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LOCALLY FINITE HYPERSPACE

TOPOLOGY OF ISOCOMPACT SPACES

Momir Stanojevi�c

Abstract� The purpose of this paper is to investigate some properties of
the hyperspace �expX��lf �� with the locally �nite topology� when the space
�X� �� is a normal space and every closed countably compact subset of X

is compact �isc
space�� Some properties of isc
spaces and iscc
spaces are
given� If �X� �� is a normal isc
space� then the space Z�X� � fF � X �

F is compactg is a closed subspace of �expX��lf �� Applications to paracom


pactness are given�

�� Introduction

A topological space X with a topology � will be denoted by �X� ��� The
�base� space �X� �� is assumed to be Hausdor�� The closure of a set A �
�X� �� is denoted by �A�X or �A� and the cardinality of A by jAj�

We use the following notation ��	�
���
����


expX � �X � fF � X 
 F is closed and not emptyg�

Z�X� � fF � X 
 F is compactg � expX�

exp�X�� X� � hX�i � fF � expX 
 F � X�g�

Couc�X� � fF � expX 
 F is countably compactg�

Jn�X� � fF � expX 
 jF j � ng�

J �X� � fF � expX 
 F is �niteg�

Let U � fUs 
 s � Sg be a collection of subsets of X � Then

hUi � hUs 
 s � Si � fF � expX 
 F �
�

Us � F � Us �� �� �s � Sg�
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The �nite topology �f � or �� � is the one generated by an open collection
of the form

hU�� � � � � Uni

with U�� � � �Un open subsets of X�

The locally �nite topology �lf is the one generated by the sets of the form

hUi � hUs 
 s � Si�

where U � fUs 
 s � Sg is a locally �nite collection of open subsets of X�

The countably locally �nite topology �clf is the one generated by the sets
of the form

hUi � hUs 
 s � Si� jSj � ���

where U � fUs 
 s � Sg is a locally �nite collection of open subsets of X�

If �X� d� is a metric space and Hd is the Hausdor� metric on expX� then
�Hd

is the topology on expX generated by the metric Hd�

A spaceX is said to be feebly compact provided each locally �nite family of
open subsets of X is �nite� Clearly
 every countably compact space is feebly
compact
 and any feebly compact space is pseudocompact� Conversely
 a
completely regular
 pseudocompac space is feebly compact and for normal
spaces
 the three concepts coincide ��	�
 �����

The collection J �X� of a spaceX is always dense in �expX� �f�� However

if X contains an in�nite
 locally �nite collection of open sets
 J �X� is not
dense in �expX� �lf�� This leads us to the following result ������

Theorem ���� A space �X� �� is feebly compact i� �f � �lf � A normal
space �X� �� is countably compact i� �f � �lf � �

De�nition ���� A space X is called an isocompact space �� isc�space� if
every closed countably compact subset of X is compact�

A space X is called a iscc�space if every countably compact subset of X
is compact�

If X is a normal isc�space �normal iscc�space�
 then X is called a T�isc�
space �T�iscc�space��

Note� The class of isc�spaces contains
 compact spaces
 metrizable spaces

Lindel�of spaces
 ��compact spaces
 paracompact spaces
 Q�spaces �� real�
compact spaces�
 Dieudonn�e complete spaces�
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Theorem ���� If f 
 X 	
 Y is a continuous one�to�one mapping and Y
is an iscc�space� then X is also an iscc�space�

Proof� Let F be a countably compact set of X� Then f�F � is a countably
compact set of Y and thus f�F � is compact� The mapping f jF 
 F 	
 f�F �
is one�to�one and continuous� To see that f jF is a homeomorphism
 we will
show that f jF is a closed mapping� Let F� � F and �F��F � F�� Then F�
is countably compact and f�F�� is also countably compact� It follows that
f�F�� is compact� Thus
 f jF is a homeomorphism and F is a compact subset
of X� which completes the proof� �

Example� Let Y � ��� ��� and X � ��� ��� � fpg �p isolated point� and
f 
 X 	
 Y de�ned by f��� � � for all � � ��� ��� and f�p� � ��� The
mapping f is a continuous one�to�one mapping
 Y is an isc�space and X is
not an isc�space�

Corollary ���� If �X� �� is an iscc�space and � � � �� then �X� � �� is also
an iscc�space�

Proof� Since � � � �
 then the identity mapping Id 
 �X� � �� 	
 �X� �� is a
continuous one�to�one mapping� �

Theorem ��	� A normal isc�space �X� �� is an iscc�space if and only if
every compact subspace of X is an iscc�space�

Proof� Let X� be a countably compact subspace of X� Since X is a normal
space then �X��X is countably compact and since X is an isc�space it follows
that �X��X is compact� The space �X��X is an iscc�space and we have that
X� is a compact subspace of X� Therefore X is an iscc�space� �

�� Results

Theorem ���� Let �X� �� be a normal space� The following are equivalent�

��	 X is an isc�space �Z�X� � Couc�X���

�
	 Z�X� is a closed subspace of �expX� �lf��

Proof� ��� �� ���� Let Couc�X� � Z�X� and F� � expX n Z�X�� Then
there exists a locally �nite collection U � fUs 
 s � Sg� jSj 
 ��� Us � ��
such that F� � hUi�

Let F � hUi� For all s � S� let xs � F �Us� The set A � fxs 
 s � Sg is a
discrete
 closed and in�nite subset of X� A �� Z�X� �� F �� Z�X�� and we
have

�Z�X��
�lf

� Z�X��
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���� �� ����� Let F � Couc�X�� F �� Z�X�� Then each locally �nite
open covering of F is �nite� Let

U � fU�� U�� � � � � Ung and F � hUi�

Let xi � Ui� i � �� �� � � � � n� Then fx�� x�� � � � � xng � hUi and

fx�� x�� � � � � xng � Z�X� �� F � �Z�X���lf �� �Z�X���lf �� Z�X�� �

By Theorem ��� we have

Corollary ���� a� If �X� �� is a locally compact T�isc	 space� then Z�X�
is an open and closed subspace of �expX� �lf��

b� If �X� �� is a metrizable locally compact space� then �expX� �lf� is a
connected space i� X is a compact connected space �continuum	� �

Theorem ���� Let �X� �� be a T�isc	 space� Then Z�X� is an isc�space�

Proof� Let B be a closed countably compact subspace of Z�X� �B �
Couc�Z�X�� and let

B � �fK 
 K � Bg�

We will show that B is a countably compact subset of X�
Let U � fUn 
 n � Ng be a countable cover of B and let

U� � f	 
 	 � U � 	 is �niteg

For every K � B let U ��K� � fU � U 
 U � K �� �g be a covering of K�
Then there exists a �nite subcovering U�K� of U ��K��

U�K� � U� � U�K� � fU � U 
 U �K �� �g�

The collection fhU�K�i 
 K � Bg is a countable covering of B� Since B is a
countably compact set of Z�X� then there exists a �nite subcovering of B

fhU�K��i� hU�K��i� � � � � hU�Kn�ig�

The collection
fU�K���U�K��� � � � �U�Kn�g

is a �nite subcovering of B and B is a countably compact subset of X� The
set �B�X � �B� is also countably compact ��X� �� is normal�� Therefore �B�
is a compact subset of X� The set h�B�i � exp��B�� X� is a compact subspace
of Z�X� and B � h�B�i� it follows that B is a compact subspace of Z�X�� �
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Theorem ���� a� If �X� �� is a metrizable space� then �exp�X� �lf� is an
iscc�space�

b� If �X� �� is a Lindel�of space� then �exp�X� �lf� is an isc�space�

Proof� a� If �X� �� is a metrizable space
 then �lf � �sup
 where �sup � sup
f�Hd


 d metrizes Xg �see ���
Theorem ���
Every space of the class

f�expX� �Hd
� 
 d metrizes Xg

is an iscc	 space and �Hd
� �lf � By Corollary ���� it follows that �exp�X� �lf�

is a cc�space�

b� If �X� �� is a Lindel�of space
 then �expX� �lf� is a real � compact space
�see ����
 Theorem 	���
 and it follows that �expX� �lf� is an isc�space� If
�X� �� is a Lindel�of space
 then �lf � �clf � �

Question� If X is a T�isc	 space
 it is true that �exp�X� �lf�� is an isc�
space�

Theorem ��	� If �expX� �lf� is a normal space� then X is a T�isc	 space�

Proof� Let F �� Z�X� � F � Couc�X�� Then �exp�F�X�� �lf� �
�exp�F�X�� �f�� The space �exp�F�X�� �f� is a closed noncompact subspace
of �expX� �lf� and by results of Keesling � ���
 ��� � and Velichko � ���� � the
subspace �exp�F�X�� �f� is not normal� �

Example� Let K be the Sorgenfrey line� Since the space K is a Lindel�of
space
 then Z�X� � Couc�X�� The product K � K is a nonnormal space
� �	� � and J��K� is also a nonnormal subspace of �expK� �lf�� Therefore
�expK� �lf� is a nonnormal isc�space�

The set of limit points of a space X is denoted by X ��
In ���
 it has been proved the following theorem�

Theorem ��
� ����� Let �X� �� be normal� If �expX� �lf� is �rst countable�
then X � is countably compact� �

By this theorem we have the following�

Corollary ���� Let �X� �� be a T�isc	 space� If �expX� �lf� is �rst count�
able� X � must be compact� �

Since a paracompact T��space is a T�isc	 space
 we have the following


Corollary ���� ����� Let �X� �� be a paracompact T�� space� If �expX� �lf�
is �rst countable� X � must be compact� �
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Corollary ��
� Let �X� �� be a dense�in�itself T�isc	 space� Then the fol�
lowing conditions are equivalent�

�a� �expX� �lf� is �rst countable�
�b� �expX� �lf� is compact and �rst countable�
�c� �X� �� is compact and �rst countable� �
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