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Abstract� In this paper it is presented that the methods for the solving of

Vecua equation is not only used for the elliptic type of equations� It can

be proved that the general methods of areolar series� analytic substitution�
and analytic iteration are valid for the all types of partial equations with the
analytic coe
cients�

�� Introduction

The general system of partial linear equations of I�st order� with two
unknown functions u � u�x� y� and v � v�x� y� and with analytic coe�cients
on the �x� y�
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with the elliptic condition �	
�
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and the condition of symmetry
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can be transformed in the canonical form

��� Ux � Vy � a�U � b�V � f� Uy � Vx � c�U � d�V � g�

If we introduce the complex function

��� W �W �z� z� � U�x� y� � iV �x� y�� z � x� iy� z � x� iy
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and its formal di�erentials
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then it is easy to prove the next basic features�

Theorem �� All four di�erentials from ��� to ��� are linearly independent�

Theorem �� The operation �W� is distributive as for the common quotient	
and for di�erentials quotient	 so for the partial di�erentials	 i�e� for the ���
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which are not linear	 but conjugated�

By this� the system �	� can be written in a form of one complex equation
with four di�erential�
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where the a� b� c� d� A� B and F are some given analytic coe�cients from
z� z
 The equation �	�� obviously contains the Beltramy equation
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and the Vecua equation
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�� The generalization of Vecua equation

There is a question � in which form the Vecua equation will be transformed
by the pseudo � linear substitution�

���� W � �V � �V � ��
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where the �� � and � are the analytic functions in z and z
 By the substi�
tution directly �	�� to �	�� we get�
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That means� if we resolved �	�� we resolved also the classes �	�� for every
analytic triads ��� �� ��� so we can �nd V � as a resolution of �	�� in a form
of

V � V �z� z�A�B�F ����� ���

From �	�� re determine� by the conjugation

���� V �
�

j�j�� j�j�
�
�
��W � �W � ��� � ���

�
�

Besides� if we terminate the Vecua equation �	�� by the methods from
��
 or ��
� for example by the linear series method or analytic substitution
method or iteration

W �z� z� � W �z� z� A� B� F � � ��z� �
R
A�z� z���z�dz �

R
B�z� z���z�dz

�
R
Adz

R
A�dz �

R
Adz

R
B�dz �

R
Bdz

R
A�dz

�
R
Bdz

R
B�dz �

R
Adz

R
Adz

R
A�dz

�
R
Adz

R
Adz

R
B�dz �

R
Adz

R
Bdz

R
A�dz

�	�� �
R
Adz

R
Bdz

R
B�dz �

R
Bdz

R
Adz

R
A�dz

�
R
Bdz

R
Adz

R
B�dz �

R
Bdz

R
Bdz

R
A�dz

�
R
Bdz

R
Bdz

R
B�dz �

R
F �z� z�dz �

R
Adz

R
Fdz

�
R
Bdz

R
Fdz �

R
Adz

R
Adz

R
Fdz �

R
Adz

R
Bdz

R
Fdz

�
R
Bdz

R
Adz

R
Fdz �

R
Bdz

R
Bdz

R
Fdz

�
R
Adz

R
Adz

R
Adz

R
Fdz � � � � �

Then� taking W from convergent series �	�� to some approximation� and
W also from �	�� to the same approximation and neglecting in �	��� we have
the resolution the class of the equation �	��


Let us see the other way around� Does the every equation in form
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by the pseudo linear substitution

����� V � �W � �W � �

is resolved over the some intermediate Vecua equation with the analytic
coe�cients� i
e
 is there such an analog choice for ��� �� ���
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If we conjugate and substitute equation� we get�
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That would be the Vecua equations in case

���� a� � b� � ��

Then

Theorem �� The general Vecua equation ��
� with condition ���� is equiv�
alent to Vecua equation ���� by the pseudo linear substitution ������

�� Linear equation with four di	erentials

Let us do the some substitution �	�� in the more general equation �	��

So� we have�
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i
e
 the equation is the same type ���� contains also the Vecua equations�
Beltramy� as well as many other solvable equations by the analog methods�
which we are recommending
 So we can terminate� in a sense of general
resolution� with not considering the type� whatever it is elliptic� hiperbolic�
parabolic� or wide classes of elliptic type Vecua


Considering of this� it can to be designed the enormous member of resolute
classes of equations� and illustrations


References

��� I� N� Vecua� Obop�s�cenie analiti�ceskie funkcii� Fizmalinz I�voe izdanie� Moskva� �����
�	� B� Ilievski� doctoral dissertation� University �Sent Ciril and Metodij�� Skopje� ���	�

��� R� Stoiljkovi�c� Neki kvadraturni problemi kod areolarnih jedna�cina� Magistarski rad�
Pri�stina�� �����

Mathematic Institute� Faculty of Natural�Mathematical Sciences� p�f� ����

��			 Skopje� Republic of Macedonia

Mathematic Department� Engineering Faculty� 
�			 Kraljevo� Yugoslavia

Pedagogical Academy� Gnjilane� Yugoslavia


