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Abstract. For a connected graph G, the multiplicative eccentricity resistance-distance &} (G) is defined as
&G =Y wyicve € - €(Y)Re(x, y), where ¢(') is the eccentricity of the corresponding vertex and R¢(x, )
is the effective resistance between vertices x and y. A cactus is a connected graph in which any two simple
cycles have at most one vertex in common. Let Cat(n; t) be the set of cacti possessing n vertices and ¢ cycles,
where 0 < t < %51, In this paper, we first introduce some edge-grafting transformations which will increase
Ex(G). As their applications, the extremal graphs with maximum and second-maximum &3 (G)-value in
Cat(n; t) are characterized, respectively.

1. Introduction

All graphs considered in this paper are simple and connected. Let G = (V¢, E) be a graph with vertex
set V; and edge set Eg. For graph-theoretical terms that are not defined here, we refer to Bollobas’s book
[1].

Let P, C,, and S, be the path, the cycle and the star on n vertices, respectively. A cactus is a connected
graph in which any two simple cycles have at most one vertex in common. Equivalently, every edge in
such a graph belongs to at most one cycle. Denote by Cat(n; t) the set of cacti possessing n vertices and ¢
cycles, where 0 < t < 1. A cycle C of G is said to be an end cycle at v if v is the unique vertex in C which
is adjacent to a vertex in V \ V. Let G be a graph in Cat(n; t), this unique vertex v in C is called the anchor
of C. Let dg(v) (for simplicity, d(v)) be the degree of v in G. For a path Py = v1v, ... vk(k > 2) with d(v1) > 3in
G, itis called a pendent path if d(vg) = 1, and a internal path if d(vy) > 3. If Eg C Eg, we denote by G — Ej the
subgraph of G obtained by deleting the edges in Ey. If E; is the subset of the edge set of the complement of
G, G + E; denotes the graph obtained from G by adding the edges in E;. Similarly, if W c V, we denote
by G — W the subgraph of G obtained by deleting the vertices of W and the edges incident with them. For
simplicity, we write G — xy, G + xy and G — x instead of G — {xy}, G + {xy} and G — {x}.

The distance dg(x, y) between two vertices x and y is defined as the length of a shortest (x, y)-path in G.
The eccentricity ec(x) (for simplicity, €(x)) of a vertex x is the distance between x and a furthest vertex from
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x. The resistance distance r;(x, y) is defined to be equal to the effective resistance between vertices x and y
of graph G, with unit resistors taken over any edge of G. Although the distance has great important effect
on many problems with respect to graphs, the use of shortest path has some obvious drawbacks. In many
cases, shortest paths form a small subset of all paths between two vertices; it follows that paths even slightly
longer than the shortest one are not considered at all in the studying of some problems. Furthermore, the
distance between the vertices does not consider the actual number of (shortest) paths that lie among the
two vertices: two vertices that are separated by a single path have the same distance of two vertices that
are separated by many paths of the same length. To overcome these limitations, the resistance distance is
obvious an alternative choice. Based on this consideration, there is a family of resistive descriptors F(G)
proposed, with the general formula

FG) = ) folxyRelxy) (1)

{xylcVe

where Rg(x, y) is the effective resistance between vertices x and vy, f;(x, y) is some real function on V.

If fo(x,y) = 1, it is the well-known Kirchhoff index Kf(G), proposed by D. klein and M. Randi¢ in
[10]. This index has very nice purely mathematical and physical interpretations (for example, see [20]),
and has been investigated extensively in mathematical, physical and chemical literatures, for more detail
information the readers are referred to recent papers [21] and references therein. In [2], H. Chen and F. Zhang
introduced naturally an index R*(G) named multiplicative degree-Kirchhoff index from the relations between
resistance distance and the normalized Laplacian spectrum. It is defined exactly by (1.1) when taking
fe(x,v) = dg(x) - dg(y). Comparing with this index, I. Gutman, L. Feng and G. Yu [4] proposed the additive
degree-Kirchhoff index R*(G) which can also be obtained by letting fc(x, y) = dg(x) +dg(y) in (1.1). S. Liand W.
Wei [11] defined the eccentricity resistance-distance sum EX(G) from (1.1) by taking fc(x, y) = &(x) + &(y). Some
mathematical properties and extremal problems on &X(G) are considered. Some interested properties and
relations among these Kirchhoffian indices are obtained, see [8, 9, 13, 14] and references therein. Motivated
by these works above, we defined a new index &3 (G) [7] from (1.1) by taking fs(x,y) = &(x) - €(y), name
it as multiplicative eccentricity resistance-distance, and some mathematical properties on &} (G) were studied,
as an application, the extremal graphs with minimum and second minimum & (G)-value in Cat(n; t) were
characterized. In this paper, we will further study some mathematical properties of £3(G) and their
applications.

The following results are useful for our main results. For convenience, let Kf,(G) = ¥ ey, Rc(u, v).

Lemma 1.1. [10] Let Cy be a cycle with length k and v € V¢,. Then Kf(Cy) = "31—;", Kf,(Cy) = kzgl.

Lemma 1.2. [17] Let G be a connected graph with a cut-vertex v such that Gy and G, are two connected subgraphs
of G having v as the only common vertex and Vg, U Vg, = Vg. Let my = |Vg | =1, ny = |g,| = 1. Then
Kf(G) = Kf(G1) + Kf(G2) + mKfo(G1) + 12K fo(G2).

2. Some edge-grafting transformations increased & (G)

In this section, we introduce some edge-grafting transformations which are increased &3(G). For
convenience, for any two vertices x, y of G (resp. G’, G”'), let e(x) = e¢(x) (resp. €'(x) = e (x), €”(x) = e¢r(x))
and Ry, = Rg(x, y) (resp. R}, = Ra(x, ), RY, = R (x, ).

Lemma 2.1. Given a connected graph G with a cut vertex u and dg(u) > 3. Let Py = uujuy---uy and P, =

uv vy - - - v(k > t) be two pendent paths attaching at u, and set G’ = G — v;_1v; + uxvs(as shown in Figure 1). Then
ER(G) < ER(G).

Proof. Let H=G —(Vp, U Vp, —u),A={u1,--- ,ux}, B =1{v1,v2,--- , v}, C = V. For simplicity, let d = en(u).
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Figure 1: The graphs G and G’ in Lemma 2.1.

Case 1. d > t. Note that k > ¢, one can get that

&) > &), €x)2e),xe Vc \{oi;
Ry, = Ry xyeVeo\lo}, R, =k-i+1, Ryp =i+t(i€(l,2,-- k)

Ry, = k+j+1, Ry =t—j (je{l,2,--,t=-1))
R, = Ru+k+1, Ry =Ru+t xeC

X0t

It follows that

g = ). @R, - e@e@)Ry] 2 0.

{x.ylcVe\fo}

Note that €’(x)e’(v;) > e(x)e(vy) for x € Vi \ {v;}. Hence

L = QL+ ), + ) E@E )R, — @) @R, ]

x€eA  xeB\{v;} xeC

> O+ ) +Z>[e(x>e(w)<va,— Ry)]

xeA  xeB\{vy} «xeC

> d2 (Z Z Z)(va* - XUt

xeA  xeB\{v;} xeC

= 2(k—z+1— 1—t))+Z(k+]+1—(t—]))+Zk+1—t)]

xeC

= [(t—k—1)+|C|(k—t+1)]=d2(|C|— Dk—t+1)>0.

Therefore, by the definition of £}(G). We get 3(G") — Ex(G) = &1 + & > 0.
Case2.d<t. LetE ={u,--- ,u,u,v1,--- ,v}, F = Vg \ E, we have

() =dxu)+k+1,e(x) =d(x,u)+k x€F, R, =Ry x,y€F or xeFy€E\{ovy.
Then

=0 Y, + Y OIE@ MR, - e@e(y)Ry] > 0.

{x,y}cVr  xeFy=v:

Let P3 = uy - - - uquvy - - - vy and Py = vptt - - - uguvy - - - v4—1. Obviously, P3 = P4. So we get

&= ) [€ME R = e@eW)Ray] = Ex(Pe) = Ex(Ps) = 0

{x,y}CE
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Further, for y € E, it is easy to see that €’(y) + 1 > ¢(y). Then

& =

v

Y, @GR, - e@ey)Ry ]

xeFyeE\{v;}
Y 1w+ k+ D)€' (y) - (@ 1) +Re(y) Ry,
xeFyeE\{v;}
Y [ w) + R W) - e(y) + €/ ()R
xeFyeE\{v;}
Z [e(y) — (d(x, u) + k + 1)]Ryy + Z [e(y) + (d(x, u) + k + 1)]Ryy
xeFyeA\{v} xeFyeB\{v;}

k
Y Yl -1 +i- @) +k+ 1Ry

xeFyeA\lv;} i=1

=1
) Y M+ 1)+ j+ [@Cow) +k+ DRy

xeFyeB\{v;} j=1

[k(t =k — 2) — d(x, wk + & +21)k 1Ry
xeFyeA\ (v}
(t— 1)t
+ ) L= DdCow) +2( = Dk + 1)+ Ry
2
xeEyeB\{v;}
Nl -k=Ddeu)+ 2t -1k + 1)~k —k-2) + (t= Dt ; (k+ 1)"]ny
xeFyeE\{v;}
(= k= 1)+ 20t — 1)k + 1) — k(t —k —2) + = 1)t;(k+1)k]1<xy
xeF,yeE\{v}
[(F— k= 1)+ 20t — 1)k + 1) — k(t —k —2) + = 1)t;(k+1)k]1<xy
xeF,yeE\{v¢}
32 +2t—4+3k2+k 612 +3t—4
Z [ 2 ]ny > Z [T]ny
xeF,yeE\{v} xeF,yeE\{v}
3 1, 35
2 _ )2 2 j
Z [3 + 5t = 2IRy, = Z [B(t + 7)° — TgJRey > 0 (since t21).
xeFyeE\{v;} xeFyeE\{vs}

Therefore, £3(G') = Ex(G) = &3 + &4 + &5 > 0.
Combining Case 1 with Case 2, we have {,(G') > E3(G). O

Given three disjoint connected graphs Gi, G, and a path P = vvq---v,qvs, let uy € Vg, up € Vg,.
Suppose that H is the graph obtained from G; and G; by identifying u; and u; to u. We call this procedure
an identification operation [18], which denoted by the formula (H,u) = (G1,u1) ® (Gy,up). Let G be a
connected graph constructed by identifying v in P and u in H, that is, (G, u) = (H,u) ® (P,v). Let G’ and G”
be the graphs formed by the identification operation as follows:

(GSr Ut) = (Gll ul) 2] (P/ vt)r (G,/ v) = (G31 U) 2] (GZ/ uZ);
(G4,0) = (G, u1) ® (P,v), (G”,v1) = (Gy,vr) ® (Ga, u2).

The graphs G, G’ and G” are depicted in Figure 2.

Lemma 2.2. Let G, G’ and G” be the three graphs defined above. Then E,(G') > E4(G) or ER(G”) > &E4(G).
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Figure 2: The graphs G, G’ and G” in Lemma 2.2.

Proof. Let e, (v) = dy, €6,(v) = da, and put V1 = Vg, \ {u}, Va2 = Vi, \ {uz}, V3 = {0, 01,02, -+, v}
Case 1. dy > d;. In this case, we consider the transformation from G to G’. It is clear that
e'(x)=e(x) x€ Vg Ry =Ry, x,yeViorx,y€Vy;
R;y =Ry, x,y€ V3 or x€Vy,y€ Vs ny > Ryy, x€Vy,y€Vo;
Rly = Rup+t—i; Ry =Re+i, x€Vy,0,€ Vai=1,2,--- ,t = 1).

LetU=1{1,2,---,t—1}, we have

go= (Y + Y+ Y + Y+ Y E@EWR,, — e@e)Ry] > 0.

xyicvi yicVa  {xylcVs  xeVy,yeVa  xeVzyeV,
& = ), @R, - e@e@Ryl> Y [e@ey)(R,, - Rey)]
erl,er3 XEVl,yEV3
> & Y, o+ ), )R, —Ry)
xeVy,yelv,o)  xeVy,yeVa\{o,o:)
> & ) Ry —Ruo)=d3 Y [Re+t—i)=(Re+1)]
xeVy,iel xeVy,ield
- d§|V1|Z(t-2z')zo
el

Therefore, we get £3(G') — ER(G) = &6 + &7 > 0.
Case 2. d; > d,. In this case, we consider the transformation from G to G”. It is easy to see that
" (x) = e(x) x € Vg; R;'y =Ry, x,yeVy or x,y€Vy;
R;'y =Ry, x,ye V3 or xeVy,ye Vs ny > Ryy, x€Vy,y€Vy;
Ry, =Rw+t—i; Ry, =Ryp+i, xeVy,v€V3(i=12,-,t-1).
In a similar way to case 1, we have

G o= (), + )+ )+ ) Y @ WR, - e@ey)Ry] > 0.

{xylcVi  {xylcVo  {xylcVs  xeVyyeVy  xeViyev,

L= ) ["@e"YRY, - e(®)e()Ry]
XEVz,yEV:;
> Y [e@eMR,, Ry 2d( Y.+ Y. )R, —Ry)20.
xeVy,yeV3 xeVyyefv,o)  xeVy,yeVs\{v,u}

Therefore, we get &4(G') — &x(G) = & + &9 > 0.
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This completes the proof. [J

Lemma 2.3. Let u and v be two vertices in G such that the distance between u and v is equal to the diameter of G.
Let w be a cut vertex of G which is the common vertex of G1 and Gy. Let G’ (resp. G”) be the graph obtained from
G1 and G by identifying w of G with v (resp. u) of G1, as shown in Figure 3. Then (i) If Kf,(G1) = Kf(G1),
Ex(G)) > Ex(G); (i) I KFu(G1) 2 KfulG), ER(G”) > £4(G).

Figure 3: The graphs G, G’ and G in Lemma 2.3

Proof. First of all, it can be conformed that either ¢¢, (w) < dg(w, u) or e¢,(w) < dg(w, v). Otherwise, without
loss of generality, let ec,(w) > dg(w, v). Then &g, (w) + de(w, u) > de(w, v) + dg(w, u) > d(u,v). It means that
there exists a shortest path which length is greater than diameter, this is a contradiction. Therefore, we have
e(x) <d(u,v) < eg,(w) +d(u,v) = &'(x) for any x € Vg,.

According to the definitions of G and G/, it can be concluded that

ny = R;yr x/]/ € VG1; ny = R;y/ x/]/ € VGZ;
ny = Ryw + Rwyr R;y =Ry + Rwyr X € VG1/ ye VGZ;

gx) = ex),xe Vg, & >ek), xeVg,.
Hence we have

G0 = (), + Y NE@EMR], - e@e()Ry] > 0.
{

xylcVe,  {xylCV,

fno= ), [E@EWR, - ee(y)Ry]

X€ Vc1 JYE VGZ

= ) [E@E MR+ Ruy) — €0e) (R + Ray)]

XEVGl ,yEVGZ

> Z [gl(x)gl(]/)va - E(X)E(]/)qu,] > Z [e(x)e(y)(va — Ryw)]

JCEV(;1 /}/GVGZ XEVGl ,yEVGz

> ) Reo = Rae) = KA(G1) = KfulGo).

JCEVG1

Therefore, when Kf,(G1) = Kf,,(G1), it follows that
ER(G) = ER(G) = &0 + &1 > Kfy(G1) = Kf(G1) > 0.
Similarly, for Kf,(G1) = Kf,(G1), we also have £3(G”) > £4(G). O

Lemma 2.4. Let Cr(k > 4) be an end cycle at vertex u in G, and uy_3, ux—a, Ux—1 be three successive vertices lying in
Cx, as shown in Figure 4. Let G’ = G — utiy_q + ug_3ux-1, then E(G') > E(G).
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Figure 4: The graphs G and G’ in Lemma 2.4.

Proof. Let H=G —{uy,up,- -+, uj—1}. For the transformation from G to G’, we know that ¢’(x) > &(x) for any
x € V. Itis easy to see that

ER(G') = &R(G)

Y, [E@EWR — c@eWRyl 2 Y [@eW)RYy ~ Ray)]

{x Y 1CVes {x, y}CVG

Y ®, = Kf(G') - Kf(G).

Xy 1€V

v

By lemmas 1.1 and 1.2, we have
Kf(G') = Kf(H) + naKfi, (H) + (k 2)(7k* — 15k + 14) + k + E
Kf(G) = Kf(H) + npKf, (H) + E(k - 1)@k +k-2),
Kf(G') - Kf(G) = %(k — 1)(11K% - 56k* + 107k — 18) = f(k).

Note that for real number k, f'(k) = 15(33k* — 108k + 107) = L (k - 1) = & > 0 for k > 4. Then f(k) > f(4) =

% >0, that is, Kf(G") = Kf(G) > 0 for k > 4. So we have &(G') > &(G). O

Lemma 2.5. Let Gy,G, and Ci(k > 4) be three disjoint graphs where v1 € Vg,,v2 € Vg, u,u; € V¢, Let
G = ((G1,v1) ® (Ck, u;), u) ® (G, v2), as shown in Figure 5. Suppose that u;_1, u;, ui1 are three successive vertices in
Ck. Let G" = G — {ung—1, wimqui—2} + {Uiptig_1, i-1is1}, then ER(G') > E(G).

Figure 5: The graphs G and G’ in Lemma 2.5.

Proof. For the transformation from G to G/, it is easy to see that £’(x) > ¢(x) for any x € V. Therefore

ER(G) = Ex(G) Y, C@EWR,, - e@eRy = )| e@ey)R), — Ryy)

{xylcVe {xylcVe

Y (R, - Ry

{xylcVe

Let A= Vg \{ui}, B=Vg, \{ul, C={u,uq, -+ ,u_1}. We have

&2 = ( Z Z Z )R}, = Ryy) > 0.

{x,y)ICA {x,y)CB x€A,yeB

v
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According to Lemma 1.1 and Lemma 1.2, if k > 4, we get

= = L _pn=Luw-
€5 = ), (Ry=Ry)= £ (6 =19k +50) = (I — k) = 5( = 37k +100) > 0,
{x,y}cC
, _ , 1,
514 = Z (ny - ny) - Z (Ruly - Ru,y) = glAI(zk — 11k + 15) > O,
xeA,yeC xeA,yeC
’ , 1
f5 = ), Riy—Ry)= Y, (Riy—Ry)= ZIBI2K* =3k~ 9) > 0.
xeB,yeC xeA,yeC

Therefore, it follows that &3 (G") = ER(G) = &1z + &13 + &1 + 15 > 0, that is, ER(G7) > E4(G). O

Definition. A chain cactus is a graph G if each block of it has at most two cut vertices and each cut
vertex is shared by exactly two blocks. A chain 3-cactus is a chain cactus in which every cycle is a triangle.
A path 3-cactus is a chain cactus in which every block is a triangle. A path 3-cactus with t(t > 0) triangles
is denoted by C3(t).

Let G; be a path 3-cactus and G; a chain 3-cactus, and let ¢¢,(v) = d1, €¢,(v) = dp, where v; € G1,v; € G
and dy, d are the diameter of Gy, G, respectively. Suppose that P, = uuqu; - - - u_1uy is a path , we construct
the graph H by the identification operation

(M, v1) = (G1,01) @ (Py, 1), (H,02) = (M, ux) @ (G, 02).
Let G = H + {vuy_1,v1,}, G’ = H + {vvy1, vy}, as shown in Figure 6, we have the following result.

Lemma 2.6. Suppose that G and G’ are two graphs illustrated in Figure 6. If |Vg,| < |V, then £ (G") = ER(G),
the equality holds if and only if Gy =

@vuuu,uk ukl@ @vl_‘ —“_v@

v v
: ViU Uy v : : Y U Uy Y :

Figure 6: The graphs G and G’ in Lemma 2.6.

Proof. From the definition of the path 3-cactus, if [V, | < [Vg,|, we have d; < dp. Let U = {uy,up, - -+, u-1},
for the transformation from G to G’, we have

e’(x)>s(x) x€ Vg Ry =Ry, x,y€Vg or x,y€ Vg,
R’ x,yel; R, —ny, xeVg,yeVeg,;

xy/
2
R;u, :va1 +§+i_1/ qui :Rxw +1, xEVGT,MiEU;
2
R;u = Ry, +k—1, RXLI,:RxUZ+§+k_1_i, xeVeg,u €l
/ 2 2
va:va1+§/ va:va1+§+k—1, xEVG1;

’ 2 2
va:RXU2+_+k_1/ va:va2+_1
3 3

2

R;z,z;:_"'i_l/ Ruiv=§+k—1—i, u; € U

X € VGZ-
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Hence we have

GG -GG = ) [F@EYR,, - e@)e(y)Ry]

{xylcVe

> Z [e()e(W)(RY, — Rey)] > Z (Ryy = Ryy).

{xy}cVe {x,ylCVs
Note that V(G) = Vg, U Vi, U U U {v}, we get

£ = (2 Y, )+ ), R, -Ry) =0,

{xy CVG1 {xy CV(;2 {x,ylcu xGVG1 ,erGz

7= (Y 4 YR, Ry = 561G - [Gi),

x€e VG1 el xGVGZ,u,'GLI

Gs = (), + ) )Ry, —Ry) = (k= 1(Gal - Gi),

ercl XEVGZ

k=1
f9 = ) (Ri,—Ruo)=) Qi-K)=0.
uiel i=1

Therefore, we get £4(G')— & (G) > E16+E17+E18+E10 = 3(k—1)(IVe,|— |V, |). This implies that £(G') > &4(G)
when [V, | > [V, |, and the equality holds if and only if G; = G,. O
3. Applications of the increasing transformations

In this section, we will determine the graphs in Cat(n; ) with the maximum and second-maximum
multiplicative eccentricity resistance-distance in cat(n; ). Assume that C,; € cat(n;t) is a chain 3-cactus
consisting of two path 3-cacti C3(k), C3(t — k) and an internal path P, where k = [£], as shown in Figure 7.

AN DN AN [EE

C(k) C(t—k)
Cﬂ,l
o G’ (n,1)

Figure 7: The graphs C, GO(n, 1), Cy1 and G'(n,1)

3.1. The extremal cacti with maximum i (G)-value
Theorem 3.1. Let G € Cat(n;t) withn > 6, then E3(G) < ER(Cr), the equality holds if and only if G = Cy .

Proof. Suppose that G # C,,;. By Lemma 2.1 and Lemma 2.2, we can convert the paths incident with vertices
of cycles of G into pendent paths or internal paths, and the new graph obtained from G is denoted by H.
Obviously, we have & (G) < &R (H).

If H is not isomorphic to chain cactus, then a chain cactus H; is created by repeated applications of
Lemma 2.3. Obviously, all the cut vertices of H; are in the path which length is equal to the diameter of H;.
By Lemma 2.3, it follows that &}, (H) < &R (H1).

Assume that H; is not isomorphic to chain 3-cactus, we can form a 3-cactus H, according to Lemma 2.4
and Lemma 2.5. Tt is easy to see that £}, (H1) < & (Ha).
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Finally, let H, # C,;, we use the transformation defined in Lemma 2.6 repeatedly, then we have the
chain 3-cactus C,;. Further, we get &, (Hz) < &(Cyy). Therefore, we have &3(G) < ER(Cyy), the equality
holdsif and only if G = C,,;,. [

Let G%n,t) be the graph as shown in Figure 7. Combining the result in [7], we have the following
corollary.

Corollary 3.2. For G € Cat(n; 1), £x(G'(n, 1)) < E4(G) < &Ex(Cyy), with equality on the left-hand side holds if and
only if G = G%(n, t), with equality on the right-hand side holds if and only if G = C,,.

For Cat(n; t),if t = 0,1, Cat(n; 0) and Cat(n; 1) are the class of trees and unicyclic graphs, respectively. Further,
we have the following results by the discussion above.

Corollary 3.3. Let G be a tree of order n different from S,, and P, then &3 (Sn) < ER(G) < ER(Py).

Corollary 3.4. Let G be a unicyclic graph of order n and G % G°(n, 1), the graph C,,1 is as shown in Figure 7, then
E(GO(n, 1)) < ER(G) < ER(Cp).

3.2. The extremal cacti with second maximum &y (G)-value

Lemma 3.5. Let C},,, C> be graphs as shown in Figure 8. (i) If n is odd, &4(C},,) > &x(C3)); (i) If n is even,
EE(C%) > 5;2((:;24,,5)/ the equality holds if and only if n = 4k + 2, where k = | £, that is, k is the maximum integer
which does not exceed %.

Proof. For simplicity, let G = C}

n,t’

vG =Ch. Let A= Vegoy, B = Ve, C = Ve\(A\u)) U (B\{w')),
C" = Ve \(A\{v}) U (B\{v'}). Then

e(x)=¢(x), e(y) =€), Ry=R,, x,yeA or B;
e(x)=¢(x), e(y) =€), Ry=R,, xeAxeB.
Further we have
Er(G) = &R(G)
= (), @Ry~ Y. C@EWR) +( ), e@emRy = Y, €@ MR,
{xylcA {x,ylcA {x,ylcB {x,y}cB

+( ) eWeWRy— Y| E@EMRL) +( ) e@e@Ry = Y. @ WR,)

x€A,yeB x€A,yeB {x,ylcC {x,ylcC’

), eWe@Ry - Y E@EWR)

{xeA\{u},yeC xeA\{v},yeC’

Y e@We@Ry— Y, E@EMR])

xeB\{u'},yeC xeB\{v'},yeC’

= () e@e@Ry - Y, €@ WR,)

{x,y}cC {x,ylcC’

), @Ry - Y. E@EWMR)

xeA\{u},yeC xeA\(v},yeC’

Y @Ry - Y, E@EWMR,)

xeB\{u'},yeC xeB\{v'},yeC’

Case 1. If t is even, let t = 2k. We can distinguish two cases as the following.
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Subcase 1.1. If n is odd, we have

m

n2

Y c@emRy — Y €@ MR

{x,ylcC {x,ylcC’
2 2 2 5
{g(n—3k) +2(n—3k)[§(n—3k—1)+ 5(n—3k—2)+~-+

n-2k—-1n-4k-1 2 2
> ( > +§)+---+(n—3k—2)(n—4k—2+§)+

2(n—3k—1)(n—4k—2+%)+(n—3k)(n—4k—1+§)]

+(n—3k)[(n—3k—1)+g(n—Bk—1)+§(n—3k—2)+g(n—3k—3)+~-

n-2k-1n-4k-1 2 n—4k-1 2
+ > ( > +§)+~-~+(n—3k—1)(T+§)]}

_{(n—3k)[(n—3k—1)+2(n_3k_2)+._'+71—22k—1(n—42k—1
+(1’l—3k—2)(n—4k—1)+2(n—3k—1)(n—4k—1+§)+2(n—3k)(n—4k—1+§)]

+1)+---

+2(n—3k)[§(n—3k—l)+%(n—Bk—1)+g(n—3k—2)+g(n—3k—3)+~--

+n—22k—1(n—4k—1 +1)+...+(n—3k—1)(n—4k—2+g)]+§(n—3k)2}

2 3
(”—3k){1[(n—3k—2)+...+”_2k—1 n—2k+1

3 > + > + -+ (n—3k-2)]
+(n —3k)(n — 3k — 1)(n — 4k — 1) — (n — 3k)(n — 3k — 1)}
(Bn—8k—-5)(n—-4k-1) _n—2k—1
4 2

[15n% — (104k + 46)n + (176k> + 152k + 31)],

1

3(n =30

n—3k
12
Y, c@emRy- Y, C@EWR,

xeA\{u},yeC xeA\{v},yeC’

1+ (n = 3K)(n — 3k — 1)(n — 4k — 2)

—%(n—3k—1)[(n—3k)+2(n—3k+1)+2(n—3k+2)+---+2(n—2k—1)]

—%(n—3k—2)[(n—3k)+2(n—3k+1)+2(n—3k+2)+---+2(n—2k—1)]—---

_1n—2k—1
3 2

—%(n—3k—2)[(n—3k)+2(n—3k+1)+2(n—3k+2)+---+2(n—2k—1)]

[m=3k)+2n-3k+1)+2n—-3k+2)+---+2n—-2k—-1)] —---

—g(n—3k—1)[(n—3k)+2(n—3k+1)+2(n—3k+2)+-~+2(n—2k—1)]
—(n—3k)[(n—3k)(n—4k—l+§)+2(n—3k+1)(n—4k—1+2)+2(n—3k+2)
+-~-+2(n—2k—1)(n—4k—1+%(k+1))]

+(n—3k)[§(n—3k)+2(n—3k+1)><§+~-+2(n—2k—1)><§k]

(Bn — 8k — 1)(n — 4k — 1)
12

[(n —3k)(n — 4k — %) - 1[(2n — 5k + 2)k — n],

1793
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Y, c@eRy - Y, £WEWR,

xeB\{u'},yeC xeB\{v'},yeC’

n3

= —(n—3k)[§(n—3k)+2(n—3k+1)><§+-~~+2(n—2k—1)><§k]
+%(n—3k—1)[(n—3k)+2(n—3k+1)+2(n—3k+2)+---+2(n—2k—1)]

+%(n—3k—2)[(n—3k)+2(n—3k+1)+2(n—3k+2)+---+2(n—2k—1)]—---

+ln—Zk—l
3 2
+%(n—3k—2)[(n—3k)+2(n—3k+1)+2(n—3k+2)+-~+2(n—2k—1)]

[m=3k)+2(n—-3k+1)+2(n—-3k+2)+---+2n—-2k-1)] —---

+§(n—3k—1)[(n—3k)+2(n—3k+1)+2(n—3k+2)+---+2(n—2k—1)]
+(n—3k)[(n—3k)(n—4k—l+§)+2(n—3k+1)(n—4k—1+2)+2(n—3k+2)
+-~-+2(n—2k—1)(n—4k—1+%(k+1))]

_ (oS- gk-1)

(n — 3k)(n — 4k — %)][(Zn — 5k + 2)k — n].

12
Therefore, we have
Er(G) = &R(G) = m+m+ns
- ! I;k [151% — (104k + 46)n + (176k> + 152k + 31)].

Let f(x) = 15x% — (104k + 46)x + (176K + 152k + 31) (x > 4k + 1, k > 1), then f'(x) = 30x — (104k + 46) >
30(4k + 1) — (104k + 46) = 16(k — 1) > 0, that is, f’(x) > 0. So f(x) is increasing. Note that n is odd, hence
we get f(x) > f(4k +3) = 16k + 28 > 0. It is easy to see that £,(G) — ER(G') = "I—;’kf(n) > %‘f@k +3) >
1(k + 3)(4k +7) > 0. So we get

E(C) > E(G) (n>4k+1, k>1).

Subcase 1.2. If  is even, in a similar way to Subcase 1.1, by direct calculation, we have

ER(G) — &R(G))

11—2(71 —3k)(n — 4k — 2)(15n — 44k — 16)
0 (Since n>4k+2, k>1).

[\

Hence we have
Er(G) 2 &R(G)) (n>4k+2, k>1).

Case 2. If t is odd, then t = 2k + 1. In a similar discussion as in Case 1, we have two cases as follow.

Subcase 2.1. If n is odd, we have E*R(C}ut) > EE(Ci,t)-

Subcase 2.2. If 1 is even, we have (i) When 1 = 4k +4, C, , = Cy,1, E(C} ) > ER(C2)); (il) When n # 4k +4,
ER(C ) > ER(CE).

Combining Case 1 with Case 2, we get (i) If nis odd, £, (C; ) > ER(C2 )); (i) If nis even, £, (C) ) = ER(C3 ),
the equality holds if and only if n = 4k + 2. [J
Lemma 3.6. Let C2

nt’

C;, | be graphs as shown in Figure 8. Ifk > 2, then £x(C>. ) > E4(C) ).
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Proof. Let G’ = C2,,G" = C3, A" = Vosgeny, B' = Vesgoi, D = Vo \A\[o) U (B\[o"), D' = Voo \(A\fw}) U
(B\{w"’}). Then

) =¢€"(x), €y)=¢€"(y), Ry =R, x,yeA or B

) =¢"(x), €y)=¢"(y), R, =R, x€eA ,xeB.

Hence we get

GG -GG = ()| €WEMR, - Y| €@ HRY)

{x,y}cA’ {x,y}cA’
+( Z & (e (YR, — Z e’ (x)e" (y)RY,)
{x,ylcB’ {x,y}cB’
), C@EWR, - Y, €@ WRY)
xeA’,yeB’ xeA’,yeB’
Y EWEWR, - Y "W (WRY)
{x,y}cD {x,y}cD’
HO), E@EGRy - ), W WRY)
{xeA’\{v},yeD xeA'\{w},yeD’
Y EWEWR, - Y, @ WRY)
xeB’'\{v"},yeD xeB\{w"},yeD’

= (), C@EWR, - Y C0LWRY)
{x,y}cD {x,y}cD’
Y E@EMR, - Y, W MR
xeA’\[v},yeD x€A’\{w},yeD’
WY CWEWR, - Y @ WRY)
xeB'\[v"”),yeD xeB’\{w"},yeD’

Case 1. If t is even, then t = 2k, we have the following two cases.
Subase 1.1. If n is odd, we have

Y CWEWR,, - Y, '@ MRS,

{x,y}cD {x,ylcD’

14
n—-2k-1 ><11—4k—1 N

2 2
+(n—3k—2)(n—4k—1)+2(n—3k—1)(n—4k—1+;)]+(n—3k—1)[(n—3k—2)
n-2k-1 ><11—4k—1 N

2 2
+(n—3k—2)(n—4k—2)+2(n—3k—1)(n—4k—2+%)]+2(n—3k—1)[§(n—3k—2)

n-2k-1 n—4k—1_1

L R U,

= {(n-3k)[n-3k-1)+2n—-3k—-2)+---+

+2(n—-3k-3)+(n-3k-2)+--- +

+g(n—3k—3)+~~+
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+(n—3k—2)(n—4k—3)+§)]+%(n—Sk—1)2}

n—Zk—l>< n—4k-1

2 ()
+(n—3k—2)(n—4k—2)+(n—3k—1)(n—4k—1)]+2(n—3k—1)[2(n—3k—2)
n—-2k-1 n—4k-5
7 X
+(n—3k—1)(n—4k—2+2)]+(n—3k—1)2+(n—3k—1)[(n—3k—2)+2(n—3k—3)

n—2k—1xn—4k—1
2 2

—{(n—3k)[§(n—3k—1)+(n—3k—2)+---+

+Z(n—3k—3)+~~+ +Z)+--~+(n—3k—2)(n—4k—3+Z)

+(n-3k=-2)+---+

4o+ (n—3k=2)(n — 4k — 2)]}

(n—3k)[—%(n—3k—1)+(n—3k—2)+---+n_zzk_l -+ (m-3k-2)
+(n—3k—1)(n—4k—1+%)]+2(n—3k—1)2(n—4k—2+§)
—%(n—3k—1)[(n—3k—2)+(n—3k—3)--~+n_zzk_l 4o+ (n-3k=2)]

—[2(n -3k - 1)*(n — 4k -1 + 2) + %(n -3k -1)%]

n—-2k-1
2

%(5n—15k+1)[(n—3k—2)+(n—3k—3)---+ +-.--+(n—3k-2)]

+(n = 3k)(n — 3k — 1)(n — 4k — %) - %(n -3k-1)?
i@n — 15k + 1)[(3n — 8k — 5)(n — 4k — 1) — 2(n — 2k — 1)]
+(n = 3k)(n — 3k — 1)(n — 4k — %) - %(n -3k -1)?

Y, C@WEWR, - Y, '@ WRY)

xeA’\{v},yeD xeA’\{w},yeD’
%(n—3k—1)[(n—3k+1)+(n—3k+2)+---+(n—2k—1)]+2(n—3k+2)[(n—3k+1)
+m=3k+2)+ -+ -2k-D]+---+m-2k-D[n-3k+1)+n-3k+2)+---
+(n=2k-1D]+ - +2n-3k-2)[(n-3k+ 1)+ (n -3k +2)+---+ (n—2k-1)]
+2(n—3k—1)[(n—3k+1)(n—4k—1+%)+(n—3k+2)(n—4k—1+§x3)+--~
+(n—2k—1)(n—4k—1+%k)]—2(n—3k—1)[(n—3k+1)(§+Z)
+(n—3k+2)(§><2+Z)+~~+(n—2k—1)(§(k—1)><2+2)]
[%(n—?)k—1)+2(n—3k—2)+--~+2xn_zzk_l +

+2n =3k -2)|[(n-3k+1)+(n—-3k+2)+---+(n—-2k—-2)+ (n -2k - 1)]

+2(n -3k —1)(n — 4k — %)[(n—3k+1)+(n—3k+2)+-~-+(n—2k—2)+(n—2k—1)],
Y, CWEWR, - ). '@ WRY,

xeB’\{v"},yeD xeB'\{w"”},yeD’

%(n—3k)[(n—3k)+(n—3k+1)+~-+(n—2k—1)]
—%(n—Sk—1)[(n—3k)+(n—3k+1)+~--+(n—2k—1)]

—%(n—3k—2)[(n—3k)+(n—3k+1)+---+(n—2k—1)]—---

1796
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_gn—Zk—l
3 2

—%(n—3k—2)[(n—3k)+(n—3k+1)+---+(n—2k—l)]

[(m=3k)+n-3k+D)+---+(n—-2k-1D]—---

+2(n—3k—1)[§(n—3k)+2(n—3k+1)+2(n—3k+2)+---+%(k+1)(n—2k—1)]
—2(n—3k—1)[(n—3k)(n—4k—1+;+Z)+---+(n—2k—1)(n—4k—2+§+§)]

4 1 2
= (501=3k) ~ Z(1 =3k~ 1)~ Z[(1 =3k~ 2) + (1~ 3k ~3) + -

+n—2k—l
2

—2(n—3k—1)(n—4k—%)[(rz—Bk)+(n—3k+1)+--~+(n—2k—2)+(n—2k—1)].

$oot(n=3k=2)W(n =3k + -3k +1)+ -+ (n—2k—1)]

Therefore, we have

Ex(G) = (G

= Mg +15+7)%

= {%(n—Sk)+%(n—Bk—1)+%[(n—Bk—2)+(n—3k—3)+---
+n_22k_l+~--+(n—2k—2)+(n—2k—1)]}[n—3k+1)+--~+(n—2k—1)]
4 1 4 n—2k-1
301 =3k) = 2(n =3k =1) = Z[(n =3k =2) + (1 =3k =3) + -+ + —

+---+(n—2k—2)+(n—2k—1)]}(n—3k)+g(n—3k—1)[n—3k+l)
+~-+(n—2k—1)]—2(n—3k—1)(n—4k—g)(n—%)
+21—4(5n—15k+1)[(3n—8k—5)(n—4k—1)—2(n—2k—1)]

+(n = 3k)(n — 3k — 1)(n — 4k — %)— %(n—3k—1)2

= {%(n—3k—1)+%[(3n—8k—1)(n—4k+3)+(3n—6k—l)(n—2k—1)]}+

@n - 5k)(k — 1)
f +

—%[(31/1 -8k —-5)(n—4k—-1)+ (3n — 6k — 1)(n — 2k — 1)]}(n — 3k)

{2(n - 3k) — (n — 3k — 1)(2n — 8k — 3)

+21—4(5n — 15k + 1)[(3n — 8k — 5)(n — 4k — 1) — 2(n — 2k — 1)]
+(n = 3k)(n — 3k — 1)(n — 4k — %) - %(n -3k —1)?

> %(n -3k —1)2n - 5k)(k — 1) + ;(n — 3k —1)?
+21—4(5n — 15k + 1)[(3n — 8k — 5)(1n — 4k — 1) — 2(n — 2k — 1)]
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+2k2; 2 [(3n — 8k — 5)(n — 4k — 1) + (31 — 6k — 1)(n — 2k — 1)](21 — 5K)
—(n = 3k)(n — 3k — 1)(n — 4k — %)

N 2k1; 3[3(n -3k —1)(n— 4k —1) +3(n — 3k — 1)(n — 2k — 1)](n — 3k)

+g(n - 3k)(n—3k—1)(n —4k —2) — (n — 3k)(n — 3k — 1)(n — 4k — 2)

2k -3
2
8k -9
8

>

(n —3k)(n — 3k —1)> - g(n - 3k)(n — 3k — 1)(n — 4k — 2)

>

(n—3k)(n —3k —1)(n — 4k —2) > 0 (Since n > 4k +2,k > 2).

So we get £R(G') > ER(G) (n >4k +2, k>2).
Subcase 1.2 If n is even, in a similar way to Subcase 1.1, by direct calculation, we have
E(G) - (G
= {%(n -3k-1)+ %[(311 — 8k — 4)(n — 4k — 2) + (3n — 6k — 2)(n — 2k)]}

@n - 5k)(k - 1)
f +

—%[(311 — 8k — 4)(n — 4k — 2) + (3n — 6k — 2)(n — 2K)]}(n — 3k)

{2(n — 3k) — (n — 3k — 1)(2n — 8k — 3)

+21—4(5n — 15k + 1)[(3n — 8k — 4)(n — 4k — 2) — 2(n — 2k — 1)]
+(n — 3k)(n — 3k — 1)(n — 4k — %) - %(n — 3k — 1)
> %(n — 3k — 1)2n — 5k)(k — 1) + 2(n — 3k)? — (n — 3k — 1)(2n — 8k — 3)
+21—4(5n — 15k + 1)(3n — 8k — 4)(n — 4k — 2) + (n — 3k)(n — 3k — 1)(n — 4k — %)

2k2; > [(3n — 8k — 4)(n — 4k — 2) + (3n — 6k — 2)(n — 2k)](2n — 5k) — %(n —-3k-1)?
> 21{1—;3[3(11 —3k—1)(n —4k - 2) + 3(n — 3k — 1)(n — 2k)](n — 3k)

+

+g(n = 3k)(n—3k—-1)(n—4k—-2)— (n—-3k)(n —3k—-1)(n — 4k - 2)

—(n = 3k)(n — 3k — 1)(n — 4k — %)

> 2k2_3(n—3k)(n—3k—1)2—g(n—3k)(n—3k—l)(n—4k—2)
8k8_9(n—3k)(n—3k—1)(n—4k—2)
> 0 (Since n >4k +2,k > 2).

Hence &£ (G') > ER(G”) (n > 4k +2, k > 2).

1798

Case 2. If tis odd, then t = 2k + 1. In a similar discussion as in Case 1, when k > 2, we have

&G > E(C ).
Combining Case 1 and Case 2, when k > 2, £(C2 ) > &x(C3 ). O
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AVANWANS A/\A/\A

C3(k) LA C(t—k-1)

PAVASN AT /\A/\A

c (k 1) L C(t-k+1)

Cn,t
\_v_./

C(k-1) B C (t—k)
C3

Figure 8: The graphs C!

nt’

2 3
C Wi and Cn,t.

Theorem 3.7. Let G* € Cat(n;t)\C,, with n > 6, the graphs Cn p Cﬁ’t and Cfl,t are as shown in Figure 8. Then (i) If
t= 2k + 1 and n = 4k + 4 are not holding at the same time, then £, (G*) < 572(C;11,t)' the equality holds if and only if
G =C, (i) Ift = 2k + 1,n = 4k + 4, then E(G") < Ex(C2 ), the equality holds if and only if G* = C,

Proof. By lemmas 2.2,2.4,2.5,2.6 and Theorem 3.1, one can conclude that G* has the second multiplicative
eccentricity resistance-distance in Cat(n; t), it must be one of the graphs C2 Cfl b C3’t which are as shown in
Figure 8.
Case 1. When t = 2k, k > 2, we have the following two cases.
Subcase 1.11f 1 is odd, by lemmas 3.5 and 3.6, we have & (C}, ) > E(Ch ), Ex(Ch ) > ER(C) )(n > 4k +1).
Subcase 1.2 If n is even, by lemmas 3.5 and 3.6, we have EE(C D) = ER(C? e &(C2 > Ex( 2,t)(” > 4k+2).
So we get £,(G") < éE(C}M), the equality holds if and only if G* = C}’,t.
Case 2. When t = 2k + 1,k > 2, we have the following two cases.
Subcase 2.1If n is odd, by lemmas 3.5 and 3.6, we have EE(C;, ) > &R(C2 D (o D> ER(C J(n > 4k +5).
Subcase 2.21f 11is even, by lemmas 3.5 and 3.6, we have &3 (C}, ) > ER(C2 D ER(C2) > ER(CD ) (n > 4k +4).
Subcase 2.3 If n = 4k + 4, then C},, = C,;, we have &(C},) > &(Ca), ER(C ) > &(C). Since
G* € Cat(n; t)\Cy 1, hence we have (i) Whenn # 4k+4, £ (G") < ER(C1 1); (i) Whenn = 4k+4, £ (G") < ER(C -
Case 3. When k = 1,t = 2, by direct calculation, we have

. ” -8
E(0) ~ (C =

So we have &(C}, ) > &x(C5 )(n > 6).

Similarly, when k = 1,t = 3, we have ER(C 0> ER(C J(n = 8).

By Lemma 3.5, whenk = 1, wehave ER(CW) > 5R(Cn/t). Therefore, whenk = 1,wehave &, (C f) > éR(C W)
E(Ch ) > ER(C).

So we get £3(G") < &x(C ).

By case 1, case 2 and case 3, we have

(i) If t = 2k + 1 and n = 4k + 4 are not holding at the same time, then &},(G") < Eﬁ(C}l,t), the equality holds

if and only if G* = C}l,t; (ii) If t = 2k + 1,n = 4k + 4, then & (G") < é};(Ci/t), the equality holds if and only if
G=C. O

n,t’

——[Bn-13)(n —=5)+ Bn —7)(n — 3)] + 1(5n —13)(n — 4) > 0 (Since n > 6).

Corollary 3.8. Among all graphs in Cat(n;t), (i) C,; is the graph with maximum multiplicative eccentricity
resistance-distance; (ii) If t = 2k + 1,n = 4k + 4, then Ci’t is the graph with second-maximum multiplicative
eccentricity resistance-distance. Otherwise, C111,t is the graph with second-maximum multiplicative eccentricity

resistance-distance.
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