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THE GENERALIZATION OF
THE I. N. VECUA EQUATION
WITH THE ANALYTIC COEFFICIENTS IN Z, Z

Dragan Dimitrovski, Miloje Rajovié¢ and Rade Stoiljkovié

Abstract. In this paper it is presented that the methods for the solving of
Vecua equation is not only used for the elliptic type of equations. It can
be proved that the general methods of areolar series, analytic substitution,
and analytic iteration are valid for the all types of partial equations with the
analytic coefficients.

1. Introduction

The general system of partial linear equations of I-st order, with two
unknown functions v = u(z,y) and v = v(z, y) and with analytic coefficients
on the (z,y)

ou ou ov
a11£+a12 +b11 +b12—+a1u+b1v =f1
(1)

ou 8 8
as1 — + azz2 - + bo1 — + b22 -I- agu + bav =fo
or or

with the elliptic condition [1]:
(2) a>0, A=0
and the condition of symmetry
(3) ajg = —as1, a11 = azz,
can be transformed in the canonical form
(4) Up—Vy4a U +b,V =F, Uy—VeteU+dV =g
If we introduce the complex function
(5) W =W(z,%)=U(z,y) +iV(z,y), z=r4iyz=z—1y
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and its formal differentials

ow 1 /oW OW 1 .

(6) Ezg(g‘Ha—y)ZE[Uw—Vy+Z(Uy+Vw)]7
ow 1 /oW OW 1 .

(7) o~ 2\ "oy ZE[Uw'i'Vy—l(Uy—Vz)L
oW 1 [eW oW 1 .

(8) 57 " 2 (E la—y> ZE[Uw‘i‘Vy‘i‘l(Uy‘i‘Vw)L
oW 1 [{ew oW 1 .

(9) ¥=§<g—la—y>ZE[Uw—Vy—l(Uy‘FVw)L

then it is easy to prove the next basic features:
Theorem 1. All four differentials from (6) to (9) are linearly independent.

Theorem 2. The operation "W 7 is distributive as for the common quotient,
and for differentials quotient, so for the partial differentials, i.e. for the (6)-
(9) there are relations:

(10) (Z)=2r,
(1) (20 -27

which are not linear, but conjugated.

By this, the system (1) can be written in a form of one complex equation
with four differential:

(12) ﬂerﬂJr @er@—AWJFBWJFF

Yoz T8 Tz "o T ’
where the a, b, ¢, d, A, B and F are some given analytic coefficients from
z, Z. The equation (12) obviously contains the Beltramy equation

oW oW
oz 1
and the Vecua equation
(13) E;—VY = A(2,Z) + B(z2, )W + (2, 7).
z

2. The generalization of Vecua equation

There is a question - in which form the Vecua equation will be transformed
by the pseudo - linear substitution:

(14) W =aV 4+ 8V + v,
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where the «,  and « are the analytic functions in z and Z. By the substi-
tution directly (14) to (13) we get:

ov ov
a—=+pB—==
(15) 0z 0z
— O« — _ 0B _ Oy
ViAa+Bg— —|[+V |AB—Ba— |+ |F+Avy+By—- —|.
o0z o0z o0z

That means, if we resolved (13) we resolved also the classes (15) for every
analytic triads («, 3,7v), so we can find V, as a resolution of (15) in a form

of
V =V(z,%5;,A, B, F;a,8,7).

From (14) re determine, by the conjugation

1

16 V= 0—
(16) EEEEE

— [-aW + BW + (@y — 78)] .

Besides, if we terminate the Vecua equation (13) by the methods from
[2] or [3], for example by the linear series method or analytic substitution
method or iteration

W(z,2) = W(z,%, A, B, F) = ¢(2) + [ A(2,2)¢(2)dZ + [ B(z,%)d(z)dz

+ [ Adz [ Apdz + [ Adz [ Bodz + [ Bdz [ Addz
+ [ Bdz [ B¢dz + [ Adz [ Adz [ A¢dz
+ [ Adz [ Adz [ Bgdz + [ Adz [ Bdz [ Addz

(17) + [ Adz [ Bdz [ Bdz+ [ Bdz [ Adz [ A¢dz
—|—de§de2[§¢($2—|—deEdezfA—qbdz
+ [ Bdz [ Bdz [ Bodz + [ F(z,z)dz+ [ Adz [ Fdz
+ [ Bdz [ Fdz+ [ Adz [ Adz [ Fdz + [ Adz [ Bdz [ Fd=
—I—deEdeszdz—l—deEdeszdz
+ [Adz [ Adz [ Adz [ Fdz+ - - - .

Then, taking W from convergent series (17) to some approximation, and

W also from (17) to the same approximation and neglecting in (16), we have
the resolution the class of the equation (15).
Let us see the other way around: Does the every equation in form

v v —
(15%) a— +b— =AV+BV+F

oz oz
by the pseudo linear substitution
(14") V=aW+8W 4+~

is resolved over the some intermediate Vecua equation with the analytic
coefficients, i.e. is there such an analog choice for («, 3,v)?
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If we conjugate and substitute equation, we get:

_ oW oW _ 9B d
(a0 + 89 2L + (af + b)) 2L = W(Aa + B —b22 — 224
(18) 0z 5 a_@z a,g 82_
W(A[HBa—a—/j—b—f) + (A7+BV+F—a—Z—b—Z).
0z 0z 0z 0z

That would be the Vecua equations in case

(19) aB + ba = 0.
Then

Theorem 3. The general Vecua equation (18) with condition (19) is equiv-
alent to Vecua equation (13) by the pseudo linear substitution (14’).

3. Linear equation with four differentials

Let us do the some substitution (14) in the more general equation (12).
So, we have:

(a4 08) 22 4 (a8 409 S0+ (e +dB) 2+ (o + dm) DO =
0z 0z 0z 0z

—  da 88 O« a8
=W |Aa+BB—a— —b— —c— —d— | +
0z 0z 0z 0z
(20)
— _ 83 o o8 oa
W(AB+Ba —a— —b— —¢22 —d—
+ (/H Y% Tz T s 82)+

_ oy 9y 9y 9%
+ (AVJ’BVJ’F oz % "% daz)

i.e. the equation is the same type (20) contains also the Vecua equations,
Beltramy, as well as many other solvable equations by the analog methods,
which we are recommending. So we can terminate, in a sense of general
resolution, with not considering the type, whatever it is elliptic, hiperbolic,
parabolic, or wide classes of elliptic type Vecua.

Considering of this, it can to be designed the enormous member of resolute
classes of equations, and illustrations.
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