . Suppose otherwise, then either

lluollper < lim infl|us,||ger.
0 n—o00 0

Thus, since u, € N, one has

L, . p=1 AT _ L
lim®, (s1) lim (a+ b lluall,) S 1||un||§,p_? f IOl dt — 57 f F(t,un(t))dt]
—00 —00 0 0

\Y

1
bp 14 p-1 p—1 4 _& g 1—;/d_ r—1 TF dt = @ =0
(a+ bsfllly) Sl = 5 | gl = 5, (¢, u(t)dt = @} (s1) =
1 Jo 0

Therefore, @;, (s1) > 0 for n large enough. Since u, € N/{’, we have 8y, (1) > 1. Moreover @, (1) = 0 and
@, (1) is increasing for s € (0, Syax(141)). This implies that @, (s) < 0 for all s € (0,1] and 7 sufficiently large.
We obtain 1 < 81 < syuax(tt0). But s1u9 € N and

E/\(Slu()) = 11’1f E/\(SuO)'
1<5<Sax(U0)

Which implies that
Ex(s1u) < Ex(uo) = im Ex(un) = ¢

which gives a contradiction. Thus, u, — ug strongly in ES", and E (ug) = infue/v; E\(u). The proof of the

Theorem 4.2 is now completed. [

5. Existence of minimizer on N;

In this section, we shall show the existence of second solution by proving the existence of minimizer of
E,on N7.
A

Lemma 5.1. If0 < A < Ay, then forallu € N}, c; > 0.

Proof. Letv € N7, then we have ¢;/(1) < 0 which gives,

ab1 -1 -2
(p+y- 1>7||v||z,p < (p+y =Dl (a+bliell,) +bpp = Dilel, (a + bliell, )

1+r(a—1)

4
(7’ + 7/ - 1)T“v||g,pl

IA
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this implies

ry—Da-ig )7
loll, > [ ZDT P
p(r +y — KT
Subsequently,
a1 1 11 T D g1,
Er®) > (a+ buvna,p)”(b—z +(5 - —)||v||f;,,,) - /\(— - —) L
r 1-y -
PP (T(a))! V((a Dp+1)7
1 1. 1 1 T D g1, .
> —|| ol + (55 = ~)bpa” 2||v||i',;—)\(1_ - ;) e il
P Vo @) ((a-p+1) 7
- _ - TPy o
S e T 1—A(1 L —1) gl
P P VT @)y (e-Dp+ )T
Ly pry-L
o [_wry=ep @t (_pry=Dep )7
~ \pGr+y - DT P \per+y-RTHED

2p+y-1
+v -1 p-1py —p T1+1 y(a—7)
R & I S
e p(r+y = DKT ™ @) 7 ((@-p+1)7
Thus, if 0 < A < Ag, then E;(v) > ko for all v € NX/H for some ko = ko(y,B,p,a,T,A,v,p,T) > 0. Therefore
¢, > ko follows from the definition c;. This completes the proof of the Lemma 5.1. [J

1-y r

Theorem 5.2. If0 < A < Ay, then there exists vy € N satisfying E(vo) = infue/v; E)(v).

Proof. Since E, is bounded below on N, , and so on N} . Then, there exists {v,} C N} be a sequence such
that
E)(v,) — inf E,(v) asn — co.
veNT

Since E, is coercive, {v,} is bounded in Eg’p . Then there exists a subsequence, still denoted by v, and vy € Eg’p
such that, asn — oo,
v, — vy weakly inEg’p

v, — vy strongly in L7(Q) forall1 <q<p’,
vy — Uy a.e. in Q.

Moreover, as in Lemma 4.2, we have

T T
lim f g, 7 dt = f g(t)lvo| 7 dt
n—oo 0 0

T T
lim F(t,v,)dt = f F(t,vo)dt.
0 0

n—oo

and

Moreover, by Lemma (3.7), there exists sy such that spvy € N;. Now, we prove v, — vy strongly in Eg’p .
Suppose otherwise, then either

l[ollger < liminf||oy,||ger
0 n—oo 0
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Thus, since v, € N, Ex(sovo) < Ex(v), for all sp > 0 we have

Ea(sovo) < im Ex(spv,) < limEx(v,) = ¢
Nn—00 n—oo

which gives a contradiction. Thus, v, — vy strongly in Eg’p and E,(vp) = infveN/\’ Ex(v). The proof of the
Theorem 5.2 is now completed. [J

Proof. [Proof of Theorem 1.1] Now to prove the Theorem 1.1, let us start by proving the existence of
non-negative solutions. First, by Theorems 4.2, 5.2, we conclude that there exist 1 € N;[, vp € N satisfying

Ex(uo) = inf Ex(u)
ueNy

and
E/\(Uo) = mfﬁ E/\(U).
veEN]

Moreover, since E;(uo) = Ea(luol) and |uo| € N} and similarly E;(vo) = Ea(lvol) and (logl) € Ny, so we may
assume (up, vp) = 0. By Lemma 3.4, we may assume that (1o, vp) are nontrivials nonnegatives solutions of
problem (P,). Finally, it remain to show that the solutions found in Theorems 4.2, 5.2, are distinct. Since
N7 NN =0, then, (ug, vo) are distinct. The proof of the Theorem 1.1 is now completed. [

6. Conclusion

Theorem 1.1 shows the multiplicity of positive solutions for a class of Kirchhoff fractional problem
involving Riemann-Liouville fractional Derivative and singular nonlinearity by using the Nehari manifold
approach and some variational techniques. This result generalises Theorem 1.1 and 1.2 in [12] which only
concerns the case when the nonlinearity f(t, x) is (p>—1)-superlinear in x at infinity and the nonlinearity f(t, x)
is (p* — 1)-sublinear in x at infinity. The proof used to prove Theorem 1.1 does not modify the quasilinear
operator @,(s) = sI’=2s (s # 0), ®,(0) = 0in (P,). Therefore, this approach could be considered for more
general quasilinear operators to get multiplicity results. We suggest to extend the methods developed in
this paper to the more general framework of Musielak-Orlicz-Sobolev spaces for a collection of stationary
problems studied in these function spaces.
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