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Spectral Theory for Polynomially Demicompact Operators

Fatma Ben Brahim?, Aref Jeribi?®, Bilel Krichen?

?Department of Mathematics. Faculty of Sciences of Sfax. University of Sfax

Abstract.In this article, we introduce the notion of polynomial demicompactness and we use it to
give some results on Fredholm operators and to establish a fine description of some essential spectra

of a closed densely defined linear operator. Our work is a generalization of many known ones in the
literature.

1. Introduction

Throughout this paper, X and Y denote two infinite dimensional complex Banach spaces. We denote
by C(X,Y) (resp. L(X,Y)) the set of all closed densely defined (resp. bounded) linear operators acting
from X into Y. The subspace of all compact (resp. weakly compact) operators of £(X,Y) is denoted
by K(X,Y) (resp. W(X,Y)). For T € C(X,Y), we denote by a(T) the dimension of the kernel N (T)
and by S(T) the codimension of the range R(T) in Y. The next sets of upper semi-Fredholm, lower
semi-Fredholm, Fredholm and semi-Fredholm operators from X into Y are, respectively, defined by

D, (X,Y) ={T € C(X,Y) such that a(T) < oo and R(T) closed in Y},
®_(X,Y) ={T € C(X,Y) such that B(T) < co and R(T) closed in Y},
DX, Y)=D_(X,Y)ND(X,Y),
and
DX, Y):=D_(X,Y)UD,.(X,Y).
For T € ®,(X,Y), we define the index by the following difference i(T) := a(T) — f(T). A complex number
Aisin @1, O_r, @7 or Prif A-Tisin @ (X, Y), D_(X, Y), P.(X,Y) or D(X, Y), respectively. If X = Y, then
LXY), CXY),KXY) WXY),PXY) P (X Y), P_(X,Y) and D, (X, Y) are replaced by L(X), C(X),
K(X), W(X), P(X), D,(X), P_(X) and D.(X), respectively. If T € C(X), we denote by p(T) the resolvent
set of T and by ¢(T) the spectrum of T. Let T € C(X). For x € (T), the graph norm ||.||r of x is defined by
llxllr = [lx|| + |Tx|. It follows from the closedness of T that Xt := (OD(T), ||.lI7) is a Banach space. Clearly,

for every x € D(T) we have ||Tx|| < ||x]l7, so that T € L(Xr, X). A linear operator B is said to be T-defined
if D(T) € D(B). If B, the restriction of B to D(T) is bounded from X7 into X, we say that B is T-bounded.

Remark 1.1. Notice that if T € C(X) and B is T-bounded, then we get the obvious relations
(1) = a(D), B(T) = B(T), R(T) = R(T)
a(T +B) = (T + B), (T + B) = B(T + B), R(T + B) = R(T + B).
Hence, T € ®(X), (resp. D.(X), D_(X)) if, and only if, T e (X1, X), (resp. ©.(X1, X), D_(Xr, X)). &
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Definition 1.2. Let T € L(X,Y), where X and Y are two Banach spaces.

(i) T is said to have a left Fredholm inverse (resp. left weak-Fredholm inverse) if there exists T) € L(Y, X) and
K e K(X) (resp. T € L(Y,X) and W € W(X)) such that T\T = Ix — K (resp. T)’T = Ix — W). The operator T,
(resp. T') is called left Fredholm inverse of T (resp. left weak-Fredholm inverse of T).

(ii) T is said to have a right Fredholm inverse (resp. right weak-Fredholm inverse) if there exists T, € L(Y, X)
(resp. TY € L(Y, X)) such that Iy — TT, € K(Y) (resp. Iy — TT? € W(Y)). The operator T, (resp. TY) is called
right Fredholm inverse of T (resp. right weak-Fredholm inverse of T).

(iii) T is said to have a Fredholm inverse (resp. weak-Fredholm inverse) if there exists a map which is both a left
and a right Fredholm inverse of T (resp. a left and a right weak-Fredholm inverse of T). o

Definition 1.3. Let T € C(X), where X be a Banach space. T is said to have a left Fredholm inverse (resp. right
Fredholm inverse, Fredholm inverse, left weak-Fredholm inverse, right weak-Fredholm inverse, weak-Fredholm
inverse) if T has a left Fredholm inverse (resp. right Fredholm inverse, Fredholm inverse, left weak-Fredholm
inverse, right weak-Fredholm inverse, weak-Fredholm inverse). &

The sets of left, right, left weak and right weak-Fredholm inverses are respectively, defined by

D)(X) {T € C(X) such that T has a left Fredholm inverse},

D,(X) {T € C(X) such that T has a right Fredholm inverse},
O/(X) := (T € C(X)such that T has a left weak-Fredholm inverse},
DY (X) {T € C(X) such that T has a right weak-Fredholm inverse}.

The class of weak-Fredholm operators is ®“(X) := @{’(X) N OF(X). It is easy to see that O(X) C
P (X), D(X) ¢ PP(X) and P(X) N P, X) = O(X) ¢ P¥(X). A complex number A is in Pip(X),
@,7(X), Or(X), Pi(X), D(X) or DL(X) if A — T is in Oy(X), DH(X), D(X), P)’(X), PY(X) or PV(X), respec-
tively. The concept of demicompactness was introduced by W. V. Petryshyn [13], in order to discuss
fixed points, as follows

Definition 1.4. An operator T : D(T) € X — X is said to be demicompact if for every bounded sequence (x,),
in D(T) such that x, — Tx, — x € X, there exists a convergent subsequence of (x,),. The family of demicompact
operators on X is denoted by DC(X). &

Clearly, if A and B are demicompact and A is a complex number, then A+ B, AB and A A are not necessarily
demicompact. The first purpose of this work is to pursue the analysis started in [10] and to extend it
to more general classes, using the concept of demicompactness. This class, defined in Section 3, is the
class of polynomially demicompact operators. When dealing with essential spectra of closed, densely
defined linear operators on Banach spaces, one of the main problems consists in studying the invariance
of the essential spectra of these operators subjected to various kinds of perturbation. Among the works
in this direction we quote, for example [1, 4, 7]. More precisely, it was shown in [1] the invariance of the
Schechter essential spectrum on Banach spaces by means of polynomially compact perturbations. The
same result has been proved by W. Chaker et al. in [4] for the class Ax, where

Ax = {] € L(X) such that u] € DC(X) Yu € [0,1]}.
In the same work, the Schechter essential spectrum was characterized by
0N = () o(T+K),
KeYr(X)
where,
Y7(X) = {S € L(X) such that —S(A —= T = S)™! € Ax, VA € p(T + S)}.

W. V. Petryshyn has proved, in [13], that [ - T is a Fredholm operator and i(I—T) = 0 for every condensing
operator T. The same result has been proved by W. Chaker et all in [4], for T € Ax. For more results in
this direction the reader can refers to [8, 9]. Our main purpose is to refine the characterization of essential
spectra. More precisely, we shall introduce the class ®x, which is defined by

@X = U Qn,B
neN\{0,1},Be L(X)
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where

n-1
Q. p = {] € L(X) such that ] = B* and — Z B e AX}.

k=1
We note that ®x contains the set Ax. In order to state our results, we need to fix some notations
and assumptions that we are using. Throughout this note, let X be a Banach space and T € C(X),
various notions of essential spectrum appear in application of spectral theory. In this work, we are
concerned, respectively, with the Weidmann, the Kato, the Wolf, the Schechter, the approximate point
or the Schmoéger, the defect or the Rakocevi¢, the left and the right Weyl essential spectra which are,
respectively, defined as follows

0,(T) = {AeCsuchthatA-T ¢ O_(X)} := C\D_r,
0e,(T) = {Ae€C suchthatA-T ¢ O.(X)} := C\D.r,
0e,(T) := {AeCsuchthat A -T ¢ O(X)} := C\Dr,
0e(T) = ﬂ o(T +K),
KeK(X)
0o (T) 1= ﬂ (T + K),
KeXk(X)
0o (T) 1= ﬂ os(T + K),
KeK(X)
00, (T) = () olT+K),
KeXk(X)
0o, (T) = ) olT+K),
KeK(X)
where
ogp(T) = {A€C such thatxeD(lTr)l;ﬁx”:1 [|(A = T)x|| = 0},
os(T) := {A €C suchthat A — T is not surjective},
o(T) = {AeC suchthatA—-T ¢ O;(X)} := C\Dyp,
0T) := {Ae€C suchthat A -T ¢ ©,(X)} := C\D,,

(See for instance [7, 14-16, 18]). Note that for T € C(X), we have
Oez(T) - 684 (T) C O-65(’1—‘) = 087(T) U 058 (T)/
0e,(T) C 0., (T) and 06,,(T) C 0., (T).

This paper is organized in the following way. In Section 2, we recall some definitions and results needed
in the rest of the paper. In Section 3, we study the relationship between polynomially demicompact
and demicompact operators and we give an example for Theorem 3.1. In Section 4, we give a fine
description of some essential spectra by means of polynomial demicompactness. In Section 5, we give
some perturbation results and some relations between essential spectra of the sum of two bounded linear
operators and essential spectra of each these operators. In Section 6, we investigate the left and the right
Weyl essential spectra of matrix operators defined on a Banach space which posses the Dunford Pettis
property (see definition in Section 2).
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2. Preliminary results
We start this section by recalling some Fredholm results related with demicompact operators.
Theorem 2.1. [4] Let T € C(X). If T is demicompact, then I — T is an upper semi-Fredholm operator. o

Theorem 2.2. [4] Let T € C(X). If uT is demicompact for each u € [0,1], then I — T is a Fredholm operator of
index zero. o

Theorem 2.3. [4] Let T : D(T) € X — X be a closed linear operator. If T is a 1-set-contraction, then uT is
demicompact for each u € [0, 1). o

In the following Theorem, we recall some known results that we will need in the sequel.

Theorem 2.4. [16] Let A € L(Y,Z) and B € L(X,Y) where X, Y and Z are Banach spaces.

(i) If AB € ®.(X,Z), then B € D, (X, Y).

() IfX=Y =2, AB € O(X) and BA € O(X), then A € P(X) and B € O(X).

(iii) If AB € Oy(X, Z), then B € O)(X, Y).

(iv) If AB € ©.(X, Z), then A € D,(X,Y). o

The following theorems give a characterization of the Schechter, the Schmoéger, the Rakocevi¢, the
left and the right essential spectra by means of Fredholm, upper, lower semi-Freholm, left and right
Fredholm operators, respectively. The proof can be found in [7].

Theorem 2.5. [16] Let T € C(X), then
A& oo (T)if,and only if, A = T € ®(X) and i(A - T) = 0. ¢
Theorem 2.6. [7] Let T € C(X), then

(A ¢ o, (T)if,andonly if, A = T € ©,(X) and i(A - T) < 0.
(i) A € 0o (T) if, and only if, A = T € D_(X) and i(A —T) > 0. o

Theorem 2.7. [2] Let T € C(X), then,
() A ¢ 0., (T)if,and only if, A = T € ®(X) and i(A — T) < 0.
(i)) A & 0., (T) if, and only if, A = T € ®(X) and i(A = T) > 0. o

Now, we recall that a bounded linear operator T is said to be power compact if 7" € K(X) for some
m € IN\{0}. Clearly, every power compact operator is demicompact. In fact, we have the following more
general result.

Proposition 2.8. Let T € L(X). Then, T™ is demicompact for some m € IN\{0} if, and only if, T is a demicompact
operator. ¢

Proof. We assume that the assumption holds and we take (x,), a bounded sequence in 9(T) such that
x;, := (I = T)(x,) converges. Obviously,

m—1
_ k
X, =T"x, + E T x;,
k=0

which allows us to write

m—1
(I - T")x, = Z Tky. 1)
k=0

Since (x,), is convergent and T* € £(X) for each 0 < k < m — 1, it follows from Eq. (1) that (I - T") is a
convergent sequence. Using the demicompactness of T, we infer that there exists (x,(:), a convergent
subsequence of (x,),. Conversely, it suffices to take m = 1. Q.ED.

Proposition 2.9. (i) F..(X) € DC(X).
i) F_(X) € DC(X). o
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Proof. (i) Let T be an upper semi-Fredholm perturbation. Since I is an upper semi-Fredholm operator,
I — T is such too. Using Theorem 2.1, we deduce that T is demicompact.

(i) Let T be a lower semi-Fredholm perturbation operator. Using the fact that I is lower semi-Fredholm,
we deduce that the operator I — T has also this property. Therefore, f(I — T) = a(I — T*) < oo, where T*
denotes the adjoint of T. Since R(I — T) is closed, I — T* is an upper semi-Fredholm operator. Applying
Theorem 2.1, this implies that T* is demicompact. Q.ED.

Remark 2.10. As an immediate consequence of Proposition 2.9, for every T € F(X), T and T* are demicompact.
¢

Definition 2.11. A Banach space X is said to have the Dunford-Pettis property (in short DP property) if every
bounded weakly compact operator T from X into another Banach space Y transforms weakly compact sets on X
into norm-compact sets on Y. o

Remark 2.12. It was proved in [11] that if X is Banach space with DP property, then
WX) c F(X). o

3. Polynomially demicompact operators

In this section, we will generalize the following result proved in [10] for the class of polynomially
demicompact operators on X. In fact, the authors showed that a polynomially compact operator T,
element of P(X) := {T € L(X) such that there exists a nonzero complex polynomial P(z) = Y./ a,2"
satisfying P(1) # 0, P(1) —ap # 0, and P(T) € K(X)}, is demicompact. In order to state our results, we
need to introduce the set POC(X) which defined by

PoCX)= |
PeC[z]\{0},P(1)+0
where

Hp := {T € L(X) such that ——P(T) € Z)C(X)}

(1)
We note that PDC(X) contains the set P(X).

Theorem 3.1. T € PDC(X) if, and only if, T is demicompact. o

Proof. We first establish the following relation that we are using in the proof. Since I — T commutes
with I, Newton’s binomial formula allows us to write the following relation

]
Ti=T+ Z(—l)ic;i(l ~ 7).
i=1

By making some simple calculations, we may write

P(T) = 1)1+Za, [2( 1)ic§(1—T)i].

Since P(1) # 0, we have

p

1 : ,
I- P(l)P(T) P—Z (,1( 1)'Ci(I - T)] )

j=1

Now, let (x,), be a bounded sequence in X satisfying (I — T)x, — xo. Using the continuity of T together
with the relation (2), we infer that there exists x such that

1
(1 P(l)P(T)) X, = x.

By demicompactness of p(1)P(T) we conclude that (x,), admits a convergent subsequence. The converse
can be checked by taking P(z) = z. Q.E.D. Before giving the example we recall the following definition

and Theorems
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Definition 3.2. The Caputo derivative of fractional order o of function x € C™, m € IN is defined as

an

() (m a4 m—a=1,.(m

cDyx(t) = Dy T x(t) = f (t—1) X" (1)dt

in whichm —1 < a < mand I is the well-known Euler Gamma function. &

Theorem 3.3. [12] If x(t) € C'[0, T], for T > O then
Dy eD§Vx(t) = DY cDSPx(t) = DY *x(#), t € [0, T,
where a; and ap € Ry and ap + ap < 1. o
Theorem 3.4. [12] If x(t) € C"[0,T], m € IN for T > O then
D§)x(t) = Dy -+ D cD§Px(t); t € [0, T],

wherea = Y1y a;a; € (0,1], m—1 < a < mand there exists iy < n, such that Z;"zl aj=k,andk=1,2,--- ,m-1.
¢

Example 3.5. Let C, be the space of continuous w-periodic functions x : R — R and C/, the space of continu-
ously differentiable w-periodic functions x : R — R. C,, equipped with the maximum norm ||.||e and C;, with the
norm given by |lulll, = max{|[ullw, [|le} for u € C., are Banach spaces. Let us consider the following differential
equation:

X' () = a(t)x’(t — ) + b(H)x(t — hy) + f().
Here, a and b are continuous w-periodic functions such that |a(t)] < k, (k < o0), where k < % ifw>2ork< %
ifw <2; f €C, is agiven function and x € C;, is an unknown function. This equation can be rewritten in the

operator from

Gx—-Ax=f,
where G : C, — C,, is given by the formula

(Gx)(#) = x'(B),
and the operator A : C), — C,, by the formula

(Ax)(t) = a(t)x’(t — hy) + b(t)x(t — ho).
Let us consider the polynomial P(z) = z" and the operator T = CDfU%); n € IN\{0}, where CDEU%) is the Caputo
derivative of fractional order 1. Applying Theorem 3.4, we get
P(T) = T"(x) = [cD 1'x() = ¥'()
Clearly, P(T) is a bounded linear operator with ||P(T)|| = 1 and therefore, P(T) is 1-set-contractive. Hence, using
Theorem 2.3, we get
ueD € DC(X) V€ [0, 11. o

The following result is an extention of Theorem 3.1, under other assumptions.

Theorem 3.6. Let T € L(X). Suppose that there exists a complex polynomial P such that P(0) = 0. Then, I-P(T)
is demicompact if, and only if, I — T is demicompact. o

Proof. Assume that I — P(T) is demicompact operator, it follows 'from Theorem 2.1 that P(T) € @, (X).
Now, take x € N(T), then Tx = 0 which implies that for all j > 1, T/ = 0. Hence,

P(T)x = Z aTix = P(O)x + Z a;Tix =
j=0
where P(z) = Z}ﬁ:o ajzf . Then, N(T) ¢ N(P(T)) is obvious and this shows that a(T) < oco. Next, since
R(P(T)) is closed, we deduce from Theorem 3.12 in [16] that there exists k > 0 such that Yy € X,
llyll < Kl[P(T)yll. In particular,
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llxll < kIIP(T)xl|
m
<k Y laTIF Tl
=1
The use of Theorem 3.12 in [16] shows that R(T) is closed. Therefore, T € ®,(X) and we conclude by

Theorem 2.1 in [5] that I — T is demicompact. Conversely, the result can be obtained by taking P(z) = z.
QE.D.

Remark 3.7. Using Theorem 3.1 in [4] and Theorem 2.1 in [5], we deduce that if P is a complex polynomial such
that P(0) = 0 and T € L(X), then P(T) € ®,(X) if, and only if, T € D, (X). o

Theorem 3.8. If T € Ox, then [ - T € O(X) and il = T) = 0. o

Proof. Since T € Oy, then there exist n € IN\{0, 1} and B € £(X) such that —¢ 22;11 Bf € DC(X), for all
t € [0,1]. Hence, from Theorem 2.2,

n—1 n—1
1+ZBk eCD(X)andi(1+ZBk) =0.
k=1 k=1

which is equivalent to

[y

n—

n—1
B € &(X) and i(Z BY = 0.
k=0

o~
Il

0

In the other hand, since ¥t € [0, 1], ﬁt € [0,1], then anl Z;ll (t%B)k € DC(X). Hence, applying Theorem
3.1 for the polynomial P(z) = — Z,C’;ll ZF, which verifies P(1) = 1 —n # 0, we get tiB € DC(X)Vte[0,1]. It
follows that tB € DC(X) Yt € [0,1]. Thus, thanks to Theorem 2.2, we deduce that

I-B e ®(X)and i(I - B) =0.
Now, using the equality

n—1

[-T=I-B"= (I—B)ZB",
k=0
we infer from the Atkinson’s theorem that
[I-TedX)andi(I-T) = 0. Q.E.D.

4. Characterization of essential spectra

In this section we will give a fine description of some essential spectra of a closed densely defined
linear operator by means of Ox. To do this, the following notation will be convenient

x1(X) ={S € L(X) such that - (A - T -85)"'S € O, YA € p(T +9)}.

Notice that
K(X) c Yr(X) € x1(X).

Theorem 4.1. Let T € C(X), then
0 (M= () o(T+8). o

Sext(X)

Proof. We first claim that o,.(T) C ﬂ o(T+S). Indeed, if A ¢ ﬂ (T +S), then there exists S € x7(X)
Sexr(X) Sexr(X)
such that A ¢ o(T + S). Therefore, we have
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A=T-S5edX)withi(A -T-S)=0.
Moreover, from the fact that —(A = T — S)7'S € O together with Theorem 3.8, we infer that
[+(A-T-9)"1Se®X)andi[l + (AT -S)"'S] =0.
Now, using the equality
A-T=A-T-9)[+(A-T-9)15],
together with the Atkinson’s theorem one gets
A-TedX)andi(A-T) =0,
which shows that A ¢ ¢,,(T). Then,
s () o(T+8).
Sexr(X)
For the inverse inclusion, since K(X) C xr(X), then
ﬂ o(T +8) C aes(T). Q.ED.

Sexr(X)

Corollary 4.2. Let T € C(X) and let Z(X) be a subset of x7(X) containing K(X). Then,

e (T) = ﬂ o(T + S). o
Sex(X)

Proof. From the following inclusions K(X) c L(X) C xr(X), we infer that
ﬂ o(T+8)C ﬂ o(T+8) C ﬂ o(T + S).
Sexr(X) Sex(X) SeK(X)

Applying Theorem 4.1, we get
0es(T) = ﬂ o(T +S). Q.E.D.

Sex(X)
Corollary 4.3. Let T € C(X) and G(X) be a subset of x1(X) containing K(X). If for all K, K" € G(X), we have
K+ K" € G(X), then for every K € G(X)
0e5(T) = 04, (T + K). o
Proof. From Corollary 4.2, we have
0e(T) = ﬂ o(T + K).
KeG(X)

Moreover, we have G(X) + K = G(X) for every K € G(X). Then, ¢/(T + K) = o’(T), where ¢'(T) =

ﬂ o(T + K). Hence, we get the desired result. Q.E.D.
KeGg(X)

In the next, we will give a characterization of the Schmoéger and the Rakocevi¢ essential spectra by
means of polynomial demicompactness. To this end, we start by defining the following sets

0,(T) = ﬂ 0ap(T + S) and ,(T) = ﬂ os(T +S).
Sexr(X) Sexr(X)
Theorem 4.4. Foreach T € C(X),
0e,(T) = 0,i(T) and 0,(T) = 01.(T). o

Proof. We start by showing that o,,(T) C 0(T) (resp. 0e(T) C 01(T)). For A & 0,i(T), (resp. A & 01.(T)),
there exists S € y7(X) such that A — T — S is injective (resp. surjective), it follows from Theorem 2.6 that
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A-T-5Sed,(X)andi(A-T-5) <0,
(resp. A—T-Sed_(X)and i(A - T —5) > 0).
Similarly to the proof of Theorem 4.1 we show that
[+ (A-T-5)"'S]e®X)andi[l +(A-T-S5)"'S]=0.

which implies that
[+A-T-5)7"'Sled,(X)and i[[+ (A -T-5)"15] <0,

(resp, [[+(A—=T-S5)"'S] e d_(X)and i[ + (A - T - S)™'S] > 0.)
Thus, we get from the Atkinson’s theorem
A-Ted,(X)andi(A-T)<0
(resp. A =T e d_(X)and i(A - T) = 0).

Thanks to Theorem 2.6, we conclude that A ¢ o,,(T) (resp. A € 0,(T)). Conversely, observe that
K(X) ¢ xr(X), we deduce that 6,/(T) C 0,,(T) (resp. 0;(T) C 0.,(T)). Hence, we get the desired result.
Q.ED.

Corollary 4.5. Let T € C(X) and let T(X) be a set such that K(X) c T'(X) € xr(X). Then,

0e,(T) = ﬂ 0ap(T + K) and o,,(T) = ﬂ 05(T + K). o
KeT(X) KeI'(X)

Proof. Since K(X) c I'(X) C xr(X), we obtain

() opT+K)c () 0T +K)C (] 0T +K):=0,,(T).

Kexr(X) KeI'(X) KeK(X)

(resp. ﬂ os(T + K) C ﬂ os(T + K) C ﬂ 05(T + K) 1= 0¢,(T)).

Kexr(X) Kel(X) KeK(X)
The use of Theorem 4.4 allows us to conclude that

0e,(T) = ﬂ 0ap(T +K),

KeI(X)
and
00 (T) = ] 0o(T +K).
KeI'(X)
Hence, we get the desired result. Q.E.D.

In the rest of the section, we give a fine description of the left and the right Weyl essential spectra. To do
this, we need to define, for T € C(X), the following sets

ol(T) = ﬂ oi(T + S) and o’(T) = ﬂ (T +S).

Sexr(X) Sexr(X)
Theorem 4.6. Let T € C(X), then
0.,,(T) = oX(T) and o, (T) = ai(T). o

Proof. We first prove that o, (T) C /(T) (resp. o,,,(T) C 0%(T)). Indeed, for A ¢ o'(T) (resp. d(T)), there
exists S € y7(X) such that A ¢ /(T + S) (resp. 0,(T + S)). Hence,

A-T-Sed(X)andi(A-T-S) <0,

(resp. A—T—-Sed,(X)and i(A - T -5) > 0).
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Next, since —(A — T — S)71S € Ox. Thus, applying Theorem 3.8, one has
[+(A-T-9)"1Sed®X)and [+ (A -T-S5)"1S] =0,
which implies that
I+(A-T-5)""'Sed(X)andi[l + (A - T -S5)"15] <0,
(resp. [+ (A -T-95)"1Se ®,(X)and i[[ + (A — T — S)"1S] > 0).

Using the equality
A-T=A-T=9)[I+A-T-5)"19],

we deduce from Theorem 2.5 in [6] that
A=Ted®(X)and i(A -T) <0.
(resp. A =T € P (X) and i(A - T) > 0).

We conclude from Theorem 2.7 that A ¢ o,,,(T) (resp. o, (T)). The inverse inclusion follows from the
fact that K(X) C xr(X). Q.E.D.

5. Some perturbation results

In this section, basing on the last results, we give some perturbation results.

Theorem 5.1. If for every A ¢ o,,(T), wherei € {2,3,4,5,7,8}, the operator A —T has a left (resp. right) Fredholm
inverse Ty (resp. Tay) such that ST, (resp. T),S)€ Ox, then

0, (T +S) C 0,,(T).
&

Proof. We give the proof for i = 5. Note that the other cases can be checked in the same manner.
Let A ¢ 0,,(T), then by Theorem 2.5, A —= T € ®(X) and i(A — T) = 0. Let Tj; (resp. T,) be a left (resp.
right) Fredholm inverse of A — T, then T);(A = T) =1 = K, (resp. (A = T)T}, = I = K’), where K € K(X)
(resp.K’ € K(X)). By making some simple calculations, we get

A=T-S=(-ST\)(A-T)-SK ©)]

(resp. A =T =S = (A= T)I-Ty,S) - K'S). (4)

Since ST (resp. Ti,S) € Oy, then, using Theorem 3.8, we get I — STy (resp. I — T},5)) € ©(X) and
i(l = STy) =0, (resp. i(I — T),S) = 0). Thus applying the Atkinson’s theorem and Eq. (3) (resp. (4)), we
infer that A = T - S € ®(X) and i(A — T — S) = 0. Consequently, we get from Theorem 2.5 A ¢ o,,(T + S).
This allows us to conclude that o,,(T + S) C 0., (T). Q.E.D.

Theorem 5.2. Let X be a Banach space with the DP property.

() If T € C(X) and S be T-bounded on X such that T has a right weak Fredholm inverse T¥ such that -8T% € Ox.
Then,

T+Sed(X)and i(T +S) =i(T).

Moreover, if T € ®_(X), then T + S € O(X).

(@) If T € C(X) and S be T-bounded on X such that T has a left weak Fredholm inverse T}” such that =T}’ S € Oy.
Then,

T+S e ®X)and i(T + S) =i(T).
Moreover, if T € ®,(X), then T + S € O(X). o
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Proof. (i) Since T is a right weak Fredholm inverse of T, then there exists W € W(X) such that
TT? =1- W, then

(T+8)TY = (I +8TY) - W.
Now, since —§T§” € Oy, we get from Theorem 3.8
I+ 8T% € ®(X) and i(I + ST?) = 0.
Hence, we infer from Remark 2.12 that
(T +8)TY € d(X) and i((T + 5)T?) = 0.

Then, we deduce that (T + §)T§” € ®,(X) and this implies that T+ 8 € ®,(Xy). It follows from Remark 1.1
that T + S € ®,(X). Moreover, since i((T + §)T¥) = i(TT?) = 0, then i(T + §) = —i(T?) = i(T). Hence, from
Remark 1.1 we infer that (T + S) = i(T). Next, if T € ®,(X), then Remark 1.1 implies that T € ®,(X).
Recalling that TTY € ®(X), we deduce from Theorem 7.14 in [16] that TY € ®(X, X1). Now, using the fact

that (T + S§)TY € ®(X), we infer from Theorem 7.12 in [16] together with Remark 1.1 that T + S € O(X).
(i) A similar reasoning allows us to reach the result (if). Q.E.D.

This brings us to introduce the following subsets of x1(X).
M(X) = {S € L(X) such that —ST € Oy for all T € L(X)}
and

E(X) = {5 € L(X) such that =TS € Ox for all T € L(X)}.

Proposition 5.3. Let T € C(X), then
DITed(X)and S € &X), then T + S € Oy(X) and i(T + S) = i(T).
@) IfT € Oy(X)and S € M(X), then T + S € O,(X) and i(T + S) = i(T). o
Proof. Let T € Oy(X) (resp. D,(X)), then there exist T; (resp. T;) € £(X) and K € K(X) such that
T(T+S)=1-K+TS,
(resp. (T +S)T, =1-K+ST,).

Now, since S € E(X) (resp. M(X)), then —T;S ( resp. —ST,) € O@x. The rest of the proof is given in the
same way of Theorem 5.2 for the case of the strong topology on the Banach space X. Q.ED.

Theorem 5.4. Let T € C(X), then
() If S € M(X), then ¢,,,(T) = 0., (T + S).
(ii) If S € M(X), then o, (T) = 0., (T + S). o
Proof. (i) Let A € C be such that A ¢ g,,(T), then we get from Theorem 2.7
A-Ted(X) andi(A-T) <0.
Using Proposition 5.3, we have

A=T-Sed(X)and i(A —T-S) <0.

Reusing Theorem 2.7, we deduce that A ¢ ¢,,(T + S). The opposite inclusion follows from symmetry.
(ii) Similarly to (i), the proof of (i) may be checked. Q.E.D.
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6. Essential spectra of matrix operators

In this section, we will describe the left and the right Weyl essential spectra of the matrix operator
L, the closure of Ly, acting on the space X X X, where X is a Banach space with the DP property. In the
product space X x X, we consider the following operator which is formally defined by a matrix

Lw=(é g), ©)

where the operator A acts on X and has domain D(A), D is defined on (D) and acts on the Banach space
X, and the intertwining operator B (resp. C) is defined on the domain D(B) (resp. D(D)) and acts on
X. In the following, it is always assumed that the entries of this matrix satisfy the following conditions,
introduced in [17].

(H1) Ais closed, densely defined linear operator on X with nonempty resolvent set p(A).

(H2) The operator B is a densely defined linear operator on X and for (hence all) u € p(A), the operator
(A — u)7'B s closable. (In particular, if B is closable, then (A — u)~!B is closable).

(H3) The operator C satisfies D(A) c D(C), and for some (hence all) p € p(A), the operator C(A — u) ™! is
bounded. (In particular, if C is closable, then C(A — p)™! is bounded).

(H4) The lineal D(B) N D(D) is dense in X and for some (hence all) u € p(A), the operator D—C(A— p)™'B
is closable. We will denote by S(u) its closure.

Remark 6.1. (i) Under the assumptions (H1) and (H2), we infer that for each u € p(A) the operator G(u) :=

(A — u)7'B is bounded on X.
(i) From the assumption (H3), it follows that the operator: F(u) := C(A — )~ is bounded on X. o

The following result give a sufficient condition for which the operator Ly is closable and describes its
closure L.

Theorem 6.2. [3] Let conditions (H1)-(H3) be satisfied and the lineal D(B) N D(D) be dense in X. Then, the
operator Ly is closable and the closure L of Ly is given by

_ I 0 u—A 0 I G(u)
L‘”‘(Hm 1)( 0 u—ﬂW)(O I ) ©

where u € p(A). Or, spelled out,
L:DL)c(XxX)— XxX

(x)_ﬁL(x)z(Aw+Gum0—uGW))
y y Clx+ G(wy) = S(wy )’

D) = {( ch ) € X X X such that x + G(u)y € D(A) and y € Z)(S(y))}.

with

Note that the description of the operator L does not depend on the choice of the point u € p(A). o

Remark 6.3. Let A € C. It follows from (6) that

(T 0\[A-A 0 I G
Aobos (Fm)l)( 0 A—am)(o I y*A‘WMW)
= UVAW = (A = p)M(u), @)

where

_( © G(w)
MW%(FW)FWWW)) °
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Theorem 6.4. Let A € C.
(i) Suppose that A, € ®F(X) and S, (u) € PY(X). If F(u) € W(X), then

A =L e ®X)andi(A - L) =i(V(A)).
(ii) Suppose that Ay € ¥ (X) and Sy(u) € DY (X). If F(u) € W(X), then

A =L e ®(X) and i(A — L) = i(V(A)). o
AT W
Wy SY(u)

operators. It is easy to see that VY, is a left weak-Fredholm inverse of V(A). Thus, T}’ = w1t VY Ulisa
left weak-Fredholm inverse of T,. On the other hand, we have

WiF(u) = Gu)STE) - AYG() — G(u)W2G(u)
STEW) W>G(u) '

Proof. (i) Denote by T = UV(A)W and V{, = ( ), where W; and W, are weakly compact

TyM(u) = (

n

( ;2, ):: (1+aT;“lM(y))( ; )_>( ;g )

where a € [0,1]. Hence, we get the following system

{ x;, = (I = aG(u)Sy(w)F(u)) xn + aW1F(u)x, + a(G(u)Wa = Ax)G(1) Y-

Now, take the following bounded sequence ( o ) € X x X such that

=N

(8)
Yn = aSu(WF(wx, + (I + aWaG(W))ya-

We first notice that since —aW,G(u) is weakly compact, then (—aW,G(u))? is compact and so, demi-
compact. This implies from Theorem 3.1 that —aW,G(u) is also demicompact. In the same manner,
we prove the demicompactness of the operator aG(u)Sy(1)F(u). In the other hand, remark that the
operators oS, (1)F(1) and aW1F(u) are both weakly compact. It results from the fact that X has the DP
property, that aSy(u)F(u)x, and aWiF(u)x, have convergent subsequences. Hence, from the second
equation of system (8), we infer that (I + aW>G(u))y, has a convergent subsequence. By demicom-
pactness of —aW,G(u), we deduce that (y,), admits a convergent subsequence. In the same way, we
infer from the first equation of system (8) that (I — aG(u)S(u)F(4))x, has a convergent subsequence.
This together with the fact that aG(u)Sa(u)F(u) is demicompact allows us to conclude that (x,), has a

. X .
convergent subsequence. Therefore, there exists a subsequence of ( " ) which converges on X. Thus,
n

—aT{M(u) € DC(X), Yo € [0,1]. Finally, the result follows from Theoremn5.2.

(i7) The result can be checked similarly to (7). Q.E.D.

Corollary 6.5. (i) Suppose that, for each A € ®F, (X) N CD;‘;(H)(X), we have F(u) € W(X). Then,

O, (L) C 0,,(A) U 0., (S()).

(ii) Suppose that, for each A € @Y, (X) N CD;US(y)(X)’ we have F(u) € W(X). Then,

Tey (L) C Oe,, (A) U 0,, (S(1))- ¢
Proof. (i) Let A ¢ o,.,(A) N 0., (S(1)), then
A—Aed(X) and i(A - A) <0,

and
A =S(u) € O(X) and i(A - S(u)) <O0.
This implies that A € @} (X) N q)f‘é(m(X). The result follows from Theorem 6.4 (7).
(if) Similarly to (i), the result follows from Theorem 6.4 (ii). Q.E.D.

Remark 6.6. Notice that in Theorem 6.4 and Corollary 6.5, the hypothesis F(u) € W(X) can be replaced by
G(u) € W(X). o
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