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On Hermite-Hadamard Type Inequalities Via Fractional Integral
Operators
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Abstract. In this paper, we give new definitions related to fractional integral operators for two variables
functions using the class of integral operators. We are interested to give the Hermite–Hadamard inequality
for a rectangle in plane via convex functions on co-ordinates involving fractional integral operators.

1. Introduction

The most well-known inequality related to the integral mean of a convex function is the Hermite
Hadamard inequality. Let f : I ⊂ R → R be convex function defined on the interval I of real numbers
and a, b ∈ I, with a < b. Then the following double inequality is known in the literature as the Hermite-
Hadamard’s inequality for convex functions [8]:

f
(

a + b
2

)
≤

1
b − a

b∫
a

f (x) dx ≤
f (a) + f (b)

2
. (1)

The inequalities (1) have become an important cornerstone in mathematical analysis and optimization and
many uses of these inequalities have been discovered in a variety of settings. Many generalizations and
extensions of the Hermite-Hadamard inequality exist in the literature; (see [3],[4] and [30]) and references
therein.

Let us consider a bidimensional interval ∆ =: [a, b] × [c, d] in R2 with a < b and c < d. A function
f : ∆ ⊂ R2

→ R is said to be convex on ∆ if for all (x, y), (z,w) ∈ ∆ and t ∈ [0, 1], it satisfies the following
inequality:

f (tx + (1 − t) z, ty + (1 − t) w) ≤ t f (x, y) + (1 − t) f (z,w).

A modification for convex function on ∆ was defined by Dragomir [29], as follows:
A function f : ∆→ R is said to be convex on the co-ordinates on ∆ if the partial mappings fy : [a, b]→ R,

fy(u) = f (u, y) and fx : [c, d]→ R, fx(v) = f (x, v) are convex where defined for all x ∈ [a, b] and y ∈ [c, d].
A formal definition for co-ordinated convex function may be stated as follows:
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Definition 1.1. A function f : ∆→ R is called co-ordinated convex on ∆, for all (x,u), (y, v) ∈ ∆ and t, s ∈ [0, 1], if
it satisfies the following inequality:

f (tx + (1 − t) y, su + (1 − s) v) (2)

≤ ts f (x,u) + t(1 − s) f (x, v) + s(1 − t) f (y,u) + (1 − t)(1 − s) f (y, v).

Note that every convex function f : ∆→ R is co-ordinated convex but the converse is not generally true
(see, [29]).

In [29], Dragomir proved the following inequality which is Hermite-Hadamard type inequality for
co-ordinated convex functions on the rectangle from the plane R2.

Theorem 1.2. Suppose that f : ∆→ R is co-ordinated convex, then we have the following inequalities:

f
(

a + b
2
,

c + d
2

)

≤
1
2

 1
b − a

b∫
a

f
(
x,

c + d
2

)
dx +

1
d − c

d∫
c

f
(

a + b
2
, y

)
dy


≤

1
(b − a)(d − c)

b∫
a

d∫
c

f (x, y) dydx

≤
1
4

 1
b − a

b∫
a

f (x, c)dx +
1

b − a

b∫
a

f (x, d)dx

+
1

d − c

d∫
c

f (a, y)dy +
1

d − c

d∫
c

f (b, y)dy


≤

f (a, c) + f (a, d) + f (b, c) + f (b, d)
4

.

The above inequalities are sharp.

For recent developments about Hermite-Hadamard’s inequality for some convex functions on the co-
ordinates, please refer to ([2],[5],[6],[11]-[13] and [15]-[23]). Also for several inequalities for convex functions
on the co-ordinates see the references ([9],[10],[14],[24] and [25]).

In [28], Raina defined the following results connected with the general class of fractional integral
operators:

F
σ
ρ,λ (x) = F σ(0),σ(1),...

ρ,λ
(x) =

∞∑
k=0

σ (k)
Γ
(
ρk + λ

)xk (
ρ, λ > 0; |x| < R

)
, (3)

where the coefficients σ (k) (k ∈N0 =N∪ {0}) is a bounded sequence of positive real numbers and R is the
set of real numbers. With the help of (3), Raina and Agarwal et al. defined the following left-sided and
right-sided fractional integral operators respectively, as follows:

J
σ
ρ,λ,a+;ωϕ(x) =

∫ x

a
(x − t)λ−1

F
σ
ρ,λ

[
ω (x − t)ρ

]
ϕ(t)dt, x > a, (4)
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J
σ
ρ,λ,b−;ωϕ(x) =

∫ b

x
(t − x)λ−1

F
σ
ρ,λ

[
ω (t − x)ρ

]
ϕ(t)dt, x < b, (5)

where λ, ρ > 0, ω ∈ R, and ϕ (t) is such that the integrals on the right side exists.
It is easy to verify that Jσ

ρ,λ,a+;ωϕ(x) and Jσ
ρ,λ,b−;ωϕ(x) are bounded integral operators on L (a, b), if

M :=F σ
ρ,λ+1

[
ω (b − a)ρ

]
< ∞. (6)

In fact, for ϕ ∈ L (a, b), we have∥∥∥∥Jσ
ρ,λ,a+;ωϕ(x)

∥∥∥∥
1
≤M (b − a)λ

∥∥∥ϕ∥∥∥
1

(7)

and ∥∥∥∥Jσ
ρ,λ,b−;ωϕ(x)

∥∥∥∥
1
≤M (b − a)λ

∥∥∥ϕ∥∥∥
1
, (8)

where

∥∥∥ϕ∥∥∥
p :=


b∫

a

∣∣∣ϕ (t)
∣∣∣p dt


1
p

.

The importance of these operators stems indeed from their generality. Many useful fractional integral
operators can be obtained by specializing the coefficient σ (k). Here, we just point out that the classical
Riemann-Liouville fractional integrals Iαa+ and Iαb− of order α defined by (see, [1, 27, 31])

(
Iαa+ϕ

)
(x) :=

1
Γ (α)

∫ x

a
(x − t)α−1 ϕ(t)dt (x > a;α > 0) (9)

and (
Iαb−ϕ

)
(x) :=

1
Γ(α)

∫ b

x
(t − x)α−1 ϕ(t)dt (x < b;α > 0) (10)

follow easily by setting

λ = α, σ (0) = 1, and w = 0 (11)

in (4) and (5), and the boundedness of (9) and (10) on L (a, b) is also inherited from (7) and (8), (see, [26]).
In [7], Yaldiz and Sarikaya proved the following inequality which is Hermite-Hadamard inequality for

fractional integral operators:

Theorem 1.3. Let ϕ : [a, b] → R be a convex function on [a, b] with a < b, then the following inequalities for
fractional integral operators hold:

ϕ

(
a + b

2

)
(12)

≤
1

2(b − a)λF σ
ρ,λ+1

[
ω (b − a)ρ

] [
J
σ
ρ,λ,a+;ωϕ(b) +Jσ

ρ,λ,b−;ωϕ(a)
]

≤
ϕ(a) + ϕ(b)

2

with λ > 0.
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Now, we establish new definitions related to fractional integral operators for two variables functions:

Definition 1.4. Let f ∈ L1([a, b] × [c, d]). The fractional integral operators for two variables functions with p =
(p1, p2), λ = (λ1, λ2), p, λ ∈ [0,∞)2; w = (w1,w2) ∈ R2; σ = (σ1, σ2); and a, c ≥ 0 defined by

J
σ
ρ,λ,a+,c+;ω f (x, y) :=

x∫
a

y∫
c

(x − t)λ1−1(y − s)λ2−1
F
σ1
ρ1,λ1

[
ω1 (x − t)ρ1

]
F
σ2
ρ2,λ2

[
ω2

(
y − s

)ρ2
]

f (t, s)dsdt, (x > a, y > c);

J
σ
ρ,λ,a+,d−;ω f (x, y) :=

x∫
a

d∫
y

(x − t)λ1−1(s − y)λ2−1
F
σ1
ρ1,λ1

[
ω1 (x − t)ρ1

]
F
σ2
ρ2,λ2

[
ω2

(
s − y

)ρ2
]

f (t, s)dsdt, (x > a, y < d);

J
σ
ρ,λ,b−,c+;ω f (x, y) :=

b∫
x

y∫
c

(t − x)λ1−1(y − s)λ2−1
F
σ1
ρ1,λ1

[
ω1 (t − x)ρ1

]
F
σ2
ρ2,λ2

[
ω2

(
y − s

)ρ2
]

f (t, s)dsdt, (x < b, y > c)

and

J
σ
ρ,λ,b−,d−;ω f (x, y) :=

b∫
x

d∫
y

(t − x)λ1−1(s − y)λ2−1
F
σ1
ρ1,λ1

[
ω1 (t − x)ρ1

]
F
σ2
ρ2,λ2

[
ω2

(
s − y

)ρ2
]

f (t, s)dsdt, (x < b, y < d).

Similar the above definition, we introduce the following integrals:

J
σ1
ρ1,λ1,a+;ω1

f
(
x,

c + d
2

)
=

x∫
a

(x − t)λ1−1
F
σ1
ρ1,λ1

[
ω1 (x − t)ρ1

]
f
(
t,

c + d
2

)
dt, x > a;

J
σ1
ρ1,λ1,b−;ω1

f
(
x,

c + d
2

)
=

b∫
x

(t − x)λ1−1
F
σ1
ρ1,λ1

[
ω1 (t − x)ρ1

]
f
(
t,

c + d
2

)
dt, x < b;

J
σ2
ρ2,λ2,c+;ω2

f
(

a + b
2
, y

)
=

y∫
c

(y − s)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
y − s

)ρ2
]

f
(

a + b
2
, t
)

dt, y > c

and

J
σ2
ρ2,λ2,d−;ω2

f
(

a + b
2
, y

)
=

d∫
y

(s − y)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
s − y

)ρ2
]

f
(

a + b
2
, t
)

dt, y < d.

In this paper, we are interested to give the Hermite–Hadamard inequality for a rectangle in plane via
convex functions on co-ordinates involving fractional integral operators. We also study some properties of
mappings associated with the Hermite–Hadamard inequality for convex functions on co-ordinates.

2. Hermite Hadamard Type Inequalities for Fractional Integral Operators

In this section, we will give Hermite-Hadamard type inequalities for fractional integral operators by
using co-ordinated convex functions. During the this work we use the following symbols for m = 0, 1

Am(t) := F σ1
ρ1,λ1+m

[
ω1 (b − a)ρ1 tρ1

]
, Bm(s) := F σ2

ρ2,λ2+m

[
ω2 (d − c)ρ2 sρ2

]
.
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Theorem 2.1. Let f : ∆ ⊂ R2
→ R be a co-ordinated convex on ∆ := [a, b] × [c, d] in R2 with 0 ≤ a < b, 0 ≤ c < d

and f ∈ L1(∆). Then the following inequalities hold:

f
(

a + b
2
,

c + d
2

)
(13)

≤
1

4 (b − a)λ1 (d − c)λ2F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
×

[
J
σ
ρ,λ,a+,c+;ω f (b, d) +Jσ

ρ,λ,a+,d−;ω f (b, c) +Jσ
ρ,λ,b−,c+;ω f (a, d) +Jσ

ρ,λ,b−,d−;ω f (a, c)
]

≤
f (a, c) + f (a, d) + f (b, c) + f (b, d)

4

where p = (p1, p2), λ = (λ1, λ2), p, λ ∈ [0,∞)2; w = (w1,w2) ∈ R2; σ = (σ1, σ2).

Proof. According to (2) with x = ta + (1− t)b, y = (1− t)a + tb, u = sc + (1− s)d, v = (1− s)c + sd and t1 = s1 = 1
2 ,

we find that

f
(

a + b
2
,

c + d
2

)
≤

1
4

[ f (ta + (1 − t)b, sc + (1 − s)d) + f (ta + (1 − t)b, (1 − s)c + sd) (14)

+ f ((1 − t)a + tb, sc + (1 − s)d) + f ((1 − t)a + tb, (1 − s)c + sd)].

Multiplying both sides of (14) by tλ1−1sλ2−1
A0(t)B0(s), then integrating with respect to (t, s) on [0, 1] × [0, 1],

we obtain

F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
f
(

a + b
2
,

c + d
2

)

≤
1
4


1∫

0

1∫
0

tλ1−1sλ2−1
A0(t)B0(s)[ f (ta + (1 − t)b, sc + (1 − s)d) + f (ta + (1 − t)b, (1 − s)c + sd)]dsdt

+

1∫
0

1∫
0

tλ1−1sλ2−1
A0(t)B0(s)

[
f ((1 − t)a + tb, sc + (1 − s)d) + f ((1 − t)a + tb, (1 − s)c + sd)

]
dsdt

 .
Using the change of variable in the last integrals, we have

4F σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
f
(

a + b
2
,

c + d
2

)
≤

1
(b − a)λ1 (d − c)λ2

×


b∫

a

d∫
c

(b − x)λ1−1(d − y)λ2−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
F
σ2
ρ2,λ2

[ω2
(
d − y

)ρ2 ] f (x, y)dydx

+

b∫
a

d∫
c

(b − x)λ1−1(y − c)λ2−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
F
σ2
ρ2,λ2

[ω2
(
y − c

)ρ2 ] f (x, y)dydx
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+

b∫
a

d∫
c

(x − a)λ1−1(d − y)λ2−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
F
σ2
ρ2,λ2

[ω2 (d − c)ρ2 ] f (x, y)dydx

+

b∫
a

d∫
c

(x − a)λ1−1(y − c)λ2−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
F
σ2
ρ2,λ2

[ω2 (d − c)ρ2 ] f (x, y)dydx


which gives the left hand side of inequality in (13). Now we prove the right hand side of inequality in (13).
For this purpose we first note that if f is a co-ordinated convex on ∆, then we can write by using (2) with
x = a, y = b, u = c and v = d

f (ta + (1 − t)b, sc + (1 − s)d) ≤ ts f (a, c) + s(1 − t) f (b, c) + t(1 − s) f (a, d) + (1 − t)(1 − s) f (b, d),

f (ta + (1 − t)b, (1 − s)c + sd) ≤ t(1 − s) f (a, c) + (1 − t)(1 − s) f (b, c) + ts f (a, d) + (1 − t)s f (b, d),

f ((1 − t)a + tb, sc + (1 − s)d) ≤ (1 − t)s f (a, c) + st f (b, c) + (1 − t)(1 − s) f (a, d) + t(1 − s) f (b, d)

and

f ((1 − t)a + tb, (1 − s)c + sd) ≤ (1 − t)(1 − s) f (a, c) + t(1 − s) f (b, c) + (1 − t)s f (a, d) + ts f (b, d).

By adding these inequalities, we get

f (ta + (1 − t)b, sc + (1 − s)d) + f (ta + (1 − t)b, (1 − s)c + sd) (15)

+ f ((1 − t)a + tb, sc + (1 − s)d) + f ((1 − t)a + tb, (1 − s)c + sd)

≤ f (a, c) + f (b, c) + f (a, d) + f (b, d).

Multiplying both sides of (15) by tλ1 sλ2A0(t)B0(s), then integrating with respect to (t, s) on [0, 1] × [0, 1] we
obtain

1∫
0

1∫
0

tλ1 sλ2A0(t)B0(s)
[

f (ta + (1 − t)b, sc + (1 − s)d) + f (ta + (1 − t)b, (1 − s)c + sd)

+ f ((1 − t)a + tb, sc + (1 − s)d) + f ((1 − t)a + tb, (1 − s)c + sd)
]

dsdt

≤

1∫
0

1∫
0

tλ1 sλ2A0(t)B0(s)[ f (a, c) + f (b, c) + f (a, d) + f (b, d)]dsdt.

Then by using the change of variable we have

1
(b − a)λ1 (d − c)λ2

[
J
σ
ρ,λ,a+,c+;ω f (b, d) +Jσ

ρ,λ,a+,d−;ω f (b, c) +Jσ
ρ,λ,b−,c+;ω f (a, d) +Jσ

ρ,λ,b−,d−;ω f (a, c)
]

≤
[

f (a, c) + f (a, d) + f (b, c) + f (b, d)
]
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
.

In this way the proof is completed.
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Theorem 2.2. Let f : ∆ ⊂ R2
→ R be a co-ordinated convex on ∆ := [a, b] × [c, d] in R2 with 0 ≤ a < b, 0 ≤ c < d

and f ∈ L1(∆). Then the following inequalities hold:

f
(

a + b
2
,

c + d
2

)
(16)

≤
1

4 (b − a)λ1
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

] [
J
σ1
ρ1,λ1,a+;ω1

f
(
b,

c + d
2

)
+Jσ1

ρ1,λ1,b−;ω1
f
(
a,

c + d
2

)]

+
1

4(d − c)λ2F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

] [
J
σ2
ρ2,λ2,c+;ω2

f
(

a + b
2
, d

)
+Jσ2

ρ2,λ2,d−;ω2
f
(

a + b
2
, c

)]

≤
1

4 (b − a)λ1 (d − c)λ2F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
×

[
J
σ
ρ,λ,a+,c+;ω f (b, d) +Jσ

ρ,λ,a+,d−;ω f (b, c) +Jσ
ρ,λ,b−,c+;ω f (a, d) +Jσ

ρ,λ,b−,d−;ω f (a, c)
]

≤
1

4 (b − a)λ1
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

] [
J
σ1
ρ1,λ1,b−;ω1

ϕ(a, c) +Jσ1
ρ1,λ1,b−;ω1

ϕ(a, d) +Jσ1
ρ1,λ1,a+;ω1

f (b, d) +Jσ1
ρ1,λ1,a+;ω1

f (b, c)
]

+
1

4(d − c)λ2F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

] [
J
σ2
ρ2,λ2,d−;ω2

f (a, c) +Jσ2
ρ2,λ2,c+;ω2

f (a, d) +Jσ2
ρ2,λ2,c+;ω2

f (b, d) +Jσ2
ρ2,λ2,d−;ω2

f (b, c)
]

≤
f (a, c) + f (a, d) + f (b, c) + f (b, d)

4

where p = (p1, p2), λ = (λ1, λ2), p, λ ∈ [0,∞)2; w = (w1,w2) ∈ R2; σ = (σ1, σ2).

Proof. Since f : ∆→ R is co-ordinated convex on ∆ := [a, b] × [c, d] in R2 with 0 ≤ a < b, 0 ≤ c < d, it follows
that the mapping 1x : [c, d]→ R, 1x(y) = f (x, y) is convex on [c, d] for all x ∈ [a, b]. Then by using inequalities
(12), we can write for x ∈ [a, b]

1x

(
c + d

2

)
≤

1
2(d − c)λ2F

σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

] [Jσ2
ρ2,λ2,c+;ω2

1x(d) +Jσ2
ρ2,λ2,d−;ω2

1x(c)]

≤
1x(c) + 1x(d)

2
.

That is for x ∈ [a, b],

f
(
x,

c + d
2

)
(17)

≤
1

2(d − c)λ2F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]


d∫
c

(d − y)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f (x, y)dy

+

d∫
c

(y − c)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
y − c

)ρ2
]

f (x, y)dy


≤

f (x, c) + f (x, d)
2

.
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Then multiplying both sides of (17) by
(b−x)λ1−1

F
σ1
ρ1 ,λ1

[ω1(b−x)ρ1 ]
2(b−a)λ1F

σ1
ρ1 ,λ1+1[ω1(b−a)ρ1 ] and

(x−a)λ1−1
F
σ1
ρ1 ,λ1

[ω1(x−a)ρ1 ]
2(b−a)λ1F

σ1
ρ1 ,λ1+1[ω1(b−a)ρ1 ] respectively and then

integrating with respect to x over [a, b], we get

1
2(b − a)λ1F

σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

] b∫
a

(b − x)λ1−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
f
(
x,

c + d
2

)
dx (18)

≤
1

4(b − a)λ1 (d − c)λ2F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]


b∫
a

d∫
c

(b − x)λ1−1(d − y)λ2−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
F
σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f (x, y)dydx

+

b∫
a

d∫
c

(b − x)λ1−1(y − c)λ2−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
F
σ2
ρ2,λ2

[
ω2

(
y − c

)ρ2
]

f (x, y)dydx


≤

1
4(b − a)λ1F

σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]


b∫
a

(b − x)λ1−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
f (x, c)dx

+

b∫
a

(b − x)λ1−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
f (x, c)dx


and

1
2(b − a)λ1F

σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

] b∫
a

(x − a)λ1−1
F
σ1
ρ1,λ1

[
ω1 (x − a)ρ1

]
f
(
x,

c + d
2

)
dx (19)

≤
1

4(b − a)λ1 (d − c)λ2F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]


b∫
a

d∫
c

(x − a)λ1−1(d − y)λ2−1
F
σ1
ρ1,λ1

[
ω1 (x − a)ρ1

]
F
σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f (x, y)dydx

+

b∫
a

d∫
c

(x − a)λ1−1(y − c)λ2−1
F
σ1
ρ1,λ1

[
ω1 (x − a)ρ1

]
F
σ2
ρ2,λ2

[
ω2

(
y − c

)ρ2
]

f (x, y)dydx


≤

1
4(b − a)λ1F

σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]


b∫
a

(x − a)λ1−1
F
σ1
ρ1,λ1

[
ω1 (x − a)ρ1

]
f (x, c)dx

+

b∫
a

(x − a)λ1−1
F
σ1
ρ1,λ1

[
ω1 (x − a)ρ1

]
f (x, d)dx

 .
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In a similar way appling for the mapping 1y : [a, b]→ R, 1y(x) = f (x, y), we have

1
2(d − c)λ2F

σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

] d∫
c

(d − y)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f
(

a + b
2
, y

)
dy (20)

≤
1

4(b − a)λ1 (d − c)λ2F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
×


b∫

a

d∫
c

(b − x)λ1−1(d − y)λ2−1
F
σ1
ρ1,λ1

[ω1(b − x)ρ1 ]F σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f (x, y)dydx

+

b∫
a

d∫
c

(x − a)λ1−1(d − y)λ2−1
F
σ1
ρ1,λ1

[
ω1 (x − a)ρ1

]
F
σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f (x, y)dydx


≤

1
4(d − c)λ2F

σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]


d∫
c

(d − y)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f (a, y)dy

+

d∫
c

(d − y)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f (b, y)dy



and

1
2(d − c)λ2F

σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

] d∫
c

(y − c)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
y − c

)ρ2
]

f
(

a + b
2
, y

)
dy (21)

≤
1

4(b − a)λ1 (d − c)λ2F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]


b∫
a

d∫
c

(b − x)λ1−1(y − c)λ2−1
F
σ1
ρ1,λ1

[ω1(b − x)ρ1 ]F σ2
ρ2,λ2

[
ω2

(
y − c

)ρ2
]

f (x, y)dydx

+

b∫
a

d∫
c

(x − a)λ1−1(y − c)λ2−1
F
σ1
ρ1,λ1

[
ω1 (x − a)ρ1

]
F
σ2
ρ2,λ2

[
ω2

(
y − c

)ρ2
]

f (x, y)dydx


≤

1
4(d − c)λ2F

σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]


d∫
c

(y − c)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
y − c

)ρ2
]

f (a, y)dy

+

d∫
c

(y − c)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f (b, y)dy

 .
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Adding the inequalities (18)-(21), we obtain

1
2(b − a)λ1F

σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

] [
J
σ1
ρ1,λ1,a+;ω1

f
(
b,

c + d
2

)
+Jσ1

ρ1,λ1,b−;ω1
f
(
a,

c + d
2

)]
(22)

+
1

2(d − c)λ2F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

] [
J
σ2
ρ2,λ2,c+;ω2

f
(

a + b
2
, d

)
+Jσ2

ρ2,λ2,d−;ω2
f
(

a + b
2
, c

)]

≤
1

4(b − a)λ1 (d − c)λ2F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
×

[
J
σ
ρ,λ,a+,c+;ω f (b, d) +Jσ

ρ,λ,a+,d+;ω f (b, c) +Jσ
ρ,λ,b−,c+;ω f (a, d) +Jσ

ρ,λ,b−,d−;ω f (a, c)
]

≤
1

4(b − a)λ1F
σ1
ρ1,λ1

[
ω1 (b − a)ρ1

] [
J
σ1
ρ1,λ1,a+;ω1

f (b, c) +Jσ1
ρ1,λ1,a+;ω1

f (b, d) +Jσ1
ρ1,λ1,b−;ω1

f (a, c) +Jσ1
ρ1,λ1,b−;ω1

f (a, d)
]

+
1

4(d − c)λ2F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

] [
J
σ2
ρ2,λ2,c+;ω2

f (a, d) +Jσ2
ρ2,λ2,c+;ω2

f (b, d) +Jσ2
ρ1,λ2,d−;ω2

f (a, c) +Jσ2
ρ2,λ2,d−;ω2

f (b, c)
]

where p = (p1, p2), λ = (λ1, λ2), p, λ ∈ [0,∞)2; w = (w1,w2) ∈ R2; σ = (σ1, σ2). Thus, we proved the second
and the third inequalities in (16).

Now, using the left side of inequality in (12), we also have

f
(

a + b
2
,

c + d
2

)

≤
1

2(b − a)λ1F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]


b∫
a

(b − x)λ1−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
f
(
x,

c + d
2

)
dx

+

b∫
a

(x − a)λ1−1
F
σ1
ρ1,λ1

[
ω1 (x − a)ρ1

]
f
(
x,

c + d
2

)
dx


and

f
(

a + b
2
,

c + d
2

)

≤
1

2(d − c)λ2F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]


d∫
c

(d − y)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f
(

a + b
2
, y

)
dy

+

d∫
c

(y − c)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
y − c

)ρ2
]

f
(

a + b
2
, y

)
dy

 .
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By adding these inequalities, we get

f
(

a + b
2
,

c + d
2

)

≤
1

4(b − a)λ1F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

] [
J
σ1
ρ1,λ1,a+;ω1

f
(
b,

c + d
2

)
+Jσ1

ρ1,λ1,b−;ω1
f
(
a,

c + d
2

)]

+
1

4(d − c)λ2F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

] [
J
σ2
ρ2,λ2,c+;ω2

f
(

a + b
2
, d

)
+Jσ2

ρ2,λ2,d−;ω2
f
(

a + b
2
, c

)]

which gives the first inequality in (16).
Finally, using the right hand side of inequality in (12), we can state

1
2(b − a)λ1F

σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]


b∫
a

(b − x)λ1−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
f (x, c)dx (23)

+

b∫
a

(x − a)λ1−1
F
σ1
ρ1,λ1

[
ω1 (x − a)ρ1

]
f (x, c)dx


≤

f (a, c) + f (b, c)
2

,

1
2(b − a)λ1F

σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]


b∫
a

(b − x)λ1−1
F
σ1
ρ1,λ1

[
ω1 (b − x)ρ1

]
f (x, d)dx (24)

+

b∫
a

(x − a)λ1−1
F
σ1
ρ1,λ1

[
ω1 (x − a)ρ1

]
f (x, d)dx


≤

f (a, d) + f (b, d)
2

,

1
2(d − c)λ2F

σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]


d∫
c

(d − y)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f (a, y)dy (25)

+

d∫
c

(y − c)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
y − c

)ρ2
]

f (a, y)dy


≤

f (a, c) + f (a, d)
2
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and

1
2(d − c)λ2F

σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]


d∫
c

(d − y)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
d − y

)ρ2
]

f (b, y)dy (26)

+

d∫
c

(y − c)λ2−1
F
σ2
ρ2,λ2

[
ω2

(
y − c

)ρ2
]

f (a, y)dy


≤

f (b, c) + f (b, d)
2

which give by addition (23)-(26), the last inequality in (16).

3. Fractional Integral Operators for Co-ordinated Convex Functions

Firstly, we give the following lemma for our results.

Lemma 3.1. Let f : ∆ ⊂ R2
→ R be a partial differentiable mapping on ∆ := [a, b] × [c, d] in R2 with 0 ≤ a < b,

0 ≤ c < d. If ∂2 f
∂t∂s ∈ L1(∆), then the following inequalities hold:

f (a, c) + f (a, d) + f (b, c) + f (b, d)
4

+
1

4(b − a)λ1 (d − c)λ2F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
×

[
J
σ
ρ,λ,a+,c+;ω f (b, d) +Jσ

ρ,λ,a+,d−;ω f (b, c) +Jσ
ρ,λ,b−,c+;ω f (a, d) +Jσ

ρ,λ,b−,d−;ω f (a, c)
]
− A

=
(b − a)(d − c)

4F σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (b − a)ρ2

]
×


1∫

0

1∫
0

tλ1 sλ2A1(t) B1(s)
∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)dsdt

−

1∫
0

1∫
0

(1 − t)λ1 sλ2A1(1 − t) B1(s)
∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)dsdt

−

1∫
0

1∫
0

tλ1 (1 − s)λ2A1(t) B1(1 − s)
∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)dsdt

+

1∫
0

1∫
0

(1 − t)λ1 (1 − s)λ2A1(1 − t) B1(1 − s)
∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)dsdt

 ,
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where p = (p1, p2), λ = (λ1, λ2), p, λ ∈ [0,∞)2; w = (w1,w2) ∈ R2; σ = (σ1, σ2) and

A =
1

4(b − a)λ1F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

] [
J
σ1
ρ1,λ1,a+;ω1

f (b, c) +Jσ1
ρ1,λ1,a+;ω1

f (b, d)

+Jσ1
ρ1,λ1,b−;ω1

f (a, c) +Jσ1
ρ1,λ1,b−;ω1

f (a, d)
]

+
1

4(d − c)λ2F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
×

[
J
σ2
ρ2,λ2,c+;ω2

f (b, d) +Jσ2
ρ2,λ2,c+;ω2

f (a, d) +Jσ2
ρ2,λ2,d−;ω2

f (a, c) +Jσ2
ρ2,λ2,d−;ω2

f (b, c)
]
.

Proof. Integrating by parts, we obtain

I1 =

1∫
0

1∫
0

tλ1 sλ2A1(t) B1(s)
∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)dsdt (27)

=

1∫
0

sλ2 B1(s)
{

tλ1A1(t)
1

a − b
∂ f
∂s

(ta + (1 − t)b, sc + (1 − s)d)
∣∣∣∣∣1
0

−
λ1

a − b

1∫
0

tλ1−1
A0(t)

∂ f
∂s

(ta + (1 − t)b, sc + (1 − s)d)dt

 ds

=

1∫
0

sλ2 B1(s)
{
−

1
b − a

F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

] ∂ f
∂s

(a, sc + (1 − s)d)

+
λ1

b − a

1∫
0

tλ1−1
A0(t)

∂ f
∂s

(ta + (1 − t)b, sc + (1 − s)d)dt

 ds

= −
1

b − a
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

] 1∫
0

sλ2 B1(s)
∂ f
∂s

(a, sc + (1 − s)d)ds

+
λ1

b − a

1∫
0

1∫
0

tλ1−1sλ2 B1(s)
∂ f
∂s

(ta + (1 − t)b, sc + (1 − s)d)dsdt.

=
1

(b − a)(d − c)
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
f (a, c)

−
1

(b − a)(d − c)

1∫
0

tλ1−1
A0(t)F σ2

ρ2,λ2+1

[
ω2 (d − c)ρ2

]
f (ta + (1 − t)b, c)dt

−
1

(b − a)(d − c)

1∫
0

sλ2−1
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
B0(s) f (a, sc + (1 − s)d)dt

+
1

(b − a)(d − c)

1∫
0

1∫
0

tλ1−1sλ2−1
A0(t)B0(s) f (ta + (1 − t)b, sc + (1 − s)d)dsdt.



T. Tunç, M.Z. Sarıkaya / Filomat 33:3 (2019), 837–854 850

In this way by integration by parts, we get

I2 =

1∫
0

1∫
0

(1 − t)λ1 sλ2A1(1 − t) B1(s)
∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)dsdt (28)

= −
1

(b − a)(d − c)
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
f (b, c)

+
1

(b − a)(d − c)

1∫
0

(1 − t)λ1−1
A0(1 − t)F σ2

ρ2,λ2+1

[
ω2 (d − c)ρ2

]
f (ta + (1 − t)b, c)dt

+
1

(b − a)(d − c)

1∫
0

sλ2−1
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
B0(s) f (b, sc + (1 − s)d)ds

−
1

(b − a)(d − c)

1∫
0

1∫
0

(1 − t)λ1−1sλ2−1
A0(1 − t)B0(s) f (ta + (1 − t)b, sc + (1 − s)d)dsdt,

I3 =

1∫
0

1∫
0

tλ1 (1 − s)λ2A1(t) B1(1 − s)
∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)dsdt (29)

= −
1

(b − a)(d − c)
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
f (a, d)

+
1

(b − a)(d − c)

1∫
0

tλ1−1
A0(t)F σ2

ρ2,λ2+1

[
ω2 (d − c)ρ2

]
f (ta + (1 − t)b, d)dt

+
1

(b − a)(d − c)

1∫
0

(1 − s)λ2−1
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
B0(1 − s) f (a, sc + (1 − s)d)ds

−
1

(b − a)(d − c)

1∫
0

1∫
0

tλ1−1(1 − s)λ2−1
A0(t)B0(1 − s) f (ta + (1 − t)b, sc + (1 − s)d)dsdt,

and

I4 =

1∫
0

1∫
0

(1 − t)λ1 (1 − s)λ2A1(1 − t) B1(1 − s)
∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)dsdt (30)

=
1

(b − a)(d − c)
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
f (b, d)

−
1

(b − a)(d − c)

1∫
0

(1 − t)λ1A0(1 − t)F σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
f (ta + (1 − t)b, d)dt
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−
1

(b − a)(d − c)

1∫
0

(1 − s)F σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
B0(1 − s) f (b, sc + (1 − s)d)ds

+
1

(b − a)(d − c)

1∫
0

1∫
0

(1 − t)λ1 (1 − s)λ2A0(1 − t)B0(1 − s) f (ta + (1 − t)b, sc + (1 − s)d)dsdt.

Using the change of variables for t, s ∈ [0, 1], x = ta + (1 − t)b, y = sc + (1 − s)d from (27)-(30), we get

I1 − I2 − I3 + I4 (31)

=
F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
(b − a)(d − c)

[ f (a, c) + f (a, d) + f (b, c) + f (b, d)]

−

F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
(b − a)(d − c)λ2+1

[
J
σ2
ρ2,λ2,c+;ω2

f (a, d) +Jσ2
ρ2,λ2,c+;ω2

f (b, d) +Jσ2
ρ2,λ2,d−;ω2

f (a, c) +Jσ2
ρ2,λ2,d−;ω2

f (b, c)
]

−

F
σ2
ρ2,λ2+1

[
ω2 (b − a)ρ2

]
(b − a)λ1+1(d − c)

[
J
σ1
ρ1,λ1,a+;ω1

f (b, c) +Jσ1
ρ1,λ1,a+;ω1

f (b, d) +Jσ1
ρ1,λ1,b−;ω1

f (a, c) +Jσ1
ρ1,λ1,b−;ω1

f (a, d)
]

+
1

(b − a)λ1+1(d − c)λ2+1

[
J
σ
ρ,λ,a+,c+;ω f (b, d) +Jσ

ρ,λ,a+,d−;ω f (b, c) +Jσ
ρ,λ,b−,c+;ω f (a, d) +Jσ

ρ,λ,b−,d−;ω f (a, c)
]
.

Then, multiplying both sides of (31) by (b−a)(d−c)
4F σ1

ρ1 ,λ1+1[ω1(b−a)ρ1 ]F σ2
ρ2 ,λ2+1[ω2(b−a)ρ2 ] , thus we obtain desired result.

Theorem 3.2. Let f : ∆ ⊂ R2
→ R be a partial differentiable mapping on ∆ := [a, b] × [c, d] in R2 with 0 ≤ a < b,

0 ≤ c < d. If
∣∣∣∣ ∂2 f
∂t∂s

∣∣∣∣ is co-ordinated convex function on ∆, then the following inequalities hold:

∣∣∣∣∣ f (a, c) + f (a, d) + f (b, c) + f (b, d)
4

+
1

4(b − a)λ1 (d − c)λ2F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
×

[
J
σ
ρ,λ,a+,c+;ω f (b, d) +Jσ

ρ,λ,a+,d−;ω f (b, c) +Jσ
ρ,λ,b−,c+;ω f (a, d) +Jσ

ρ,λ,b−,d−;ω f (a, c)] − A
∣∣∣∣

≤
(b − a)(d − c)

4F σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (b − a)ρ2

]
×

{(
F
σ1
ρ1,λ1+3

[
ω1 (b − a)ρ1

]
+ F σ3

ρ1,λ1+3

[
ω1 (b − a)ρ1

])
×

(
F
σ2
ρ2,λ2+3

[
ω2 (d − c)ρ2

]
+ F σ4

ρ2,λ2+3

[
ω2 (d − c)ρ2

])
×

(∣∣∣∣∣∣ ∂2 f
∂t∂s

(a, c)

∣∣∣∣∣∣ +

∣∣∣∣∣∣ ∂2 f
∂t∂s

(b, c)

∣∣∣∣∣∣ +

∣∣∣∣∣∣ ∂2 f
∂t∂s

(a, d)

∣∣∣∣∣∣ +

∣∣∣∣∣∣ ∂2 f
∂t∂s

(b, d)

∣∣∣∣∣∣
)}

where p = (p1, p2), λ = (λ1, λ2), p, λ ∈ [0,∞)2; w = (w1,w2) ∈ R2; σ = (σ1, σ2),
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A =
1

4(b − a)λ1F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

] [
J
σ1
ρ1,λ1,a+;ω1

f (b, c) +Jσ1
ρ1,λ1,a+;ω1

f (b, d)

+Jσ1
ρ1,λ1,b−;ω1

f (a, c) +Jσ1
ρ1,λ1,b−;ω1

f (a, d)
]

+
1

4(d − c)λ2F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
×

[
J
σ2
ρ2,λ2,c+;ω2

f (b, d) +Jσ2
ρ2,λ2,c+;ω2

f (a, d) +Jσ2
ρ2,λ2,d−;ω2

f (a, c) +Jσ2
ρ2,λ2,d−;ω2

f (b, c)
]

and

σ3 (k) :=
σ1(k)Γ(ρ1k + λ1 + 2)

Γ(ρ1k + λ1 + 1)
, σ4 (k) :=

σ2(k)Γ(ρ2k + λ2 + 2)
Γ(ρ2k + λ2 + 1)

.

Proof. From Lemma 3.1, we have∣∣∣∣∣ f (a, c) + f (a, d) + f (b, c) + f (b, d)
4

+
1

4(b − a)λ1 (d − c)λ2F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
×

[
J
σ
ρ,λ,a+,c+;ω f (b, d) +Jσ

ρ,λ,a+,d−;ω f (b, c) +Jσ
ρ,λ,b−,c+;ω f (a, d) +Jσ

ρ,λ,b−,d−;ω f (a, c)
]
− A

∣∣∣∣
≤

(b − a)(d − c)
4F σ1

ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (b − a)ρ2

]
×


1∫

0

1∫
0

tλ1 sλ2A1(t) B1(s)

∣∣∣∣∣∣ ∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)

∣∣∣∣∣∣ dsdt

+

1∫
0

1∫
0

(1 − t)λ1 sλ2A1(1 − t) B1(s)

∣∣∣∣∣∣ ∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)

∣∣∣∣∣∣ dsdt

+

1∫
0

1∫
0

tλ1 (1 − s)λ2A1(t) B1(1 − s)

∣∣∣∣∣∣ ∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)

∣∣∣∣∣∣ dsdt

+

1∫
0

1∫
0

(1 − t)λ1 (1 − s)λ2A1(1 − t) B1(1 − s)

∣∣∣∣∣∣ ∂2 f
∂t∂s

(ta + (1 − t)b, sc + (1 − s)d)

∣∣∣∣∣∣ dsdt

 .
Since

∣∣∣∣ ∂2 f
∂t∂s

∣∣∣∣ is co-ordinated convex function on ∆, we can write∣∣∣∣∣ f (a, c) + f (a, d) + f (b, c) + f (b, d)
4

+
1

4(b − a)λ1 (d − c)λ2F
σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (d − c)ρ2

]
×

[
J
σ
ρ,λ,a+,c+;ω f (b, d) +Jσ

ρ,λ,a+,d−;ω f (b, c) +Jσ
ρ,λ,b−,c+;ω f (a, d) +Jσ

ρ,λ,b−,d−;ω f (a, c)
]
− A

∣∣∣∣
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≤
(b − a)(d − c)

4F σ1
ρ1,λ1+1

[
ω1 (b − a)ρ1

]
F
σ2
ρ2,λ2+1

[
ω2 (b − a)ρ2

]
×


1∫

0

1∫
0

[
tλ1 sλ2A1(t) B1(s) + (1 − t)λ1 sλ2A1(1 − t)B1(s) + tλ1 (1 − s)λ2A1(t) B1(1 − s)

+(1 − t)λ1 (1 − s)λ2A1(1 − t) B1(1 − s)
]

x
[
ts

∣∣∣∣∣∣ ∂2 f
∂t∂s

(a, c)

∣∣∣∣∣∣ + s(1 − t)

∣∣∣∣∣∣ ∂2 f
∂t∂s

(b, c)

∣∣∣∣∣∣
+t(1 − s)

∣∣∣∣∣∣ ∂2 f
∂t∂s

(a, d)

∣∣∣∣∣∣ + (1 − s)(1 − t)

∣∣∣∣∣∣ ∂2 f
∂t∂s

(b, d)

∣∣∣∣∣∣ dsdt
}
.

In the above inequality calculating the integrals, we obtain desired result.

Remark 3.3. If we take λ1 = α, λ2 = β, σ1 (0) = 1 = σ2 (0) , w1 = 0 = w2 in Lemma 3.1, Theorem 2.1, Theorem 2.2,
we have the inequalities which is proved by Sarikaya et al.in [21].
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T. Tunç, M.Z. Sarıkaya / Filomat 33:3 (2019), 837–854 854

[23] M. Z. Sarikaya and H. Yaldiz, On the Hadamard’s type inequalities for L-Lipschitzian mapping, Konuralp Journal of Mathematics,
1(2),(2013),33-40.

[24] M. Z. Sarikaya, H. Budak and H. Yaldiz, Cebysev type inequalities for co-ordinated convex functions, Pure and Applied Mathematics
Letters, 2(2014), 36-40.

[25] M. Z. Sarikaya, H. Budak and H. Yaldiz, Some new Ostrowski type inequalities for co-ordinated convex functions, Turkish Journal of
Analysis and Number Theory, 2(5),(2014), 176-182.

[26] R. P. Agarwal, M.-J. Luo and R. K. Raina, On Ostrowski type inequalities, Fasciculi Mathematici, 204, De Gruyter,
doi:10.1515/fascmath-2016-0001, 2016.

[27] R. Gorenflo and F. Mainardi, Fractional calculus: integral and differential equations of fractional order, Springer Verlag, Wien (1997),
223-276.

[28] R.K. Raina, On generalized Wright’s hypergeometric functions and fractional calculus operators, East Asian Math. J., 21(2) (2005),
191-203.

[29] S. S. Dragomir, On Hadamard’s inequality for convex functions on the co-ordinates in a rectangle from the plane, Taiwanese Journal of
Mathematics, 4 (2001), 775-788.

[30] S.S. Dragomir, C.E.M. Pearce, Selected topics on Hermite–Hadamard inequalities and applications, RGMIA Monographs, Victoria
University, (2000).

[31] S. Miller and B. Ross, An introduction to the fractional calculus and fractional differential equations, John Wiley & Sons, USA, 1993, p.2.


