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On the generalized Apostol-type Frobenius-Genocchi polynomials

Waseem A. Khan?, Divesh Srivastava®
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Abstract. The main object of this work is to introduce a new class of the generalized Apostol-type
Frobenius-Genocchi polynomials and is to investigate some properties and relations of them. We derive
implicit summation formulae and symmetric identities by applying the generating functions. In addition a
relation in between Array-type polynomials, Apostol-Bernoulli polynomials and generalized Apostol-type
Frobenius-Genocchi polynomials is also given.

1. Introduction

Leta € Z,A € C,a,b,c € R*,a # b and x € R. The generalized Apostol-Bernoulli, Euler and Genocchi
polynomials with the parameters are given by means of the following generating function as follows (see
[1-15]):

N Y g b
(/\bt_at) ¢ _;Bn (x,/\,a,b,C)n!,ltlna |<2m, (1.1)
2 "t - @y 1. £ b
(Abt+at) ¢ _nZ:OEn (x,A,a,b,C)n!,ltlna |< T, (12)
and
26\ w N c@y P
(/\bt+at) ¢ :;Gn (x//\,ﬂ,b,c)a,l tln; |< m. (1.3)

Obviously, we have
BW(x;A;1,e,¢) = Bu(x; A), EY(x; 151, ,€) = En(x; A), and G¥(x; 1;1,¢,¢) = Gyu(x; A).

Recently, Kurt et al. [1] and Simsek [11, 12] introduced the Apostol type Frobenius-Euler polynomials
as follows.

Leta € Z,A € C,a,b,c € R*,a # b,x € R. The generalized Apostol type Frobenius-Euler polynomials
are defined by means of the following generating function:

t o (o] "

i t

(fbt _uu) o= Z H’(f)(x; u,a,b,c, A)ﬁ (1.4)
n=0 :
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Forx =0and a = 1in (1.4), we get

= ZH (u,a,b; )\) (1.5)

where H,(u,a, b; 1) denotes the generalized Apostol type Frobenius-Euler numbers (see [9], [12], [14]).

Onsettinga =1,b =¢, A = 1in (1.4), the result reduces to

(ef—u) ZH(“ (x;u)— (1.6)

where HE,“)(x; u) is called classical Frobenius-Euler polynomial of order « (see [1], [12], [15]).

Observe that H,(f)(x, u) = H,(x,u), which denotes the Frobenius-Euler polynomials and H,(f‘)(O; u) =

H,(f‘)(u), which denotes the Frobenius -Euler numbers of order a. Hﬁll)(x; —1) = E,(x), which denotes the
Euler polynomials (see [5], [7], [12]).

Recently, Yasar and Ozarslan [15] introduced the Frobenius-Genocchi polynomials by means of the
following generating function:

A=t 4 X r, W1
e = ;Gn(x,)t)n!. 1.7)
On setting A = —1in (1.7), we get
ef+1 ZG(x) <, 1.8)

where G, (x) are called the Genocchi polynomials (see [5]).

In (2013), Simsek [11] introduced the A-stirling type number of second kind S(n,v; 4, b; 1) by means of
the following generating function:

& n t Lty
ZSnvab/\)t——(Ab—a) (1.9)
n=0

V!

and the generalized array type polynomials are defined by Simsek [11, p.6, Eq. (3.1)] as:

V!

s n t tyv
ZS"(x a,b; /\)t— _ A —a) (1.10)

Kurt and Simsek [1] introduced the polynomial Y, (x; A;a), which is given by the following generating
function:

(o) tn
xt _ cAeq)
= ZO‘ Yo A0, (@=1). (1.11)
For x = 0in (1.11), we get
Y,(0; A; a) = Yy, (A;a), (see[15]). (1.12)
Again if we set x = 0 and a4 = 1, in (1.11), we obtain
Y,(A 1) = ; (1.13)

A=1
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This paper is organized as follows. We give a brief review of generalized Apostol-type Frobenius-
Genocchi polynomials G@(x;u,a,b,c; 1) and their properties. Some explicit and implicit summation for-
mulae and general symmetric identities are derived by using different analytical means and applying gen-
erating functions. Also, we established relation between A-type Stirling polynomials, Apostol-Bernoulli
polynomials and generalized Apostol Frobenius-Genocchi polynomials.

2. Definition and properties of the generalized Apostol-type Frobenius-Genocchi polynomials
6@ u;a,b, ;1)

In this section, we introduce the generalized Apostol-type Frobenius-Genocchi polynomials and inves-
tigate some basic properties.

Definition 2.1. The generalized Apostol-type Frobenius-Genocchi polynomials G (x;u;a.b.c; A) of order o
are defined by means of the following generating function:

at —u)r\” = t"
((Abt — Zi ) = Z GV ua,b,c; A)E’ (2.1)
n=0 ’

where (e € Z,A € C,a,b,ce R", a £ b, x € R).

Remark 2.1. For x = 0 and a = 1, (2.1) reduces to

((“t = ”)t) =Y Gutwa b, 22)
n=0 ’

Abt —u
where G, (u; a.b.c; A) denotes the Apostol-type Frobenius-Genocchi numbers.

Remark 2.2. If weseta = 1,b = ¢ = ¢e,u = -1, (2.1) immediately reduces to the Apostol-type Genocchi
polynomials (see [4], [12], [15]).

21’ a 0 »
(Aef + 1) e = ) G )M < . 2.3)
n=0

We have the following properties of (2.1), which are stated in terms of theorems as:

Theorem 2.1 The following recurrence relation holds true:
Qu-1) Z ( f )Q,(x; w;a,b,c;A) Gur(y; 1 —u;a,b,c; A)
r=0
=n(u-1)Gua(x+y;u;a,b,c;A)+nu Gp1(x+y; 1 —u,a,b,c; 1)

+Z;‘ ( :l )(lna)”"gy(xwty;u;a,b,c;A)

_ Z ( :l )(ln a)""G(x+y;1—u,a,b,c;A). (2.4)
r=0

Proof. In order to prove (2.4), we set

(at B M)t Cxt (at — (1 B Ll))t Cyt
Abt—u Abt— (1 —u)

(Zu—l)(



W. A. Khan, D. Srivastava / Filomat 33:7 (2019), 1967-1977

1 3 1
Abt—u At —(1-u)|

=2(a' = u)(a' — (1 — )" [

Employing the result (2.2), equation (2.5) reduces as

(Qu—1) ZQ,(xuabc)\ Zgn(y,l uabcA) = (' -1 -ut)

X Z Gi(x+y;u,a,b,c; A)ﬁ —(a' - u)tZ G(x+y;1—u;a,b,c; /\)ﬁ'
r=0 r=0

Using [13, p. 100, Eq. 2], we get

u—l)i

n=0 r=

n

tﬂ
( f )Qr(x; u;a,b,c;A) Gur(y; 1 —u;a,b,c; A);

_ (At - . . t_r_ t_
=@ —(1—u>t>;gr(x+ vin,a,b,¢) = (@' = wt

(o) tr
X Zg,(x +1y1- u;a,b,c;/\)ﬁ.
r=0

n

2u—1)i

n=0 r=0

( :Z )Q,'(X; w;a,b,¢;A) Gur(y; 1 —u;a,b, A)%

t1’+1

=u- 1);67(96 + y;u,a,b,C;A)T

r+1

+u2§,(x+ yl- u,a,b,c;/\)T

r=0

_ t"
( :l )(lna)” gy(x+y;u;a,b,c;/\)a

On comparing the coefficients of t" in both sides, we arrive at the desired result (2.4). O

Theorem 2.2. The following relation holds true:

(Guni(x;u3,b,b;2) = In(b)" Gu(x; 1;0,b,b; 1))

= In(@)! Z( "o )Yn+1 ¢ (15 70) Getxs 0., 6:0)

n+2

+In(b): 2( e )Yn+2 ¢(550) 62w a,b,b:0).

n n—-r . . . t"
(r )(lna) Qr(x+y,1—u,ﬂ,b,C,/\)a-

1970

2.5)

(2.6)

2.7)

2.8)

(2.9)
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Proof. In order to prove (2.9), we set ¢ = b and a = 1 in equation (2.1) and then taking it’s derivative with
respect to t, we have

tr [(Ab = u)(@' — u) + ta' In(a) — (a' — u)tAL' In(b) |,
Zg,,+1(x u;a,b,b; )\) [ b =) prt

(@ —ut 2
+ e Inb)” (2.10)

On arranging the above equation and making use of (1.11) and (2.1), we get

1 In(a)
tou

5 "1y &
nzzégm(x;u;a,b,b;)\)m = ?;gn(x wia,b,bi 1) +

= 1 e |
X ZO Yl =) Z Gilx;3,0,b; 1) 17 = 7 Ab' In(b)

k

X Z Y, (1; - b)— Zg@)(x; w;a,b,b; /\)l%

x? oy . t"
+1n(b) Z(;Qn(x,u,a,b,b,A)a. (2.11)
Making use of Lemma [13, p.100, Eq.2], above equation reduces as
moo11
Z§n+lxuabbA Zgn(xuabb/\) 1“;{")
xZ (Z) Y, (1; = a) gk(xuabb)\)
n=0 k=0
LN ol ol I T
- In(b) ZZ& PRI
%G (x;1;0,b,b; /\) +ln oy Zgn(x u;a,b,b; /\) (2.12)

n=0

On equating the coefficients of " in both sides of the above equation, we arrive at the required result
(9. O

Theorem 2.3. The following relationship holds true

n
M u;a,b,64) = Y G =xu30,b,¢ VGO (G ua.b.c; M), (2.13)
k (n—k)

Proof. In order to prove (2.13), replacing x by —x and a by —«a in (2.1), to get

n t_ (-a)
Zg( 2 x;u;a,b,c;/\)%z((a _”zf) ¢ (2.14)

Abt

Making use of the above equation, we can write

. (—a) (a—m) ... . . ﬁ _ (at_u)t -
kzz(;gk (—x;u;a,b, c; )L) Zg (30,5, 1)— _(—Abt_u . (2.15)
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o k
Zg,i_“)(—x;u;a,b,c;)\)% Z G (x;u;a,b,c; )\)—
k=0 ’

n=0
- 2 G (w;a,b, c; A)%. (2.16)
n=0 :

Using Lemma [13, p.100, Eq.2], and comparing the coefficients of t" from the resulting equation, we acquire
the result (2.13). O

Theorem 2.4. The following relationships hold true:

G9(x;u,a,b,c;A) = Z( ) (“)(u a,b,c; A)(xInc)" P, (2.17)
k=0
G Px + y;u,a,b,c;7) = Z( Z )Q,(:‘)(x; w;a,b,;0) GP (y;1;0,b,¢; ). (2.18)
k=0
(x+y)Inc)" = Z ( Z ) G (yw;a,b,c0) GUV (v 15a,b,; M), (2.19)
k=0

GUYx;u% a2, b, % A2) = Z ( Z ) Gy “(xia,b,c;7)

k=0
XH O (x; ~;,b,¢; ). (2.20)
Proof. By using (1.4) and (2.1), we can easily find the results (2.17)-(2.20). We omit the proof. O

3. Implicit Summation Formulae Involving Generalized Apostol-type Frobenius-Genocchi Polynomials

Here in this section, we provide some implicit formulae for generalized Apostol-type Frobenius-
Genocchi polynomials.

Theorem 3.1. The following implicit formula for the generalized Apostol-type Frobenius-Genocchi poly-
nomials holds true:

k1
k+l(z u;a,b,c;A) = Z ( fn )( '; )(1nc><'"+">(z x)'"+"gk X 14;8,5,6;A). (3.1)
n,m=0

Proof. Replacing t by (t + w) in (2.1) and rewriting equation (2.1) as

(a(t+w — M)(t + ZU _ —x(t+w . (0() w'
( T — 1 Z Suwab,c /\)k' T (3.2)
Replacing x by z, and equating the obtained equation with the above equation, we have
(z=x)(t+ - () (@) tk !
e 3 g (xuabcA))kl i ng+l(zuabc)\))k‘ = (3.3)

k=0
Expanding the exponent part in the above equation, we have

[(Z x)(t+w) Zg,ﬁ’j’, x;u;a,b,c; /\))

N=0 k=0

kol

w
kI
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= !

=) 6@ wab G )G (3.4)

k,1=0

Using the result [13, p.52(2)], we have

Zf(N GOty fonem= 2

mmn=0

in the left-hand side, we get

(11’1 C)n+m( x)(n+m)tnwm s @ k wl
n;O o ;;?)gk”(x wa,b,cA) = o
=P e w!
= Z Gz u;0,b,¢; 1)) ST (3.5)
k,I1=0

Replacing k by k —n and [ by [ — m in the above equation and equating the coefficients of #* and w' from the
resulting equation, we obtain the required result (3.1). O

Corollary 3.1. For [ = 0 in Theorem 3.1, we have the following relation

k

Qk+l(2‘u;ﬂ, bcA)= Z( ,k; )(lnc‘)’””’(z x)”Qk+l(x; u;a,b,c; A). (3.6)

n=0
Theorem 3.2. The following relation holds true:
G+ LabcA) =) ( . )1n<c>"‘kg§“>(x; u;a,b; A). 3.7)
k=0

Proof. Replacing x by x + 1 in equation (2.1), we get

@ =t oy Z N o N
( —ul € = ;gn (x+Luab,c; /\)n!. (3.8)
Zg(a)(x u,a, b c, /\)k' Z(lnc)n Zgna')(x + 1 ua, b c A)— (39)

On replacing k by k — n and equating the coefficients of t" in the resulting equation, we obtain the desired
result (3.7). O

Theorem 3.3. The following relation holds true:

G0, b,6;) = Z( . )gn_m(u; a,b; )G (130,63 1). (3.10)

m=0

Proof. Replacing a by (« + 1) in equation (2.1), we have

(a' — u)t o+l oo @ —ut\ (@ -ur\" i
Abt —u T\Abt—u Abt —u
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[ee) tn (o] o tm
=) Guwa b)) Y G (uiab,cA) . (3.11)
n=0 m=0

On setting n by n — m in the above equation and equating the coefficients of ", we obtain the required
result. [
Theorem 3.4. The following implicit summation formula holds true:

n

Z(—1)a( . )(1n(ab))m(a)mg§f_>m(x; w;a,b,c; 1) = (-1)'GV(x;1;a,b,¢;A), (312)

m=0

Proof. First, we replace t by —t in (2.1) and then we subtract the obtained equation with (2.1), we get

((f[b,f _”f) [ = (ab)¥(=1)*c™ Z“ (-1)"] g“*)(x;u;a,b,c;»n—"!. (3.13)

By using (2.1) and Lemma [13, p.100, Eq.2] we get

gg(a)(x wa,b,c; /\)_ — (-1 ; mzo(a)m(lnab)mg(a) (x;w;a,b,c; A)_(n inm)!
=Y [1-(1)"16 x5 ua,b,c; A),i—”,‘ (3.14)
n=0 ‘

On equating the coefficients of t" in the both sides of above equation, yield result (3.12). [

4. Symmetric identities for the generalized Apostol-type Frobenius-Genocchi polynomials

In this section, we establish symmetric identities for the generalized Apostol type Frobenius-Genocchi
polynomials by applying the generating function (2.1). The results extends some known identities of Khan
et al. [3-5] and Pathan and Khan [8-10].

Theorem 4.1. The following identity holds true:

n

n n— o o
Z( ' )bku G\ (bx, by; u; A, B,; NG\ (ax, ay; 1; A, B, c; A)

k=0
= Y ( Z )akb”_kgia_)k(ax,ay;u;A,B,c;/\)Q,((“)(bx,by;u;A,B,c;/\). 4.1)
k=0
Proof. Let N
e
The above expression is symmetric in 2 and b, we can write H(t) into two ways as:
H(t) = i@f‘)(bx by;1;A, B, c; A)ﬂ ng“>(ax ay;u; A, B, c; A)—— (bt)k
n=0
i Y ( )b" kG (bx, by; u; A, B,c; NG\ (ax, ay; u; A, B, c; )L)—. 4.3)

n=0 k=0
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On the other hand, we have
(o9 n n . a " t"
H(t) = Z ( v )akb G\ (ax,ay; u; A, B,c; )G (bx, by; u; A, B, c; N (4.4)
On equating the coefficients of t" from equations (4.3) and (4.4), we arrive at the desired result. [

Corollary 4.1. For a = 1, Theorem 4.1 reduces to:

n

Z ( Z ) Va"*G(bx; u; A, B, c; \)Gi(ax; u; A, B, c; A)

k=0

= Z ( Z )akbn—kgn—k(llx,' u; A, B, c; A)Gi(bx; u; A, B, c; A). (4.5)
k=0

Theorem 4.2. The following identity holds true:

k=0 i=0 j=l

n a=1 b-1
Z( . )Z Y ()G (b + Zz’ +j;1;A,B,¢; )G ay; 1; A, B, ¢; A)
j=0

n a-=1 b-1
= (- A)W( ' )akb"-kgff_)k(aﬂ %i+ jiu; A, B,c; M)
k=0 i=0 j

Q‘

1l
o
Iy
fe=}

xG,(by; u; A, B,c; A). (4.6)
Proof. Consider

1) = (A — u)at (AP — u)bt 1+ A(=1)"1c™ byt
[\ ABet - ABb —y (Ac + 1)(Acht + 1)

a-1
(Aat _ M)Elt abxt i zbt Abt M)bt ub t i Ljat
o n a—1 b-1 o b
I(t) = Z ( Z ) (=) G (bx + =i+ j;u; A, B,c; A)
n=0 k=0 i=0 j=0 a
@ N
ng (‘Zl‘//”/A/B/C/A)E- (48)
On the other hand, we have
o n b-1 a-1
I(t) = Z ( ) (—A)*Tpk kg(“)k(ax+ —i+ j;u;A,B,c; M)
n=0 k=0 i=0 j=0
tYl
xG\(by;u; A, B,c; \)— 4.9)

n!’

On equating the coefficients of " from last two equations (4.8) and (4.9), we acquire at the desired result
4.6). O
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5. Relation between A-type Striling polynomials, Apostol-Bernoulli polynomial and generalized Apostol-
type Frobenius-Genocchi polynomial

This section deals with some relationships in between Array-type polynomials, Apostol-Bernoulli polyno-
mial and generalized Apostol-type Frobenius-Genocchi polynomial.

Theorem 5.1. The following relationship holds true:

Wy (n (v .A) 0 (L:a)
G (x;ua,b,b; ) = i kz;‘ AR ERERTE Yn_k(a,a . .1)
Proof. On replacing c by b and a by —v in equation (2.1), we get
Y t" at — )\
Zgn V(x;u;a,b,b; N ((Abt _zl) b, (5.2)

00 n Abt -1 v bxt v

—y t u t
z G, )(x;u;a,b,b;A); =v! ( ) (5.3)
n=0 '

on(L-1) et
Using equations (1.10) and (1.11), the above equation reduces to

Zgn —v'ZSk(xlb—)k' ZYV)( )t—' (5.4)

Replacing m by m — k in the above equation, we get

. Ay (1 £
Zgn (x50, b3 ) — ( ' )s’;(x; 1,b;;)Yﬁl_)k(;;a)E. (5.5)

On equating the coefficients of t", we arrive at the required result. [

Theorem 5.2. The following relationship holds true:

) (. o Wy (m ( .&) (v)( 1 )
G (x;u;a,b,b; 1) = Z( i )S k16— )8, (v, =, 1,0,b). (5.6)

(_n)2v =0

Proof. Making replacement of ¢ with b and a with —v in equation (2.1), we get

Y " ((a —u)t i B
Zgn )(xuabb)\) (Abt_u) b, (5.7)

(40 -1) b
o (L-1) et

Using equations (1.10) and (1.1), the above equation reduces to

Y 65 i, b Ay = (o) (58)
n=0 :

o)

— (v )Zs(km b; )Zz

k=0

tn+2v

Zg”’xuabm)

n

sza(” (x 21,4, b) . (5.9)

n=0
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Using Lemma [13, p.100, Eq.2], we get

WPNE VRN I S o i A
Zgn (5 14;,b, 0, 0)— _v!Z (k )S(k,v,l,b,u)
n=0 n=0 k=0
1 t”
(v)
B, (x, “ b) = (5.10)

On equating the coefficients of t", we arrive at the required result. [
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