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Abstract. In this study we introduce and examine the concepts of A”—asymptotic deferred statistical
equivalence of order a and strong A!"—asymptotic deferred equivalence of order a of sequences of real
numbers. Also, we give some relations connected to these concepts.

1. Introduction

The idea of statistical convergence was given by Zygmund [35] in the first edition of his monograph
published in Warsaw in 1935. The concept of statistical convergence was introduced by Steinhaus [31] and
Fast [19] and later reintroduced by Schoenberg [30] independently. Over the years and under different
names statistical convergence has been discussed in the theory of Fourier analysis, Ergodic theory, Number
theory, Measure theory, Trigonometric series, Turnpike theory and Banach spaces. Later on it was further
investigated from the sequence space point of view and linked with summability theory by Cinar et al.
([10], [13]), Colak [11], Connor [6], Et et al. ([15], [18]), Fridy [20], Isik ([21], [22]), Isik and Et [23], Mursaleen
[26], Salat [29], Sengiil and Et ([16], [32]), Di Maio and Kocinac [12], Caserta et al. [5], Cakall1 ([7], [8]),
Cakalli and Savas [9] and many others.

Marouf [25] introduced definitions for asymptotically equivalent sequences and asymptotic regular
matrices. Patterson [28] extended these concepts by presenting an asymptotically statistically equivalent
analog of these definitions and natural regularity conditions for nonnegative summability matrices.

The difference sequence spaces was generalized by Et et al.([14], [15], [17], [18]) as follows:

A" (X) = {x = () : (A"x) € X}

where X is any sequence space, m € N, A’ = (x), Ax = (x¢ — x41), A"x = (A"xy) = (Am‘lxk - Am_l.Xk+1)

m
and so A"x; = ZO (=1)° ()Xo
V=
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If x € A" (X) then there exists one and only one sequence y = (yx) € X such that y, = A"x; and

k—m k
m(k=v=1\ oy [k+m—-v-1
=2, (m_1 )yv—;( ) ( o )y M
Yiem =Yo-m = =Yo=0

for sufficiently large k, for instance k > 2m. We use this fact to formulate (3) and (4). Recently the difference
sequence spaces have been studied in ([1], [3], [4], [15], [27], [33]).

The main goal of this work is to examine the relations between the concepts of A" —asymptotic deferred
statistical equivalence of order @ and strong A}'—asymptotic deferred equivalence of order a of sequences
of real numbers, where a € (0,1] and r € R*.

2. Definitions and Preliminaries

The deferred Cesaro mean of sequences of real numbers was introduced by Agnew [2] such as:

q(n)
Xk
p(n)+1

1
(Prt), = T =t

where {p (n)} and {7 (n)} are sequences of non-negative integers satisfying

p(n) <q(n) and lim g (n) = +oo.

The concepts of deferred density and deferred statistical convergence were given by Kiiciikaslan and
Yilmaztiirk ([24], [34]) such as:

Let K be a subset of N and denote the set {k : p (1) <k < gq(n),k € K} by K4 (n). Deferred density of K is
defined by

64 (K) = lim

1
—— |K;(n)|, provided the limit exists. 2
’H""q(n)—p(n)| 4 ()l | ()

The vertical bars in (2) indicate the cardinality of the set K; (1) .
Let {p (n)} and {g (n)} be two sequences as above and 0 < a < 1 be given. We define deferred a—density of
a subset K of N by

5 (K) = lim ——————
109 wos (g (m) = p (0))°

Deferred a—density 64 (K) reduces to natural density 6 (K) in the special case a = 1 and g (1) = n, p (n) = 0.

|Ks (n)|, provided the limit exists.

It can be clearly seen that every finite subset of IN has zero a—deferred density and 65 (K) < &4 (K) for
0 <a < p < 1. Beside, it does not need to hold & (K)y=1- o4 (K) for 0 < @ < 1 in general.

Definition 2.1. [33] Let {p (n)} and {q (n)} be two sequences of non-negative integers satisfying conditions given
above, m € N and « € (0, 1] be given. A sequence x = (xy) is said to be A" —deferred statistically convergent of order
a to L if there is a real number L such that for each & > 0,

n=e(q (n) = p ()
In this case we write A™(8) — limxy = L. The set of all A™—deferred statistically convergent sequences of order a
will be denoted by A™(S7). If m =0, q(n) = nand p (n) = 0, then the concept of A" —deferred statistical convergence
of order a coincides with the concept of statistical convergence of order a. If q(n) = n, p(n) = 0 and o = 1 then the

concept coincides with A™— statistical convergence denoted by A™(S). In the special casesm =0, a =1,q(n) =n
and p (n) = 0, A" —deferred statistical convergence of order o coincides with usual statistical convergence.

lip(m) <k<q@m: 1A%~ LI 2 ¢)| = 0,
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Definition 2.2. Let {p (n)} and {q (n)} be two sequences as above, o be any real number such that 0 < a« < 1and x, y
be two sequences of real numbers such that A"x; > 0 and A"y, > 0 for all k € IN. Two sequences x and y are said to
be A" —asymptotically deferred statistical equivalent of order o, provided that for every € > 0

Amxk
>¢ep|l=0.
m
m (a3

A ]/k
In this case we write x £ y. If q(n) = nand p(n) = 0, then the concept of A" —asymptotic deferred statistical
A™(S%)

1

lim——— -L
"gﬂ’(q (n) —p ()"

{p(n)<k§q(n):

equivalence of order a coincides with the concept of A™ —asymptotic statistical equivalence of order o denoted by x

y. If gn) =n,p(n) = 0and o = 1, then the concept of A" —asymptotic deferred statistical equivalence of order a

coincides with A™—asymptotic statistical equivalence denoted by x g y. Ifa = 1, then the concept of A™ —asymptotic

deferred statistical equivalence of order « coincides with A™—asymptotic deferred statistical equivalence denoted by

x M0 y. In the special case m = 0, a = 1, g(n) = nand p(n) = 0, the concept coincides with usual asymptotic

statistical equivalence.

Definition 2.3. Let {p (n)} and {q (n)} be two sequences as above, o be any real number such that 0 < a« < 1and x, y
be two sequences such that A"x, > 0 and A"y > 0 for all k € IN, and r be a positive real number. Two real valued
sequences x and y are said to be strong A'—asymptotically deferred statistical equivalent of order o provided that

q(n)

r

Amxk _ -0

Amyk

1
lim ———
= (g (n) - p (n)) pgjl
and this is denoted by x At y. If g(n) = nand p (n) = 0, then the concept of strong A'—asymptotic deferred

statistical equivalence of order a coincides with the concept of strong Al —asymptotic statistical equivalence of order

a denoted by x ATeh y. Ifqn) = n,p(n) = 0 and a = 1, then the concept of strong Al'—asymptotic deferred

statistical equivalence of order a coincides with the concept of strong Al —asymptotic statistical equivalence denoted

by x ATl y. In the special cases m = 0, a = 1, g (n) = nand p (n) = 0, then the concept of strong AI'—asymptotic

deferred statistical equivalence of order o coincides with the concept of strong asymptotic statistical equivalence

denoted by x g y.

3. Main Results

In this section we introduce the concepts of A”—asymptotic deferred statistical equivalence of order
a and strong AY'—asymptotic deferred equivalence of order a of sequences of real numbers. Also some
relations between A™—asymptotic deferred statistical equivalence of order a and strong A}'—asymptotic
deferred equivalence of order « are given.

>0, then x ~~"" y implies x

q(n) —p(n) A"(S) A(S,)
" -

Theorem 3.1. Let {p (n)} and {q (n)} be given as above. If lim

> 0. For a given € > 0, we have

m
AT - L' > s}
Amyk

Proof. Let x A y and lim M

{kSn:

and therefore

Amxk
Amyk

—L‘Ze}g{p(n)<k§q(n):

1 A" 1 s
ezl =) = Hffro <xsoo-[55 12
_ gn)—pn) 1 A ) |
i & <q<n>—p<n>)‘{’”‘”’<"$‘7<”>~ Ay, L zé}|.
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Taking limit as 7 — co and using the fact that lim M >0, we getx A7) y. O

Corollary 3.2. Under the conditions of Theorem 3.1, if x 2 y implies x % Y.

Theorem 3.3. Let {p (n)} and {q (n)} be given as above, o« and B be two real numbers such that 0 < o« < < landr

Aﬂl Zué\ [r] . . Al”(sﬁ)
5 yimpliesx ~" y.

be a positive real number, then x
Proof. Omitted. [J
Theorem 3.3 yields the following results.

Corollary 3.4. Let {p (n)} and {q (n)} be given as above, a be any real number such that 0 < o < 1 and r be a positive
real number, then

i)x 2t y implies x e Y

i) x Am(%[r]) y implies x A"(Sa) Y,

iii) x * Yy impties x 80 y for a = 1,

iv) x 4 y implies x &) yfora=1landm=0.

Remark 3.5. Even if x and y are A" —bounded sequences, the converse of Theorem 3.3 does not hold, in general. To
show this we must find two sequences that are A" —bounded and A™—asymptotically deferred statistical equivalent
of order a, but need not to be strong Al'—asymptotically deferred statistical equivalent of order B. To show this let
p(n) = 0and q(n) = n forall n € N and x = (xx) and y = (yx) be defined as follow:

L k#md
wx={ T ®
and

A"y =1, forallk e N

It can be shown that x,y € L (A™), x and y are A"—asymptotically deferred statistical equivalent of order o
for a € (%,1]. Now we show that x and y need not to be strong A)'—asymptotically deferred statistical equiv-

alent of order B. First of all, recall that the inequality ), # > «/n is satisfied for n > 2. Define H, =
k=1

{p(n) <k<qn):k#+m’, m= 1,2,3,...} and take r = 1 and L = 0. Since

q(Zn)‘ Amxk 4 i A”‘xk _ i Amxk + i Amxk
pim+1 A"y A"yl S Ayl C A
= — + 1>y —>+Vn
keH, Vk keH, = Vk
For p(n) = 0 and q(n) = n, we have
1 q(z”iMxk lznv‘Amxk>lnL
(g(n) — p(n))* sty A"y e B TAN/ B L Y/
1 1
> —4n= - — 00451 — oo
n« néz

So x and y are not strong Al'—asymptotically deferred statistical equivalent of order o for o € (%, %) .
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Theorem 3.6. Let {p (n)}and {q (n)} be given as above, if x and y are A" —bounded then x ~ ~

Proof. Omitted. [J

The following result a consequence of Theorem 3.6.

2003

A"(S)) S

y implies x

Corollary 3.7. If x and y are A" —bounded sequences, then x M y implies x Al Y.
Theorem 3.8. Let {p (n)} and {q (n)} be given as above. If the sequence (%) is bounded, then x * "

Lo A™(SY)
impliesx ~" y.

Proof. Since p (n) < g (n) and lim g (n) = +oo, if

lim {kSn:‘A Yk —L'Ze} =0
n—oo n& Amyk
then
. 1 A’”xk
lim —— |[{k<g(n): -L 25}20.
= [ ()] { T Ay
. q (1) . . q (1)
Since the sequence [ —————— | is bounded, there exists a number M such that ————— < M. For a
g(n)—pn) g(n)—pn)

given ¢ > 0, we have

. Amxk _ 5 . Amxk _ )
{p(n)<k$q(n).’Amyk LZ&}Q{kSq(n).'Amyk LZ&}
and the inequality
) A" xy B i ) A™xy 3 i
Hp(n)<k§q(n). A L 2&} < {kSq(n). Ay L'Ze}
holds. Therefore
1 . A’”xk _ )
(q(n) —p(m)* {p ) <k=qn): Ay 7 é}
[q (m)]* { A" }
k< : —-L|> .
(q () =p )" [q(m]* =4 Ay = ¢

. . A™(S)
Taking limitas n — oo, we getx ~"" y.

Remark 3.9. The converse of Theorem 3.8 does not hold even if (%) is bounded. For this, consider two
sequences x = (xx) and y = (yx) defined by

L @
and

A"y =1, forallk € N.
Take p (n) = 2n, q (n) = 4n and choose r = 1. It is clear that x il y, but x A y.
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Theorem 3.8 yields the following result.

Corollary 3.10. Let {q (n)} be an arbitrary sequence with q(n) < n for all n € IN and (m) be bounded.
Then x “ <7y implies x 7 .

Theorem 3.11. Let {p (n)} and {q (n)} be given as above, a be any real number such that 0 < o < 1. If the sequence

(%) is bounded, then x AT y implies x A (tr) y
Proof. Since the sequence (%) is bounded there exists a positive number K such that % <
K. Let us assume that x * <7 y, then we have

1 q(m) Al ’
((m) = p )" p(nzjl Arye
— 1 Amxk _ ' A’"xk
T (@) —p ) |4 Z A™yi A’”yk ‘]
At I A" r
-L
(q(n) p(m)* kZ‘ Ay Z Ay ‘]
L0 ”Z TN N U 0)) W f Aty L
(q(m) —pm)°* [p(n) | Ay T -p@F ol L | Ay
1 pm) Amxk r 1 q(n) Aka r
= K -L| +(1+K)" —1 .
[Pm)]“; A"y ‘ HIR [q(n)]“,; Ay '

Anl (’([ ]
Hence we get x (0 y. O

The following result is easily derivable from Theorem 3.11.

q(n) +p(n)

Corollary 3.12. Let {p(n)} and {q (n)} be given as above. If (m

) is bounded, then x * <Y y implies
G
Theorem 3.13. Let {p (n)},{q (n)}, {p/ (n)} and {q/ (n)} be sequences of non-negative integers satisfying

p(n)<p (n)<q (n) <qn), forallneN (5)

mn

, , .. A"(Sy) . . A"(S4) .
such that the sets {k ip(n) <k<p (n)} , {k g n)<k<gqg (n)} are finite, then x ~ ~" "y implies x = ~*" y, where if

ZE}|=O.

the following equality is satisfied then we say that x ) v,

A’”xk

- L
Am]/k

1 , ,
;}Ij{;m ‘{P (n)<k<q (n):
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Proof. Let us assume that the sets {k cp(m) <k<p (n)} and {k g (n)<k<g (n)} are finite and x A" Y.

Then for any ¢ > 0 we have

{k:p(n)<k§q(n): i:;’;—L'zg} = Jkipm) <k<p (n): ‘— }
U{k p () <k<q (n): im;" Lz}
U{k:q’(n)<k§q(n): imx"—L 25}
and so
m{kip(m —L’ZE}’
m{k:p(n)<k3p’(n):’i:—;’;—L'Zg}I
+m{k:p’(rz)<k5q'(m) i:y L' }'
+m {k g (n)<k<qn): Am LZSH.

L AT(S
Taking limit as n — oo, we getx * <" y. [

Theorem 3.14. Let {p (n)},{q(n)}, {p' (n)} and {q' (n)} be sequences of non-negative integers satisfying (5) such that
. (9(m)—p) ) 6
hm(—q, W —p o >0, (6)

AnSE A™(SS)
thenx ~" yimpliesx ~* y.

Proof. It is easy to see that the inclusion

{:’ —LZS}C{: —Lzs}
holds and so the following inequality too
‘{k p ) <k<q (n): AZ; L >e} {k p(n)<k<qn): myk_L > }'
Therefore we have
m {k:p'(n)<k§q'(n):‘§:—;lz—L 25}
oE Rroerd RO et B |

AM(SY)
Taking limit as n — oo, we get x ~ y. O
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Theorem 3.15. Let {p (n)},{q(n)}, {p' (n)} and {q’ (n)} be sequences of non-negative integers satisfying (5) such that

the sets {k cp(n) <k<p (n)} and {k g (n)<k<g (n)} are finite. If x, y are A™—bounded then x Ay ) y implies

X At

Proof. Let x and y are A”-bounded sequences, then there exists a positive real numbers M such that
Ak _ L' < M. The we can write

Amyk
p(n) r
A’”xk _ L|
1 w Amxk _ ‘r _ 1 p(%ﬂ A"y
gmn)—pn) ) Ay, gn)—pn) . qiﬂ) My g r . qg) A L|r
, Am]/k , Amyk
p (n)+1 q (n)+1
q(n)
2 1 A" x
————MOQ1)+ = - - ’
q (n)—p (n) q (n)—p' (n) q,g—;i A"
So we have x * " y. O

Theorem 3.16. Let {p (n)},{q (n)}, {p' (n)} and {q' (n)} be sequences of non-negative integers satisfying (5) and (6),

A" (w[r] ) ) A™Mw?, [r]
then x (g y implies x <~d )y.

Proof. Omitted. [J
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