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SEMI�FREDHOLM OPERATORS

AND PERTURBATION FUNCTIONS

Sne�zana �Zivkovi�c�Zlatanovi�c

Abstract� In this paper we give several remarks on �� and a di�erent proof

of the inequalities in �
� Also we introduce the concept of a lower pertur�
bation function� and prove that some usual measures of noncompactness of

operators and also some measures of non�strict�cosingularity of operators are
lower perturbation functions� For each lower perturbation function �� we de�
�ne functions r� and K� � and give the connection with lower semi�Fredholm

operators�

�� Introduction and preliminaries

In this paper X � Y and Z are complex Banach spaces� B�X� Y � �re�
spectively K�X� Y �� the set of all bounded �respectively compact� line�
ar operators from X into Y � We shall write B�X� �K�X�� instead of
B�X�X� �K�X�X���

An operator T � B�X� Y � is in ���X� Y � � ���X� Y � � if the range R�T �
is closed and the dimension ��T � of the null space N�T � of T is �nite � the
codimension ��T � of R�T � in Y is �nite�� Operators in ���X� Y �����X� Y �
are called semi�Fredholm operators� For such operators the index� i�T �� is
de�ned by i�T � 	 ��T �� ��T �� We set ��X� Y � 	 ���X� Y � � ���X� Y ��
The operators in ��X� Y � are called Fredholm� We shall write ���X� �resp�
���X�� ��X� � instead of ���X�X� �resp� ���X�X�� ��X�X� ��

Recall that the essential spectral radius of T � B�X�� re�T �� is de�ned
by

re�T � 	 maxfj�j 
 T � �I �� ��X�g�

Let BX denote the closed unit ball of X � Let T � B�X� Y � and

m�T � 	 inffkTxk 
 kxk 	 �g

be the minimum modulus of T � and let

n�T � 	 supf� � � 
 �BY � TBXg
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be the surjection modulus of T � Recall that m�T �� 	 n�T �� where T � �
B�Y �� X�� is the adjoint operator�

If M is a subspace of X � then JM will denote the embedding map of M
into X � and if V is a subspace of Y � then QV will denote the canonical map
of Y onto the quotient space Y�V �

An operator T � B�X� Y � is strictly singular �T � S�X� Y �� if� for every
in�nite dimensional �closed� subspace M of X � the restriction of T to M �
T jM � is not a homeomorphism� i�e� m�T jM� 	 �� An operator T � B�X� Y �
is strictly cosingular �T � CS�X� Y �� if� for every in�nite codimensional
closed subspace V of Y the composition QV T is not surjective�

For A � B�X� Y �� set

kAkC 	 inffkAKk 
 K � K�X� Y �g�

If � is a non�empty bounded subset of X � then the Kuratowski measure of
noncompactness of � is denoted by ����� and

���� 	 inff� 	 � 
 � � �ni��Di� Di � X� diamDi � �g�

For A � B�X� Y � the Kuratovski measure of noncompactness of A is denoted
by kAk� and de�ned by

kAk� 	 inffk � � 
 ��A�� � k����� � � X is boundedg�

It is easy to see that kAk� 	 supf��A�� 
 � � X� ���� 	 �g�
If � is a non�empty bounded subset of X � then the Hausdor� measure of

noncompactness of �� is denoted by q���� and

q��� 	 inff� 	 � 
 � has a �nite ��net in Xg�

For A � B�X� Y � the Hausdor� measure of noncompactness of A is denoted
by kAkq and de�ned by

kAkq 	 inffk � � 
 qY �A�� � kqX���� � � X is boundedg�

Recall that kAkq 	 qY �ABX��

For A � B�X� Y �� set �see ����

kAk� 	 inffkAjLk 
 L subspace of X� codimL 
�g�

and

�M �A� 	 inf
N�M

kAjNk� ��A� 	 �X�A��

�M�A� 	 sup
N�M

�N �A�� ��A� 	 �X�A��



Semi�Fredholm operators and perturbation functions ��

where M � N denote in�nite dimensional subspaces of X �see ����� Schechter
��� proved that � is a submultiplicative seminorm and

����� ��A� 	 �	
 A � S�X� Y ��

For A � B�X� Y �� set �see �����

KV �A� 	 inf
W�V

kQWAk � K�A� 	 Kf�g�A� �

rV �A� 	 sup
W�V

KW �A� � r�A� 	 rf�g�A� �

where V� W denote closed in�nite codimensional subspaces of Y �
Recall that �����

�����
K�A� 	 �	
 A � ���X� Y ��

r�A� 	 �	
 A � CS�X� Y ��

Zem�anek ���� considered the following functions

u�A� 	 supfm�AjW � 
 W is closed subspace of Xwith dimW 	�g�

v�A� 	 supfn�QVA� 
 V is closed subspace of Y with codimV 	�g�

From the de�nition of the strictly singular and strictly cosigular operators
it is obvious that

u�A� 	 �	
 A � S�X� Y �������

v�A� 	 �	
 A � CS�X� Y �������

�� Results

Recall that F� Galaz�Fontes ��� introduced and investigated a perturbation
function�

De	nition ���� A perturbation function is a function �� assigning to each
pair of complex Banach spaces X� Y � and T � B�X� Y � a nonnegative
number ��T �� with the following properties


���T � 	 j�j��T �� � � C ��������

��T K� 	 ��T �� K � K�X� Y ���������

��T � � kTk��������

m�T � � ��T ���������

��T jM� � ��T ���������
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where M denotes an in�nite dimensional subspace of X �

He proved that the quantities k � kC � k � k�� k � kq� k � k�� � and u are
perturbation functions�

Let us note that the following quantity is a measure of non�strict�singu�
larity and we shall show that it is a perturbation function�

Example ���� For T � B�X� Y �� set

kTkS 	 inffkT  Sk 
 S � S�X� Y �g�

��������������� follow easily from the de�nition�
Since � is a seminorm which annihilates precisely on the strictly singular

operators ��� and such that ��T � � kTk� T � B�X� Y �� it follows that

��T � 	 ��T  S� � kT  Sk� for each S � S�X� Y ��

Therefore
��T � � kTkS�

Since m�T � � u�T � � ��T �� we get m�T � � kTkS � ������� follows from the
fact that a restriction of a strictly singular operator to an in�nite dimensional
subspace of X is a strictly singular operators also�

Recall that for a given perturbation function �� and T � B�X� Y �� F�
Galaz�Fontes ��� de�ned

���M�T � 	 inff��T jV � 
 V �Mg� ���T � 	 ���X�T ��

���M�T � 	 supf���V �T � 
 V �Mg� ���T � 	 ���X�T ��

where M � V denote closed in�nite dimensional subspaces of X �

In the following � is a perturbation function� F� Galaz�Fontes proved that
if T � S�X� Y �� then ���T � 	 � ��� Proposition ��� Actually� we shall prove
that the equivalence holds�

Proposition ��
� Let T � B�X� Y �� Then

������� T � S�X� Y �	
 ���T � 	 ��

Proof� First we show


������� u�T � � ���T � � ��T ��

From ������� and the de�nitions of � and �� it follows that ���T � � ��T ��
Let M be a closed in�nite dimensional subspace of X � We have

��T jV � � m�T jV � � m�T jM��
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for each closed in�nite dimensional subspace V of M � It implies

���M �T � 	 inf
V�M

��T jV � � m�T jM��

Hence
���T � 	 sup

M

���M �T � � sup
M

m�T jM� 	 u�T ��

������� follows directly from �������� ����� and ������ �

Let us remark that if � is a submultiplicative seminorm then it can be
proved �analogously as in ���� that �� is a submultiplicative seminorm and

���T  S� � ���T �  ���S�� T� S � B�X� Y ��

If � 	 k � kq we shall write �q ��q� instead of �� ����� Analogously� we
introduce �� ����� �� ����� �C ��C�� �u ��u� and �� ����� By ���
Lemma �� it follows that �� 	 � and �� 	 ��

Lemma ���� If there exists a constant c 	 � such that ��T � � c��T �� for
each T � B�X� Y �� then

���T � � ��T � � c�����T ���������

���T � � ��T � � c�����T �� T � B�X� Y ���������

Proof� �������� From ������� and the de�nitions of � and �� it follows that
���T � � ��T �� Further from the hypothesis and ��� Lemma �� we get

���T � � c���T � 	 c��T ��

������� can be proved analogously to �������� �

Recall that

kTk� � ��T � ��� Theorem ������

kTkq � ���kTk� � �����T � ��� Theorem �����

kTk� � ���kTkq � �����T ��

kTkC � kTk� � ��T ��

kTkS � ��T �� T � B�X� Y ��

By Lemma ��� we get

���T � 	 ��T �� ���T � 	 ��T ��

�q�T � � ��T � � ��q�T �� �q�T � � ��T � � ��q�T ��

���T � � ��T � � ����T �� ���T � � ��T � � ����T �������

�C�T � 	 ��T �� �C�T � 	 ��T ��

�S�T � 	 ��T �� �S�T � 	 ��T ��
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The inequalities in ����� were proved in ��� and ��� Proposition ����� However�
our proof is di�erent from the proofs in ��� and ����

Remark ���� Clearly� �� � �� and by �������� for � 	 u� we get

�u 	 u�

Recall that ��� Lemma ���
B � �u � ��

where B�T � 	 supfm�T jV � 
 V closed subspace of X� codimV 
 �g� M�
Gonz�alez and A� Martin�on proved that the quantities B and �u are not
equivalent and also that the quantities �u and � are not equivalent ��� The�
orem ��� and Corollary �����

In the terminology of ����� by ��� Theorem �� it results that u��u is a
perturbation function for ���X� Y �� Since �u � B it follows that the per�
turbation function u��u is better than the perturbation function u�B� Thus�
Theorem ���� in ��� is a consequence of the fact that u��u is a perturbation
function for ���X� Y ��

The above fact can be established from the inequality ��� Proposicion
�������

�u�T  S� � u�T �  ��S�� T� S � B�X� Y ��

Indeed� let u�S� 
 �u�T �� Then

�u�T � 	 �u�T  S  ��S�� � ��T  S�  u�S� 
 ��T  S�  �u�T ��

and
��T  S� 	 � 	
 T  S � ���X� Y ��

Now we introduce and investigate a new function connected with the lower
semi�Fredholm operators�

De	nition ��� A lower perturbation function is a function �� which assigns
to each pair of complex Banach spacesX � Y � and T � B�X� Y � a nonnegative
number ��T �� with the following properties


���T � 	 j�j��T ���������

��T K� 	 ��T �� K � K�X� Y ���������

��T � � kTk��������

n�T � � ��T ���������

U � V 	
 ��QUT � � ��QV T ���������

where U� V denote closed in�nite codimensional subspaces of Y�

We shall give several examples�
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Example ���� The quantity k � k� is a lower perturbation function�
We shall prove only ������� and �������� Recall that kTk� 	 kT �kq ���

Teorema ������� Now from ��� Example �� it follows


kTk� 	 kT �kq � m�T �� 	 n�T ��

Let U and V denote closed in�nite codimensional subspaces of Y and U � V �
Let be  
 Y�U � Y�V a map de�ned by �y  U� 	 y  V � Then� by ���
Lemma ���� we have

kQV Tk� 	 kQUTk� � kk�kQUTk� � kkkQUTk� � kQUTk��

Example ���� The quantity k � kq is a lower perturbation function�
We shall prove only ������� and �������� Recall that

kTkq � kT
�k�

�see ��� Theorem � �ii�� Proposition � �ii�� or ��� Corollary �������� Since
kT �k� � m�T �� 	 n�T �� we get

kTkq � n�T ��

Analogously as in Example ���� it can be proved that k � kq has the property
��������

Example ����� The quantity k � kC is a lower perturbation function�
Indeed� since kTkC � kTkq� we get kTkC � n�T �� Since B�Y� Z�K�X� Y �

� K�X�Z�� it follows that kBAkC � kBkkAkC � A � B�X� Y �� B � B�Y� Z��
In an analogous way as in Example ���� we obtain ��������

Example ����� The quantity r is a lower perturbation function�
Since r is a seminorm on B�X� Y � which annihilates precisely on the

set CS�X� Y � and K�X� Y � � CS�X� Y � we obtain properties ������� and
�������� ������� is obvious�

To prove the property �������� suppose that V is a closed subspace of Y
with codimV � �� Then V o is a subspace of Y �� dimV o 	 codimV � � and
kQV Tk 	 kT �JV ok� Thus

fkQV Tk 
V closed subspace of Y� codimV � �g

� fkT �JMk 
M subspace of Y �� dimM � �g�

Hence

r�T � � K�T � 	 inffkQV Tk 
 V closed subspace of Y� codimV 	�g

� inffkQV Tk 
 V closed subspace of Y� codimV � �g

� inffkT �JMk 
M subspace of Y �� dimM � �g

	 inffkT �JMk 
M subspace of Y �� dimM 	 �g

	 inffkT �fk 
 f � Y �� kfk 	 �g 	 m�T �� 	 n�T ��
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Let us remark that

n�T � � K�T � � r�T � � kTkq�

Since r�BA� � r�B�r�A�� A � B�X� Y �� B � B�Y� Z�� in an analogous
way as in Example ���� we obtain the property ��������

Example ����� For T � B�X� Y �� set

kTkCS 	 inffkT  Ck 
 C � CS�X� Y �g�

The quantity k � kCS is a lower perturbation function�
Really� as in the previous example� we obtain that k � kCS has properties

���������������� It is easy to see that r�T � � kTkCS and since n�T � � r�T ��
we get n�T � � kTkCS � Since B�Y� Z�CS�X� Y � � CS�X�Z�� it follows that
kBAkCS � kBkkAkCS � A � B�X� Y �� B � B�Y� Z�� Now� in an analogous
way as in Example ���� we obtain the property ��������

Problem
 The quantity v has properties ���������������� but we do not know
whether it has property ��������

From De�nition ��� we have

Lemma ���
� If � is a lower perturbation function� then�

��K� 	 �� K � K�X� Y ����������

��QV � 	 ����������

V closed in�nite codimensional subspace of Y�

Proof� �������� follows from the following inequalities


� 	 m�JV o� 	 n�QV � � ��QV � � kQV k 	 �� �

In the following � is a lower perturbation function�

Lemma ����� Let P � B�X�� If ��P � 
 �� then I  P � ��X� and
i�I  P � 	 ��

Proof� Assume that I  P �� ���X�� By ��� Lemma ���� there exists K �

K�X� such that codimR�I  P �K� 	 �� Set U 	 R�I  P �K�� From
QU�I  P �K� 	 � we get QU 	 QU �K � P �� Hence� by ��������� �������
and �������� it follows that

� 	 ��QU� 	 ��QU�K � P �� 	 ��QUP � � ��P ��

This contradicts the hypothesis� Thus� I  P � ���X��
Let � � � � �� Then ���P � 
 � and therefore I�P � ���X�� Since the

index is locally constant it follows that i�I  P � 	 i�I� 	 �� Consequently�
I  P � ��X�� �

The following proposition can be proved �see ��� Theorem ����
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Proposition ����� re�T � 	 lim
n��

���Tn��
�

n � T � B�X��

De	nition ����� For T � B�X� Y �� set

K��V �T � 	 inff��QWT � 
 W  V g � K��T � 	 K��f�g�T ��

r��V �T � 	 supfK��W �T � 
W  V g � r��T � 	 r��f�g�T ��

where V� W denote closed in�nite codimensional subspaces of Y �

Theorem ���� Let S� T � B�X� Y �� If r��T � 
 K��T �� then T� T  S �
���X� Y � and i�T  S� 	 i�T ��

Proof� Suppose that T  S �� ���X� Y �� Then� by ��� Lemma ����� there is

K � K�X� Y � such that codimR�T  S �K� 	�� Set U 	 R�T  S �K��
Let V be a closed in�nite codimensional subspace of Y such that V  U �
Then QV �T  S �K� 	 �� and QV T 	 QV �K � S�� Therefore

K��T � � K��U�T � 	 inff��QV T � 
 V  Ug 	 inff��QV �K � S�� 
 V  Ug

	 inff��QV S� 
 V  Ug 	 K��U�S� � r��S��

This contradicts the hypothesis�
Let � � � � �� Then r���S� 
 K��T �� It follows that T  �S �

���X� Y �� Thus T� T  S � ���X� Y � and� since the index is locally
constant� we get i�T � 	 i�T  S�� �

Theorem ����� Let T � B�X� Y �� Then T � ���X� Y �	
 K��T � 	 ��

Proof� Let K��T � 	 �� If S 	 � then r��S� 	 � 
 K��T �� and by Theorem
���� we get T � ���X� Y ��

Let T � ���X� Y �� Then codimR�T � 
 �� and we can express Y as a
direct sum Y 	 R�T ��V where V is a subspace of Y with dimV 
�� This
implies that QV T is surjective� i�e� n�QV T � 	 �� Let W be a closed in�nite
codimensional subspace of Y � Clearly� codim�V W � 	�� Now� by �������
and �������� we have


n�QV T � � n�QV�WT � � ��QV�WT � � ��QWT ��

Consequently�

K��T � 	 inff��QWT � 
W closed subspace of Y� codimW 	�g

� n�QV T � 	 �� �
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Proposition ����� T � B�X� Y � is strictly cosingular if and only if
r��T � 	 ��

Proof� First we shall prove the following inequality

�������� v�T � � r��T � � r�T ��

The right side of the above inequality follows from ������� and the de�nitions
of r and r�� To prove the left side� let V be a closed in�nite codimensional
subspace of Y � We have

��QWT � � n�QWT � � n�QV T ��

for each closed in�nite codimensional subspace W � such that W  V � It
implies

K��V �T � 	 inf
W�V

��QWT � � n�QV T ��

Hence
r��T � 	 sup

V

K��V �T � � sup
V

n�QV T � 	 v�T ��

Now the assertion of Proposition follows from ��������� ����� and ������ �

Let us remark that if � is a submultiplicative seminorm then it can be
proved that r� is a submultiplicative seminorm and

K��T  S� � K��T � r��S�� T� S � B�X� Y ��

Also in this case we can show that r� is a lower perturbation function with
r��T � � ��T � �the property ������� follows from the inequality n�T � �
v�T � � r��T � and the property ������� can be proved analogously as in
Example ����� Since

M�T � � K��T � � K�T ��

where M�T � 	 supfn�QV T � 
 dimV 
 �g ����� from ���� Theorem ���� it
follows


s��T � 	 lim
n��

�K��T
n��

�

n �

where s��T � 	 inffj�j 
 �I � T �� ���X�g�
The next lemma implies that r�r�� 	 r��

Lemma ����� K��V �T � 	 inffr��W �T � 
 W  V g� where V� W denote
closed in�nite codimensional subspaces of Y �

Proof� Since
r��W �T � � K��W �T � � K��V �T ��

for each W with W  V � we get

inffr��W �T � 
W  V g � K��V �T ��
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In the following M� N are closed in�nite codimensional subspace of Y � Let
M  W � From ������� it follows that

K��M�T � 	 inf
N�M

��QNT � � ��QMT � � ��QWT ��

Consequently
r��W �T � 	 sup

M�W
K��M�T � � ��QWT ��

This implies

inf
W�V

r��W �T � � inf
W�V

��QWT � 	 K��V �T �� �

If � 	 k � kq we shall write Kq �rq� instead of K� �r��� Analogously� we
introduce K� �r��� KC �rC�� Kr �rr� i KCS �rCS�� From Lemma ����
it follows that Kr 	 K and rr 	 r�

In an analogous way as Lemma ��� the next lemma can be proved�

Lemma ����� If there exists a constant c 	 � such that ��T � � cr�T �� for
each T � B�X� Y �� then

K��T � � K�T � �
�

c
K��T ��

r��T � � r�T � �
�

c
r��T �� T � B�X� Y ��

Recall that

kTkq � r�T ��

kTk� �
�

�
kTkq �

�

�
r�T ��

kTkC � kTkq � r�T ��

kTkCS � r�T �� T � B�X� Y ��

Now� by Lemma ���� we obtain

������

Kq�T � 	 K�T �� rq�T � 	 r�T ��

K��T � � K�T � � �K��T �� r��T � � r�T � � �r��T ��

KC�T � 	 K�T �� rC�T � 	 r�T ��

KCS�T � 	 K�T �� rCS�T � 	 r�T ��

The equalities in ������ were proved in ���� Summary and discussion� Remark
��� However� our proof is di�erent from this one�
Acknowledgment� I am grateful to Professor Vladimir Rako�cevi�c for

helpful comments and suggestions�
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